EFFICIENT SOLVER FOR MIXED AND CONTROL-VOLUME MIXED
FINITE ELEMENT METHODS IN THREE DIMENSIONS
by
John D. Wilson
B.S., University of Colorado at Denver, 1991

M.S., University of Colorado at Denver, 1994

A thesis submitted to the
University of Colorado at Denver
in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
Applied Mathematics

2001



This thesis for the Doctor of Philosophy
degree by
John D. Wilson

has been approved

by

Thomas F. Russell

Lynn S. Bennethum

Leo Franca

Jan Mandel

Gita Alaghband

Date



Wilson, John D. (Ph.D., Applied Mathematics)

Efficient Solver for Mixed and Control-Volume Mixed Finite Element Methods
in Three Dimensions

Thesis directed by Professor Thomas F. Russell

ABSTRACT

In simulations of ground water flow in heterogeneous aquifers, accuracy of
velocities can be substantially enhanced by discretizations based on mixed or
control-volume mixed finite element methods. A potential side benefit is im-
proved accuracy of transport calculations that depend on the flow field. Mixed
finite element linear systems are not positive definite and cannot be solved by
straightforward applications of well-known iterative solvers. We present a spe-
cialized iterative solver for mixed methods in 3-D, built around a decomposition
of the discrete velocity space that leads to a symmetric positive definite system
(the pressure variable is eliminated). Our discretization uses distorted hexahedral
elements. Hexahedral elements are often used in practice for modeling the sub-
surface hydrogeology. Lowest-order Raviart-Thomas vector functions are used for
the velocity space. These vector functions have continuous normal components
which gives us conservation of mass.

Since the reduced system is symmetric positive definite we can use the precon-
ditioned conjugate gradient method. An additive domain decomposition precon-

ditioner is described and the uniform convergence of the method is established for
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small overlap. Numerical results confirm the uniform convergence. Parallelization
of the problem is also demonstrated. A similar decomposition of the velocity space
is being investigated for the control-volume mixed discretization, hoping to obtain

a positive definite system, although the system is not, in general, symmetric.

This abstract accurately represents the content of the candidate’s thesis. I rec-
ommend its publication.

Signed

Thomas F. Russell
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1. Introduction

Our goal is to develop an efficient solver for numerical methods modeling
three-dimensional saturated flow in a heterogeneous anisotropic porous medium.
Saturated flow is modeled by a second order partial differential equation (PDE).

For example, we will consider

~V-KVp=f inQ (1.1)

where the pressure, p, or hydraulic head is the primary variable to be solved for
and ) is a bounded three-dimensional domain. Approximating a solution to a
PDE, such as (1.1), is typically done through a discretization either using a finite
difference or finite element method. The result of the discretization is a large
sparse matrix problem. It is desirable to use an iterative method for sparse matrix
problems. If the matrix is symmetric positive definite, then the preconditioned
conjugate gradient (PCG) method can be used. The efficiency of the PCG method
depends on the condition number of the matrix. The coefficient K can be highly
discontinuous and this can cause problems for standard numerical methods.

The velocity, or flux, can be of primary interest in hydrogeological models.

An equation for the velocity in terms of the pressure is often written as:
v =—-KVp. (1.2)

This leads to a system of first order equations which can then be solved using

a mixed finite element (MFE) method or a control-volume mixed finite element



(CVMFE) method. Simultaneous approximations for the velocity and the pres-
sure can then be computed. This approach will lead to better approximations
of the velocity. A sophisticated implementation of the three-dimensional solute-
transport equation has recently been done in [42]. This type of implementation
requires an accurate description of the flow field for mass tracking.

The discretization of either the MFE method or the CVMFE method leads to
a semidefinite matrix problem. The PCG method can no longer be used because
the matrix is not positive definite. Our method is to eliminate the pressure through
a decomposition of the velocity space using a divergence-free subspace. When we
eliminate the pressure variable from the MFE method, and discretize the problem,
we end up with a symmetric positive definite matrix. If the diameters of the
elements are order h, then the condition number of the matrix is of order h 2.
This means that the PCG method will perform poorly for small h. Therefore, a key
part of our method will be to implement a domain decomposition preconditioner
which will make the convergence rate of the PCG method independent of grid

size.

1.1 Existing Methods

The earliest known domain decomposition method was introduced by Schwarz
in 1870. The Schwarz method is an overlapping method, and thus, all overlapping
methods can be referred to as Schwarz methods. The two level additive Schwarz
method is due to Dryja and Widlund [24]. Glowinski and Wheeler formulated
the first domain decomposition methods for MFE in [37]. Domain decomposition

methods for MFE have also been analyzed in [29],]20], and [17].



Convergence analyses for Schwarz methods are often dependent on a large
overlap. However, numerical results usually show that the rate of convergence for
a Schwarz method is quite satisfactory even for a small overlap of size h. Dryja
and Widlund in [27] were able to analyze this behavior.

The construction of a divergence-free subspace in three dimensions on a rect-
angular grid with pure homogeneous Neumann boundary conditions is described
in [17]. A convergence analysis for the domain decomposition method for this
problem is also given. This convergence analysis relies on a sufficiently large over-
lap of order H which is the approximate diameter of a coarse-grid element.

More recently, a decoupling of the pressure and velocity spaces using the
divergence-free subspace was described by Scheichl in [54]. The method was im-
plemented on triangle elements in two dimensions and on tetrahedra in three
dimensions. A bound on the eigenvalues of the resulting stiffness matrix is ana-
lyzed giving a condition number of order h~2. Various iterative solvers were tested
and compared. It was clear that the PCG method using a domain decomposition
preconditioner performed the best for the two-dimensional case. Results for do-
main decomposition in three dimensions were not given. The PCG method with
additive Schwarz preconditioner was implemented using the DOUG package [40].
One of the important differences between the method in [17] and the method
in [54] is that the divergence-free subspace is known a priori in [17]. In [54], a
decoupling stage is performed as part of the assembly process, determining the
divergence-free basis using a graph theoretical approach.

A mixed finite element method for second order elliptic problems is described

by Raviart and Thomas in [52]. This early work sets the framework for ana-



lyzing the mixed finite element method. A discretization of the velocity space
and pressure space is described in two dimensions for triangles and rectangles.
The triangles and rectangles are affine mappings of a reference element. The
Piola transformation is used to map the velocity from the reference element to
the physical element. The use of the Piola transformation is critical. Using the
properties of the Piola transformation, one can describe an interpolation operator
and approximations for smooth vector valued functions onto the discrete velocity
space. It also leads to satisfying the discrete inf-sup condition. This work was
later extended to three dimensions by Nedelec in [51]. For three-dimensional dis-
torted hexahedral grids the mapping of the reference cube to a hexahedral element
is not affine. In this case the theory does not apply. In Thomas’s thesis [57] the
interpolation of smooth vector valued functions is described for two-dimensional
quadrilaterals and error estimates are given. If an interpolation estimate where
known for three-dimensional hexahedral elements, then it could be used along the
lines of Thomas’s thesis to verify the inf-sup condition and obtain error estimates.
In particular, for the special case of three-dimensional elements that are products
of two-dimensional quadrilaterals with a one-dimensional interval (quadrilateral
prisms), Thomas’s theory would apply.

A more complete mathematical theory of mixed finite element methods by
Brezzi and Fortin can be found in [15]. Many different methods are discussed
using model problems. The goal was to provide an analysis of the methods in
order to understand their properties as much as possible. A discussion of the
properties of the H(div, Q) velocity space is given. Mixed finite element methods

constantly make use of this space. A very general framework is given for existence



and uniqueness of solutions in [52] along with approximation properties.

One may also find the analysis given by Brenner and Scott in [12] to be useful
for understanding existence and uniqueness of the mixed finite element method.
Between [52], [15], and [12], the mathematical theory of mixed finite element
methods is almost complete. Practical implementation details can be found in

[44] and [46].

1.2 The New Results in this Thesis

We extend the work in [17] by constructing a divergence-free subspace in three
dimensions for general hexahedral elements which are trilinear mappings of a unit
cube. We also introduce Dirichlet and Neumann boundary conditions. The dis-
torted hexahedral elements are considered so as to better model the structure of
the subsurface heterogeneity. Hexahedral elements are widely used in hydrogeol-
ogy therefore they have an advantage over tetrahedral elements.

We analyze the upper and lower bounds on the eigenvalues of the stiffness
matrix. These bounds agree with those found in [54] for tetrahedra and are
confirmed through numerical tests. A convergence analysis for the PCG method
using a two level additive Schwarz method is then given for a small overlap of order
h. Although this analysis is standard, we are able to confirm, through numerical
results, that the convergence rate of the preconditioned system is independent of
grid size and number of subdomains. We also show the effects of heterogeneity
and anisotropy.

Finally, it is shown (through numerical results) that the method is highly
parallelizable. This is due to being able to solve the subdomain problems inde-

pendently.



Our implementation is done completely from scratch using the C language.
The only exception is the use of a Cholesky factorization module down-loaded
from the Netlib repository [1]. The Cholesky factorization is used for solving
subdomain problems and the coarse-grid problem. Very close attention is paid
to structured programming techniques. Structured programming using the C
language can be very much like object-oriented programming. This is due to
the ability to use callback functions. Callback functions are functions which are
passed as arguments into other functions. These callback functions can also be
represented as data members of a structure. Therefore, C structures are really
the building blocks for classes in object-oriented programming.

The implementation of our method along with the use of hexahedral elements
constitutes new and original research. This research contributes to the body of
scientific knowledge by providing a model, with numerical results, which can be

extended and compared to existing and future implementations.

1.3 Thesis Outline

In Chapter 2 we derive the governing equations which give rise to a second
order PDE. The derivation is fairly standard. However, more sophisticated models
can arise from variations of these governing equations. It is important to under-
stand the physical principles involved. Boundary conditions are also given. The
second order PDE is then transformed into a system of first order PDE’s using
the flux variable.

The MFE method, described in Chapter 3, is used to solve the system of first
order PDE’s. Approximation spaces for the velocity and pressure are defined.

Existence and uniqueness are well known for the MFE method using these spaces.



We discuss the existence and uniqueness proof for the MFE method as given in
[12] where coercivity of the problem is shown using a divergence-free subspace.
The divergence-free subspace is also a primary feature of our method.

We begin the discussion of the discretization of the MFE method in Chapter
4 by first describing the trilinear mapping of the reference cube to a hexahedral
element. Next, we describe the lowest-order Raviart-Thomas basis vector func-
tions for the velocity space. These vector functions are defined on a reference
cube and then mapped to the hexahedral elements using the Piola transforma-
tion. The properties of the Piola transformation are discussed. As mentioned
above, the interpolation estimate for three-dimensional non-affine elements is still
an open question. We describe the theory presented in Thomas’s thesis for two-
dimensional quadrilaterals and note that in special cases the theory will apply to
three-dimensional elements.

Continuing with chapter 4 we describe the discrete divergence-free subspace.
We extend the work done in [17] to non-homogeneous boundary conditions. Once
the discrete divergence-free subspaces have been defined we can derive the matrix
equation which is to be solved using the PCG method. Some discussion about
the non-zero structure of the stiffness matrix is also given.

In Chapter 5 we analyze the condition number of the stiffness matrix. The
domain decomposition preconditioner is defined and a convergence analysis is
given. If we have two Dirichlet boundaries which are disconnected, then we end
up with a single dense column and row in the stiffness matrix. We describe this
bordered matrix in Chapter 5 and we define a bordered matrix preconditioner.

We are able to analyze the convergence properties of the preconditioned bordered



stiffness matrix.

Finally, in Chapter 6 we demonstrate the efficiency of the method in terms of
iteration counts and CPU times. We also describe two model problems. The first
model problem is a vertical cylinder of low permeability. We demonstrate that
the cylinder problem can be parallelized with near-perfect speed up. The second
model problem is a laboratory tank experiment. This model results in a bordered
stiffness matrix. The numerical results of the bordered matrix problem confirm
the analysis given in Chapter 5. We also extrapolate error estimates for the three-
dimensional problem. At present we do not have a good three-dimensional model
problem where the exact solution is known. Therefore, we use an extrapolation
technique and show that the convergence of the error is of order h which agrees

with Thomas’s theory for lowest-order Raviart-Thomas velocities.

1.4 Future Work

The analysis for domain decomposition algorithms with small overlap is given
by Dryja and Widlund in [27]. Domain decomposition methods for divergence-
free subspaces have been analyzed before, for example, in [13]. However, these
methods are usually defined on triangle elements in 2-D. Sharp bounds on the
minimum eigenvalue of the preconditioned system for divergence-free subspaces
can be shown in 2-D for triangles and quadrilaterals. A sharp bound in three
dimensions on hexahedral elements may still be an open question and needs to be
investigated further.

Even though we were able to show the ability to parallelize our method, we
have not implemented it on a large parallel machine. It will be important to test

the method on a larger computer.



Another extension to the work in this thesis would be to implement the
CVMFE method using our solver. It is shown in [16] that the CVMFE method
in two dimensions leads to more accurate velocities even in the presence of dis-
continuous anisotropic coefficients on a distorted grid. The implementation of
the CVMFE method in three dimensions would be new. In the CVMFE method,
the test space for the velocity has discontinuous normal components and thus,
is not in H(div,). We propose a divergence-free test space which is weakly
divergence-free. A proposal to implement the CVMFE method using the solver
described in this thesis has been submitted, and accepted, by the National Re-
search Council. Work on this project should begin soon at the U.S. Geological

Survey Hydrogeology Division.



2. Governing Equations

We will derive a second order PDE for the pressure. This particular PDE is
referred to as a second order elliptic boundary value problem. The resulting flow
equation is given in Section 2.2. A flux variable will be introduced in the derivation
of the second order PDE. This flux variable will later be used to transform the
second order PDE into a system of first order equations.

The problem we are interested in modeling is saturated subsurface flow. Sat-
urated flow means that whatever fraction of the volume is available to a fluid is
filled by that fluid. The fraction of the volume available to the fluid is called the

effective porosity of the medium. We call this type of medium a porous medium.

2.1 Saturated Flow

The derivation of the second order elliptic boundary value problem is fairly
standard and can be found in most PDE textbooks, for example, [39]. However,
we want to emphasize the physical properties specific to hydrogeology. Units of
measure and field techniques specific to hydrogeology may be found in [30].

We will begin by considering an underground volume, V', along with its bound-
ary dV. The underground volume will consist of soil and rock and will have certain
physical properties. The fluid, water in our case, will also have physical proper-
ties. The physical properties of the saturated flow system are given below. The

dimensions are given in SI units.

e Effective Porosity - ¢ (dimensionless)

10



e Intrinsic Permeability - K; (m?)
e Specific Discharge - v (m/s)

e Pressure - P (kg/(ms?))

e Density of Fluid - p (kg/m?)

e Viscosity - p (kg/(ms))

e Source/Sink - f (kg/(m?s))

e Gravitational Constant - a (m/s?)

The effective porosity is the fraction of the porous medium which is available
to hold a fluid. This is not the same as porosity which is the fraction of the porous
medium which is void of material. Some of the voids may not be interconnected
thus, fluid may not flow in or out of these voids. When we say saturated flow
we mean that the fraction of fluid in the porous medium is equal to the effective
porosity. We assume that the effective porosity does not change with time.

The intrinsic permeability is a property of the porous medium alone. It is
basically a measure of the square of the mean pore diameter and thus, has the
units of area. The permeability is a symmetric 3 x 3 matrix which is spatially

dependent. We assume that it satisfies the following ellipticity condition:
aw'w < wK,w < apw'w, Vw e R? (2.1)

Later, we will define a hydraulic conductivity which is measured in units of length

over time.
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The specific discharge has units of velocity. However, it is not a true velocity.
Specific discharge is a measure of volume per time per cross-sectional area. The
cross-sectional area is partially blocked by the porous medium thus, reducing the
volume of fluid which passes through it. To get an average velocity or seepage
velocity we would need to divide the specific discharge by the effective porosity.

The pressure is measured as force over cross-sectional area. The standard
unit of measure is the Pascal (Pa). Hydraulic head is often used instead of pres-
sure. Hydraulic head is measured in units of length and the hydraulic gradient is
dimensionless.

We assume that gravity is in the vertical direction. Therefore, we can write

the gravitational vector g as:

2.1.1 Comnservation of Mass

The rate of change of the mass of the fluid in volume V' is given by

%/ podV = [ poav. (2:3)
\% 14

This rate of change in the mass must be equal to the net rate at which mass
crosses the boundary of the volume minus the rate at which mass is produced
from the volume plus the rate at which mass is injected into the volume. This

relationship is given by

/ptqﬁd\/: —/pv-nd8V+/de. (2.4)
1% ov 1%

12



We can use the divergence theorem to write the boundary integral as a volume
integral giving

/ptqﬁ v = —/div (ov) dV+/f av. (2.5)
14 14 14

2.1.2 Darcy Flow

Darcy’s law is often expressed as:
K,
v = _I(VP + 18) (2.6)

In the mid-1800s, a French engineer, Henri D’Arcy, made the first systematic
study of the movement of water through a porous medium. We can demonstrate
Darcy’s experiment by considering a horizontal pipe filled with sand. Water is
applied under pressure at one end of the pipe at point A. The pressure can be
measured through a vertical tube at that end of the pipe. Another vertical tube
at the other end of the pipe can be used to measure the pressure there. The
pressure is a measurement of how high the water is forced up these vertical tubes
(see Figure 2.1).

Darcy found experimentally that the discharge, @), is proportional to the gradi-
ent of the pressure, (h, —hy)/L. The discharge also depends on the cross-sectional

area, A. Combined with a proportionality constant K we have:

dh

We define the specific discharge as v = Q/A.
The proportionality constant, K, is a property of the sand. In general, we will

use the hydraulic conductivity tensor to represent this proportionality constant.

13
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Figure 2.1: D’Arcy’s Experiment

With this experiment in mind, and assuming constant density of water, we rewrite
equation (2.6) as:

v=-KVh (2.8)

where the hydraulic conductivity, K, is given by

K=K,~— 2.9
. (2.9)
and the hydraulic head, h, is given by
P
h="—+2. (2.10)
pa
2.2 Flow Equation
We substitute (2.8) into (2.5) to get
0= /div(pKVh,) dv + /de (2.11)
v v

where the left-hand side is zero because the density is constant, i.e, p, = 0.

14



We now consider a three-dimensional domain €2 and its boundary 0 =
00 p UOQy. Since (2.11) is defined for any arbitrary volume, V' C €2, we drop the

integrals and add boundary conditions to get

-V -KVh = (f/p) in 2 (2.12)
h =q on 0Q2p (2.13)
(KVh)-n =g  on 0Qy (2.14)

where 0€)p is the Dirichlet boundary and 02y is the Neumann boundary. Equa-
tions (2.12)-(2.14) define the second order boundary value problem, or in our case,
the flow equation.

We can rewrite (2.12) as a system of first order equations using the flux

variable, v, defined in equation (2.8). First, we rewrite (2.8) as
K 'v=Vh. (2.15)
Then, we substitute (2.15) into (2.12) to get the first order equation
Vev=(f/p) nQ (2.16)

Combining (2.15) with (2.16) and the boundary conditions (2.13)-(2.14) we get

our system of first order equations

K'v+Vh=0

in Q (2.17)

Vv =(f/p)
h=q on 0€p (2.18)
(KVh)-n=g on 0Qy (2.19)

We will use the MFE method to define a solution for this problem. From now on

we will write f/p as just f and we will write the hydraulic head, h, as p.

15



3. Mixed Finite Element Method

To compute an approximate solution to the first order system of equations
defined in (2.17)-(2.19) we use the MFE method. We first define a weak form of
the system of equations. Existence and uniqueness is then shown for the weak
form. The weak form is also sometimes called the variational form or mixed
variational form. This is because the weak form can be derived from the calculus

of variations [39)].

3.1 Mixed Variational Formulation

The variational form will require us to define appropriate function spaces. For

mixed finite element methods we use constantly the space
V = H(div,Q) = {w € (L*(Q))’ : div w € L*(Q)} (3.1)

with the norm

w3y = (W72 + [1div w72 (3.2)
w22 = ./Qw-wdQ (3.3)
1div w220y = /Q(div w)2 dQ. (3.4)

It is possible to define the normal trace w - n of a function w € V on 0€2, in

H=12(09).

Lemma 3.1 For w € V, we can define w-n|so € H /2(9Q) and we have Green’s

formula,

/divWde+/w-Vde:<w-n,p>ag, Vp € H'(Q) (3.5)
Q Q

16



Proof. See Brezzi and Fortin [15, Lemma IT1.1.1] n

The duality , < w - n, p >aq, between H~/2(9) and H'/?(9Q) is defined as

<W-n,p >s0= /W -npds. (3.6)
89

We can use this definition of w - n|gq to define the following subspace of V:
Vo = Hyn(div, Q) ={w e Vi< w-n,p >90=0 Vpe Hj,(Q)} (3.7)

where
Hy p(Q) = {pe H(Q) : plaoy-o} (3.8)

The space (3.7) contains functions of V whose normal traces vanish on 0§y .
It is stated in [15] that, for reasons related to pathological properties of H'/2(982p)
and H~'/2(0Qy), it is necessary to use definition (3.7) and not an expression such
asw-n=0in H '/2(0Qy).

For example, we would not, at this time, define Vg to be the space given by
Hy(div,Q)={weV:w-n=0o0n 0y} (3.9)

We will define the pressure space as:
A= L) (3.10)

with norm
[Alla = [[Allz2(0)- (3.11)

In the case of a purely homogeneous Neumann boundary condition, we have the

additional constraint given by:

Ao = {\ e L2 Q) : /Q)\dQ:O} (3.12)
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which factors out the constant functions from L?((2).
We multiply the first equation in (2.17) by a vector function w € V; and

integrate over () giving
/K’lv-wdQ—l-/Vp-wdQ:O. (3.13)
) Q
We use integration by parts and the boundary condition, (2.18), to get
/Kﬁlv-wdQ—/(V-w)de:—<w-n,q>ag (3.14)
Q )

Note that the Neumann boundary condition is an essential boundary condition
and we specify a homogeneous Neumann boundary in the test space so that it
disappears when we integrate by parts. The Dirichlet boundary is referred to as
a natural boundary condition.

Next, we multiply the second equation in (2.17) by a test function in A (or
Ay for pure homogeneous Neumann boundary) and integrate over 2 to get

/(V-v))\dQ:/f)\dQ. (3.15)

Q

We introduce the following bilinear forms and linear functionals:

a(v, w) = /QK’lv-w d$) (3.16)
b(w,p) = /QV-Wp 4 (3.17)
G(W) = < w-1n,g >0 (3.18)
F()) = /Qf)\ ). (3.19)

Now, problem (2.17) is stated in the weak form as: Find v € V and p € A such

that

a(v,w) — b(w,p) = ~G(w), vw € Vo _ (3.20)

b(v,\) = F(\), VYA€A
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If we have non-zero Neumann boundary conditions, say v - n = g on 0y,

then we will need to consider v € V given by:
v =vo+V, (3.21)
with v € Vj and v, an arbitrary fixed element of Vy where
Vy ={we H(div,Q) :< w-n,p >p0=< g,p >s0. Vp€ Hy,()}. (3.22)
We substitute this into (3.20) to get

a(vo,w) — b(w,p) = —G(w) — a(v,,w), Yw € Vg | (3.23)
b(vo,A) = F(A) —b(vy, A), VA eA

3.2 Divergence-Free Subspace

Problem (3.23) is symmetric, but indefinite. We can decompose the velocity
space using a divergence-free subspace. In this way, we can eliminate the pressure
from problem (3.23). The result is a symmetric positive definite form of the
problem.

The divergence-free subspace is defined as:
D={weV;:b(w,\)=0 VAeA} (3.24)
We want to find a vector, v; + v, € V, where v, € Vy and v; € V|, satisfies
b(vi,A) = F(X) — b(v,, A), VA e A (3.25)

There are many such vectors and similarly we can easily construct one which
satisfies:

div vy = f —div v, (3.26)
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and thus satisfies (3.25). We then write v € V as a vector with the correct

divergence, v; + v, plus a divergence-free correction as:
v=vp+ (vi+v,). (3.27)
The divergence-free correction, v € D, satisfies
a(vp,w) = —a(v; +v,,w) — G(w), VweD (3.28)

It can be shown that a(-,-) is a coercive, continuous bilinear form, and by the
Lax-Milgram theorem, (3.28) is well posed.
With v well-defined as the solution to (3.28), we then determine p € A such
that
b(w,p) = —a(v,w) — G(w) Vw € V. (3.29)
The well-posedness of this problem will rely on a special kind of coercivity for

b(-,-).

3.3 Existence and Uniqueness

We will first show that the two bilinear forms, a(-,-) and b(-, -), are continuous.

Lemma 3.2 There exist positive constants, C, and (Y, such that for allu,v € V

and for all p € A we have

a(u,v) < Cojullv]lvllv (3-30)

b(v,p) < Gllvllviiplla- (3.31)

Proof. The proof for (3.30) and (3.31) is essentially an application of the Schwarz

inequality. Clearly, [[ul[3; > [[u/|72(qys. Therefore,

[allV Iy > Tl [vI7e @

20



> (/Q uv| dQ>2 (3.32)

> aga(u, v)’

The constant, ag, comes from condition (2.1) on the permeability tensor. As a
result, the constant, C,, in (3.30) is u/(apay). Again, it is clear that ||v||% >

||div v||2LQ(Q)3. Therefore,

VIV PR > lldiv vl

> </Q|(div v)de)2 (3.33)

> b(v,p)?

Next, we show that a(-,-) is coercive on D.

Lemma 3.3 The bilinear form, a(-,-), is coercive on D. Namely, there exists a

positive constant, v, such that for all v.€ D we have
vk < alv,v). (3.34)

Proof. Since div v € L*(Q), we have div v = A € A. Therefore, ||div v|[7.q) =

b(v,\) =0, and
vl = ||V||%2(Q)3 < aa(v,v) Vv € D. (3.35)

The constant, oy, again comes from the condition, (2.1), on the permeability ten-

sor and the constant, v, in (3.34) is equal to p(apay). |
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This proves the existence and uniqueness of a solution for problem (3.28).
Now, we want to show existence and uniqueness of problem (3.29). First, we need

the following:

Lemma 3.4 There exists a positive constant, 3, such that for every p € A we

have
b(w,p
Bllplla < sup (w.p) (3.36)
wev [[wllv
Proof. Let p € A. There exists a unique ® € H?(Q2) which satisfies
—A® =p
(3.37)
® = 0 on 012
By elliptic regularity we have
[Pl 2(0) < Cllplle2(a) (3.38)

Since ® € H?*(Q) we have V® € V. Therefore, we let w, = —V® and thus,
div w, = p. Furthermore,

[wpllv < Cllplia (3-39)

Now, we can finish the proof.

b(w,p) _ b(wy,p pll3 1
sup ( ) Z ( p ): || ||A Z _HpHA (340)
wev [[wllv 7 [willv ([wyllv
Therefore, we let 5 = 1/C and we are done. [ ]

The proof of Lemma 3.4 can be modified in the case when p € Ay, i.e, ho-
mogeneous Neumann boundary conditions. In this case we take ® € HZ(Q) and

w, € Vq. (See [12, Lemma 9.2.3].)
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Let F(w) = —a(v,w) — G(w). Then, we rewrite equation (3.29) as
b(w,p) = F(w) Yw € V, (3.41)
Now, we prove existence and uniqueness of (3.41).

Theorem 3.5 Problem (3.41) has a unique solution.

Proof. Let D denote the orthogonal complement of D in V. We need only
consider w € D since the behavior of b(w,p) on D is trivial. The Riesz Repre-
sentation Theorem implies that there exists a linear operator, T : A — D™, such

that b(w,p) = (w,Tp) and ||b||v» = ||Tp||v. Therefore,

b(w,p
ITolly = sup P
weDL ||W||V

< Gyl|plla (3.42)
The inequality in (3.42) is due to the continuity of b(-,-).

We need to show that T is bijective. We show first that the image, R, of
T is closed in D+. Suppose that p; € A is a sequence with the property that

Tp; — w € D*. Then {Tp;} is Cauchy in D+, and

b(w,p; —

Bllp; — pella < sup bw. p; —Pe) (3.43)
weD1 ||W||V

= [[Tp; — Tpellv (3.44)

The inequality, (3.43), is from (3.36) and the equality (3.44) is because of (3.42).
(By a similar argument, 7" is one-to-one.) Therefore, {p;} is Cauchy in A. Let
g = lim;_,, p;. By the continuity of 7', T'¢ = w. This shows that R is closed.
Therefore, the space D+ can be decomposed into R and its orthogonal complement

R*. If w € R, then b(w,q) = (w,Tq) = 0 for all ¢ € A which implies w € D.
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However, w € R+ implies w € D+ which forces w = 0. Thus D+ = R, and T is
onto.

Using the Riesz Representation Theorem one more time gives us a unique
v € D+ such that

F(w) = (v,w)y vw ¢ D*. (3.45)

We just let T’p = v, which uniquely determines p by the bijectivity of 7. [
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4. Discretization

In this chapter we describe the discretization of problem (3.28). We begin
by defining a partition of {2 into hexahedral elements. Hexahedral elements are
trilinear mappings of the reference cube.

We then define finite-dimensional velocity spaces, Vi C Vg, and V} C Vy,
and V" C V, along with a finite-dimensional pressure space, A" C A. The discrete
pressure space consists of piecewise constant functions. The discrete velocity space
consists of lowest-order Raviart-Thomas velocity functions.

The discrete velocity space must be treated in a special way. We define a
transformation of a velocity function on the reference cube to a velocity function
on the hexahedral element via the Piola transformation. Raviart and Thomas
demonstrated in [52] the existence of a projection operator IT, : V. — V" such
that, for any v € V,

b(IT,v,A) = b(v,\), Ve A" (4.1)

and

|Ipv — V23 < Ch||v||gsp, s=0,1 (4.2)

The inf-sup condition can then be verified and error estimates given. This anal-
ysis was done for affine elements where the Jacobi matrix and the Jacobian are
constant. Results for 2-D quadrilateral elements where later given in Thomas’s
thesis [57]. Results for non-affine 3-D elements is still an open question. If an
interpolation estimate where known, it could be used along the lines of Thomas’s

thesis to verify the inf-sup condition and obtain error estimates. In particular,
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for the special case of 3-D elements that are products of 2-D quadrilaterals with
a 1-D interval (quadrilateral prisms), Thomas’s theory applies.

There are numerous Piola-type transformations which satisfy the properties
of the Piola transformation. The different Piola-type transformations will have
certain interpolation properties which need to be considered. For example, the flux
of a velocity vector representing uniform flow can be interpolated to the interior of
a two-dimensional quadrilateral exactly. However, in the three-dimensional case
an exact interpolation of the uniform flow, in general, can not be obtained.

The discrete velocity space can be decomposed using a discrete divergence-free
velocity space, D" € V. The construction of the discrete divergence-free velocity
space on a rectangular grid in three dimensions is described in [17]. We will see
here that this construction is also valid for the hexahedral grid. We will extend
the work in [17] to hexahedral grids with non-homogeneous boundary conditions.

We now consider v € Vi and v € V} and seek a solution to the divergence
equation as before:

div v = f — div vg. (4.3)
Then, we seek the divergence-free correction v € D" given by
a(vh,w) = —a(vh + vg,w) — G(w), vw € D". (4.4)
We write our approximate solution as:

v =Vl + (v + VD). (4.5)

The discretization results in a symmetric positive definite matrix problem.
This matrix is defined and a right-hand side is given. The PCG method can be

used to solve for v/.
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4.1 Trilinear Hexahedral Elements

Figure 4.1 shows the image of the unit cube under the trilinear mapping and
Figure 4.2 shows a random hexahedral grid in three dimensions. We partition €2

into hexahedral elements as follows:

0= Quu (16)

ij.k
Each element, @); j ., is a trilinear mapping of the reference cube, Q. We will call
such a partition ". The superscript h refers to mesh size. We will usually think
of h as being the maximum diameter of the elements of the decomposition.
A physical coordinate, (x,y, 2), in the hexahedral element, @, is given in

terms of a reference coordinate, (z, ¢, 2), through the trilinear mapping given by

where
bT(:i,g),é) =(1,%,9,2,29,9%,22,192) (4.8)
and
af = (ag,af,a%,a%,ai,a%,a%,a%)
ag = (agaa‘gllaa‘gaagaagaagaagaag) (49)
az = (ag,af,ag,ag,afl,ag,ag,a%).

The vector, pj, ;, represents the eight z coordinates of the corners of hexahedral
element @); ;. Likewise, pg,“ and pj ; ; are the y and 2z coordinates, respectively.
The vectors a,, a, and a, are uniquely determined by these points. The corre-
spondence between the vertices of the reference cube and the vertices of Q; ;1 is

summarized in the Table 4.1.
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Figure 4.2: Random Hexahedral Grid

We can immediately write down eight equations

a:c(pf,j,k) -b(0,0,0) = Ti—1/2,j—1/2,k—1/2
aw(pf,j,k) -b(1,0,0) = Tit1/2,5—1/2,k—1/2
a,(py;x) - b(0,1,0) = 2 1/2 1172k 172
aa:(pix,j,k) -b(1,1,0) = Tig1/2,j41/2,k—1/2 (4.10)
az(Pfj,k) -b(0,0,1) = Ti-1/2,j—1/2,k+1/2
az(pix,j’k) 'b(la 0, 1) = Tig1/2,5—1/2,k+1/2
az(pim,j’k) -b(0,1,1) = Li1/2,j41/2,k+1/2
al‘(pim,j,k) -b(1,1,1) = Ziy1)2,41/2k+1/2
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X
Dijk

Yy
Djk,i

VA
Dg,i,j

Ti-1/2,j—1/2,k—1/2

Yj—1/2,k—1/2,i—1/2

Rk—1/2,i—1/2,j—1/2

Tiv1/2,j-1/2,k—1/2

Yi—1/2,k—1/2,i+1/2

Rk—1/2,i+1/2,j—1/2

Li—1/2,4+1/2,k—1/2

Yi+1/2,k—1/24-1/2

Rk—1/2,i—1/2,j+1/2

Tit1/2,j+1/2,k—1/2

Yi+1/2,k—1/2,i+1/2

Rk—1/2,i+1/2,j+1/2

Ti1/2,j-1/2,k+1/2

Yj—1/2,k+1/2,i—1/2

Rk41/2,i—1/2,j—1/2

=
—_

Lit1/2,5—-1/2,k+1/2

Yj—1/2,k+1/2,4+1/2

Rk+1/2,i+1/2,j—1/2

=
—_
—_

Ti1/2,54+1/2,k+1/2

Yj+1/2,k+1/2,i—1/2

Rh41/2,i—1/2,j+1/2

Ti41/2,541/2,k+1/2

Yj+1/2,k+1/2,i+1/2

R41/2,i41/2,5+1/2

Table 4.1:

and solve the system of equations for pj; , giving

afﬁ(p;r;j,k> =

ag (mifl/Q,jfl/Q,kfl/Q

a”f Tit1)2,-1/2,k—1/2 — Li—1/2,5-1/2,k—1/2

aj Ti1/2,54+1/2,k—-1/2 = Li-1/2,5-1/2,k—1/2

as B Ti1/2,5-1/2,k+1/2 = Li-1/2,5-1/2,k—1/2

af Tig1/2,j4+1/2.k-1/2 — Ti-1/2,j41/2,k—1/2 — QF

ag Ti1/2,j4+1/2,k+1/2 — Ti—1/2,5-1/2,k+1/2 — ay

ag Tit1/2,5—1/2,k+1/2 = Ti41/2,5-1/2,k—1/2 — az
6

a¥ Lmi+l/2,j+l/2,k+1/2 - SZ_:O ay
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In the same manner we get a,(pj, ;) and a,(pi, ;) as follows:

ay Yj—1/2,k—1/2,i—1/2
ay Yi-1/2k—1/2,i+1/2 — Yj—1/2,k—1/2,i—1/2
a Yit1/2k—1/2,i—-1/2 — Yj—1/2,k—1/2,i—1/2
y . . . .
a C1/2,k+1/2,i-1/2 —1/2k—1/2,i—1/2
y oy ||| Yi2kt1/2i-1/2 T Yi-1/2k-1/20-1/ 419
ay (P ki) = = y (4.12)
al Yit1/2,k—1/2,i+1/2 — Yj+1/2,k-1/2i-1/2 — O]
y
ag Yjt1/2,k+1/2,i-1/2 — Yj—1/2,k+1/2,i—1/2 — G2
y
ag Yj—1/2,k+1/2,i+1/2 — Yj—1/2,k—1/2,i+1/2 — O3
6
a¥ Yj+1/2,k+1/2,i+1/2 — 820 al
(aé (%4/2,%1/2,;'71/2
a? Zk1)2,i41/2,5-1/2 — Zk—1/2,i—1/2,j-1/2
a3 Rk—1/2,i—1/2,j+1/2 — Rk—1/2,i—1/2,j—1/2
. as k+1/2,-1/2,5-1/2 = Zk-1/2,i-1/2,j—1/2
az(pk,z’,j) = = ) (4.13)
z
aj Zk—1/2,i4+1/2,j4+1/2 — Zk—1/2,i—1/2,j+1/2 — Q]
a? Zht1/2/i—1/2,j+41/2 — Zhk+1/2,i—1/2,5-1/2 — 05
z
ag Zk4+1/2,i+1/2,j-1/2 — Zk—1/2,i+1/2,j—1/2 — Q3
6
z
La% Vk+1/2,z’+1/2,j+1/2 - SZ_IO a;

We can define a 3 x 8 matrix, a; j, given by

DT (4.14)

Once a; ; ; has been computed for a particular element (); ; x, we can then compute

the physical coordinates of a point in (); j; in terms of reference coordinates by
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using

T

y | = Tijn(2,9,2) = a;;kb(2, 7, 2). (4.15)
z
We will call T; ; , our trilinear mapping from Q to Qi k. We will also assume we

have an inverse mapping, T” p from Q; i to Q

The covariant, or coordinate, basis vectors for element (); ;, are given by

X0 4(9,2) (2, (Digk) - (2,7, 2)) %
Xijh(0:2) = | X140.2) | = | Zay(pyas) - b(#,9.2) | = | 2| (416)

X2a(@2) | | #as(prag) - b(E.9.2) | | &

j?k,z’(éaf) a%( +(Pijk) - b(E,9,2)) §—§
Vw2 2) = | Vi(2,8) | = | Z(ay(pjes) b(a,7.2) | = | L] (417)

]2,”(2,%” _a%( (Pr,ij) - b(,7,2)) 3—2

Zl(c),i,j('f"a 9) %(aw(Pi,j,k) -b(2,9,2)) %
Zrij(2.9) = | Zb, (5,9) | = | L(a,(pjes) b(@,5,2) | = | Z|.  (4.18)

ZE (&, 7) (2, (Pk,i ) - b(2,9,2)) 5

We will allow ourselves to drop the dependence of the reference variables ., 7,

and Z when convenient. The unit normal vector (orthogonal to Y ; and Zy; ;)

is given by
Yj,k,i X Zk,i,j
1Y ki X Zig i ]

The + sign would be negative if we are talking about an outward normal at

2 = 0 and would be positive if we are talking about an outward normal at £ = 1.

31



Likewise, we have a unit normal vector orthogonal to X, ; and Z;, ; given by

Ziij X Xijk
|Zi ;> Xijll

ng,k,i(ga 27 :%) ==+

(4.20)

Finally, we have a unit normal vector orthogonal to X, ;, and Y ; given by

Xigk X Yk

n;. (z,z,y) ==+ )
( ) 1 Xi ke % Yjkill

We also define the area Jacobians as:

Fﬁj,k(fag, 2) = ||Yj,k,i X Zk,i,j”
F‘:’]J,k,l(:g?é?i‘) = ||Zk727] >< Xl:.]akH

i (32, 2) = | Xijk X Ykl

The Jacobi matrix is defined as:

0 0 0
Xk Yiki Zkij
. — 1 1 1
Bijk = | Xik Yini Ziaj
2 2 2
Xiik Yiki Ziij

and its determinant, the volume Jacobian J; ; (%, 9, 2), is given by

Ji,j,k(-@,?% ?3) = Xk (Yj,k,z' X Zk,z’,j)
= Yj,k,i : (Zk,i,j X Xz’,j,k)
= Zk,i,j : (ngk X Yj,k,z')-

We denote the faces with their respective unit normals in @); ;x as:

FY; p(2) , with normal n, (2,7, 2)

1,5,k
FY.(4) , with normal n¥, (5, 2, )
rii(2) , with normal nj ; .(2, 2, 7).
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The areas of the faces would then be given by

1 1
A7 u(8) = / | dud= = [ [ i iz (4.30)
i,5,k 0 0
Al 9) = / drdz = //ijzdrdz (4.31)
(@)
1
A (2) = / . drdy_//rmdrdy. (4.32)
k.,i,j

Note that throughout we have used {i,j, k} ordering for the X coordinates,
{j, k, i} ordering for the Y coordinates and {k, i, j} ordering for the Z coordinates.
This leads to some permutations that may be used to advantage during the im-
plementation. For example, we define a function which computes a; ; , using the

physical coordinates py; ,, pg,kyi, and pj ; ; as follows:
compute_a(a, p*,p’,p*, 1, j, k). (4.33)

Next, we define a function which takes the matrix a; ;; and computes X, ; x(y, 2)

for a particular § and Z as follows:
compute X(X, a, 7, 2). (4.34)
Now, suppose we call the same functions, but permute the arguments as follows:
compute_a(a, p?, p°, p”, j, k, i) (4.35)

compute X(Y,a, 2, %). (4.36)

This will produce the vector, Y, x (2, ), with a left cyclic shift on the components,

that is, a (Y7} 0. V5 Y

ik ) ordering.
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4.2 Approximation Spaces

The pressure space, A, consists of piecewise constants. A pressure on the
reference element is a constant scalar function. It, therefore, has one degree of
freedom. We map this scalar function to a hexahedral element in an isoparametric
way. This means that the mapping will only depend on the coordinate transforma-
tion given by the trilinear mapping. Since the scalar function is constant, there
will be no dependence on the coordinates and, therefore, it will have the same
constant value when mapped to a hexahedral element. The dimension of A" on
al xm xn grid is Imn. In the case of a pure homogeneous Neumann boundary
condition, we will have the additional constraint specified for A%, In this case the
dimension of Al is Imn — 1.

To define the finite-dimensional velocity space, Vi C Vj, we consider the
lowest-order Raviart-Thomas vector function on a reference cube, Q We denote

this space as R7[g) (). We then use the Piola transformation to define the velocity

space on R7i(Qijx). For v € R7(Q), the Piola transformation is defined as:

1 - ~1
V= Jijik Biawv o Lisu (437
and the inverse is given by
\A/' — Ji,j,kBileykv (¢] ﬂ,j,k- (438)

Raviart-Thomas elements were first introduced in [52] for triangles and rect-
angles in two dimensions. This was later extended to three dimensions by Nedelec

[51].
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A velocity function on the reference cube has the following form:

a + b
V@, 9.2) = | e4dj | (4.39)
e+ fz

This vector function has six unknowns. Therefore, we can associate a value on
each face of the reference cube for v. These values will represent the fluxes across
each face of the reference cube. We can define a basis vector function as a vector
function with a flux of magnitude one on one of the faces and zero flux on the

other faces. This will give us six basis vector functions as follows:

Voiee = ((1—2),0,0)" (4.40)
Vi00 = (2,0,0)" (4.41)
Vo120 = (0,1 —4,0)" (4.42)
Voi/20 = (0,9,0)" (4.43)
Voo, 12 = (0,0,1—2)7 (4.44)
Vo2 = (0,0,2). (4.45)

These basis vectors when mapped to @); j; using the Piola transformation are

given by
Vix,j,k;fl/Q = % (4.46)
Vz'w,j,k;l/Q = % (4.47)
VY i1z = % (4.48)
Vikiij2 = % (4.49)
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(1—2)Z,,

Viigi1/2 = Teis (4.50)
. 22k
Viig1/2 = 7(]]”:- (4.51)

For now, we specify zero fluxes on the boundary of €2. Due to the continuity
of fluxes across faces, the dimension of the global velocity space on a [ x m x n
grid will be (I —1)mn+1(m —1)n+1Im(n—1). That is, each basis vector function
will have a support of two elements. The global velocity basis functions are thus

defined as follows:

)
€T <.
. B Vigk1/2 > on Qi ik (4.52)
Vit1/2,5k — .
x
| Vittgko1/2 0 00 Qi
(
Y .
y - Vikix/2 o On Qijik 453
Viti/2ki — 9 . (4.53)
| Vitiki-1/2 > O Qijt+1,k
)
z <.
. _ Vg2 » 01 Qi jik (4.54)
Vit+1/2,5 = -
z <.
{ Vit14,5;—1/2 » Ol Qi jk+1-
Our discrete velocity space, V{, is given by
h _ T y z
V{ = span {Vz‘+1/2,j,kaVj+1/2,k,iavk+1/2,z‘,j}- (4.55)

The volumes associated with two elements that have a face in common are given

by
Qit1/2,56 = Qijk U Qit1,5.k (4.56)
Qi,j+1/2,k = Qijk U Qi 1,k (4.57)
Qigrrijz = QigrJQijnr+ (4.58)
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Define the unit normals of the reference cube as follows:

1?171/2,0,0 = (—1,0,0)T
IA11/2,0,0 = (l,O,O)T
Ny, 120 = (0,—1,0)7
120 = (0,1,0)"
fyo 12 = (0,0,—1)7

g1/ = (0,0,1)7.

(4.59)
(4.60)
(4.61)
(4.62)
(4.63)

(4.64)

We can define an interpolation operator @ : V(Q) — R'ﬁm(Q) Let v € V(Q).

Then, we can uniquely define 7v € R'ﬁo}(Q) by

™V = f71/2,0,0V71/2,0,0 + f1/2,0,0V1/2,0,0
+ f0,71/2,0V0,71/2,0 + f0,1/2,0V0,1/2,0
+ f0,0,71/2V0,0,71/2 + f0,0,1/2V0,0,1/2

where

1 1 1 1
Fapoo = [ [Voipeodidz, fipoo= [ [¥-iupo0dias
00 0 0
1

1 1
foripo = [ [¥ B0 1podidz, forpo= [
0 0

1

<>

g o9 did2

(=)

0
1

0

1 1 1
foove = [ [¥eino rpdidy, fooup = [ [V iogndid.
00 0

Then, for any A € P;(Q) we have:

Furthermore, if we let
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(4.66)

(4.67)

(4.68)



then, we have:
/ﬁ(v-e)} 40 = /v-ﬁ 0. (4.69)
Q Q

In other words, V - (#v) is the L? projection of V - v onto the space PU(Q).

Note that we have used V- to represent the divergence operator. We will use this

notation constantly.

4.2.1 Properties of the Piola Transformation

The Piola transformation results in the following:

Lemma 4.1 For any v € V(Q) we have

/(v V) A didjdz = / (V- v)Adadydz, VA € L2(0) (4.70)
0 Qi ik
/(v A)Ads = / (v-m)Ads, Vi€ L*90) (4.71)
E)Q aQ'i,j,k

Proof. Equation (4.71) is essentially a definition of the Piola transformation. For

example, let v = (01, 0y, 03)L. Then
3 ) » U3 3

v-n’. ,(0)dydz = / v 2= - = dydz
/ Z,Lk( ) Y ) ! (Ji,j,k> (HYi,j,k X Zi,j,kH Y

w0 k(0
1 1
— / / i lamo djd3 (4.72)
00

V- By a0 d8. (4.73)

D

We use (4.71) and Green’s formula to show (4.70) as follows:

/(V-\?)S\d.%dg)dé — /(fr-ﬁ)ﬂdé— /e-vﬂd.@dgdz
Q 90 Q
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— / (v-n))\ds—/\?-vj\didydé (4.74)

0Q; j & 0

- /(V-v))\ds+ / v-V)\dxdydz—/fz-Vj\d:idg)dé
Qijk Qi jk 0

= / (V-v)\ds.
Qi.,j,lc

To get the last equality we need to show that
/ v - VAdodydz — /v - VAdidgds = 0. (4.75)
Qijk 0
In the case of lowest-order Raviart-Thomas spaces we can use the fact that the
scalar functions, A and 5\, are constant. However, we can also show it for higher
order spaces. To show this we will look at a simple example with lowest-order v
and arbitrary A; an analogous, but more tedious, argument works for higher-order

V. Suppose v = Vy390. Then,

A

/ v VAdedydz = / Jixi,j,k-wdxdydz
Qi ik Qi ik bk
T 0\
= / ! aA dxdydz
Jm-,kar
Qi ik

O\
_ / § =2 didjdz
Q
- / - VAdididz.
%

Note also that (4.70) implies that

—_

V.V:

— V- voT (4.76)
Z!J!
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We now give the results described by Thomas in [57] for the approximation of
smooth vector functions on 2-D quadrilaterals. As noted above, the analysis for
non-affine 3-D elements is still an open question. However, Thomas’s theory does
apply for the special case of 3-D elements that are products of 2-D quadrilaterals
with a 1-D interval (quadrilateral prisms).

We will use C' to denote a generic positive constant independent of the mesh

size h. We have for 2-D quadrilaterals the following:

Theorem 4.2 There exists an operator 7; ;; such that, for all v.e H'(Q; ;)

with V- v € H'(Q; ;) we have

1m0V — Vg, 02 < ChIvIm,, 02 + ChIV - Vimg,, ) (4.77)

and
IV - migwv = V)e2@isn) < CIV - Vilea@i + CHIV Vim0  (478)
Proof. The proof is given in [57, Theorem I11.4.3 (pg. 111-26)]. |

A result of Theorem 4.2 is the error estimates given by
Theorem 4.3 For p € H'(Q), v e H'(Q)? and V - v € H'(Q2) we have
= pnllc2@) + IV =vall2@2 < Ch(plu) + |V]u @) +CR*V - v|mq) (4.79)
and

||V . (V - vh)||L2(Q) S C‘V|H1(Q)2 + Ch,(‘p|H1(Q) + \V . V‘HI(Q)) (480)
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Proof. The proof is given in [57, Theorem 1X.3.2 (pg. 1X-17)] and [57, Theorem

IX.A4.1 (pg. 1X-19)]. n

Note that V - (v — v;) does not necessarily go to zero as h goes to zero. For
higher-order elements, V - (v — v;) does go to zero as long as p € H?*(Q2) and
v,V - v e H*(Q); with R} instead of RTy, all the above estimates hold with
one more power of h.

4.2.2 Interpolation of Velocity Functions

We now look at how the flux gets interpolated to the interior of a hexahedral
element. We can define numerous Piola-type transformations in three dimen-
sions which still have the properties of the Piola transformation discussed above.
The difference between these various Piola-type mappings is how the flux is in-
terpolated to the interior of an element. One simple modification of the Piola

transformation is to include an area correction factor as follows:

(1—2)X;x

Vigki1/2 = Pijki—1/2 Tiin (4.81)
T T :%Xi,j,k
Viigki1/2 = Pijk1/2 Tior (4.82)
(1 - 9)Yni
Viki1/s = pg,k,i;—1/2sz (4.83)
Jy,k,z
Y Y ?)Yj,k,i
Vikisi2 = Pjkin/2 Tins (4.84)
z 2z (1 B ZA)Zkl]
Viigil/2 = Priji—1/2= 7 4.85
Bii.gi1/2 kiji=1/2 Y ( )
2l
Viigij2 = Phijs - 4.86
kiingil/2 kiig31/2 Y ( )
where the area correction factors are given by
o Y ki X Zgijl
Pijk;i—1/2 = — — (4.87)
e A7;,4(0)
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Yk X Zg g

Pijitj2 = A ) (4.88)
k12 = HZk;l%:Z()g)”kH (4.89)
Pikingz = szﬁé{:ﬁ)"’j’kn (4.90)
Prigiz = HXill/ng(SO()]kH (4.91)
Prainf = H)(fzgizgffkﬂn (4.92)

The velocity, u; jx, interior to a cell, Q; ;x, is approximated by

~

u;k(2,9,2) = fizfl/Q,j,kV;C,j,k;fl/Q(i‘aga Z) + fiil/Q,j,kvzj,k;l/Z(' 9, 2)

~ ~

+ f;‘lfl/Q,k,ivg,k,i;—l/Q(ga 2,%) + f]y+1/2,k,z'v§‘l,k,z’;1/2(ga 2,%) (4.93)

~

+ fio1y2iViigio12(8 T 9) + Fiii 0,05V g o

A

"CE, g)'

IS

The nodal values f 5, flijogm [71jomi Fiviopi ficiiy and fiie;
are the fluxes on faces F?; ,(0), F}%; . (1), F}, ;(0), F}/, (1), F¢,;;(0), and F, ;(1),

respectively. For example,

/ W, g NG5 g = fﬁl/Q,j,k- (4.94)

Fz L (0)
The scalar value, w; ;1 (%, 7, 2) - nf, (%, 9, 2) is given by

fﬁl/ij fiil/Z ik
Po(E,9, 2 22 (1 — &) ISR (). (4.95)
A7 k(1)

W,k (%,7, 2) - ni,j,k(ff;y; Z) = —">=

Al 4(0)
Equation (4.95) is a linear interpolation of the average normal velocities from the
two faces at either end of the element. Suppose we have uniform flow given by

v = (¢,0,0)". Furthermore, suppose n;,;, is in the direction of v on element

Qi k- Then, the flux across face F°

Tik(@) is cAT; p(2). Substituting this flux

2,
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at the two faces, F?;,(0) and F{, (1), into equation (4.95) gives a value of c.

Therefore, when we integrate over the face, F*; (), we get the correct flux. This

i,k
would not have been the case with the standard Piola mapping, which would give
(A7, (0)(1 — ) + A, 1 (1)2); this is equal to cAY; () if A;;x(2) varies linearly
with 2 as it must in 2-D, but in general this is not the same.

Now, we look at a different example. Again, we will assume a uniform flow,

v = (¢,0,0)%. This time, however, we will have a face where ny; . (2,9,2) is not

parallel to v. In particular, consider the element shown in Figure 4.3.

Figure 4.3: Uniform Flow on Distorted Element

We will consider the flux in only this one element, so we will drop the 7, 7, k

subscripts. This element has a face at & = 0 with area h? and a normal, n?, in the
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direction of the flow. The face at & = 1 has area /2h? with normal at an angle
at 45 degrees with the flow. In general, the flux across the face, F7(z), will be
ch? and the area will be h?v/22 + 1. Substituting these expressions into equation
(4.95) and integrating over the face, F*(), gives the interpolated flux as:

/ u-n®dA® = ch? (1 + (g - 1) x) ViZ 4+ 1. (4.96)

Fe(i)

The relative error of this interpolation is plotted in Figure 4.4. In this case,
because the flux varies linearly with z (actually, it is constant), the standard

Piola mapping gives the correct interpolated flux.

0.06

0.04+ q

relative error

0.02 bl

Figure 4.4: Relative Error of Interpolated Flux

For general hexahedral elements, especially when the faces are not planar, the

flux will not always be interpolated exactly for uniform flow. This situation is
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particular to 3-D. In two dimensions we have no problem interpolating uniform
flow. This is due to the use of linear interpolation which works fine in 2-D, but not
in 3-D. We perhaps need a quadratic term in the interpolation. Different velocity
trial functions are being investigated by Richard Naff, [50], at the U.S. Geological
Survey. It appears, at this point, that there will be no way to exactly interpolate
uniform flow for general hexahedral elements. We will have to be satisfied with a
close approximation on the order of h?> when using lowest-order Raviart-Thomas

velocity functions.

4.3 Divergence-Free Basis

We need a computationally convenient basis for the divergence-free velocity
space. The construction of such a basis for a rectangular grid in three dimensions
for homogeneous boundary conditions is described in [17]. More recently, a com-
putationally convenient divergence-free basis is described by Scheichl in [54] for
triangles in two dimensions and tetrahedra in three dimensions. Scheichl uses a
spanning tree algorithm to compute the divergence-free basis. Our method is to
define the divergence-free basis a priori.

We will see here that the divergence-free basis described in [17] is also valid
for distorted grids using hexahedral elements. We will extend this basis to include
Dirichlet boundary conditions. It became convenient to define a small part of the
divergence-free basis for Dirichlet boundary conditions using the spanning tree
algorithm described in [54].

A divergence-free vector function is the curl of a vector potential function.

We wish to construct the divergence-free subspace such that it is contained in V1.
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Consider the bilinear basis on the reference cube, @), consisting of scalar func-

tions which are bilinear in § and Z and constant in  given by

12170 = U2 (4.97)
D7y = (1—19)2 (4.98)
¢£1/2,71/2 = (I—9)(1—2) (4.99)
DY)y 1y = 91— 2). (4.100)

We now define the vector potential functions on the reference cube as:

Aglc/2,1/2 = (Aglv/Z,l/QaOaO)T (4.101)
$§1/2,1/2 = (&)§1/2,1/270=0)T (4.102)
@21/2,71/2 = ((i)gil/2,fl/270a0)T (4.103)
<i>71E/2,71/2 = (‘i)f/Q,q/g,OaO)T- (4.104)

We take the curl of each of these vector functions giving divergence-free vector

functions on the reference cube as:

0
WT/2’1/2 = curl éf/2’1/2 = g = {/071/2,0 — {’0,071/2 (4105)
—Z
0
W pap =curl D7 o= |1 g | =Vo, 1720 + Voo,/2 (4.106)
z
0
W71/2’71/2 — Curl é€1/2’71/2 — —(]_ — g) — _‘/\’0’71/2’[] + ‘/\/'[]’0’71/2 (4107)
1—-2
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0

~

WT/Q,il/Q = curl éf/2771/2 = -y = —{’0’1/2’0 — {10’0’71/2. (4108)
—(1-2)

Now, we use a Piola-type mapping to map Wi,y 5, W55, W2y 4 ,, and

Wijg 1/ tO the physical elements Q; jx. Qi jt1k: Qijt1k+1, and @Q; ;i1 respec-

tively giving

W;:,k,z' = V;‘/,k,m/g - Vz,z’,m/z on Qi ik (4.109)
Wik = v?+1,k,i;71/2 + Viijtis1/2 o0 Qijiik (4.110)
Wikt = Vistetio1/2 T Vietigeti—iy2 O @itk (4.111)
W;;,k+1,z' = _V?,k+1,i;1/2 + VZ+1,¢,j;71/2 on Qj jk+1- (4.112)

Note that if we use the standard Piola mapping, then by (4.76) the w®’s will
be divergence-free. If we use a different Piola-type mapping, for example (4.81)-
(4.86), then the w”’s may not, in general, be strongly divergence-free. However,
the Piola-type mapping still preserves the face fluxes. Therefore, the w*’s will
be weakly divergence-free. From now on when we define a divergence-free vector
basis function we will mean weakly divergence-free.

We use continuity across faces to define the divergence-free vector function
with support on Qj11/2k+41/24 = Qijk UQj1ki UQjs1841,UQijrs1 as:

Wf+1/2,k+1/2,i = v;'l+1/2,k,z' - v;'l+1/2,k+1,i (4.113)
- vlzc+1/2,i,j + vlzc+1/2,i,j+1'

We can think of (4.113) as an x-slice function and recognize it as such by the third

index 7. That is, an z-slice function has its support on four elements contained

within a vertical slice of the domain for a given 2. With a moments thought we
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can see that the divergence-free basis vector function must have support on four
elements in order to be weakly divergence-free. This is because the magnitude of
the fluxes on the four faces must be equal in order for them to cancel out. The

above construction also assures that a divergence-free vector function is contained

: h
1mn vy.

We define analogous divergence-free vector functions for y-slices and z-slices
as follows:
Yy _ 2 -1
Wir1/2i41/25 = Ve+1/245  Vh+1/2i+1, (4.114)

x x
= Vit/zgk T Vie1/2,k41

- v;j+1/2,k,i + v§'1+1/2,k,i+1'
The divergence-free vector functions (4.113), (4.114), and(4.115) span the divergence-
free subspace. We can write the z-slice function, W7, /5 1119 88 Wiiq/9411/00

plus a linear combination of y-slice functions and z-slice functions as follows:

T _ T
Wit1/2k+1/24 = Wjit1/2,k+1/2,0
i-1 y ,
+ -Z (wk+1/2,is+1/2,j B Wk+1/2,is+1/2,j+1) (4.116)

i—1
z 2
+ ~ZO (Wis+1/2,j+1/2,k B Wis+1/2,j+1/2,k+1> .
Is=

We can show similar linear dependencies for the y-slice and z-slice functions.

These linear dependencies are given by

y S
Wht1/2,i41/25 = Wk41/2i4+1/2,0

7j—1
+ jz::O (WiZH/?,jSH/Q,k - wiz+1/2,js+1/2,k+1) (4.117)

j—1
x x
+ jzo (st+1/2,k+1/2,z' - st+1/2,k+1/2,i+1>
=
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and
WZ — WZ
i+1/2,5+1/2.k = Wit1/2,54+1/2,0

k-1
+ ,;_:0 (Wf+1/2,ks+l/2,i N WJI'+1/2,ks+1/2,i+I) (4.118)

+ :52_310 (Wz5+1/2,i+1/2,j - Wzs+1/2,i+1/2,j+1)
respectively.
Therefore, we can eliminate one of the above sets of linearly dependent func-
tions and still span the divergence-free subspace. We choose to eliminate the
linearly dependent z-slice functions to end up with the divergence-free basis given

by

Wiy 0Si<1-20<j<m-1,0<k<n-2 (4120)

Wit ook 0Si<1-2,0<j<m-20<k<n—1. (4121)

The pressure space, A, can be defined as the divergence of V. This means
that A% is the range of the divergence operator and the divergence-free subspace
is the kernel of this operator. Therefore, the dimension of the divergence free

subspace is given by

dimD" = dimV} — dimA}
=({l=1)mn+1llm—-1)n+Imn—-1)— (Imn-1) (4.122)

= 2lmn —Im —In —mn + 1.

The number of divergence-free vector functions given in (4.119)-(4.121) is equal

to (4.122). This will form our divergence-free basis.
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4.3.1 Dirichlet Boundary Conditions

We now consider the case when part of the boundary has Dirichlet boundary
conditions. In this case we will allow our velocity space, Vg, to have non-zero
fluxes on the Dirichlet boundary. We will still require that vector functions in V/
have zero fluxes on the Neumann boundary. We no longer have a constraint on
the pressure space. In other words, we now define our pressure space, A", as being
spanned by piecewise constants and allow global constant functions.

We assume that if a given side of the domain has Dirichlet boundary condi-
tions, then all the faces on that side have a Dirichlet boundary condition. This
assumption is not necessary for the method to work, but simplifies the develop-
ment to be described subsequently. For example, if we impose Dirichlet boundary
conditions at & = 0, then all the faces at © = 0 will have unknown fluxes. These
divergence-free boundary vector functions are illustrated for a single z-slice in
Figure 4.5.

For each unknown flux on the boundary, there will be a corresponding basis

vector function in V{ given by

VEL = Vik—1/2 0N Qojk (4.123)
Vik = Vg o0 Qi (4.124)
VZ?i = Vg,k,i;q/za on Qi ok (4.125)
Vzlz = ngfl,k,i;l/Qv on (Qim—1k (4.126)
szg = V(Z)’,i,j;fl/Qa on Qi o (4.127)
Vi = Vi iy o0 Qijaoi. (4.128)
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Figure 4.5: Boundary Divergence-Free Basis Vector

The divergence-free vector functions on the boundary are written in terms of
vector functions from V5. For example, on the x = 0 boundary shown in Figure
4.5, we have the z-slice divergence-free vector functions given by

2,20 _ r0 20 Y
Wiliok = Vik — Vitrk T Vigi/2.k0° (4.129)

Similarly, we have y-slice divergence-free vector functions given by

Wit1/25 = Vik+1 T Vik = Vit1/2,0,5 (4.130)

Equations (4.129)-(4.130) define a divergence-free vector function for each edge on
the boundary z = 0 and involve fluxes across faces on the boundary in addition
to fluxes across internal faces. Note that divergence-free vector functions on edges
not on the boundary don’t involve any boundary fluxes.

The divergence-free vector functions defined in (4.129)-(4.130) span the divergence-

y,z0

k12, CAD be

free subspace on the boundary x = 0. However, we note that w
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. . 0 . . . .
written in terms of wzfl/ZO plus a linear combination of other divergence-free

vector functions. This relationship is given by

Wy,z[] . wy,xO
k N k R
+1/2,5 ‘ +1/2,0 (4131)

o
2,20 2,20 T
+ 520 (W5+1/2,k “ W2k ws+1/2,k+1/2,0) .

2,20
J+1/2k+

2,20

Alternatively, we could have written w /e,

, in terms of w  Plus a linear

combination of other divergence-free vector functions using the relationship given

by

2,20 . z,20

Witi/2k = Wit1/20

e, 0 (4.132)
T T
+ 52::0 (Wgﬂ/z,j — W1 W;:+1/2,s+1/2,0) -

Therefore, the divergence-free subspace on the boundary x = 0 is spanned by

wo L 0<ji<m—-20<k<n-—1

e (4.133)
lef?/z,ﬁ J=0,0<k<n-1
or
2,20 . . .
Wi 0< 7 <m—=2k=0 (4130

Wi 0<i<m—=1,0<k<n—1

Which ever set of functions we choose, they both have dimension mn —1. We
no longer have the constraint on the pressure space. Therefore, the dimension of
A" is Imn. In general, the dimension of D” increases by the number of unknown
fluxes on the boundary (because of the new degrees of freedom in V), minus 1
(because of the increase of 1 in the dimension of A"). Therefore, the number of
linearly independent divergence-free vector functions on the boundary is mn — 1,

which is the number of divergence-free vector functions given in (4.133), or (4.134).

For our implementation we use the set of vector functions defined in (4.133) as a
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divergence-free basis for the boundary z = 0. The divergence-free basis for all of

the boundaries is summarized as:

2,20 _ x0 _ ,x0 Y
iri/2k = Vik — Vittk T Vii1/2k0

0<7<m—-2,0<k<n-1

W

y,20 —{] 0 oz
Wkt1/2,0 = Vok+1 — Voe — Vi+1/2,00

j=0,0<k<mn-—2

z,xl xl

_ R —)
Wivi2ke = Vik — Vitrk — Viri/2k01

0<7<m—-2,0<k<n-—-1

y,xl

? _ _ vl z
Whkt1/2,0 = vxlogi1r — Vi + Vi+1/2,1-1,0

j=0,0<k<n—2

z,y0 0] 0 W
Wi/ = Vii — Vit T Vit1/2,0
0<i<l—1,0<k<n—2

2,950 _ oy w0
Wirt/2,0 = Vo,i+1 — Voi = Vit1/2,0,0

0<i<l—2k=0 J

z,yl ooyl oyl 2
Wit1/2 = Vi = Vet~ Vet1/2im-1

0<i<l—1,0<k<n—2

2yl _ oyl oyl x
i+1/2,0 = Vo,i+1 — Vo, T Vig1/2,m 1,0

0<i<l—2k=0

W

Wil'/f10/2,j = fo} - vz'z—El,j + Viii/2,.0
0<i<l-20<j37<m-—1
wh? =il — vl — v
j+1/2,0 0,j+1 0,] 34+1/2,0,0
i=0,0<j7<m-—2

93

\

forz =0
| forz =1
fory =10
fory=1
for 2 =10

(4.135)

(4.136)

(4.137)

(4.138)

(4.139)



)

y,21 - R | T
i+1/2,5 = Vig — Vit Viri/25n-1

w l,]
0<i<l-20<j<m-1

for z =1. (4.140)

z,z1 21 -3 | Y
Wit1/20 = Vo+1 — Vo3 T V12010

1=0,0<7<m—=2

)

Suppose we have Dirichlet boundary conditions on = 0 and «x = 1. This
gives us 2mn unknown boundary fluxes. So, we need 2mn — 1 divergence-free
basis vector functions for the boundary. If we add up the number of divergence-
free vector functions given in (4.135) and (4.136), then we have 2mn — 2 vector
functions. Therefore, we need one additional divergence-free vector function which
is linearly independent from all the rest. The only such vector function is a global
vector function, that is, one which connects both Dirichlet boundaries. We call
this type of vector function a pipe function. We want to choose a basis which best
models the physics of the equation. Imposing pressure conditions on opposite sides
of the domain induces a Darcy flow across the domain. If the flow is constant in
the positive x direction and zero in the other two directions, then the vector
function describing this would look like the one in Figure 4.6.

In fact, if the conductivity tensor, K, were diagonal and constant, then this
pipe function would be a(-, -)-orthogonal to all the other divergence-free vector
functions and we would have the solution in one iteration. Therefore, we think
of the ideal pipe function as an a(-,-)-orthogonal projection on to the “locally”
divergence-free subspace. Approximating the orthogonality of the pipe function
plays an important role in the preconditioner. In general, for each additional
Dirichlet boundary region we add, which is disconnected from the other Dirichlet

boundaries, we need an additional pipe function. In our implementation, we can
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y=1 boundary
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Figure 4.6: Divergence-Free Pipe Function

have at most two disconnected components of the Dirichlet boundary, requiring
one pipe function. This is because if we have three sides of the domain which are
Dirichlet, then they will be connected. The more general case would occur when

we allow patches of Dirichlet boundaries on a given side of the domain rather than

the whole side being Dirichlet.

If two adjacent sides of the domain both have Dirichlet boundary conditions,
then we must define divergence-free vector functions on the edges connecting the

two sides which involve fluxes from both the boundaries. These divergence-free

corner functions are illustrated in Figure 4.7.
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Figure 4.7: Divergence-Free Corner Functions

The divergence-free corner function on the z = 0, y = 0 boundary is given by

W = il (4141
0<k<n-—1.
The vector function, w; ¥’ can be written as a linear combination of wj**" plus
other vector functions using the relationship
k-1
z0,y0 _ 0,50 y,20 z,y0
wi = w -y (W5+1/2 + Ws+1/2,0) : (4.142)
5=0

Therefore, we only keep the vector function , wiﬂ’yo, for £ = 0. In the case of

Dirichlet boundary conditions on the two sides, z = 0 and y = 0, we have mn+In
unknown fluxes on the boundary. Therefore, the number of divergence-free vector
functions on the boundary should be mn + In — 1. If we add up the number of

divergence-free functions given in (4.135) and (4.137) and add the divergence-free
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corner function given in (4.141), for k = 0, we get mn + In — 1 divergence-free

vector functions. Similar results hold for the other xz, y-boundaries. We also have

corner functions for y, z-boundaries and z, x-boundaries. There are a total of 12

corner vector functions to consider given by

wa:[],y[]

wa}l,y[]

wz[],yl

wa:l,yl

WyU,zO
Wyl,zO
wy[],zl
Wyl,zl

sz,:ﬂO

wzl,mO

wz(],:nl

Wzl,xl

0 0
= Voo + Vi, forz=0,y=0

zl yl — —
—Vio — Voo, forz=1,9y=0
z0 yl _ —
Voo T Vo, forz=0,y=1

zl yl — —
Voo — Voo, forz=1y=1

0
—vio + vg?o, fory=0,2=0

yl z1 _ _
—Vigo — Voo, fory=12=0

0 1
Voo + Vi fory=0,2=1

yl z1 _ _
Voo — Voo, fory=1,2=1

20 x0 _ _
—Vgo T Vo, forz=0,2=0
—vil v forz=1.2=0

0,0 0,0 = LT =

20 4 xl f _ 0 =1
Voo T Voo, forz=0,2=

zl zl _ —
Voo — Voo, forz=11=1

(4.143)
(4.144)
(4.145)
(4.146)
(4.147)
(4.148)
(4.149)
(4.150)
(4.151)
(4.152)
(4.153)

(4.154)

If the four sides, + = 0, x =1, y = 0, and y = 1 are all Dirichlet bound-

aries, then we would have 2mn + 2ln unknown fluxes. If we add up the number

of divergence-free vector functions given in (4.135)-(4.138) and (4.143)-(4.146) we

end up with 2mn + 2(n divergence-free boundary vector functions which is one

too many. It can be shown that the corner vector function, (4.146), can be writ-

ten as a linear combination of other divergence-free basis vector functions. This
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relationship is given by

m—21—2

- j;o l;ﬂ wiz+1/2,j+1/2,0

zlyl __

- x (Wi Wi
’ i) (4.155)

10 11
= 3 (W e
1=0

_ WzO,yO _ Wzl,yO _ wa:[],yl_

Therefore, we eliminate (4.146) from the basis. If we have Dirichlet boundaries
on all six sides of the domain, then a dimensional count would tell us that we
only need five out of the twelve corner vector functions. It becomes inconvenient
to determine the divergence-free basis a priori for every possible combination of
Dirichlet boundaries. Knowing the correct dimension is not good enough; we need
to know which corner vector functions to throw out to keep a linearly independent
set. To make it computationally convenient, we use the spanning tree algorithm
described in [54]. In this algorithm we define a set a vertices and a set of edges
connecting the vertices. This represents a graph (see Figure 4.8). It is assumed
that the graph is connected. That is, there is a series of edges, or a path, which
connects any two vertices. The algorithm produces a connected graph with the
same vertices, but only a subset of the edges, in such a way that there are no
cycles. This is called a tree. In the context of finding a divergence-free basis we let
the sides of the domain which have Dirichlet boundary conditions be represented
by the vertices of the graph. Therefore, there are a maximum of six vertices in
the graph. The edges of the graph correspond to the vector functions in (4.143)-
(4.154). For example, the face at 2 = 0 and the face at y = 0 are connected by the

z0,y0

edge corresponding to w . The spanning tree algorithm will produce the correct

number of linearly independent vector functions. With Dirichlet boundaries on all
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six sides of the domain, our current implementation of the spanning tree algorithm
would compute the tree shown in Figure 4.9. Based on this we would keep the
vector functions (4.143), (4.144), (4.146), (4.148), and (4.150).

z1

Figure 4.8: Connectivity Graph of Dirichlet Boundaries
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Figure 4.9: Spanning Tree
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4.4 Initial Guess Vector v

We define a vector, f = f; ; ¢, which represents a source/sink in each element

Qi k- We think of this value as being a point source/sink averaged over the

volume of the element. We want to compute a vector, vi € V2, which satisfies

(4.3). We will do this element by element. The vector function, v?, in element,

Qi j.k, is given by

h __ T T T T
VI= Uil125kVigk—1/2 T Yik1/2,5kVigki1/2
Yy Yy Yy Yy
T Ui 1/2k,iVikio,—1/2 T U120,V k172
zZ V4 zZ zZ
T Ug1/2,0,5Vhigi-1/2 T Ukt1/2,0,5V ki1 /2

The vector function, v!, is given by

h _ .z €T €T €T
Vo = 9ic1y2,5kVigki—172 T 9it1/2,5kVigki1/2
Y Yy Y Y
T 9512k, Vik,i0,—172 T Jj1/26, Vik,isn /2
VA V4 V4 V4
T Ge-172,5Vkigi—172 1 k172,05 Vi /2-

Substituting (4.156) and (4.157) into (4.3) gives:

b(VI;a A) = (_uﬁl/Q,j,k + “;'C+1/2,j,k

“?71/2,1@1 + “?+1/2,k,¢

- uzfl/Q,i,j + Uz+1/2,i,j))‘i,j,k

= figrdigr — (_.9ﬁ1/2,j,k + 9f+1/2,j,k
9?71/2,19,1‘ + g?+1/2,k,i

z z
= Gk—1y245 T 9k+1/2,i,j))‘i,j,k

= JijkNijk-
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(4.157)
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For now, assume 9Qy = 0. It is assumed that f = f”k satisfies the com-

patibility condition given by
figu = 0. (4.159)

Then, the strategy is to satisfy (4.158) element by element. We start at the z = 0
side and push the mass through the domain by assigning fluxes to the faces with
normals in the z direction. Each time we go to the next element in the = direction,
we push the mass of the source term plus the flux from the previous element as a
flux into the next element. When we get to the x = 1 side we push the mass plus
flux along that side in the y direction going from y = 0 to y = 1. Finally, when
we get to the y = 1 side we push the mass plus flux up a column from z = 0 to

z = 1. These steps are summarized as:
Ui ik = Jojk (4.160)
0<j<m—-1,0<k<n-1

Uisrjogne = Jigk T U125k (4.161)

1<i<l-20<j<m-1,0<k<n-1

uglj/lk,lfl = fi10k + uﬁ3/2,0,k (4.162)
0<k<n-1
UGy p1 = Stk T U g0 U ek (4.163)

1<7j<m—-2,0<k<n-1
ui/?,lfl,mfl = fiitm10+ ulI—3/2,m71,0 + u%sz/Z,O,lfl (4.164)

z _F T
Upy1/20-1,m—1 = Jictm—1k + U_3/2,m—1,k

+ ugrln73/2,k,l71 + Uk_1 /201 m1 (4.165)
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1<k<n-—2.

The remaining fluxes are assumed to be zero. The vector function, v?, is now

given by
[—2m—1n—1

h _
Vi = Z Z Z uz+1/2,ykvz+1/2,yk
=0 j=0 k=
m—2n—11— 1

+ ]ZU kz[] > u]+1/2kz ]+1/2kz (4166)

n2llm1

+ 2 2 2 uy
=00 =0 k+1/22] k+1/2,2,]

Define the residual on element Q;_1 ;1,1 as:

flfl,mfl,nfl)\lfl,mfl,nfl - b(V][l, )\lfl,mfl,nfl)

= (uf73/2,m71,n71 + “%173/2,7171,171 (4.167)
+Uz,3/27l,17m,1 + f.lfl,mfl,nfl))\lfl,mfl,nfl-

We need to show that the residual on the element @y 1,1 given by (4.167)

is zero. (The residuals on the other elements are zero by construction.) Using

equations (4.160)-(4.165) we can write the fluxes in (4.167) in terms of source

functions f; ;5 as follows:

N

fim—1n-1 (4.168)

2

x N
W_3/2m-1n-1 —

MM

u

(]

Y £ ) z
m—3/2,n—1,1—1 (flfl,Jynfl + ul73/2,j,n—1

§=0
m—2 -2

- (fl 1,5,n— 1++Zfzyn 1 (4169)
=0
-

Ufzf3/2,171,m71 = Z flfl,mfl,k + uf,g/gym,lyk + uf’n73/2’k7l71

k=0
n—2 -2 N

:Z(fllml me 1,k
k=0 =0
m—2 -2

+ (Fietgm + D fig)). (4.170)
j=0 1=0
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Substituting (4.168)-(4.170) into (4.167) gives:

b({/};a )\lfl,mfl,nfl) - flfl,mfl,nfl)\lfl,mfl,nfl

n—1m—-11-1 . (4171)
= (X X ¥ fije)Mim-1n1-
k=0 j=0 i—0

By (4.159) the residual in (4.171) is zero.

If we have Dirichlet boundaries, then (4.159) no longer holds. To insure a
zero residual, we specify a flux on the Dirichlet boundary. The total flux on the
Dirichlet boundary is set to be equal to the sum in (4.159). This way we get
consistency and then, we use the same algorithm as before. This is summarized

in the following algorithm:
Algorithm 4.4 Solving divergence equation.
1. Assemble the source/sink, f, and 1)3.
2. Compute f = f — div 7)3.
3. Compute the residual, r = f
4. Add the residual to the Dirichlet boundary fluxes, gp.
5. Recompute f: f— Jp-

6. Compute v/ using (4.160)-(4.165).

4.5 Mass and Stiffness Matrices
Now that we have a discretization of the velocity space and a construction
of the divergence-free subspace, we can define the system of equations which

represents the discrete bilinear form.
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For now, we will assume a pure homogeneous Neumann boundary condition.

We look for vectors v € VI and v# € D" such that

b(vi,A) = F()), VA € A}
a(vlh,w) = —a(v?h w), Yyw € D".

The divergence-free vector function, v% is given by

h n—2m-—2
— x x
vh = 2 2 dj,k,[]wj+1/2,k+1/2,0
k=0 j5=0
m—1i=l—-2n—2 dy y
YN S W ey
i Wk+1/2,i41/2,
=0 o g R T RHL/2041/2
n—1

m72l72d
+ SO dE W, _
Gk Wit1/2,41/2,k
K=o j=0 iz PR IRL/Z0EL

(4.172)

(4.173)

(4.174)

Define a multi-index, .J, such that (4.174) can be written with a single index

as:

N N—1
Vp = > dywy
J=0

N=(m-1n-1)+l=1mn—-1)+(1—-1)(m—1)n.

The vector, v which is a solution to (4.172) is given by

h n—1m-—11[1-2
N x T
Vi = X X X U kVitiaik
F=0 j—=0 i=0
—1n—1m-2 y y
X X UikiViiiak -
1=0 k=0 7=0
m—11—-1n—2
z Z
+ 2 2 X U Vi)
7=0 =0 k=0

(4.175)

(4.176)

The multi-index, K, is used in (4.177) to write (4.176) using a single index as

follows:
, M-1
V] = ) UgVK
K=0

M= (I—-1)mn+I(m—1)n+Im(n—1).

(4.177)

We note that M > N, i.e., v# belongs to the space Vg, which is larger than the

divergence-free subspace D”.
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Let L be another multi-index like J. Then, for each w; € D" we substitute

(4.175) and (4.177) into (4.173) to get:

N-1 M—1
S alwywi)dy=— > a(vi, wr)ug. (4.178)
J=0 K=0

We introduce two more multi-indices, P and ), which go from 0 to M — 1 like

the multi-index K. We then write w; and w;, in terms of basis vector functions

in VI as:
M1
W — Z Cj;pVp (4179)
P=0
M1
w; = CLovVQ- (4.180)
Q=0
Substitution of (4.179) and (4.180) into (4.178) gives:
M—1 M—1 N-1 M-1 M—1
Z CL.Q Z U,(VP,VQ) Z CJde!] = — Z CL.Q Z (I,(VK,VQ)’U,[(. (4181)
Q=0 P=0 J=0 Q=0 K=0

This gives us N equations with N unknowns. We define the N x M matrix CO0,
the M x M mass matrix M0, and the two coefficient vectors d of length N and

u of length M as:

CO = crq (4.182)

MO = a(vp,vg) (4.183)
COMOCO" = ¢; ga(vp,vg)esp (4.184)
d=d, (4.185)

u = ug. (4.186)

Substituting (4.182)-(4.186) into (4.181) for all L gives the matrix equation given
by
COMOC0"d = —COMOu. (4.187)
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The vector of coefficients, v = C0”d + u, represents the fluxes of the approximate
solution v".

The CO matrix consists of +1 and is given by the relationships (4.113), (4.114),
and (4.115). We don’t explicitly form the matrix COMOCO0”. Instead we assemble
only M0 and then define operators C0O and C0” which give the action of these
matrices on a vector.

When we want to include boundary fluxes into the mass matrix we need to

augment it. We will call this augmented matrix M which is given by

[ Mo A1]
M = . (4.188)
A1T A2

Likewise, we will augment our CO operator as follows:

Co 0
C= . (4.189)

C1 C2
The C1 matrix represents contributions to the divergence-free vector functions
on the boundary from fluxes across interior faces, and the C2 matrix represents
contributions to the divergence-free vector functions on the boundary from fluxes
across faces on the boundary.

For a Dirichlet boundary condition, we have a specified pressure, ¢, on the
boundary which gets added to the right-hand side of equation (4.187). For ex-
ample, suppose we have a Dirichlet boundary at « = (0. Then, we will define the
vector q = ¢jx, as the specified pressure on each face, F&i,j(O), of this boundary.
When we substitute this in to the functional, G(W;i%), for each j and k we get

G(Wﬂ) = / qy‘+1,kv;c21,k : ng,j+1,k(0a Yy, 2) dydz

Fei+1.6(0)
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= [ w050y, 2) dydz

b .1(0)

11
I' O,JAT,Q A 7n
00 ,]+1 k(o)
(0, ,9)
’] k AR
— QGr—0——— dydz
[t
- qy+1,k 4k
= —C2q. (4.190)
Equation (4.187) now becomes
CMC"d = ~CMu + C2q. (4.191)

If we have disconnected Dirichlet boundaries, then we will also have to include
the pipe function. The pipe function adds a dense column and dense row of non-
zeros to the matrix CMC”. We will deal with this bordered matrix when we

describe the iterative solver.

4.5.1 Mass Matrix

The mass matrix, M, is assembled from basis vector functions in V2. The
M matrix can best be visualized in block form. We will describe the submatrices
which make up the blocks. We could define a subroutine to assemble each subma-
trix. However, we take advantage of the type of permutation described in Section
4.1 to minimize the number of subroutines required.

Let MO be the mass matrix assembled from basis vector functions in V2. The
mass matrix, M0, has (I — 1)mn +1(m — 1)n + Im(n — 1) rows and columns. On

a rectangular grid with diagonal tensor K, the M0 matrix has the diagonal-block
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form given by

M0, 0 0
MO0 = 0 Mo, O ) (4.192)
0 0 Mo,
Since a basis vector function in V! has support on two elements we get a tridi-
agonal block form for the sub-matrices M0,,, MO0,,, and M0,,. We define the

weights which will make up the non-zero entries of M0, as:

mzj,k;l/Q,fl/Q = a(ij,k;l/Qavzj,k;fl/Q) (4.193)
mix,j,k;l/Q,l/Q = a(vf,j,k;l/QaVz‘x,j,k;l/Q) (4.194)
mf,j,k;fl/z,fl/Q = a(vz’w,j,k;fl/%vz@,j,k;fl/Q)' (4.195)

The tridiagonal entries ml; j, md; ;x, and mu, ;i used in assembling M0,, are

given by

MOzz.ml;—y jr = 771;’3’]-’/,“1/2’71/2
MOzz.mdijp = M k2170 T M1 k172,172 (4.196)
MOzz.mu; jr = M\ ke, 172
The weights ml;_; ; x, md, ; , and mu, ; , represent the lower diagonal, the diagonal
and the upper diagonal elements of M0,, respectively. In the MFE method, the
matrix is symmetric so we need to assemble only the upper or lower diagonals
along with the diagonal.
We assume that we are using vector functions defined using the area correction
factors given in (4.87)-(4.92). To assemble the weights in (4.193)-(4.195) for the

MFE method, we need to compute the following integrals:

€T ~ ~ (le j k)2 —
]i,j,k;1/2,71/2 = / (1 — 1) J’ZJ’ (Kzglkak) - X gk drdydz
Qi.j.k i,j:k

69



2
/ ALY (Ki i Xign) - Xogu didgdz — (4.197)
Q

0,5,k
2]k

" - ~ (Fzz] k)
I3 ka20/2 = s 72 (Kz jr K. ’“) X dwdydz
Qz k Z] k
/ . y kk K, Jy le 3 k) - Xk ddydz (4'198)
Q ”
I 2"
L2172 = / (1—2)? ,]2] (KH ki, ’“) Xigp ddydz
Qi 5,k .5,k
B / ”k) (szsz]k) - Xi gk drdydz. (4.199)
zy k

When all the faces are planar we can write analytical forms of (4.197)-(4.199).
In general, we will need to numerically approximate the integrals. The weights

(4.193)-(4.195) are now given by

x
Iz'jk 1/2,—1/2

Mijki/2-1/2 = T3 . (4.200)
G.k;1/2,—1/2 Azyk( )Az’,j,k(o)
® I k)22
M ki1 /2,1/2 = W (4.201)
i,
@ Ik 1212
M jki-1/2,-1/2 = W (4.202)
i,

We use permutations of the data to obtain the weights for M0,, and MO,,.
In the presence of a non-orthogonal grid or full tensor K, the matrix, MO,
will have off-diagonal blocks representing ”transverse” flux contributions. In this

case the block structure of MO0 is given by

MO0,, MO0,, MO,,
MO = | Mo0,, MO0,, MO, | - (4.203)
MO0,, MO0,, MO,,
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We define the weights which will make up the non-zero entries of M0,, as:

Ty
M ki1 /2,~1/2

Yy
Mk i1/2,1/2

Ty
My kis—1/2,-1/2

zy

M k12,172 =

T Yy
= alVijk/o Viki12)

x Yy
a(Vi; k2 Vj,k,i;1/2)

T Y

a(Vit1,,k-1/2,0,0 Viki+10,1/2,0)-

The non-zero entries of M0,, are now given by

Ty

MOzy.ml; 1p; = My in/2,—1/2

R — Ty
MOzy.m2;j,; = My i1/2,1)2

. J— Ty
MOzy.m3;_14; = M kit1,-1/2,-1/2

MOzy.md;; = m3

Gkyi+1—1/2,1/2°

(4.204)
(4.205)
(4.206)

(4.207)

(4.208)

These sub-matrices are sparse, but have a large bandwidth due to the ordering of

the unknowns.

To assemble the weights in (4.204)-(4.207) for the MFE method, we need to

compute the following integrals:

T A ~ Fm kFyk'
Ij,%,z’;l/?,—l/? = /Q (1 — ?J)M (KzgkX i.J, k) Y ki drdydz
ik

-/

Ty —
Ij,k,i;l/ll/? o /Q

0,5,k

:/:ryir’JkF]kl(K X’]k)-
Q

re 1Y
2y Zajzk ]1kzl 1

Jm,k

J2

I
’J EIRL (K, X k) - Yk didid

,Jk

J.24

.5,k

T ~ ~ szkrykz
Ij,z,i;fl/Q,fl/Q = / (1—2)(1 - 9)327] (szkX 0,75 k)
Q ik

0,5,k
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Y iidedydz

Y, . didjds

(4.209)

(4.210)

Y idxdydz



rz v
— / (1)1 )220 (K Xop) - Yadidjds (4.211)
A 1,5,k
Q

rz. vy .

xry _ 2\ Z’]yk ]7k’2 —1

Ij,k,i;fl/2,1/2 = / _ (1 ac)yiﬂ . (Kzgkak) Y dedydz
Qij.k i+1,5,k

- /(1 — &) (K X ) - Y didjdz. (4.212)
A 1,7,k
Q

The weights (4.204)-(4.207) are now given by

.
vy _ jok,is1/2,~1/2 4.213
MMk is1/2,~1/2 A;{J’j’k(l)Aik’i(O) 219
ay
vy _ G.ksis1/2,1/2 4.214
M kis1/2,1/2 A7 ()AL (1) e
Iy 1/2,-1/2
vy _ Liki1ye 4.215
M5k i—1/2,-1/2 Agjj,k(O)A?,k,i(O) ( )
I3y 1/2,1/2
zy = A . 4.216
M jkis—1/2,1/2 A;{j,k(O)Ag,k,i(l) ( |

We can obtain the weights for the MO0, , matrix and the M0,, matrix through
permutations of the data. In the MFE method we need not assemble MO0,, which
is the transpose of MO0,,, or M0,, which is the transpose of M0,,, or M0,, which
is the transpose of M0, since these are all self-adjoint.

The non-zero structure of the M0 matrix, with off-diagonal blocks, is shown
in Figure 4.10. On an orthogonal grid with diagonal tensor, K, we would have

just the tridiagonal blocks shown along the diagonal in Figure 4.10.
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Figure 4.10: Non-Zero Structure of M0 on Non-Orthogonal Grid

4.5.1.1 Mass Matrix with Boundary Fluxes

Now we consider the case when we need to compute contributions from fluxes
on the boundary. As mentioned above, this will add additional blocks to our mass
matrix giving the augmented matrix, M, in (4.188). The block structure of A1 is

given by
Al,, Al,, Al,,

Al=| A1, Al, Al, |- (4.217)
Al,, Al,, Al,,
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The integrals for assembling the weights for the A1 matrix are analogous to those
computed for M0 and we omit them here. Al,, is assembled by computing the

weights given by
Alzzmlyy, = a(V( 10, Vi) (4.218)
Alzzmugye = a(vi g 19 VL)

The blocks Al,, and Al,, are assembled through permutations of the data.
The Al,, represents the “transverse” flux contribution from the y-boundary

to the z-fluxes. The weights for this matrix are given by

. f— i yo
Alzy.mly, = a Viok1/2 Vi )

52

xT

R yo
Alzy.m2;,; = a Vz’+1,0,k;71/2avk,i+1)

' (4.219)
Alzy.m3,, = a

x yl
(vi,mfl,k;l/Q’ Vi)
_ T yl
Alzy.mdy,; = a’(vi+1,m71,k;71/27Vk,i+1)

The blocks Al,, and Al,, are assembled through permutations of the data.

The weights for the block, Al,,, are given by

o Y zl
Alyz.md; e = a(Viy g1 12 Vit

Alyz.ml;, = a V?yk,g;l/Qav;p,%)
Alyz.m?2;; = UI(V?H,k,U;fl/Z’V;P?rLk) (4.220)
Alyz.m3;) = CL(V?,k,zq;l/Q’V;p}c)

(

The blocks Al,, and Al,, are assembled through permutations of the data.
The block structure of the transpose of the A1 matrix is given as:
A1, A1 A1,
T _ T T T
Al' = A1l A1l ALL (4.221)

A17, A1 A1,
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In the MFE method, the matrix A1 is self adjoint so we don’t need to assemble the
transpose. The submatrices of A17 will have the same lexicographical ordering as
those in the A1 matrix. The submatrices of A17 will just be aliases or references
to the A1 submatrices and have the same memory addresses.

The block structure of A2 is given by

A2,, A2,, A2,
A2= A2, A2, A2, |- (4.222)
A2,, A2,, A2,
The A2,, block is assembled from the weights given by

o 20 20
A2x20;, = G(Vj,k’ Vj,k)

. (4.223)

o xl rl
A2xxl; ) = a/(vj,k’ Vj,k)

The weights for A2,, and A2,, are assembled through permutations in the data.

The off-diagonal submatrices of A2 are from corners where two sides of the
domain are adjacent. For example, the A2,, block represents contributions from
the corners where the z = 0 and z = 1 sides are adjacent to the y = 0 and y = 1

sides. The weights for the A2,, block are given by

A2zy.mly = a
Adry-m2e = AV Vio) (4.224)
A2xy.m3, = a(viy, vi, 1)
A2xy.mdy, = a(Vf,},l,k;Vz,lzq)
The matrices A2,, and A2,, are assembled through permutations in the data.
The non-zero structures of the A1 and A2 matrices on a non-orthogonal grid

are shown in Figures 4.11 and 4.12 respectively. The non-zero structure of the M

matrix on a non-orthogonal grid with boundary fluxes is shown in Figure 4.13.
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Figure 4.11: Non-Zero Structure of Al
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Figure 4.12: Non-Zero Structure of A2
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Figure 4.13: Non-Zero Structure of M
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4.5.2 Stiffness Matrix

We may want to assemble the CMC” matrix explicitly so that we can do a
direct solve on subdomains or the coarse grid. The non-zero structure of CMC”
is shown in Figure 4.14 without boundary contributions and in Figure 4.15 with

boundary contributions. We note that the bandwidth is very large.

= iy,
T
.

Figure 4.14: Non-Zero Structure of CMC”
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Figure 4.15: Non-Zero Structure of CMC” with Boundary Contributions
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The non-zero structure of the stiffness matrix does not depend on the con-

ductivity tensor or the orthogonality of the grid.

Theorem 4.5 The stiffness matrix on a non-orthogonal grid with full tensor, K,
will not have any more non-zero entries than the stiffness matrix on an orthogonal

grid with a diagonal tensor.

Proof. Suppose we have a rectangular grid and the identity matrix for the tensor
K. We will see that any divergence-free vector function in the basis of D" is
non-orthogonal, with respect to a(-,-), to all its neighbors (we ignore boundary
functions to simplify the proof). Without loss of generality, suppose we choose
W1 /9 k412, 4 our vector function (assume 0 < i < [ —1). This vector function
has support on four elements. All the vector functions in the basis of D" which

have support overlapping the support of Wii1/2,k+1/2, ar€ given below.

x T x
Wi1/2k-1/20 Wit1/2k—1/2,i0 Wj+3/2k—1/2,i
w? w? w?

J—1/2,k+1/2i> J+1/2,k+1/2,i> J+3/2,k+1/2
w? w? w?

G—1/2,k+3/2,i> J4+1/2,k+3/2,i0 J+3/2,k+3/2,i

y y y
Wk-1/2i-1/2.50 Wk+1/2,i-1/2,50 Wk+3/2,i—1/2,j
w? w? w?

k—1/2,i+1/2,5° k+1/2,i+1/2,5° k+3/2,i+1/2.,j

w? w? w?
k—1/2,i—1/2,j+10 Wkt1/24-1/2,j+10 Wk+3/2,i—1/2,j+1
w? w? w?
k—1/2,i+1/2,5° k+1/2,i+1/2,50 k+3/2,i+1/2.,j
w’ w? w?
i—1/2,5-1/2,k> i—1/2,54+1/2,k> i—1/2,j+3/2,k

z VA z
Wit1/2,5-1/2,k>  Wit1/2,5+1/2,k0  Wit1/2,j43/2,k
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z z ¥4
Wi 1/2,5-1/2.k+10 Wio1/2+1/2,k+10 Wi—1/2,j+3/2,k+1

z VA z
Wit1/2,5-1/2k+10 Wit1/2,+1/2,k+10 Wit1/2,5+3/2,k+1

The inner-product of w5 ;. q/5,; with any one of the vector functions above

is non-zero. For example,

a(wyz‘fl/Z,kfl/Q,i’ W;‘U+1/2,k+1/2,i) = *a(vjfl/Q,k,i;O,l/Q,Oa ijl/Q,k,i;Orl/?,U)
= —(1/6)(Xijk - Xijr)/ (Jijik)
# 0
A similar result can be shown for each of the vector functions above either by

inspection or by using the definition of a divergence-free vector function in the

basis of D”. ]

Before factoring the matrix, it is best to compute a permutation which will
reduce the bandwidth. For example, the Symmetric Reverse Cuthill-McKee or-
dering reduces the bandwidth by about half [48]. The result of the permutation

is shown in Figure 4.16.
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Figure 4.16: Matrix Permutation
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4.6 Numerical Integration

As mentioned above, the weights for the mass matrix, M, will, in general,
require the use of numerical integration. The method used in our implementation
is a Gaussian quadrature rule in three dimensions which is a one-dimensional
Gaussian quadrature rule applied on each dimension separately. The number of
integration points in each dimension is a user defined input of 1,2,3,4 or 5 points.
The Gaussian quadrature formulas are found in any numerical analysis book and
many finite element books (for example [44]). We use vectors, x = g, and
W = w,; to store the one-dimensional quadrature points and weights respectively.

For example, let NV be the number of integration points and suppose we want
to compute the integral in (4.197). Then, this would be represented as a triple

sum given by

T

;N1 N—1 N-1
=" ) We3 ) We )l
s3=0 s2=0 s1=0

(Ff,j,k;l/z(Islaws%wsB))?

Ji,j,k(zsl ’I527$53)

(Kijy‘l,kxi,j,k(msm 3053)) X gk (Ts2, T3)
(4.225)

<w51x51(1 — Ty1)

The constant ¢ is a constant of integration resulting from a change in variables in
each dimension.
The 3 x 3 matrix, K. ! is assumed to be constant and symmetric on each

Z’j7k7

element (); j . The elements of this matrix are given by

Kzxr Kry Kxz
Kijx = | Kyr Kyy Kyz | - (4.226)

Kzx Kzy Kzz
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Since the matrix is symmetric, we only store the diagonal and 3 of the off-
diagonals. The off-diagonals we choose to store and the lexicographical ordering
of all these matrix elements is critical to the implementation of our method. The
off-diagonals we choose to store are Kzy, Kyz, and Kzz. The matrix (4.226) is

now defined as:

Kawjr Keyjri Kz k
71 _
Kiik = | Kayjri Kyyjni Kyzea; | - (4.227)
Kzwijr Kyzgi; Kzzy,,

The product, K;’jl’kXi,j,k, is given by

0 1 2
Kuw; j o X2 p + Kayini Xl p + Kawiju X2,
-1 R 0 1 2
K i Xijk = | KayjeiX2p + KyyjniXl+ Kyznig X2, |- (4.228)
0 1 K 2
Kowijn X+ KyzeigXiju + K2z Xi

We explain why we choose to define the Km-l’,C matrix the way we do. Consider

the permutations given by

K — K, (4.229)

Kyyjri Kyzrij Kxyjg
K;;il = | Kyzi; Kzzp,j Kzw,jg (4.230)

Kayjpi Kzxj, Kxx iy,
(X0 X1 X} - {(YvLy2 vy (4.231)
{i,5,k} — {J, k,i}. (4.232)

With these permutations, equation (4.228) now becomes
KyyjndYies + KyzeigY i, + KoyjeY i,

K;;ZYJ’“ = | Kyzi Vi, + K2z Vi, + K2wiju Y (4.233)

1 2 0
K,I/‘y],k,Z}/],k,’L + KZ,I/‘Z,],kJY],k,Z + Krrl’]’kY]’k’l
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Equation (4.233) gives us the vector K ;Y ; which has the permutation (4.231).

Another, analogous, permutation gives us the permuted vector K, ! .Z, i

ki.j

When we compute the covariant basis vector, Y ; ;, we will use a permutation
of the data which gives the permutation in (4.231). Therefore, the dot-product
will be invariant under these permutations since the vector, Kj”,i’in,kﬂ-, will have
the same permutation as the covariant basis vector Y, ;. This means that the
same subroutines for numerical integration in the assembly of M0,, can be used
for the assembly of M0,, and M0,,. Our strategy of using a single subroutine for
the assembly of all our tridiagonal blocks in the M matrix is therefore preserved.

When assembling the M0,,, block of the mass matrix, we will need a separate

subroutine for computing the product K; ! Xijk - Yjri This is because the

4,7,k
covariant basis vectors, X; ; . and Y ;. ;, need to have the same ordering. However,
we can permute these vectors in a consistent way when assembling MO,, and
Mo,,.

For a given volume, @); ; 5, we compute the 3x N3 matrices XV, irand XW, ;.

as:

XV, (51, 82, 53) = bl rt DBl ge 1 XL ) (4.234)

Ji,j,k(wsla$327xs3)

XW,jk(s1,52,83) = U7 ( (261, T2, 03) X j g (Ts2, Ts3)- (4.235)

Now, equation (4.225) is given by

U(Vz‘,j k;1/25 Vij, k~1/2)
N—1

N-—1
= aoE D, W X W b5} (4.236)
Z]k

s1=0
wslzrleVi,j,k(sl, $2,53) - XW, ;i k(s1, 52, s3).
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The area, A;;x(0), is computed by

N-1 N-1
A; jx(0) = ¢ W3 Wy} 5 (0, T, T3). (4.237)
3=0 2-0

V)
w

The reason for defining these matrices, XV, and XW, separately is that we may
want to change the definition of the test function and thus the definition of XW.
It is an attempt to make the code as generic as possible so that it can be easily
modified for other numerical methods such as the CVMFE method.

The computation of the other integrals needed for the weights for the tridiag-

onal matrix, M0,,, are given as:

(Vz'+1,j k; 71/2, Vit1,5,k; 71/2)

—1
- 2 Z Ws3 Z W2 Z (4238)

Al“f ( $2=0 s1=0

wsl(l — stl) XVZ'—!—l,j,k(Sl; 52, 83) . XWH—l,j,k(Sl; 52, 83)

G(Vz'+1,j,k;71/2; i+1,jk1/2)
3

= < Z Ws3 Z Ws2 Z (4239)

A1k O Aip56 (1) 532, 52=0 51=0

Ws1 (1 — 2451) 251 X Vg1 k(51, 52,83) - XWpq (51, 52, s3).

To compute the integrals for the assembly of M0,, we will need the 3 x N? matrix

YW given by
YW, n(s1,82,53) = T%, (052, Te3, 1) Yjhi(Ts3, Ts1)- (4.240)

The weights for the matrix, M0,,, are given by

mljfl,k,i
.2 Nt NS N 4.241
= A 2, W 5220“)52(1 — o) 2 (4.241)

w11 XV jk(s1,52,83) - YW, ;1 (s1, 52, s3)
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M2j ki
3 N-1 N-1 N-1 4249
= a1 w W2l .
Aig e (DA ki (1) s:éo + 22:0 e 512:0 ( )

Ws1T1 X Vi k(s1, 52, 83) - YW, ; (51, 2, s3)

m3; 1k,
o N-1  N-1 N-1 1943
T Aig15,k(0)A  k i11(0) 5322:0 W3 522::0 11)52(1 a xSQ) 512::0 ( ' )

wsl(l — xsl)XVi—l—l,j,k(Sl; 82, 53) . YWi-I—l,j,k(Sl; 82, 53)

ma; i
. N-1 N-1 N-1 49244
= w Wl )
Ai+1’j’k(U)Aj’k’i+1(1) 5322:0 53 st::U 52782 slz::[] ( )

We (1 — 2451)X Vg1 .(81,52,83) - YWipq (51, 52, s3).

We can compute the weights for the A1 and A2 matrices in an analogous fashion.
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5. Preconditioners

We now discuss the iterative solver used to approximate the divergence-free
solution. Our system is symmetric positive definite which means that we can use

the PCG method. It is well known that the reduction of the error on each iteration

is bounded by:
VE—1
VE+1

where k is the condition number of the preconditioned matrix. We will show that

(5.1)

the condition number of CMC” can be bounded, at best, by a constant times
h—2.

In our implementation we use a two level additive Schwarz method as a precon-
ditioner. Numerical results show that this domain decomposition method gives a
convergence rate independent of grid size. We will define the method and analyze
its behavior.

We also describe the bordered matrix problem which results from having dis-
connect Dirichlet boundaries. A preconditioner for the bordered matrix is defined
and the condition number of the preconditioned bordered matrix is analyzed.

Most of the theoretical results presented in this section assume an orthogonal
grid. It should be possible to extend these results to a distorted hexahedral grid
although, as mentioned before, interpolation estimates are not known for non-
affine distorted grids in 3-D. A Poincaré-type inequality is presented assuming
homogeneous boundary conditions. This is not a problem for Neumann bound-

ary conditions since the Neumann boundary condition is an essential boundary
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condition and is specified to be zero in the test space. With Dirichlet boundary
conditions we will have non-zero fluxes on the boundary. However, the divergence-
free basis vector functions are defined in such a way that they will always be zero
on some of the edges on the boundary. This may make it possible to prove a
Poincaré-type inequality for Dirichlet boundary conditions. How to do this is not
obvious. However, a similar generalization of Poincaré’s theorem is demonstrated

in [36, Lemma 3.1].

5.1 Vector Potential Space

Before we analyze the condition number of the stiffness matrix, we will need to
define the discrete vector potential space on 2", Mathematical theory for vector
potential spaces and corresponding divergence-free spaces can be found in [36],
[35], and [28]. Recall that we defined the divergence-free vector space by defining
a vector potential space on the reference cube, took the curl of the vector potential
functions, and then used the Piola-type transformation.

We will now define a vector potential space, U”, by mapping the bilinear
scalar hat functions to the hexahedral elements using the isoparametric method.

The a-slice scalar hat functions are given as:

(

s . N
1/2,1/2 © Ti,j,ka on Qi ;k

Az 71 <.
D%y 0072 © Tija e OD Qij+1,k

® (5.2)

T _
J+1/2,k+1/24 — N 1

- _
DTy 9172 © Tijiakers 00 Qijatps

y .
{ (51/2,71/2 © Ti,j,k+1a on Qi j k1.
We can do similar transformations to define y-slice and z-slice scalar hat

functions. For each divergence-free basis vector function we will have exactly
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one scalar hat basis function. Recall that the x-slice divergence-free vector basis

functions live on only one z-slice. We now define the vector potential space as:
(I);E+1/2,k+1/2,0 0 0

, 0 - (5.3)

0 0 )

h _ &
U" = span 0 ’ (I)Z+1/2,i+1/2,j

f+1/2,j+1/2,k

If we use the standard Piola mapping to define the velocity space and the
divergence-free space, then we can define D" as curl U”. If we are using a different
Piola-type mapping, then we can construct a weakly divergence-free vector space
as above in a more tedious manner incorporating, for example, area correction

factors. In either case we can write v € D" as:

N-1
vl =" prcurl &y (5.4)

K=0
where N = dim D" and {®} is the basis for U". The vector function, ®, is of
order 1 and therefore curl ®x is of order A~!. This means that on a face which

has area order h? the flux of curl ®; will be of order h. Now we write v” in

terms of the basis for D* as:
N-1
K=0

The vector functions, wy, have fluxes of order 1. Therefore, we conclude that the
coefficients, dg, must be of order h times p;. In general, we will say that v € D"

can be represented as follows:

N—-1 N—-1
Vh == dKWK == Z pKCUI'l q)K (56)
=0 K=0

—_~ X

and with d = {dk} and p = {px} we have

coh’lp” < |dP” < e1h”p]” (5.7)
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We now state three lemmas related to the vector potential space, U, on a

quasi-uniform partition, Q".

Lemma 5.1 There exists a positive constant, C' independent of h, such that for

all ®" € U" we have
|@" || 12() < Cflcurl®@”|| 2. (5.8)
Proof. Keeping in mind our choice for the basis in U”, we have
d = (D%, Y, )" (5.9)

where, for example,
URNS Span{¢§+1/2,k+1/2,o}- (5.10)

Let S be the z-slice where ®* does not vanish. Then, we have

1@ Z20ps = 127N1Z2(s) + 1RV11Z(s) + 127122 s) (5.11)

+ ||‘I)y||2L2(Q\S) + ||‘I)Z||2L2(Q\S)-
Assume we have homogeneous Neumann boundary conditions. Then, we can

write ®*(x,y, z) as:

[ 00

% (xz,y, 2) :/%dr (5.12)
x

1

Square both sides of (5.12) and use the Cauchy-Schwarz inequality to get

T

(@ (2,5, 2) < C(©) |

1

0d*(1,y, 2)
ox

2 z
dr < C’(Q)/\curl ®(r,y, 2)[2dr (5.13)
1
on Q\ S. Integrating over 2\ S gives us

[D%]| 725 < C(Q)][curl B|72q)s (5.14)
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where we use the fact that on '\ S we have

90> 9B 997 9v\’
1P = — — 5.15
cur ( oy 0z Oz’ Ox ) (5.15)
In the exact same manner we get
19¥|72(015) < C(Q)]|curl @7, . (5.16)

Next, we estimate ||®?[[;2(s) in terms of ||curl @|[;2ys. Since ®* is piecewise
constant in the z-direction, we will denote ®}(x,y) as the restriction of ®* to the
k'™ horizontal slice of Q. Note that ®Z is linear in  within S and is zero for x = 0.

Therefore, we have

12%][72(5) = D_h

IN
NE
>

n 1 1 92
< h? // —r o
<h> | -
0 h
< R*C(Q)||curl <I>||%2(Q)3. (5.17)

We estimate ||®¥[/,>(g) in an analogous manner.

To estimate ||®*||,>(sy we consider the identity on S,

(g, 2) = /Z laqn‘(yﬁ) B 8q>z(x,y,7)] dr 4+ /der (5.18)

0z ox ox

0

Noting that 8@;(2‘”’7) - awgi,y,ﬂ is a component of curl ®, we get

. 0P+
(93 < €@ (feurl #lfs + 15 ). 619

We apply the inverse estimate to the last term on the right-hand side of (5.19)

and use (5.17) to get the desired result and complete the proof. ]
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Remark 5.1 The difficulty in proving Lemma 5.1 for Dirichlet boundary condi-
tions is exasperated by having to use relationship (5.15). The function ®¥ will be
zero at x = 1 except on a vertical slice of width h. However, ®* can be non-zero
on all the edges on the boundary x = 1. The function ®* will be zero at y = 1
on all but one horizontal slice of width h. However, 0®* /0y is not an element of

curl ® so the proof can not be modified in this manner.

Remark 5.2 An a priori knowledge of the construction of the divergence-free
basis is used in Lemma 5.1. Scheichl demonstrates in [54] that certain choices
of the divergence-free basis can lead to bounds on the curl of ® which are not

independent of the mesh size.

Lemma 5.2 There exists a positive constant, (', independent of h, such that for

all ®" € U” we have
|curl®" |20 < Ch™'|| @[ 1202 (5.20)

Proof. The proof follows from the standard inverse estimate. [

Lemma 5.3 There exist positive constants, Cy and C; independent of h, such

that for all ®" € U”" we have

Coh®Ipl* < [|®"|72(0) < C1h*|p/? (5.21)
where
N—1
®" =3 pk®x, p={px} (5.22)
K=0
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Proof. Lemma 5.3 is just the equivalence of the L? norm to the Euclidean norm
in three dimensions. See [46] for example. We often say that h®|p|? is the discrete

L?-norm. []

5.2 Condition Number of Stiffness Matrix

We now give the bound on the condition number of CMC”.

Theorem 5.4 Let iy and p1 be the minimum and maximum eigenvalues, respec-
tively, of the stiffness matrix CMIC?. Then, there exist positive constants, ¢, and

¢1, independent of quasi-uniform A, such that

Cgh S Mo (523)

i < erh! (5.24)

Proof. Let v® € D" be given by v = curl ®" for some unique ®" € U".
Furthermore, let d be the vector of coefficients associated with the divergence-
free vector function, v, and let p be the vector of coefficients associated with the

vector potential function ®”". Then,
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d"cMmc’d _ a(v v _ a(curl ®" curl ")
dr dJ* df

|curl <I>h||%2(n)3

<7 Flk by the continuity of a(,-)
|curl <I>h||%2(n)3
; by 5.7
= kol !
18" |72 (2
< yCh 2 EOR by Lemma 5.2
BT
< Ch! by Lemma 5.3
(5.25)
and
d’cMmc?’d _ a(v",v") _ a(curl " curl ®")
daf o df df’
curl ®" (|7,
> a” o |d|||f @) by the coercivity of a(-, )
[curl ‘1’h||%2(9)3
by 5.7
cr’[pf’ '
2" 1|20
> o ——5"— by Lemma 5.1
= el '
> Ch by Lemma 5.3
(5.26)
[ ]

Numerical tests confirm Theorem 5.4. We use the symmetric power method
to approximate the minimum and maximum eigenvalues for different size grids
with conductivity tensor, K, equal to the identity (we experiment with variable

conductivities later). The power method approximates the largest eigenvalue. To
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approximate the smallest eigenvalue we can either use the inverse power method or
use the shifted power method. The minimum eigenvalue is difficult to approximate
indicating that there are multiple eigenvalues close to the smallest eigenvalue.
The inverse power method tends to underestimate the smallest eigenvalue and
the shifted power method requires many digits of accuracy. The results of the
power method (and the shifted power method for the smallest eigenvalues) for
a uniform mesh are given in Table 5.2. Similar results can be computed for a

quasi-uniform distorted mesh.

h! Ho H1

4 |3.15x10 1| 257 x 10!
1.21 x 107" | 6.04 x 10'
16 | 5.49 x 1072 | 1.26 x 102
32 | 274 x 1072 | 2.55 x 10?

Table 5.1: Minimum and Maximum Eigenvalues

5.3 Domain Decomposition Preconditioner

We now define the domain decomposition preconditioner. First, we partition
the domain into J = [y X mgy X ngy coarse-grid elements. Then, we partition the
coarse-grid elements into fine-grid non-overlapping subdomains, Q. A Iy X my X n,
subdomain, €2, is a non-overlapping subdomain extended by 6. The overlap, 9,
is a multiple of fine-grid elements and is typically size h. This is illustrated in

Figure 5.1.
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Figure 5.1: Partitioned of Domain into Subdomains
We define a divergence-free subspace, Dy, C D", on each of the subdomains,
with Dy spanned by:

Wil o ket1/2, 5 bs =0, 0< jg <my — 2,0 < ky <ny — 2 (5.27)
sz+1/27is+1/27js 0 S Z.s S ls - 2; 0 S .js S mg — 17 0 S ks S Nng — 2 (528)

W e, 0 i <l 2,0<j,<my, —2,0<k, <n, 1. (5.29)

The basis for D is defined in the same manner as the basis for D". The dimension

of Dy is given by

N? = (ls—1)(ms — 1) + (Is — D)ms(ns — 1) + (Is — 1) (ms — 1)ns. (5.30)
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We define a multi-index, 0 < K* < N*—1, and a multi-index, 0 < K < N —1,
where N = dim D”. A divergence-free vector function, u® € Dy, is given by:
Ns—1
— Z d’;(sW[(s (531)
Ks=0
We write a subdomain basis vector function, w3, in terms of the basis for D" as
follows:

N—-1

Wice = T s Wi (5.32)
K=0

For each subspace, Dy, we define a projection operator, P;, such that for any

u € D" we have P,u € D, with
a(Psu, w’) = a(u,w’), Yw*® € Dy. (5.33)

We now derive an explicit matrix representation of the operator P,. Let u® = P,u
and let w® = wj. in equation (5.33) where L® is a multi-index like K*. We
introduce another multi-index, L, which is like the multi-index K. Now, we

substitute (5.31) and (5.32) into the left-hand side of (5.33) to get

N1
a(u’, wi.) = ( 2 szWKs,W’S>

Ks=0
Ne-1
- ( S d z e Wi, z I st,> (5.34)
K5=0
N—1 N-1 -
= X 1 X a(Wi, W) Z K pcs Qs
L=0 K=0 520

Similarly, if we let u be given by:
—1

u = Z d[(WK (535)

K=0
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and substitute this along with w® = w. into the right-hand side of (5.33) we get

N-1 N-1
a(u,wzs) = a KgodeK, TZ:U ]z,stL

(5.36)

N-1 N—1

= Z I;,LS Z CL(WK,WL)CZK.
L=0 K=0
Doing this for each L?® results in the matrix equation given by:
I;CMC'1"d* = I;CMC"d (5.37)
We define the subdomain stiffness matrix as:

C,M,CT =1;,CMC"1" (5.38)

where My is simply the restriction of M to subdomain €2,. Recall that the matrices
C and CT” are not explicitly assembled. Therefore, the operator which computes
C”d is the same one which computes C”d*. From now on we leave the subscript s
off of these operators to emphasize that they are defined in the context of the type
of vector they are operating on. Therefore, the coefficient vector corresponding to

the projection of u onto subspace D; is given by:
I"d* = 1"(CM,C")"'I;CMC"d = P.d (5.39)

where P is our projection matrix. Note that the coefficient vector corresponding
to the projection of u onto D, corresponds to a vector in D”. This is necessary
in order to sum the projections.

Suppose we are trying to solve the equation, CMIC”d = b, and suppose we
have an approximation d*. Then, the error is e = d —d* and CMC” (d* + e*) =

b. From this we get

CMC’e* =b - cMmc’d* = r*. (5.40)
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If we knew the error, then we would know the solution. However, computing the
error is as difficult as solving the matrix equation. What we do instead is compute
the projection of the error onto the subdomains. If we compute P e we would
get

P.e" =1"(CM,C") 'I;r*. (5.41)

We sum the matrices on the right-hand side of (5.41) to get our subdomain pre-

conditioner given by:

J
SD =3 B, (5.42)
s=1
where
B, = I"(CM,C")'1;. (5.43)

Computing the error on the subdomains is not good enough. Suppose the
error, restricted to a subdomain, is a constant. Then, the projection of the error
onto a subdomain with homogeneous Dirichlet boundary conditions would be zero.
We can only resolve this smooth type of error on subdomains which coincide with
the boundary of 2. This situation is sometimes referred to as the kernel of a vector
when restricted to a subdomain. We need an efficient way of approximating the
error on the whole domain. This is done through the use of a coarse grid.

We define the basis for the coarse grid divergence-free subspace, D, in the

usual way given by:

H

Wf0+1/2,k0+1/2,¢0 ;i0=0,0<j90<mg—2,0< kg <my— 2 (5.44)

H

Wi sage 3 0 <o <lo—2,0< jo <mg—1,0< kg < g 2 (5.45)

H

Wfo+1/2,j0+1/2,k0 ; 0< 14 < lo — 2,0<70<mo—2,0< ko <mng—1 (5'46)
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The coarse grid preconditioner is given by:
BY =1 (cm*ch) 1 (5.47)

where M* is assembled from the basis of D, Our two-level preconditioner is
thus defined as:

B =B" +SD (5.48)

5.3.1 Convergence Analysis

We now show that the preconditioned matrix, BCMC?, has a condition
number bounded by a constant times (1 + H/d§)?. For this section, we will use a
generic positive constant C' which is independent of mesh size and the number of
subdomains.

To estimate the minimum eigenvalue of BCMC” we will need the following:

Lemma 5.5 For any v € D", there exists a decomposition of the form

Vv =vo+Vvi+---+ vy with v, € D, v, € D” (5.49)
and
J
> a(vs, v,) < Cialv,v), (5.50)
s=0

where CZ is bounded independently of the mesh size h and number of subdomains

J, and grows quadratically as (1 + H/d)?.

Proof. For any v € D", Girault and Raviart in [36] demonstrated the existence

of a vector potential ® € H'(Q)? such that v = curl ®,

||@||[2(Q)3 S CHCHI‘] @HLQ(Q)S, (551)
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and

||V¢||L2(Q)3 S C'chrl ¢||L2(Q)3.

(5.52)

Let U be the discrete vector potential space associated with the coarse grid

partition Q. Let Qf be the L? projection onto U¥. Then, it can be shown (see

9]) that
|® — Q" ®| 12002 < CH||V®12(0)2,

and

||C111‘l (QH@)HTZ(Q)% S CHV‘I—‘HLZ(Q):«;
Let 0, € C3°(€), s = 1,--+,J, be a partition of unity such that
V|7 < C/6%

We then define

vy =curl Q7® ¢ D,
v=%&-Q"®,

and

v, = Icurl (6,¥) € D,.

Note that curl ¥ = v — vy.

Since
curl (0,¥) = ¥ x VO, + O,curl .

we can estimate the norm of v, over €2 as:

||Vs||%2(n)3 = ||v5||%2(95)3
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(5.54)

(5.55)

(5.56)

(5.57)

(5.58)



IN

CHCHI‘] (GS\I’) ||%2(Q)3

= C||® x Vb, + b,curl ©|f2,, )

IN

C/ (1 P[V0, + 62|curl W) drdyd:
Qs
< CO6 2|72,y + Clleurl |72, s (5.59)
For s = 0, note that

||V0||L2(Q)3 = ||Curl(QH<I>)||L2(Q)3

S C||V¢||L2(Q)3

IN

C|lcurl ®|[,2q)s
= Clvllr2 (s, (5.60)
hence
[eurl | 2p = [|v = voll L2
< [vllzz@y + [[voll L2 ()
< Ofvilzz - (5.61)

Using (5.52), (5.53), (5.59), (5.60), (5.61), and a bound on the number of

subdomain overlaps we get

J
> ||Vs||%2(n) < C||v||2L2(Q) + 0572”‘1’”%2(9) + C|curl ‘I’||2L2(Q)
s=0

IN

C||v||2L2(Q) + C572H2||V‘I’||2L2(Q)
H2
5

H 2
c(1+5) VB

IN

CHVH%Q(Q) + C— |[curl ‘I’H%?(Q)

IN
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Now we can estimate the condition number for BCMC .

Theorem 5.6 The condition number of BCMC is independent of h and the

number of subdomains J and grows quadratically as (1 + H/§)%.

Proof. The proof relies on some well known lemmas. For example, in [55, Lemma

1, pg. 154] it is shown that

J
a(B7'v,v) <> a(vy,vy) (5.62)
5=0
where
J
v=> v, (5.63)
5=0

Therefore, a direct result of Lemma 5.5 is a lower bound on the eigenvalues of

BCMC" given by
C

- <
()

Since the subdomains are nearly orthogonal (the number of overlaps is con-

a(Bv,v). (5.64)

stant) we have an upper bound on the eigenvalues of BCMC” given by
a(Bv,v) < Ca(v,v) (5.65)

where the positive constant C' is independent of A and the number of subdomains.
The constant may depend on the approximation properties of the subdomain
solves. We are assuming exact solves on the subdomains and the coarse-grid.
Again, this follows from standard arguments which can be found in [55, Chapter 5].

We conclude that the condition number of BCMC” is bounded by C'(1+H/§)?. m
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Remark 5.3 Domain decomposition algorithms with small overlap often have a
bound on the condition number which grows only linearly with 1 + H/4. This
can be shown using a special Poincaré type lemma. Let T' = J9Q, \ 09 and let
I'ss C Q, be the set of points which are within a distance 6 of I'. What this means
is that we are considering a non-overlapping region, Q,, and a strip of width &
inside €, going around the boundary. Let ¥ be an arbitrary element of HI(QS)3.
Then Dryja and Widlund showed in [27, Lemma 3.1] that

11, o < C0 (14 H/O) [V + 1/ (HO) |2 ) . (5:60)

Unfortunately, we cannot bound the gradient by the curl in 3-D. However, in

two dimensions we would define the curl of a scalar stream function, p, as:

op
curl p=| ™ |. (5.67)
_op
oz
Now it is trivial to show that
HVPHQL?(QS)? - ||Cll1'l p”%z(ﬁs)r (568)

One can then use the analysis described in [55, Chapter 5] to get a bound on the
condition number which only grows linearly as 1 + H/4. It is not clear if we can
get such a bound in 3-D. In other words, is Theorem 5.6 a tight bound on the

condition number of BCMC”?

5.4 Preconditioner for Bordered Matrix
If we have disconnected Dirichlet boundaries, then we will need to add a

divergence-free pipe function to our divergence-free basis. This pipe function has
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global support. Therefore, it will be represented as a dense column and row in the
stiffness matrix. This type of matrix is called a bordered matrix and it does not
lend itself to block Jacobian iterative methods such as domain decomposition.

The divergence-free subspace, D", is spanned by basis vector functions with
local support plus the pipe function. A divergence-free vector function, vi," € D",
is given by:

h

V' = vl +exwg (5.69)

where v/ is a linear combination of divergence-free vector functions with local
support, ¢ is a constant, and wg is the pipe function. We let the test function,

w, be given by:

W =W+ wg (5.70)

where w is a linear combination of divergence-free basis vector functions with

local support. We then substitute (5.69) and (5.70) into (4.4) to get
a(vih +cxve, w4 wg) = —a(vh + vg, w+wg) — G(w+wg). (5.71)

This results in a bordered matrix equation given by:

CMC” W, | | d —CMu + C2q
- (5.72)

W Wy | | ¢ —u;Mu + ujq

where d are the coefficients corresponding to v%, u are the coefficients correspond-
ing to v + v}, ug are the fluxes corresponding to the pipe function, and q is the
vector of specified pressures on the Dirichlet boundary. The W/ vector is given
by:

W, = CMwg (5.73)
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The scalar, W5, is given by:
Wy = (wg) Mwg (5.74)

We will denote the bordered matrix as CMCF. We would like to design
a preconditioner for the bordered matrix which takes advantage of the domain
decomposition preconditioner we implement for the CMC” matrix. One approach

is to use the Schur complement method. The inverse of CMCY can be written

as:
(OMCL) ! — I —(CMC")"'W, | | (cMC")"" 0 I 0
Iyl =
0 1 0 st | wrieMmc”) ' 1
(5.75)

where the scalar, S, is given by:
S =w,-wlcMmch)'w, (5.76)

We then define the preconditioner, By, as:

I BW,| B 0 I O
0 1 0 Bs| | WIB1I

The matrix, B, is the domain decomposition preconditioner and Bg is an approx-
imate inverse of S. To get an exact inverse of S we would have to invert CMC” .

Instead, one might define Bg as being given by:
Bg = (W, - WIBW, ). (5.78)

However, numerical tests showed that Bg was ill-conditioned. In some cases we

would get a negative value for Bg. One could try different approximate inverses
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for S. For example, the inverse of the diagonal of CMC” or perhaps a few
iterations of the PCG method. However, we decided to take a different approach
for implementing the bordered matrix preconditioner.

The key to our method will be to choose a specific pipe function which will
make our preconditioned system well conditioned. There are many pipe functions
we can choose. The pipe function shown in Figure 4.6 is just one example. If our
grid is orthogonal and the hydraulic conductivities homogeneous and isotropic,
then this pipe function will be a(-,-)-orthogonal to all the divergence-free vector
functions with local support. That means that W, will be zero and we can use

the preconditioner given by:

B 0
By = (5.79)
0 Wy!

If the grid is not orthogonal or the hydraulic conductivities are heterogeneous
and possibly anisotropic, then we will need to compute a different pipe function
which is approximately a(-, -)-orthogonal to the divergence-free subspace consist-
ing of vector functions with local support. Suppose we have a pipe function, for

example, like the one shown in Figure 4.6. Then, we add a locally divergence-free

vector function, wy,, giving us a new divergence-free pipe function, wg, given by:
Wg = Wg + wp, (5.80)

where w; satisfies
a(wr, w) = —a(wg,w), Yw € (D" \ ¢ x wg). (5.81)

The space, (D" \ ¢ * w), is spanned by divergence-free basis vector functions in

D" minus the pipe functions. Our pipe function, W¢, is now a(-,-)-orthogonal
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to the locally divergence-free subspace and we can use the preconditioner given
by (5.79). To compute the projection in (5.81) we need to invert the CMC”
matrix. However, we can approximate the projection just enough to make the
preconditioned system well conditioned. Numerical tests suggest that we need to

reduce the preconditioned residual of the projection until it is about order 1.

5.4.1 Analysis of Bordered Matrix Preconditioner
We now analyze the effects of approximating (5.81) for the bordered matrix
preconditioner. To shorten the notation, we denote the stiffness matrix and bor-

dered stiffness matrix as:

A = cMmct (5.82)
A W,

Ap = CMCE = : (5.83)
wT w,

It can be shown that if g and g7 are two real positive numbers such that,

d”AzBpAxd
PP < (5.84)
d” A zd

d= {d]| (5.85)

o <

where

then, the condition number of BgA g is bounded by i1 //ip.

Let w# be the approximation to (5.81). Then,
W, = CM(C'wk +wg) =1y (5.86)

where r; is the residual of (5.81) after the k-th iteration of the PCG method.

Given ¢ > 0 we reduce the residual until r/ Bry ~ €. We think of B as an
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approximate inverse of A which has eigenvalues bounded by a constant times h
and a constant times A~!. Therefore, we bound the Euclidean norm of r; in terms
of € as follows:

heolri]? < €2 < hley|r ). (5.87)

We will need a bound on the scalar W,. This is given by

Lemma 5.7 Let wg be the vector of coefficients (fluxes) corresponding to the
pipe function which represents uniform flow from one Dirichlet boundary to an-
other Dirichlet boundary on the opposite end of the domain. After approximat-
ing the a(-, -)-orthogonal projection of the pipe function onto the space of locally

divergence-free vector functions we obtain a vector of coefficients, w% such that
Wy = (CT'wh + we)"M(CTwh + wq), (5.88)
and
Wy > cyh ™. (5.89)
Proof. The scalar, W, is given by
WoMw (5.90)
where
wo = C'wh + we. (5.91)
Because M comes from the a(-, ) form (continuous and coercive), and its entries

are O(h™'), we have constants ¢, and ¢* such that

et < TGTWE oyt (5.92)

whwe
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We scale the pipe function w¢ in Figure 4.6 to have unit fluxes on faces same as
the locally supported basis functions. Then the computed pipe function, w¢, will
be scaled such that the total flux across each plane perpendicular to the direc-
tion of flow (parallel to the Dirichlet faces) is O(h~2). The scalar, vivg, will be
minimized if all the entries have the same magnitude of order 1. Therefore, after
summing over all faces, w,vg = O(h™?). Using (5.92) we have the desired result.

Concerning the condition number of the preconditioned bordered matrix we

have the following:

Theorem 5.8 Let [ip and ji; be bounds on the minimum and maximum eigen-
values, respectively, of the preconditioned matrix, BA. Then, there exist positive

constants, fig(€e) and fi;(€), such that

d”A ;B A zd -

fnle) < SRS < (o) (599
where

fio(€) — min{/ig, 1} (5.94)
and

fia(€) = max{jiy, 1} (5.95)
as e — 0.

Proof. The ratio of inner products in (5.93) is given by

d"ABAd + W, 'd" (rpr!)d + 2¢d” (AB + I)ry + 2 (r] Bry, + W))
d”Ad + 2cd”r), + 2 W,

. (5.96)
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We bound each of the positive terms in the numerator of (5.96) by a corresponding

term in the denominator as follows:

fpd"Ad < d"ABAd < d"Ad (5.97)
0< Wy 'dT(rpr])d < csh?*d” Ad (5.98)
(cs€®h* +1)Wy < A (eI Bry + W) < (c5€h* + 1) W, (5.99)

The bound (5.97) is a result of the domain decomposition analysis where [i;
is bounded by a constant and iy is bounded by a constant times 1/(1 + H/d)?.
We use (5.89), (5.87), and an upper bound on the eigenvalue of A to get (5.98).
Relationship (5.99) is a direct result of the preconditioned residual and the bound
on Ws.

We now have

2¢dT (AB+I)r ~ ~ 2¢dT (AB+I)r
(1) ATARBrAsd (14 agent)
Fo 2c¢dTry, - aTA & S m 2¢dTry, (5100)
(1 + dTAd—|—c2W2) B (1 + dTAd+02W2)
where
fip = min{fig, (cae*h* + 1)} (5.101)
and
(i = max{ i, + cze’h?, (cse?h* + 1)} (5.102)
We want to show that the ratio
2ed”ry,
LI 5.103
dTAd + 2W, ( )

gets small as € gets small. Since the matrix A is symmetric positive definite we

have

2¢d"r), = 2(A"2d)" (cA"?ry) (5.104)
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and for any positive constant v we get
1
12cd”ry| < yd'Ad + —c’rf Ay, (5.105)
Y

By using (5.87) and Lemma 5.7 along with v} A~ 'r, < (h™'/pg)rliT) we get

h2e?
ri A lr, < W. (5.106)
g HoCoC2
If we choose v = ¢, then we have
h2
2¢d"ry| < ed”Ad + W, (5.107)
HoCoC2

which goes to zero as € goes to zero. A similar argument can be made for the ratio

2cd”(AB + I)ry,
dT"Ad + CQWQ .

(5.108)

An interesting special case is when we have zero source/sink terms and con-
stant pressure on the two Dirichlet boundaries. In this situation the vector d is
identically all zeros and the condition number of the preconditioned border matrix
is bounded by

2Rt 4
K(BpAy) < 2"

— 5.109
- (3462h4 +1 ( )

which, for a fixed h, goes to 1 as € goes to zero. This behavior is confirmed by

numerical results.
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6. Numerical Results

In this chapter we examine how the PCG method performs using domain
decomposition as the preconditioner. We consider test cases I through V. For
each case we observe the convergence rate for varying grid sizes. Case [ is the
Laplacian case where the hydraulic conductivity tensor is constant. An iteration
count independent of grid size is observed. Cases II through V involve variable
hydraulic conductivity coefficients. In most cases the iteration count does not
increase in the presence of large jumps in the coefficients. The average reduction
rate of the PCG method using the additive Schwarz preconditioner appears to
be around 0.5. This is in agreement with [10]. A multiplicative Schwarz method
may give an average reduction rate of about half of that for the additive method.
The main observation remains that the iteration count is independent of grid-size
and number of subdomains. However, in the presence of anisotropy the iteration
count can increase significantly with respect to the grid size.

We assume an exact solve on the coarse-grid and subdomains within a
tolerance equal to that of the outer iteration. An iterative method is used
for the coarse-grid projection when the number of coarse-grid elements reaches
16 x 16 x 16. This gives us a larger cost per iteration and the cost per iteration
increases for heterogeneous coefficients because it becomes more difficult to solve
the coarse-grid problem. We used the PCG method with a block-diagonal pre-
conditioner on the coarse-grid problems of size 16 x 16 x 16. The block-diagonal

preconditioner is essentially domain decomposition without the coarse-grid.
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We also perform two tests using a 128 x 128 x 128 fine-grid. In this case,
the coarse-grid is 32 x 32 x 32. Again, we use block-diagonal preconditioning on
the coarse-grid. However, it is no longer feasible to use direct solves on the sub-
domains due to memory restraints. At present, the only other choice is diagonal
preconditioning. To put things into perspective, we note that for a 32 x 32 x 32
coarse-grid we have 32768 subdomains. Each subdomain problem is small and it
may require only one second to converge. However, with 32768 subdomains the
total time for the subdomain solves will be about 10 minutes. If we require 30
outer iterations to converge, then the required CPU time will be about 5 hours.
We will see that with a homogeneous conductivity coefficient the required CPU
time on a problem of size 128 x 128 x 128 is about 3.24 hours. With a low-
permeability block in the center of the domain the CPU time is about 5.45 hours.
Adding more heterogeneity to the problem will require CPU times measured in
increments of days. It will be important to research how this problem scales to
larger architectures with more memory and multiple processors.

The assembly time (in seconds) for the preconditioner is shown in Table 6.1
for different grid sizes. We can see that it takes zero time to assemble the coarse-

grid problem. This means that the assembly time should be highly parallelizable

since we can assemble each subdomain problem independently.

Coarse-grid | Fine-grid
Fine-grid Coarse-grid | Assembly | Assembly
Size Size Time Time
16 x 16 x 16 4x4x4 0 1
32 x 32 x 32 &8 X 88 0 14
64 x 64 x64 | 16 x 16 x 16 0 159

Table 6.1: Preconditioner Assembly Time
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We also look at two model problems. The first model problem is a vertical
cylinder of low hydraulic conductivity in the center of the domain. In this exper-
iment we show how the preconditioner can be parallelized. The cylinder problem
is an ideal problem for parallelization because we can partition the domain into
horizontal slices each having an identical hydraulic conductivity coefficient. In
this way we get perfect load balancing. In other words, each processor is working
on an identical set of problems. Therefore, the work should be equal for each
Processor.

The other model problem models a tank experiment described in [32]. In
this experiment, a pressure is imposed at two ends of the tank and homogeneous
Neumann (no-flow) conditions on the other sides. Since we have disconnected
Dirichlet boundaries we will have the bordered matrix problem. The first step is to
compute, approximately, the a(-, -)-orthogonal projection of the pipe function onto
the locally divergence-free subspace. We show how the approximation properties
of the pipe function projection effects the convergence of the bordered matrix
problem. We also show the effects of introducing a source/sink term into the

problem.

6.1 PCG Performance

For each test case we reduce the preconditioned residual by ten orders of
magnitude. This allows us to examine the asymptotic behavior of the reduction.
We also use a minimal overlap of one element for all the experiments. The tests
where performed on an Alpha ev6 CPU at 500MHz [49]. All CPU times are given

in seconds.
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6.1.1 Test Case I
Test case I uses orthogonal grids of varying size with a constant hydraulic
conductivity coefficient. The results in Table 6.2 show that the number of itera-

tions is independent of the grid size. The convergence history is plotted in Figure

6.1.
Average
Fine-grid Coarse-grid Reduction | Solver
Size Size [terations Rate Time
16 x 16 x 16 4x4x4 31 0.47 I

32 x 32 x 32 8 x 8x8 31 0.47 14

64 x 64 x 64 16 x 16 x 16 32 0.48 152
128 x 128 x 128 [ 32 x 32 x 32 31 0.47 11677

Table 6.2: PCG Method for Test Case |

Reduction History of Preconditioned Residual
4 T T T T

T

-~ 1/h=16
—— 1/h=32
—&- 1/h=64

Log of Reduction

-10 1 1 1 I I
0

Iterations

Figure 6.1: Reduction Histories for Test Case |
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6.1.2 Test Case II

The next set of tests examine how a low hydraulic conductivity block of volume
1/8 placed in the middle of the domain effects the convergence rate of the PCG
method. The hydraulic conductivity is 107° inside the block and 1 outside. This
is illustrated in Figure 6.2. We see from Table 6.3 that the low conductivity block
does not effect the iteration count. When we compare the CPU times between
the last row of Table 6.2 and the last row of Table 6.3 we see that the later
is significantly larger. This is due to the iterative solver on the large number of
subdomains having to do more work in the presence of a heterogeneous coefficient.
We will not look at the performance of the PCG method on the 128 x 128 x 128
grid for the remainder of the test cases since the CPU times would have to be

measured in terms of days as the coefficient becomes more heterogeneous.

Average
Fine-grid Coarse-grid Reduction | Solver
Size Size [terations Rate Time
16 x 16 x 16 4x4x4 31 0.47 1
32 x 32 x 32 8 x 8x8 31 0.47 14
64 x 64 x 64 16 x 16 x 16 31 0.48 153
128 x 128 x 128 | 32 x 32 x 32 31 0.48 19638

Table 6.3: PCG Method for Test Case 11

6.1.3 Test Case III
For test case III we use a random distribution of low-conductivity blocks.
The low-conductivity blocks are aligned with the coarse-grid. Again, we use a

hydraulic conductivity of 107° for the low-conductivity blocks and 1 otherwise. A
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Figure 6.2: Low Conductivity Block

random distribution of low-conductivity blocks is shown in Figures 6.3 and 6.4 on
a 4 x 4 x 4 coarse-grid and a 8 x 8 x 8 coarse-grid respectively. Table 6.4 shows a
slight increase in the iteration count when we increase the number of coarse-grid

elements and thus increase the number of randomly distributed low-conductivity

blocks.
Average
Fine-grid Coarse-grid Reduction | Solver
Size Size Iterations Rate Time
16 x 16 x 16 dx4x4 32 0.48 1
32 x 32 x 32 &8 X 8X%X8 35 0.51 17
64 x 64 x 64 | 16 x 16 x 16 36 0.52 198

Table 6.4: PCG Method for Test Case 111
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Figure 6.3: Test Case IIl on 4 x Figure 6.4: Test Case III on 8 X
4 x 4 Coarse-Grid 8 x 8 Coarse-Grid
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6.1.4 Test Case IV
In the next set of tests we let the hydraulic conductivity tensor vary randomly.

The conductivity tensor on a coarse-grid element is defined as

10P= 0 0
K= 0

[ 0

where p,, p,, and p, are random integers between -5 and 0. This example shows

07 0 |, (6.1)

0 10sz

the effects of heterogeneity and anisotropy. Table 6.5 shows the iteration counts

for different grid sizes and Figure 6.5 shows the reduction histories.

Average
Fine-grid Coarse-grid Reduction | Solver
Size Size Iterations Rate Time
I6x16x16 | 4x4x4 97 0.79 4
32x32x32] 8x8x8 155 0.86 70
64 x 64 x 64 | 16 x 16 x 16 259 0.91 1537

Table 6.5: PCG Method for Test Case IV
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Figure 6.5: Reduction Histories for Test Case IV
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6.2 Model Problem I

We now model the flow around a low conductivity vertical cylinder (parallel

to the z axis) of radius a; similar to what is described in [18]. The conductivity

inside the cylinder is Ky and outside the cylinder the conductivity is K. The

pressures ps inside the cylinder and p; outside the cylinder are given by

P1

b2

B _ (K2—K1)a®

Pla=1/2) (1~ marmte obse—72m) (6.2)
o Ki(x—1/2)

2P~ TRy

The pressure given in (6.2) satisfies the partial differential equation, given by

V- (KVp) =0
(
1 (K2— K )a2
3P (1~ it iay)
1 o (K2 —K,)a?
I i (1 — wwrmyirG-a)
(Ko—K )a2($71/2)
Pz —1/2) (1 - (K2+;(1)(z$71/2)2+1/4)
(Kay—K1)a?(z—1/2)
| Pl =1/2) (1 - iy iasim

KVp-n=0, forz=0,2=1

(

K, 0 0
0 K; 0
0 0 K,

_KQ 0 0 |
0 Ky O
0 0 K,

, outside cylinder

, inside cylinder

for a given P, and a given K; and K.
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The Darcy flow, v = —KVp, is given by

(K Ki)a® (y-1/2)° (2-1/2)°
—KP (1 S )

_ (Ko Ki)a®  (2-1/2)(y-1/2)
Vi 2K P e T 1 2 (6:4)

0
— Ky2P 8
Vo = 0 (65)
0

where v; is the velocity outside the cylinder and vy is the velocity inside the
cylinder.

Instead of pressure boundary conditions we can use flux boundary conditions
by specifying (6.4) along the boundaries. In this experiment we use flux boundary
conditions on all the boundaries. We start with a discretization of the cylinder on
a 4 x 4 x 4 coarse-grid and then, we refine the coarse-grid into a 16 x 16 x 16 fine-
grid problem. These grids are illustrated in Figures 6.6 and 6.7. The parameters

used for equation (6.2) are given as:

P =1
K1 - ]_
(6.6)
K2 = 1075
a = 0.25

The numerically computed flow field is shown in Figure 6.8. The results of the

PCG method for the cylinder problem are shown in Table 6.6.
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Figure 6.6: Cylinder on 4 x 4 x 4 Grid

Average
Fine-grid Coarse-grid Reduction | Solver
Size Size Iterations Rate Time
I6x16x16 | 4x4x4 30 0.46 1
32x32x32] 8x8x8 33 0.48 15
64 x 64 x 64 | 16 x 16 x 16 33 0.49 302

Table 6.6: PCG Method for Cylinder Problem
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Figure 6.7: Cylinder on 16 x 16 x 16 Grid
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Figure 6.8: Flow Around Cylinder
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6.2.1 Parallelization of Model Problem I

The cylinder problem is ideal for parallelization because it is homogeneous in
the z-direction. This means that if we can slice the domain into z,y slices and
distribute an equal number of the slices to different processors, then we should have
a very balanced load for each processor. The domain decomposition preconditioner
is ideal for this. We can group subdomain problems which all have a common z
index. Then these groups can be computed independently on different processors.

We tested this type of parallelization on a 4 processor SGI Power Challenge
using two different grids. First, we solve the 16 x 16 x 16 cylinder problem which
has a 4 x 4 x 4 coarse-grid (64 subdomains). Next, we solve the 32 x 32 x 16
cylinder problem which has a 8 x 8 x 4 coarse-grid and 256 subdomains. The
residual was again reduced by 10 orders of magnitude. We used a direct solve for
the 4 x 4 x 4 coarse grid and iterative solves on the subdomains using a diagonal
preconditioner. An iterative solve was used on the 8 x 8 x 4 coarse-grid. Tables 6.7
and 6.8 show near perfect speedups going from one processor to two processors.
Using three processors does not show much improvement. This is probably due
to not being able to distribute the work evenly with four coarse-grid slices being

divided up amongst three processors. Four processors shows decent speedup.

| Processors | CPU Time | | Processors | CPU Time |
1 214 1 961
2 109 2 489
3 107 3 487
4 64 4 286
Table 6.7: Speedup on 16x16x16 Table 6.8: Speedup on 32x32x16
Grid Grid
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Parallelization of this problem is very easy using the C compiler on the SGI
Power Challenge [2]. The code used to compute the projections of the residual

onto the subdomains is given below.

/* File : compute_SDd_sgi.c */
#include "SD.h"

int compute_SDd_sgi(d_vector* d2_ptr,d_vector*x dl_ptr,
SD_matrix* SD_ptr)
{

int 10,j0,kO0;
int 10,m0,n0;
int 10mO;

int j010,k010m0;
int iter;

d_vector *d1_list,*d2_list;
PCG_operator*x PCG_list;

10=SD_ptr->sdd.10;
m0=SD_ptr—->sdd.m0;
n0=SD_ptr—->sdd.n0;

10m0=10*m0 ;

d1_1ist=SD_ptr->dil_list.d_list;
d2_1list=SD_ptr->d2_list.d_list;
PCG_list=SD_ptr->PCG.PCG_list;

sd_zero_sgi (&SD_ptr->d1_list);
compute_G2Ld (&SD_ptr->d1_list,dl_ptr,&SD_ptr->sdd);

#pragma parallel
#pragma shared(dl_list,d2_list,PCG_list)
#pragma local(i0,j0,k0,j010,k010m0)

#pragma pfor iterate(k0=0;n0;1)
for (k0=0;k0<n0;k0++)
{
k010m0=k0*10mO0;
for(jO=0;jO<m0; jO++)
{

j010=30%10;
for(i0=0;10<10;1i0++)
{
compute_PCGd(&dQ_list[iO+j010+k010m0],
&dl_list[iO+j010+kOlOmO],
&PCG_list[iO+jOlO+k010mO]);
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}
}
}
}
r_zero(&d2_ptr->r);
compute_L2Gd (d2_ptr,&SD_ptr->d2_list,&SD_ptr->sdd) ;

return 1;

3

The parallelization is done on the outer loop. Therefore, each processor gets
its own 10, jO loop. For each i0 and for each jO, processor kO computes an
a(-, -)-projection of the residual onto subdomain 10+j010+k010m0. This is done
using the PCG method. Usually, the preconditioner for a subdomain is the inverse
of the Cholesky factorization of the local stiffness matrix. In this case, the PCG
method converges in one iteration. This is equivalent to doing a direct solve. If
the stiffness matrix is stored locally on each processor then, there will not be any
communication costs in these loops.

Communication costs are incurred when we map the global vector to the local
subdomain vectors (compute_G2Ld) and when we map the local subdomain vec-
tors to the global vector (compute L2Gd). The SGI Power Challenge is essentially
a shared memory system, i.e., we do not have direct control over communica-
tions between the processors and the memory. Most large parallel systems use
distributed memory. That is, each processor has a local memory. In this situation
we would need to write the compute_G2Ld and compute_L2Gd subroutines using,

for example, MPI.

6.3 Model Problem II

Our next model problem is a laboratory tank experiment which was studied

in [32]. As with the cylinder, the tank experiment is essentially a two-dimensional
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problem. Sands of different conductivities are packed as blocks into the tank. A
constant hydraulic head is imposed at two separate ends of the tank to induce a
flow. The other boundaries are no-flow. We ran the experiment using a 20 x 10 x 3
coarse-grid and a 80 x 40 x 12 fine-grid. We ran the experiment again using a
40 x 20 x 3 coarse-grid and a 160 x 80 x 12 fine-grid. The computed flow-lines are

shown in Figure 6.9.
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Figure 6.9: Computed Flow Lines for Tank Experiment

The shaded areas represent the different hydraulic conductivities. The lighter
patches are higher conductivities and the darker patches are lower conductivities.
Five different grades of crushed silica where used for the sands. The characteristics
of the sands are summarized in Table 6.9.

To run the experiment, we first need to compute the approximate a(-,-)-

orthogonal projection of the pipe function onto the locally divergence-free sub-
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| Grade | Mean Diameter (mm) | Conductivity (m/day) |

110 0.103 3.628

70 0.180 11.664
30 0.4102 100.224
16 0.880 371.52
8 1.390 1036.8

Table 6.9: Sand Characteristics

space. This is done using the PCG method with the domain decomposition pre-
conditioner. We look at two different approximations of the pipe function. In one
case we compute the pipe function so that the preconditioned residual is approx-
imately 1. We will label this approximation P1. We also look at the case when
we approximate the pipe function with a tolerance of 107°. We will label this
approximation P2. For the 20 x 10 x 12 coarse-grid we use a direct solve for the
coarse-grid problem. On the 40 x 20 x 3 coarse-grid we use an iterative solve with

diagonal preconditioning. The computational costs of computing P1 and P2 are

given in Tables 6.10 and 6.11 respectively.

Average
Fine-grid Coarse-grid Reduction | Solver
Size Size Iterations Rate Time
80 x40 x 12 [20x 10 x 3 8 0.48 4
160 x 80 x 12 140 x 20 x 3 9 0.47 56

Table 6.10: Computing P1

We then observe the convergence rate of the PCG method on the bordered
matrix using the bordered matrix preconditioner with approximate pipe functions
P1 and P2. We iterate until the residual is decreased by 10 orders of magnitude.
The results for P1 are shown in Table 6.12 and the results for P2 are shown in

Table 6.13. We see that the more we reduce the residual in the pipe function

132



Average
Fine-grid Coarse-grid Reduction | Solver
Size Size Iterations Rate Time
80 x40 x 12 [20x 10 x 3 14 0.01 13
160 x 80 x 12 [ 40 x 20 x 3 25 0.49 146

matrix becomes.

Table 6.11: Computing P2

approximation the better the condition number for the preconditioned bordered

Average
Fine-grid Coarse-grid Reduction | Solver
Size Size Iterations Rate Time
80 x40 x 12 [20x 10 x 3 31 0.47 15
160 x 80 x 12 [ 40 x 20 x 3 27 0.43 159
Table 6.12: PCG Method Using P1
Average
Fine-grid Coarse-grid Reduction | Solver
Size Size Iterations Rate Time
80 x40 x 12 [20x 10 x 3 14 0.18 7
160 x 80 x 12 [ 40 x 20 x 3 12 0.14 74

Table 6.13: PCG Method Using P2

Now we look at how a source/sink term will effect the tank experiment. We
randomly place a vertical line-sink of magnitude 10. The computed flow-lines for
this experiment are shown in Figure 6.10. We use the P2 pipe function approx-
imation. However, we can see from Table 6.14 that the number of iterations is
of the same order as in Table 6.12 where we used the P1 approximation for the
pipe function. The way to understand this is to recall the statement made about

an ideal pipe function. If we have a constant hydraulic conductivity tensor and
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an orthogonal grid then, the pipe function is a(-,-)-orthogonal to all the locally
divergence-free functions and the PCG method will converge in one iteration. We
need to qualify that statement by saying that the PCG method will converge in
one iteration if we have zero source and sink terms and the correct boundary
conditions corresponding to the pipe function. It is obvious that we cannot have
a pipe function with the correct divergence which is divergence-free unless the
source/sink term is zero. Table 6.15 shows the iteration count when using the
P1 approximation of the pipe function. We conclude that an approximation of

order one to the pipe function is more efficient in general then a more accurate

approximation.
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Figure 6.10: Computed Flow Lines for Tank Experiment with Sink Term
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Average

Fine-grid Coarse-grid Reduction | Solver
Size Size Iterations Rate Time
80 x40 x12 [20x 10 x 3 36 0.52 18
160 x 80 x 12 [ 40 x 20 x 3 34 0.50 193

Table 6.14: PCG Method for Model Problem II with Sink Using P1

Average
Fine-grid Coarse-grid Reduction | Solver
Size Size Iterations Rate Time
80 x 40 x 12 | 20 x 10 x 3 36 0.52 18
160 x 80 x 12 [ 40 x 20 x 3 33 0.50 188
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6.4 Error Analysis

In this section we approximate the error in the fluxes using an extrapolation
technique. We impose Neumann boundary conditions at x = 0 and x = 1 such
that the total flux across each of these boundaries is equal to one. Then for a
given distribution of hydraulic conductivities we compute an approximation for
grid sizes hy = 1/16, hy = 1/32, and hy = 1/64. We define the true value of the
x-component of the velocity as u”. The approximate values of the x-component
for hg, hy, and hy are uf, uf, and uf respectively. Then for some o > 0 we assume
the error can be approximated by

uy —u® = hico
ul —u® = hicy = (1/2)*hic (6.7)
uf —u” = hSco = (1/2)**h§cy.
If we let ¢ = hicg and v = (1/2)* then we can write the approximate errors, ey,
e1, and ey as:
ey =uy —u’ =c
er =uj —u* = e (6.8)
ey = ub —u® = e
This gives us three equations with three unknowns. Solving for these unknowns
we have

ugus — (u”)”

ut = ol W (6.9)
ug§ + uj — 2uy
T _ ,,T\2
S C. el (6.10)
uf + uy — 2uf
e — (6.11)
uf — uf
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The absolute values of the approximate errors are given as:

Tz _ 72
o — |45~ ui)” (6.12)
ug + uf — 2uf
. — (uf —ut)(uf — ug) (6.13)
ug + uf — 2uf
xr xr\2
o — | u)” (6.14)
ug + uy — 2uf

We compute the the errors on faces of y, z-slices of the domain. These vertical
slices coincide with the element boundaries on the 16 x 16 x 16 grid. For each
y, z-slice we compute errors eg, ey, and e; on 64 x 64 faces. For each set of
errors we compute a and the average, a. Since the flux on the boundary is
specified, we only consider the vertical slices interior to the domain. Therefore,
we compute the average of a on slices i = 1,---,15. We extrapolate the o's for
test problems II and III with Neumann boundary conditions described as above.
With these Neumann boundary conditions we have a total flux of one across each
y, z-slice. This is easily confirmed numerically and validates the mass conservation
property of the MFE method. The averages of a on each slice for the different
test cases are given in Table 6.16. We conclude that the error in the velocities
is approximately bounded by A' in agreement with the approximation theory for

lowest-order Raviart-Thomas vector functions.
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a
Slice | Test IT | Test III
1 1.22 1.02
2 1.39 1.07
3 1.33 0.95
4 1.11 1.05
5 1.16 1.22
6 1.07 1.07
7 1.08 1.10
8 1.10 1.05
9 1.08 1.01
10 1.07 1.05
11 1.16 1.14
12 1.11 0.99
13 1.33 0.95
14 1.39 1.07
15 1.22 0.98

Table 6.16: Extrapolated Error Estimate
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A. Subdomain Restriction and Interpolation

Recall that subdomain, €, is I, x mg x ng and has a corresponding subspace
D, C D". We also stated that we can write a subspace vector w, in terms of
basis vector functions in D". This defines the restriction operator Ij. We say that
a vector function in D" is a global vector function defined on the global domain,
(" and a vector function in Dy is a local vector function defined on a subdomain.

The index, s, is given as:

S:i0+j0l0+k0lgm0
0<ip<lp—1,0<jo<mg—1,0<ky<mng—1
where

J = l[] X My X Ny (A2)

is the number of subdomains.

Recall that a subdomain is the partition of a coarse-grid element into fine-grid
elements with a fine-grid element overlap added. It is assumed that each coarse-
grid element is partitioned into the same number of fine-grid elements. Therefore,

the number of elements in subdomain s can be computed as:

/

[l +2t, for 1 <ig<ly—2
\l/lo—l-t, forig =0o0rig=1y—1
(m/m0+2t, for 1 < jo < mgy—2
\m/m0+t, for jo =0 or jo = mg — 1

/

n/ng+2t, for 1 < ky <mng— 2
<

n/ng+t, for kg =0 or kg =mng — 1
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Where the parameter ¢ is the number of elements in the overlap, i.e, 6 = th where
0 is the size of the overlap. We will also need to compute offsets into the coefficient
vector corresponding to a global vector function. These offsets, x5, ys, and z; are

computed as:

/

0, foripg =0
Ty = (A.6)
Zg(l/lg) — t, for 1 S io S lo —1
0, for jo =20
Jo(m/mg) —t, for 1 < jo <mg—1
0, for kg =0
2y = < (A.8)

ko(n/ng) —t, for 1 < kg <mng—1

The computation of the restriction operator is straightforward for the most
part. We match the local (subdomain) nodes with the global nodes. Let
{w?;+1/2,k5+1/2,z'5} be the vector of coefficients representing z-slice functions on
subdomain s and let {11);”“/27“1/2,2.} be the vector of coefficients representing z-
slice function on the global domain. We can then write the z-slice coefficients for

subdomain s in terms of global z-slice coefficients as:

W1 2k1/20 = W41 /2y b1 24 2 (A.9)
0<:<l;,—1,0<7<my—2,0<k <mg—2.
The y-slice and z-slice subdomain coefficients can be computed in an analogous
fashion. In fact, we can use the same subroutine by using permutations of the
data.
Recall that a-slice functions have coefficients on only one special z-slice. If

subdomain s does not coincide with the special global z-slice, then the subdomain
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x-slice nodes will have no corresponding global x-slice nodes. In this case, we have
to use the linear dependence given by (4.116) to define the subdomain z-slice

nodes. This is given by:

Ts _ x
Wit1/2,k+1/2 = Wit1/24ys,k+1/242,

Ts
z
+ ZZU Wit 1/24m4,5+1/24ys k+2zs

T
> w? <
= i+1/24x5,5+1/24ys k+2s+1

o (A.10)
y
+ EU W1 /2424 ,i+1/24 35,5 +Ys
Ts y
- zgo W1 /2424 ,i+1 /24w, j+ys+1
OSJSWS—Q,OSkSHS—Q
The restriction defined by (A.10) can be written in recursive form as:
Tsq T
Wit1/2,k+1/2,0 = Wit1/24y, k+1/2+2,,0
OSZSZS*LOS]Sms*QaOSkSns*Q
(A.11)
So = Jo * lo + ko x Iy x myg
0<jo<myg—1,0<ks<ng—1
Ty — 1y Ts0
Wit1/2.6+1/20 = Wit1/2,k+1/2,0
ls—2xt—1 ysi071
+ l;) Wg1/2,i41/2,5
ls—2%t—1 Ys; 1
- Eﬂ wk+[i/2,z’+1/2,j+1
ls—2%t—1 Zsi071
+ Eo Wit1/2,5+1/2,k
1572*t71 Zsi 1 A 12
- l;ﬂ wi+f/2,j+1/2,k+1 ( )

31‘0,1:(ig*l)"‘jg*lo"‘k)g*lg*mo
Sio = 1o + Jo * lo + ko x [y x myg

1<ip<l—1,0<750<my—1,0<ky<mny— 1
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The interpolation operator, Ii}, is defined as the transpose of the restriction

operator. For example, the transpose of (A.9) is given by

w? = w7
41/ 24y kb1 /24 2z it s Wit1/2,k+1/2,

O§Z§l5_170§7Sms_anngn5_2

The transpose of (A.11) (A.12) is given by

Ts
U)Jz'+1/2+y5,k+1/2+z5,0 = wj+01/2,k+1/2,0
OSZSZS*]-)OS]Sms*QaOSkSns*Q

So = Jo * lo + kg x Iy x myg

0<jgo<mog—1,0<ky<ng—1

Tsig—1 — yFsio
Wii1/2.k+1/2,0 = Wit1/2,6+1/2,0

ysi071 _ Ts;o
Wey1/2,i41/2,5 = Wit1/2,k+1/2,0

Ysig—1 _ . Tsio
Wey1/2,i41/2,5+1 — — Wig1/2.k+1/2,0

sziO*l _ sziO
i+1/2,5+1/2,k — Wit1/2.k+1/2,0

Zsig—1 _ Tsiq
Wit1/2,5+41/2,k+1 = ~ Wit1/2,k+1/2,0
0<1<ly,—2xt—-1,0<7<m;—2,0<k<mn,—2
Sio—1 — (ZO - ].) +]0 *lg +k0*l0 * My

Si0 = 1o + Jo * lo + ko * Ly x myg

1<ip<lp—1,0<j50<myg—1,0<ky<mny— 1

(A.13)

(A.14)

(A.15)

The restriction and interpolation of coefficients on the boundary is defined in

an analogous fashion keeping in mind the various linear dependencies described in

Sections 4.3 and 4.3.1. However, linear dependencies for the corner functions are

not known a priori. It becomes impractical to define the restriction operator for

these corner functions. The current implementation leaves these corner functions
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out of the subdomain spaces, but they are included in the coarse-grid space. This

does not seem to effect the performance of the preconditioner.
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B. Coarse-Grid Restriction and Interpolation

We first define the interpolation operator, I%,. Consider the coarse-grid par-
tition, QO and the coarse-grid divergence-free subspace, D¥. Recall that the
divergence-free subspace is spanned by x-slice, y-slice, and z-slice divergence-free
vector functions. We will need to consider special interpolations due to the spe-
cial z-slice. Recall that the z-slice functions are restricted to only a single z-slice.
Our strategy will be to define the interpolation for the x-slice functions as if there
where no special x-slice. Then, a subroutine based on this interpolation can also
be used for the y-slice functions and the z-slice functions by using permutations
in the data. The y-slice and z-slice functions will not require any special inter-
polation formulas. We then go back and redefine the interpolation for the z-slice
functions giving us a special interpolation formula. A special subroutine can then
be written based on this formula.

Let W;011/2,ko+1/2,io be a coarse-grid a-slice divergence-free basis vector func-
tion and let w;011/2,k0+1/2,¢0 be the corresponding nodal value. This function has
a support on four elements. We now partition the four coarse-grid elements into
fine-grid elements as shown in Figure B.1.

The fine-grid nodal values are defined by evaluating the coarse-grid vector
function at the fine-grid nodes. It can be shown that these fine-grid nodal values
are a bilinear interpolation of the coarse-grid nodal value. This is because the
coarse-grid vector function is the curl of a bilinear vector potential function.

The fine-grid is [ x m x n and the coarse-grid is [y X my X ng. We assume that

the fine-grid partition is uniform in each coarse-grid element and each coarse-grid
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Figure B.1: Coarse Grid z-Slice Function

element is partitioned into an equal number of fine-grid elements. We define x, v,

and z coordinates as follows:

z0; =
rl, =
y0; =
ylj =
20, =

Zlk =

where

(i + 1) /1y

(g —i—1)/lg

(U +1)/muy

(mi —j — 1)/ma
(k+1)/ny

(ny —k—=1)/ny

lH — l/lg
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ny = n/ng. (B.9)

Then, the fine-grid nodal values in coarse-grid element Q;; j, x, are given by

w® — Y0520k o0
J+1/24joxmp k+1/24+koxng,i+ioxlg — Iy Jo+1/2,ka+1/2,i0

0<i<lg—1,0<j<mp—1,0<k<ng—1.

(B.10)

In element @, jo+1,k, the fine-grid nodal values are given by

yl; 204 wH
Jo+1/2,ko+1/2,i0 (B 11)

0<i<lg—1,0<j<mpgp—20<k<nyg—1.

x
Wit1/24 (jo+1)smpy k+1/24kosng itioxly — g

In element Qi) jo+1,k0+1 the fine-grid nodal values are given by

wx _ yljzly wSCH
J+1/24(o+1)*mp k+1/2+(ko+1)snp itioxly — g Jo+1/2,ko+1/2,ig

0<i<ly—-1,0<j<my—20<k<ny—2.

(B.12)

Finally, in element @, j,.x,+1 the fine-grid nodal values are given by

w? = Ys2le g T
j+1/2+j0*mH,k+1/2+(k0+1)*nH,i+i0*lH - Iy j0+1/2,k0+1/2,’io

0<i<ly—1,0<j<my—10<k<ny—2.

(B.13)

The coarse-grid y-slice and z-slice functions can be interpolated in the same man-

ner. In fact, we can use the same subroutine using a permutation of the data.
Since w”* is restricted to only one coarse-grid z-slice, we will need to use a spe-

cial interpolation based on linear dependencies described in Section 4.3. We now

restrict the interpolation of coarse-grid x-slice functions to just the first coarse-grid
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a-slice. The special interpolation for element (g j, x, is given by

0,20, xg

wy = w
jH+1/24joxmp k+1/24kosny — 1 Jo+1/2,ko+1/2,0
wy _ x1y0;204 w:cH
k+1/24+koxng i+1/2,j+joxmg — 1 jo+1/2,ko+1/2,0
wy __ z1;y0; 204 wa
k+1/24+koxng i+1/2,j+14+joxmg — 1 jo+1/2,ko+1/2,0 (B 14)
w? _ xly0;204 ’U):CH
i+1/2,54+1/24+joxmp k+koxng ~— 1 Jjo+1/2,ko+1/2,0

w? o 7:51¢y0]‘20k wa
+1/2,4+1/24joxmpg k+1+kosng — 1 Wjot1/2,ko+1/2,0
0<i<lg—20<j<myg—1,0<k<nyg—1.

The special interpolation for element Qg j,+1,k, is given by

yl;20p  xg

x J—
Wit 1/2+4 Go+1)smpy k+1/24kosny — 1 Wiot1/2,ko+1/2,0
wy _ :Eliyljz[]kw:cH
k+1/24koxng,i+1/2,j4+(jo+1)*mpg — 1 Jjo+1/2,ko+1/2,0
wy _ xliyl; 20 w:EH
k+1/24ko*ng,i+1/2,j4+14+(jo+1)xmpg ~— 1 jo+1/2,ko+1/2,0 (B 15)
w? _ xliyl;z0g w
i+1/2,541/24(jo+1)*mpy k+koxng — 1 Jjo+1/2,ko+1/2,0

w? o 7zliy1j20k wa
i+1/2,541/24(jo+1)xmpy k+1+koxng — 1 jo+1/2,ko+1/2,0
0<i<ly—2,0<j<myp—20<k<nyg-—1

The special interpolation for element Qg j, 41,41 is given by

yl;j20p  xg

x J—
Wit1/24 (Go+1)smp k+1/24(ko+1)sny — 1 Wjo+1/2,ke+1/2,0
wy _ :Uliyljz[]kwa:H
k+1/24+(ko+1)*ng i+1/2,j+(jo+1)xmag — 1 Jjo+1/2,ko+1/2,0
wy _ xliyl;z0g w:L‘H
k+1/24+(ko+1)*ng i+1/2,j+14+(jo+1)xmag — 1 Jjo+1/2,ko+1/2,0 (B 16)
w? _ xliyl 20y ’U):CH
i+1/2,j4+1/2+(jo+1)*mp k+(ko+1)xng — 1 Jjo+1/2,ko+1/2,0

w? o 7551iy1j20kw$H
i+1/2,541/24+(jo+1)xmpg k+1+(ko+1)xng — 1 Jjo+1/2,ko+1/2,0

0<i<lyg—20<j<mp—20<k<ng—2.
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Finally, the special interpolation for element (g j, k41 is given by

y0, 21y

w? = LT kg?
J+1/24j0xmp k+1/24+(ko+1)*ng 1 go+1/2 ko+1/2,0
w? o xliijzlk,w
V41724 (ko+1)#n g i+1/2,j+joxmy 1 Go+1/2,ko+1/2,0
U}y _ 7IIiy0]‘Z1k 'U)IH
k+1/24(ko+1)*np i+1/2,j+1+joxmpy — 1 Jo+1/2,k0+1/2,0 (B.17)
z _ xly0; 21y '
Wit1/2,j41/2+4josmpy k+(ko+1)sny — 1 W0 41/2,k0+1/2,0
z __ xl;y0;21,
Wit 1/2,5+1/24joxmpy k+1+(ko+1)sny — 1 W0 41/2,k0+1/2,0

0<:1<lyp—2,0<7<my—1,0<k<ny—2.
We now define the restriction operator, I, as the transpose of I%. For exam-

ple, the transpose of (B.7) is given by

lg—1ng—1mg—1

0 20

TH y k w®

wj0+1/2,k0+1/2,i0 Z Z Z ]+1/2+j0*mHJ€+1/2+k0*nH,i+i0*lH' (B18)
i=0 k=0 7=0

We also add the transposes of (B.11)-(B.13) to wj "\ | 5 s 41/9,i, i @ similar manner.

The transpose of the special interpolation, (B.14), is given by

’I'LHflme .
wa _ Z Z yOJzOkw
jo+1/2,ko+1/2 — o i 1 J+1/2+joxmp k+1/2+kosng
x1;90; 205
L et Al 2 ' . S
1 k+1/2+ko*ng i+1/2,j+joxmpy
z1;y0;205 y B.19
npdmp -l =2 | == W o4 kowngg i 1/2,54 14 joxm g ( )
+ Z XX
k=0 j=0 =0 [  z1iy0;20k, 2
1 Z+1/219+1/2+]0*mH;k‘HCO*”H
21,30, 204
1 Ul+1/2,3+1/2+]0*mH,k+1+k0*nH

Again, we would also add the transposes of (B.15)-(B.17).

The interpolation of the boundary requires many special cases. These can
be defined using the linear dependencies from Sections 4.3 and 4.3.1. Although
numerous subroutines are required to compute the interpolations along with the
many special cases, we can minimize the number of subroutines by using various

permutations of the data.
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