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ABSTRACTIn simulations of ground water 
ow in heterogeneous aquifers, a

ura
y ofvelo
ities 
an be substantially enhan
ed by dis
retizations based on mixed or
ontrol-volume mixed �nite element methods. A potential side bene�t is im-proved a

ura
y of transport 
al
ulations that depend on the 
ow �eld. Mixed�nite element linear systems are not positive de�nite and 
annot be solved bystraightforward appli
ations of well-known iterative solvers. We present a spe-
ialized iterative solver for mixed methods in 3-D, built around a de
ompositionof the dis
rete velo
ity spa
e that leads to a symmetri
 positive de�nite system(the pressure variable is eliminated). Our dis
retization uses distorted hexahedralelements. Hexahedral elements are often used in pra
ti
e for modeling the sub-surfa
e hydrogeology. Lowest-order Raviart-Thomas ve
tor fun
tions are used forthe velo
ity spa
e. These ve
tor fun
tions have 
ontinuous normal 
omponentswhi
h gives us 
onservation of mass.Sin
e the redu
ed system is symmetri
 positive de�nite we 
an use the pre
on-ditioned 
onjugate gradient method. An additive domain de
omposition pre
on-ditioner is des
ribed and the uniform 
onvergen
e of the method is established for

iii



small overlap. Numeri
al results 
on�rm the uniform 
onvergen
e. Parallelizationof the problem is also demonstrated. A similar de
omposition of the velo
ity spa
eis being investigated for the 
ontrol-volume mixed dis
retization, hoping to obtaina positive de�nite system, although the system is not, in general, symmetri
.This abstra
t a

urately represents the 
ontent of the 
andidate's thesis. I re
-ommend its publi
ation. Signed Thomas F. Russell
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1. Introdu
tionOur goal is to develop an eÆ
ient solver for numeri
al methods modelingthree-dimensional saturated 
ow in a heterogeneous anisotropi
 porous medium.Saturated 
ow is modeled by a se
ond order partial di�erential equation (PDE).For example, we will 
onsider�r �Krp = f in 
 (1.1)where the pressure, p, or hydrauli
 head is the primary variable to be solved forand 
 is a bounded three-dimensional domain. Approximating a solution to aPDE, su
h as (1.1), is typi
ally done through a dis
retization either using a �nitedi�eren
e or �nite element method. The result of the dis
retization is a largesparse matrix problem. It is desirable to use an iterative method for sparse matrixproblems. If the matrix is symmetri
 positive de�nite, then the pre
onditioned
onjugate gradient (PCG) method 
an be used. The eÆ
ien
y of the PCG methoddepends on the 
ondition number of the matrix. The 
oeÆ
ient K 
an be highlydis
ontinuous and this 
an 
ause problems for standard numeri
al methods.The velo
ity, or 
ux, 
an be of primary interest in hydrogeologi
al models.An equation for the velo
ity in terms of the pressure is often written as:v = �Krp: (1.2)This leads to a system of �rst order equations whi
h 
an then be solved usinga mixed �nite element (MFE) method or a 
ontrol-volume mixed �nite element
1



(CVMFE) method. Simultaneous approximations for the velo
ity and the pres-sure 
an then be 
omputed. This approa
h will lead to better approximationsof the velo
ity. A sophisti
ated implementation of the three-dimensional solute-transport equation has re
ently been done in [42℄. This type of implementationrequires an a

urate des
ription of the 
ow �eld for mass tra
king.The dis
retization of either the MFE method or the CVMFE method leads toa semide�nite matrix problem. The PCG method 
an no longer be used be
ausethe matrix is not positive de�nite. Our method is to eliminate the pressure througha de
omposition of the velo
ity spa
e using a divergen
e-free subspa
e. When weeliminate the pressure variable from the MFE method, and dis
retize the problem,we end up with a symmetri
 positive de�nite matrix. If the diameters of theelements are order h, then the 
ondition number of the matrix is of order h�2.This means that the PCGmethod will perform poorly for small h. Therefore, a keypart of our method will be to implement a domain de
omposition pre
onditionerwhi
h will make the 
onvergen
e rate of the PCG method independent of gridsize.1.1 Existing MethodsThe earliest known domain de
omposition method was introdu
ed by S
hwarzin 1870. The S
hwarz method is an overlapping method, and thus, all overlappingmethods 
an be referred to as S
hwarz methods. The two level additive S
hwarzmethod is due to Dryja and Widlund [24℄. Glowinski and Wheeler formulatedthe �rst domain de
omposition methods for MFE in [37℄. Domain de
ompositionmethods for MFE have also been analyzed in [29℄,[20℄, and [17℄.
2



Convergen
e analyses for S
hwarz methods are often dependent on a largeoverlap. However, numeri
al results usually show that the rate of 
onvergen
e fora S
hwarz method is quite satisfa
tory even for a small overlap of size h. Dryjaand Widlund in [27℄ were able to analyze this behavior.The 
onstru
tion of a divergen
e-free subspa
e in three dimensions on a re
t-angular grid with pure homogeneous Neumann boundary 
onditions is des
ribedin [17℄. A 
onvergen
e analysis for the domain de
omposition method for thisproblem is also given. This 
onvergen
e analysis relies on a suÆ
iently large over-lap of order H whi
h is the approximate diameter of a 
oarse-grid element.More re
ently, a de
oupling of the pressure and velo
ity spa
es using thedivergen
e-free subspa
e was des
ribed by S
hei
hl in [54℄. The method was im-plemented on triangle elements in two dimensions and on tetrahedra in threedimensions. A bound on the eigenvalues of the resulting sti�ness matrix is ana-lyzed giving a 
ondition number of order h�2. Various iterative solvers were testedand 
ompared. It was 
lear that the PCG method using a domain de
ompositionpre
onditioner performed the best for the two-dimensional 
ase. Results for do-main de
omposition in three dimensions were not given. The PCG method withadditive S
hwarz pre
onditioner was implemented using the DOUG pa
kage [40℄.One of the important di�eren
es between the method in [17℄ and the methodin [54℄ is that the divergen
e-free subspa
e is known a priori in [17℄. In [54℄, ade
oupling stage is performed as part of the assembly pro
ess, determining thedivergen
e-free basis using a graph theoreti
al approa
h.A mixed �nite element method for se
ond order ellipti
 problems is des
ribedby Raviart and Thomas in [52℄. This early work sets the framework for ana-
3



lyzing the mixed �nite element method. A dis
retization of the velo
ity spa
eand pressure spa
e is des
ribed in two dimensions for triangles and re
tangles.The triangles and re
tangles are aÆne mappings of a referen
e element. ThePiola transformation is used to map the velo
ity from the referen
e element tothe physi
al element. The use of the Piola transformation is 
riti
al. Using theproperties of the Piola transformation, one 
an des
ribe an interpolation operatorand approximations for smooth ve
tor valued fun
tions onto the dis
rete velo
ityspa
e. It also leads to satisfying the dis
rete inf-sup 
ondition. This work waslater extended to three dimensions by Nedele
 in [51℄. For three-dimensional dis-torted hexahedral grids the mapping of the referen
e 
ube to a hexahedral elementis not aÆne. In this 
ase the theory does not apply. In Thomas's thesis [57℄ theinterpolation of smooth ve
tor valued fun
tions is des
ribed for two-dimensionalquadrilaterals and error estimates are given. If an interpolation estimate whereknown for three-dimensional hexahedral elements, then it 
ould be used along thelines of Thomas's thesis to verify the inf-sup 
ondition and obtain error estimates.In parti
ular, for the spe
ial 
ase of three-dimensional elements that are produ
tsof two-dimensional quadrilaterals with a one-dimensional interval (quadrilateralprisms), Thomas's theory would apply.A more 
omplete mathemati
al theory of mixed �nite element methods byBrezzi and Fortin 
an be found in [15℄. Many di�erent methods are dis
ussedusing model problems. The goal was to provide an analysis of the methods inorder to understand their properties as mu
h as possible. A dis
ussion of theproperties of the H(div;
) velo
ity spa
e is given. Mixed �nite element methods
onstantly make use of this spa
e. A very general framework is given for existen
e
4



and uniqueness of solutions in [52℄ along with approximation properties.One may also �nd the analysis given by Brenner and S
ott in [12℄ to be usefulfor understanding existen
e and uniqueness of the mixed �nite element method.Between [52℄, [15℄, and [12℄, the mathemati
al theory of mixed �nite elementmethods is almost 
omplete. Pra
ti
al implementation details 
an be found in[44℄ and [46℄.1.2 The New Results in this ThesisWe extend the work in [17℄ by 
onstru
ting a divergen
e-free subspa
e in threedimensions for general hexahedral elements whi
h are trilinear mappings of a unit
ube. We also introdu
e Diri
hlet and Neumann boundary 
onditions. The dis-torted hexahedral elements are 
onsidered so as to better model the stru
ture ofthe subsurfa
e heterogeneity. Hexahedral elements are widely used in hydrogeol-ogy therefore they have an advantage over tetrahedral elements.We analyze the upper and lower bounds on the eigenvalues of the sti�nessmatrix. These bounds agree with those found in [54℄ for tetrahedra and are
on�rmed through numeri
al tests. A 
onvergen
e analysis for the PCG methodusing a two level additive S
hwarz method is then given for a small overlap of orderh. Although this analysis is standard, we are able to 
on�rm, through numeri
alresults, that the 
onvergen
e rate of the pre
onditioned system is independent ofgrid size and number of subdomains. We also show the e�e
ts of heterogeneityand anisotropy.Finally, it is shown (through numeri
al results) that the method is highlyparallelizable. This is due to being able to solve the subdomain problems inde-pendently. 5



Our implementation is done 
ompletely from s
rat
h using the C language.The only ex
eption is the use of a Cholesky fa
torization module down-loadedfrom the Netlib repository [1℄. The Cholesky fa
torization is used for solvingsubdomain problems and the 
oarse-grid problem. Very 
lose attention is paidto stru
tured programming te
hniques. Stru
tured programming using the Clanguage 
an be very mu
h like obje
t-oriented programming. This is due tothe ability to use 
allba
k fun
tions. Callba
k fun
tions are fun
tions whi
h arepassed as arguments into other fun
tions. These 
allba
k fun
tions 
an also berepresented as data members of a stru
ture. Therefore, C stru
tures are reallythe building blo
ks for 
lasses in obje
t-oriented programming.The implementation of our method along with the use of hexahedral elements
onstitutes new and original resear
h. This resear
h 
ontributes to the body ofs
ienti�
 knowledge by providing a model, with numeri
al results, whi
h 
an beextended and 
ompared to existing and future implementations.1.3 Thesis OutlineIn Chapter 2 we derive the governing equations whi
h give rise to a se
ondorder PDE. The derivation is fairly standard. However, more sophisti
ated models
an arise from variations of these governing equations. It is important to under-stand the physi
al prin
iples involved. Boundary 
onditions are also given. These
ond order PDE is then transformed into a system of �rst order PDE's usingthe 
ux variable.The MFE method, des
ribed in Chapter 3, is used to solve the system of �rstorder PDE's. Approximation spa
es for the velo
ity and pressure are de�ned.Existen
e and uniqueness are well known for the MFE method using these spa
es.6



We dis
uss the existen
e and uniqueness proof for the MFE method as given in[12℄ where 
oer
ivity of the problem is shown using a divergen
e-free subspa
e.The divergen
e-free subspa
e is also a primary feature of our method.We begin the dis
ussion of the dis
retization of the MFE method in Chapter4 by �rst des
ribing the trilinear mapping of the referen
e 
ube to a hexahedralelement. Next, we des
ribe the lowest-order Raviart-Thomas basis ve
tor fun
-tions for the velo
ity spa
e. These ve
tor fun
tions are de�ned on a referen
e
ube and then mapped to the hexahedral elements using the Piola transforma-tion. The properties of the Piola transformation are dis
ussed. As mentionedabove, the interpolation estimate for three-dimensional non-aÆne elements is stillan open question. We des
ribe the theory presented in Thomas's thesis for two-dimensional quadrilaterals and note that in spe
ial 
ases the theory will apply tothree-dimensional elements.Continuing with 
hapter 4 we des
ribe the dis
rete divergen
e-free subspa
e.We extend the work done in [17℄ to non-homogeneous boundary 
onditions. On
ethe dis
rete divergen
e-free subspa
es have been de�ned we 
an derive the matrixequation whi
h is to be solved using the PCG method. Some dis
ussion aboutthe non-zero stru
ture of the sti�ness matrix is also given.In Chapter 5 we analyze the 
ondition number of the sti�ness matrix. Thedomain de
omposition pre
onditioner is de�ned and a 
onvergen
e analysis isgiven. If we have two Diri
hlet boundaries whi
h are dis
onne
ted, then we endup with a single dense 
olumn and row in the sti�ness matrix. We des
ribe thisbordered matrix in Chapter 5 and we de�ne a bordered matrix pre
onditioner.We are able to analyze the 
onvergen
e properties of the pre
onditioned bordered
7



sti�ness matrix.Finally, in Chapter 6 we demonstrate the eÆ
ien
y of the method in terms ofiteration 
ounts and CPU times. We also des
ribe two model problems. The �rstmodel problem is a verti
al 
ylinder of low permeability. We demonstrate thatthe 
ylinder problem 
an be parallelized with near-perfe
t speed up. The se
ondmodel problem is a laboratory tank experiment. This model results in a borderedsti�ness matrix. The numeri
al results of the bordered matrix problem 
on�rmthe analysis given in Chapter 5. We also extrapolate error estimates for the three-dimensional problem. At present we do not have a good three-dimensional modelproblem where the exa
t solution is known. Therefore, we use an extrapolationte
hnique and show that the 
onvergen
e of the error is of order h whi
h agreeswith Thomas's theory for lowest-order Raviart-Thomas velo
ities.1.4 Future WorkThe analysis for domain de
omposition algorithms with small overlap is givenby Dryja and Widlund in [27℄. Domain de
omposition methods for divergen
e-free subspa
es have been analyzed before, for example, in [13℄. However, thesemethods are usually de�ned on triangle elements in 2-D. Sharp bounds on theminimum eigenvalue of the pre
onditioned system for divergen
e-free subspa
es
an be shown in 2-D for triangles and quadrilaterals. A sharp bound in threedimensions on hexahedral elements may still be an open question and needs to beinvestigated further.Even though we were able to show the ability to parallelize our method, wehave not implemented it on a large parallel ma
hine. It will be important to testthe method on a larger 
omputer. 8



Another extension to the work in this thesis would be to implement theCVMFE method using our solver. It is shown in [16℄ that the CVMFE methodin two dimensions leads to more a

urate velo
ities even in the presen
e of dis-
ontinuous anisotropi
 
oeÆ
ients on a distorted grid. The implementation ofthe CVMFE method in three dimensions would be new. In the CVMFE method,the test spa
e for the velo
ity has dis
ontinuous normal 
omponents and thus,is not in H(div;
). We propose a divergen
e-free test spa
e whi
h is weaklydivergen
e-free. A proposal to implement the CVMFE method using the solverdes
ribed in this thesis has been submitted, and a

epted, by the National Re-sear
h Coun
il. Work on this proje
t should begin soon at the U.S. Geologi
alSurvey Hydrogeology Division.
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2. Governing EquationsWe will derive a se
ond order PDE for the pressure. This parti
ular PDE isreferred to as a se
ond order ellipti
 boundary value problem. The resulting 
owequation is given in Se
tion 2.2. A 
ux variable will be introdu
ed in the derivationof the se
ond order PDE. This 
ux variable will later be used to transform these
ond order PDE into a system of �rst order equations.The problem we are interested in modeling is saturated subsurfa
e 
ow. Sat-urated 
ow means that whatever fra
tion of the volume is available to a 
uid is�lled by that 
uid. The fra
tion of the volume available to the 
uid is 
alled thee�e
tive porosity of the medium. We 
all this type of medium a porous medium.2.1 Saturated FlowThe derivation of the se
ond order ellipti
 boundary value problem is fairlystandard and 
an be found in most PDE textbooks, for example, [39℄. However,we want to emphasize the physi
al properties spe
i�
 to hydrogeology. Units ofmeasure and �eld te
hniques spe
i�
 to hydrogeology may be found in [30℄.We will begin by 
onsidering an underground volume, V , along with its bound-ary �V . The underground volume will 
onsist of soil and ro
k and will have 
ertainphysi
al properties. The 
uid, water in our 
ase, will also have physi
al proper-ties. The physi
al properties of the saturated 
ow system are given below. Thedimensions are given in SI units.� E�e
tive Porosity - � (dimensionless)
10



� Intrinsi
 Permeability - Ki (m2)� Spe
i�
 Dis
harge - v (m=s)� Pressure - P (kg=(ms2))� Density of Fluid - � (kg=m3)� Vis
osity - � (kg=(ms))� Sour
e/Sink - f (kg=(m3s))� Gravitational Constant - a (m=s2)The e�e
tive porosity is the fra
tion of the porous medium whi
h is availableto hold a 
uid. This is not the same as porosity whi
h is the fra
tion of the porousmedium whi
h is void of material. Some of the voids may not be inter
onne
tedthus, 
uid may not 
ow in or out of these voids. When we say saturated 
owwe mean that the fra
tion of 
uid in the porous medium is equal to the e�e
tiveporosity. We assume that the e�e
tive porosity does not 
hange with time.The intrinsi
 permeability is a property of the porous medium alone. It isbasi
ally a measure of the square of the mean pore diameter and thus, has theunits of area. The permeability is a symmetri
 3 � 3 matrix whi
h is spatiallydependent. We assume that it satis�es the following ellipti
ity 
ondition:�1wtw � wtKiw � �2wtw; 8w 2 <3 (2.1)Later, we will de�ne a hydrauli
 
ondu
tivity whi
h is measured in units of lengthover time.
11



The spe
i�
 dis
harge has units of velo
ity. However, it is not a true velo
ity.Spe
i�
 dis
harge is a measure of volume per time per 
ross-se
tional area. The
ross-se
tional area is partially blo
ked by the porous medium thus, redu
ing thevolume of 
uid whi
h passes through it. To get an average velo
ity or seepagevelo
ity we would need to divide the spe
i�
 dis
harge by the e�e
tive porosity.The pressure is measured as for
e over 
ross-se
tional area. The standardunit of measure is the Pas
al (Pa). Hydrauli
 head is often used instead of pres-sure. Hydrauli
 head is measured in units of length and the hydrauli
 gradient isdimensionless.We assume that gravity is in the verti
al dire
tion. Therefore, we 
an writethe gravitational ve
tor g as: g = 0BBBBBB� 00a
1CCCCCCA : (2.2)

2.1.1 Conservation of MassThe rate of 
hange of the mass of the 
uid in volume V is given by��t ZV �� dV = ZV �t� dV: (2.3)This rate of 
hange in the mass must be equal to the net rate at whi
h mass
rosses the boundary of the volume minus the rate at whi
h mass is produ
edfrom the volume plus the rate at whi
h mass is inje
ted into the volume. Thisrelationship is given byZV �t� dV = � Z�V �v � n d�V + ZV f dV: (2.4)
12



We 
an use the divergen
e theorem to write the boundary integral as a volumeintegral giving ZV �t� dV = � ZV div (�v) dV + ZV f dV: (2.5)2.1.2 Dar
y FlowDar
y's law is often expressed as:v = �Ki� (rP + �g) (2.6)In the mid-1800s, a Fren
h engineer, Henri D'Ar
y, made the �rst systemati
study of the movement of water through a porous medium. We 
an demonstrateDar
y's experiment by 
onsidering a horizontal pipe �lled with sand. Water isapplied under pressure at one end of the pipe at point A. The pressure 
an bemeasured through a verti
al tube at that end of the pipe. Another verti
al tubeat the other end of the pipe 
an be used to measure the pressure there. Thepressure is a measurement of how high the water is for
ed up these verti
al tubes(see Figure 2.1).Dar
y found experimentally that the dis
harge, Q, is proportional to the gradi-ent of the pressure, (ha�hb)=L. The dis
harge also depends on the 
ross-se
tionalarea, A. Combined with a proportionality 
onstant K we have:Q = �KAdhdl (2.7)We de�ne the spe
i�
 dis
harge as v = Q=A.The proportionality 
onstant, K, is a property of the sand. In general, we willuse the hydrauli
 
ondu
tivity tensor to represent this proportionality 
onstant.
13
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LFigure 2.1: D'Ar
y's ExperimentWith this experiment in mind, and assuming 
onstant density of water, we rewriteequation (2.6) as: v = �Krh (2.8)where the hydrauli
 
ondu
tivity, K, is given byK = Ki�a� (2.9)and the hydrauli
 head, h, is given byh = P�a + z: (2.10)2.2 Flow EquationWe substitute (2.8) into (2.5) to get0 = ZV div(�Krh) dV + ZV f dV (2.11)where the left-hand side is zero be
ause the density is 
onstant, i.e, �t = 0.14



We now 
onsider a three-dimensional domain 
 and its boundary �
 =�
D S �
N . Sin
e (2.11) is de�ned for any arbitrary volume, V � 
, we drop theintegrals and add boundary 
onditions to get�r �Krh = (f=�) in 
 (2.12)h = q on �
D (2.13)(Krh) � n = g on �
N (2.14)where �
D is the Diri
hlet boundary and �
N is the Neumann boundary. Equa-tions (2.12)-(2.14) de�ne the se
ond order boundary value problem, or in our 
ase,the 
ow equation.We 
an rewrite (2.12) as a system of �rst order equations using the 
uxvariable, v, de�ned in equation (2.8). First, we rewrite (2.8) asK�1v = �rh: (2.15)Then, we substitute (2.15) into (2.12) to get the �rst order equationr � v = (f=�) in 
 (2.16)Combining (2.15) with (2.16) and the boundary 
onditions (2.13)-(2.14) we getour system of �rst order equations8>><>>:K�1v +rh = 0r � v = (f=�) in 
 (2.17)h = q on �
D (2.18)(Krh) � n = g on �
N (2.19)We will use the MFE method to de�ne a solution for this problem. From now onwe will write f=� as just f and we will write the hydrauli
 head, h, as p.15



3. Mixed Finite Element MethodTo 
ompute an approximate solution to the �rst order system of equationsde�ned in (2.17)-(2.19) we use the MFE method. We �rst de�ne a weak form ofthe system of equations. Existen
e and uniqueness is then shown for the weakform. The weak form is also sometimes 
alled the variational form or mixedvariational form. This is be
ause the weak form 
an be derived from the 
al
ulusof variations [39℄.3.1 Mixed Variational FormulationThe variational form will require us to de�ne appropriate fun
tion spa
es. Formixed �nite element methods we use 
onstantly the spa
eV = H(div;
) = fw 2 (L2(
))3 : div w 2 L2(
)g (3.1)with the norm kwk2V = kwk2L2(
)3 + kdiv wk2L2(
) (3.2)kwk2L2(
)3 = Z
w �w d
 (3.3)kdiv wk2L2(
) = Z
(div w)2 d
: (3.4)It is possible to de�ne the normal tra
e w � n of a fun
tion w 2 V on �
, inH�1=2(�
).Lemma 3.1 Forw 2 V, we 
an de�ne w�nj�
 2 H�1=2(�
) and we have Green'sformula, Z
 div wp d
+ Z
 w � rp d
 =< w � n; p >�
; 8p 2 H1(
) (3.5)
16



Proof. See Brezzi and Fortin [15, Lemma III.1.1℄The duality , < w � n; p >�
, between H�1=2(�
) and H1=2(�
) is de�ned as< w � n; p >�
= Z�
 w � np ds: (3.6)We 
an use this de�nition of w � nj�
 to de�ne the following subspa
e of V:V0 = H0;N(div;
) = fw 2 V :< w � n; p >�
= 0 8p 2 H10;D(
)g (3.7)where H10;D(
) = fp 2 H1(
) : pj�
D=0g (3.8)The spa
e (3.7) 
ontains fun
tions of V whose normal tra
es vanish on �
N .It is stated in [15℄ that, for reasons related to pathologi
al properties ofH1=2(�
D)and H�1=2(�
N ), it is ne
essary to use de�nition (3.7) and not an expression su
has w � n = 0 in H�1=2(�
N ).For example, we would not, at this time, de�ne V0 to be the spa
e given byH0(div;
) = fw 2 V : w � n = 0 on �
Ng (3.9)We will de�ne the pressure spa
e as:� = L2(
) (3.10)with norm k�k� = k�kL2(
): (3.11)In the 
ase of a purely homogeneous Neumann boundary 
ondition, we have theadditional 
onstraint given by:�0 = f� 2 L2(
) : Z
 � d
 = 0g (3.12)17



whi
h fa
tors out the 
onstant fun
tions from L2(
).We multiply the �rst equation in (2.17) by a ve
tor fun
tion w 2 V0 andintegrate over 
 givingZ
 K�1v �w d
 + Z
 rp �w d
 = 0: (3.13)We use integration by parts and the boundary 
ondition, (2.18), to getZ
 K�1v �w d
� Z
 (r �w)p d
 = � < w � n; q >�
 (3.14)Note that the Neumann boundary 
ondition is an essential boundary 
onditionand we spe
ify a homogeneous Neumann boundary in the test spa
e so that itdisappears when we integrate by parts. The Diri
hlet boundary is referred to asa natural boundary 
ondition.Next, we multiply the se
ond equation in (2.17) by a test fun
tion in � (or�0 for pure homogeneous Neumann boundary) and integrate over 
 to getZ
 (r � v)� d
 = Z
 f� d
: (3.15)We introdu
e the following bilinear forms and linear fun
tionals:a(v;w) = Z
K�1v �w d
 (3.16)b(w; p) = Z
r �wp d
 (3.17)G(w) = < w � n; q >�
 (3.18)F (�) = Z
 f� d
: (3.19)Now, problem (2.17) is stated in the weak form as: Find v 2 V0 and p 2 � su
hthat 8>><>>: a(v;w)� b(w; p) = �G(w); 8w 2 V0b(v; �) = F (�); 8� 2 � : (3.20)
18



If we have non-zero Neumann boundary 
onditions, say v � n = g on �
N ,then we will need to 
onsider v 2 V given by:v = v0 + vg (3.21)with v0 2 V0 and vg an arbitrary �xed element of VN whereVN = fw 2 H(div;
) :< w � n; p >�
=< g; p >�
; 8p 2 H10;D(
)g: (3.22)We substitute this into (3.20) to get8>><>>: a(v0;w)� b(w; p) = �G(w)� a(vg;w); 8w 2 V0b(v0; �) = F (�)� b(vg; �); 8� 2 � : (3.23)3.2 Divergen
e-Free Subspa
eProblem (3.23) is symmetri
, but inde�nite. We 
an de
ompose the velo
ityspa
e using a divergen
e-free subspa
e. In this way, we 
an eliminate the pressurefrom problem (3.23). The result is a symmetri
 positive de�nite form of theproblem.The divergen
e-free subspa
e is de�ned as:D = fw 2 V0 : b(w; �) = 0 8� 2 �g: (3.24)We want to �nd a ve
tor, vI + vg 2 V, where vg 2 VN and vI 2 V0 satis�esb(vI ; �) = F (�)� b(vg; �); 8� 2 �: (3.25)There are many su
h ve
tors and similarly we 
an easily 
onstru
t one whi
hsatis�es: div vI = f � div vg (3.26)19



and thus satis�es (3.25). We then write v 2 V as a ve
tor with the 
orre
tdivergen
e, vI + vg, plus a divergen
e-free 
orre
tion as:v = vD + (vI + vg): (3.27)The divergen
e-free 
orre
tion, vD 2 D, satis�esa(vD;w) = �a(vI + vg;w)�G(w); 8w 2 D (3.28)It 
an be shown that a(�; �) is a 
oer
ive, 
ontinuous bilinear form, and by theLax-Milgram theorem, (3.28) is well posed.With vD well-de�ned as the solution to (3.28), we then determine p 2 � su
hthat b(w; p) = �a(v;w)�G(w) 8w 2 V0: (3.29)The well-posedness of this problem will rely on a spe
ial kind of 
oer
ivity forb(�; �).3.3 Existen
e and UniquenessWe will �rst show that the two bilinear forms, a(�; �) and b(�; �), are 
ontinuous.Lemma 3.2 There exist positive 
onstants, Ca and Cb, su
h that for all u;v 2 Vand for all p 2 � we have a(u;v) � CakukVkvkV (3.30)b(v; p) � CbkvkVkpk�: (3.31)Proof. The proof for (3.30) and (3.31) is essentially an appli
ation of the S
hwarzinequality. Clearly, kuk2V � kuk2L2(
)3 . Therefore,kuk2Vkvk2V � kuk2L2(
)3kvk2L2(
)320



� �Z
 juvj d
�2 (3.32)� �20a(u;v)2The 
onstant, �0, 
omes from 
ondition (2.1) on the permeability tensor. As aresult, the 
onstant, Ca, in (3.30) is �=(a��0). Again, it is 
lear that kvk2V �kdiv vk2L2(
)3 . Therefore,kvk2Vkpk2� � kdiv vk2L2(
)3kpk2�� �Z
 j(div v)pj d
�2 (3.33)� b(v; p)2
Next, we show that a(�; �) is 
oer
ive on D.Lemma 3.3 The bilinear form, a(�; �), is 
oer
ive on D. Namely, there exists apositive 
onstant, 
, su
h that for all v 2 D we have
kvk2V � a(v;v): (3.34)Proof. Sin
e div v 2 L2(
), we have div v = � 2 �. Therefore, kdiv vk2L2(
) =b(v; �) = 0, and kvk2V = kvk2L2(
)3 � �1a(v;v) 8v 2 D: (3.35)The 
onstant, �1, again 
omes from the 
ondition, (2.1), on the permeability ten-sor and the 
onstant, 
, in (3.34) is equal to �(a��1).
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This proves the existen
e and uniqueness of a solution for problem (3.28).Now, we want to show existen
e and uniqueness of problem (3.29). First, we needthe following:Lemma 3.4 There exists a positive 
onstant, �, su
h that for every p 2 � wehave �kpk� � supw2V b(w; p)kwkV : (3.36)Proof. Let p 2 �. There exists a unique � 2 H2(
) whi
h satis�es��� = p� = 0 on �
 (3.37)By ellipti
 regularity we havek�kH2(
) � CkpkL2(
) (3.38)Sin
e � 2 H2(
) we have r� 2 V. Therefore, we let wp = �r� and thus,div wp = p. Furthermore, kwpkV � Ckpk� (3.39)Now, we 
an �nish the proof.supw2V b(w; p)kwkV � b(wp; p)kwpkV = kpk2�kwpkV � 1C kpk� (3.40)Therefore, we let � = 1=C and we are done.The proof of Lemma 3.4 
an be modi�ed in the 
ase when p 2 �0, i.e, ho-mogeneous Neumann boundary 
onditions. In this 
ase we take � 2 H20 (
) andwp 2 V0. (See [12, Lemma 9.2.3℄.) 22



Let ~F (w) = �a(v;w)�G(w). Then, we rewrite equation (3.29) asb(w; p) = ~F (w) 8w 2 V0 (3.41)Now, we prove existen
e and uniqueness of (3.41).Theorem 3.5 Problem (3.41) has a unique solution.Proof. Let D? denote the orthogonal 
omplement of D in V. We need only
onsider w 2 D? sin
e the behavior of b(w; p) on D is trivial. The Riesz Repre-sentation Theorem implies that there exists a linear operator, T : �! D?, su
hthat b(w; p) = (w; T p) and kbkV0 = kTpkV. Therefore,kTpkV = supw2D? b(w; p)kwkV � Cbkpk� (3.42)The inequality in (3.42) is due to the 
ontinuity of b(�; �).We need to show that T is bije
tive. We show �rst that the image, R, ofT is 
losed in D?. Suppose that pj 2 � is a sequen
e with the property thatTpj ! w 2 D?. Then fTpjg is Cau
hy in D?, and�kpj � pkk� � supw2D? b(w; pj � pk)kwkV (3.43)= kTpj � TpkkV (3.44)The inequality, (3.43), is from (3.36) and the equality (3.44) is be
ause of (3.42).(By a similar argument, T is one-to-one.) Therefore, fpjg is Cau
hy in �. Letq = limj!1 pj. By the 
ontinuity of T , Tq = w. This shows that R is 
losed.Therefore, the spa
eD? 
an be de
omposed intoR and its orthogonal 
omplementR?. If w 2 R?, then b(w; q) = (w; T q) = 0 for all q 2 � whi
h implies w 2 D.
23



However, w 2 R? implies w 2 D? whi
h for
es w = 0. Thus D? = R, and T isonto.Using the Riesz Representation Theorem one more time gives us a uniquev 2 D? su
h that ~F (w) = (v;w)V 8w 2 D?: (3.45)We just let Tp = v, whi
h uniquely determines p by the bije
tivity of T .
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4. Dis
retizationIn this 
hapter we des
ribe the dis
retization of problem (3.28). We beginby de�ning a partition of 
 into hexahedral elements. Hexahedral elements aretrilinear mappings of the referen
e 
ube.We then de�ne �nite-dimensional velo
ity spa
es, Vh0 � V0, and VhN � VN ,andVh � V, along with a �nite-dimensional pressure spa
e, �h � �. The dis
retepressure spa
e 
onsists of pie
ewise 
onstant fun
tions. The dis
rete velo
ity spa
e
onsists of lowest-order Raviart-Thomas velo
ity fun
tions.The dis
rete velo
ity spa
e must be treated in a spe
ial way. We de�ne atransformation of a velo
ity fun
tion on the referen
e 
ube to a velo
ity fun
tionon the hexahedral element via the Piola transformation. Raviart and Thomasdemonstrated in [52℄ the existen
e of a proje
tion operator �h : V ! Vh su
hthat, for any v 2 V, b(�hv; �) = b(v; �); 8� 2 �h; (4.1)and k�hv � vkL2(
)3 � ChskvkHs(
)3 ; s = 0; 1: (4.2)The inf-sup 
ondition 
an then be veri�ed and error estimates given. This anal-ysis was done for aÆne elements where the Ja
obi matrix and the Ja
obian are
onstant. Results for 2-D quadrilateral elements where later given in Thomas'sthesis [57℄. Results for non-aÆne 3-D elements is still an open question. If aninterpolation estimate where known, it 
ould be used along the lines of Thomas'sthesis to verify the inf-sup 
ondition and obtain error estimates. In parti
ular,25



for the spe
ial 
ase of 3-D elements that are produ
ts of 2-D quadrilaterals witha 1-D interval (quadrilateral prisms), Thomas's theory applies.There are numerous Piola-type transformations whi
h satisfy the propertiesof the Piola transformation. The di�erent Piola-type transformations will have
ertain interpolation properties whi
h need to be 
onsidered. For example, the 
uxof a velo
ity ve
tor representing uniform 
ow 
an be interpolated to the interior ofa two-dimensional quadrilateral exa
tly. However, in the three-dimensional 
asean exa
t interpolation of the uniform 
ow, in general, 
an not be obtained.The dis
rete velo
ity spa
e 
an be de
omposed using a dis
rete divergen
e-freevelo
ity spa
e, Dh � Vh0 . The 
onstru
tion of the dis
rete divergen
e-free velo
ityspa
e on a re
tangular grid in three dimensions is des
ribed in [17℄. We will seehere that this 
onstru
tion is also valid for the hexahedral grid. We will extendthe work in [17℄ to hexahedral grids with non-homogeneous boundary 
onditions.We now 
onsider vhI 2 Vh0 and vhg 2 VhN and seek a solution to the divergen
eequation as before: div vhI = f � div vhg : (4.3)Then, we seek the divergen
e-free 
orre
tion vhD 2 Dh given bya(vhD;w) = �a(vhI + vhg ;w)�G(w); 8w 2 Dh: (4.4)We write our approximate solution as:vh = vhD + (vhI + vhg ): (4.5)The dis
retization results in a symmetri
 positive de�nite matrix problem.This matrix is de�ned and a right-hand side is given. The PCG method 
an beused to solve for vhD. 26



4.1 Trilinear Hexahedral ElementsFigure 4.1 shows the image of the unit 
ube under the trilinear mapping andFigure 4.2 shows a random hexahedral grid in three dimensions. We partition 
into hexahedral elements as follows:
 = [i;j;kQi;j;k (4.6)Ea
h element, Qi;j;k, is a trilinear mapping of the referen
e 
ube, Q̂. We will 
allsu
h a partition 
h. The supers
ript h refers to mesh size. We will usually thinkof h as being the maximum diameter of the elements of the de
omposition.A physi
al 
oordinate, (x; y; z), in the hexahedral element, Qi;j;k, is given interms of a referen
e 
oordinate, (x̂; ŷ; ẑ), through the trilinear mapping given byx(x̂; ŷ; ẑ) = ax(pxi;j;k) � b(x̂; ŷ; ẑ)y(x̂; ŷ; ẑ) = ay(pyj;k;i) � b(x̂; ŷ; ẑ)z(x̂; ŷ; ẑ) = az(pzk;i;j) � b(x̂; ŷ; ẑ) (4.7)where bT (x̂; ŷ; ẑ) = (1; x̂; ŷ; ẑ; x̂ŷ; ŷẑ; x̂ẑ; x̂ŷẑ) (4.8)and aTx = (ax0 ; ax1 ; ax2 ; ax3; ax4 ; ax5 ; ax6 ; ax7)aTy = (ay0; ay1; ay2; ay3; ay4; ay5; ay6; ay7)aTz = (az0; az1; az2; az3; az4; az5; az6; az7): (4.9)The ve
tor, pxi;j;k, represents the eight x 
oordinates of the 
orners of hexahedralelement Qi;j;k. Likewise, pyj;k;i and pzk;i;j are the y and z 
oordinates, respe
tively.The ve
tors ax, ay and az are uniquely determined by these points. The 
orre-sponden
e between the verti
es of the referen
e 
ube and the verti
es of Qi;j;k issummarized in the Table 4.1. 27
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Figure 4.2: Random Hexahedral GridWe 
an immediately write down eight equationsax(pxi;j;k) � b(0; 0; 0) = xi�1=2;j�1=2;k�1=2ax(pxi;j;k) � b(1; 0; 0) = xi+1=2;j�1=2;k�1=2ax(pxi;j;k) � b(0; 1; 0) = xi�1=2;j+1=2;k�1=2ax(pxi;j;k) � b(1; 1; 0) = xi+1=2;j+1=2;k�1=2ax(pxi;j;k) � b(0; 0; 1) = xi�1=2;j�1=2;k+1=2ax(pxi;j;k) � b(1; 0; 1) = xi+1=2;j�1=2;k+1=2ax(pxi;j;k) � b(0; 1; 1) = xi�1=2;j+1=2;k+1=2ax(pxi;j;k) � b(1; 1; 1) = xi+1=2;j+1=2;k+1=2
(4.10)
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(x̂; ŷ; ẑ) pxi;j;k pyj;k;i pzk;i;j(0,0,0) xi�1=2;j�1=2;k�1=2 yj�1=2;k�1=2;i�1=2 zk�1=2;i�1=2;j�1=2(1,0,0) xi+1=2;j�1=2;k�1=2 yj�1=2;k�1=2;i+1=2 zk�1=2;i+1=2;j�1=2(0,1,0) xi�1=2;j+1=2;k�1=2 yj+1=2;k�1=2;i�1=2 zk�1=2;i�1=2;j+1=2(1,1,0) xi+1=2;j+1=2;k�1=2 yj+1=2;k�1=2;i+1=2 zk�1=2;i+1=2;j+1=2(0,0,1) xi�1=2;j�1=2;k+1=2 yj�1=2;k+1=2;i�1=2 zk+1=2;i�1=2;j�1=2(1,0,1) xi+1=2;j�1=2;k+1=2 yj�1=2;k+1=2;i+1=2 zk+1=2;i+1=2;j�1=2(0,1,1) xi�1=2;j+1=2;k+1=2 yj+1=2;k+1=2;i�1=2 zk+1=2;i�1=2;j+1=2(1,1,1) xi+1=2;j+1=2;k+1=2 yj+1=2;k+1=2;i+1=2 zk+1=2;i+1=2;j+1=2Table 4.1: Referen
e Coordinates and Physi
al Coordinatesand solve the system of equations for pxi;j;k giving
ax(pxi;j;k) =

2666666666666666666666666664

ax0ax1ax2ax3ax4ax5ax6ax7

3777777777777777777777777775
=
2666666666666666666666666664

xi�1=2;j�1=2;k�1=2xi+1=2;j�1=2;k�1=2 � xi�1=2;j�1=2;k�1=2xi�1=2;j+1=2;k�1=2 � xi�1=2;j�1=2;k�1=2xi�1=2;j�1=2;k+1=2 � xi�1=2;j�1=2;k�1=2xi+1=2;j+1=2;k�1=2 � xi�1=2;j+1=2;k�1=2 � ax1xi�1=2;j+1=2;k+1=2 � xi�1=2;j�1=2;k+1=2 � ax2xi+1=2;j�1=2;k+1=2 � xi+1=2;j�1=2;k�1=2 � ax3xi+1=2;j+1=2;k+1=2 � 6Ps=0 axs

3777777777777777777777777775
: (4.11)
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In the same manner we get ay(pyj;k;i) and az(pzk;i;j) as follows:
ay(pyj;k;i) =

2666666666666666666666666664

ay0ay1ay2ay3ay4ay5ay6ay7

3777777777777777777777777775
=
2666666666666666666666666664

yj�1=2;k�1=2;i�1=2yj�1=2;k�1=2;i+1=2 � yj�1=2;k�1=2;i�1=2yj+1=2;k�1=2;i�1=2 � yj�1=2;k�1=2;i�1=2yj�1=2;k+1=2;i�1=2 � yj�1=2;k�1=2;i�1=2yj+1=2;k�1=2;i+1=2 � yj+1=2;k�1=2;i�1=2 � ay1yj+1=2;k+1=2;i�1=2 � yj�1=2;k+1=2;i�1=2 � ay2yj�1=2;k+1=2;i+1=2 � yj�1=2;k�1=2;i+1=2 � ay3yj+1=2;k+1=2;i+1=2 � 6Ps=0 ays

3777777777777777777777777775
(4.12)

az(pzk;i;j) =
2666666666666666666666666664

az0az1az2az3az4az5az6az7

3777777777777777777777777775
=
2666666666666666666666666664

zk�1=2;i�1=2;j�1=2zk�1=2;i+1=2;j�1=2 � zk�1=2;i�1=2;j�1=2zk�1=2;i�1=2;j+1=2 � zk�1=2;i�1=2;j�1=2zk+1=2;i�1=2;j�1=2 � zk�1=2;i�1=2;j�1=2zk�1=2;i+1=2;j+1=2 � zk�1=2;i�1=2;j+1=2 � az1zk+1=2;i�1=2;j+1=2 � zk+1=2;i�1=2;j�1=2 � az2zk+1=2;i+1=2;j�1=2 � zk�1=2;i+1=2;j�1=2 � az3zk+1=2;i+1=2;j+1=2 � 6Ps=0 azs

3777777777777777777777777775
: (4.13)

We 
an de�ne a 3� 8 matrix, ai;j;k, given byai;j;k = 26666664 (ax(pxi;j;k))T(ay(pyj;k;i))T(az(pzk;i;j))T
37777775 : (4.14)On
e ai;j;k has been 
omputed for a parti
ular element Qi;j;k, we 
an then 
omputethe physi
al 
oordinates of a point in Qi;j;k in terms of referen
e 
oordinates by30



using 0BBBBBB� xyz
1CCCCCCA = Ti;j;k(x̂; ŷ; ẑ) = ai;j;kb(x̂; ŷ; ẑ): (4.15)We will 
all Ti;j;k our trilinear mapping from Q̂ to Qi;j;k. We will also assume wehave an inverse mapping, T�1i;j;k from Qi;j;k to Q̂.The 
ovariant, or 
oordinate, basis ve
tors for element Qi;j;k are given byXi;j;k(ŷ; ẑ) = 26666664X0i;j;k(ŷ; ẑ)X1i;j;k(ŷ; ẑ)X2i;j;k(ŷ; ẑ)

37777775 = 26666664 ��x̂(ax(pi;j;k) � b(x̂; ŷ; ẑ))��x̂(ay(pj;k;i) � b(x̂; ŷ; ẑ))��x̂(az(pk;i;j) � b(x̂; ŷ; ẑ))
37777775 = 26666664 �x�x̂�y�x̂�z�x̂

37777775 (4.16)
Yj;k;i(ẑ; x̂) = 26666664 Y 0j;k;i(ẑ; x̂)Y 1j;k;i(ẑ; x̂)Y 2j;k;i(ẑ; x̂)

37777775 = 26666664 ��ŷ (ax(pi;j;k) � b(x̂; ŷ; ẑ))��ŷ (ay(pj;k;i) � b(x̂; ŷ; ẑ))��ŷ (az(pk;i;j) � b(x̂; ŷ; ẑ))
37777775 = 26666664 �x�ŷ�y�ŷ�z�ŷ

37777775 (4.17)
Zk;i;j(x̂; ŷ) = 26666664 Z0k;i;j(x̂; ŷ)Z1k;i;j(x̂; ŷ)Z2k;i;j(x̂; ŷ)

37777775 = 26666664 ��ẑ (ax(pi;j;k) � b(x̂; ŷ; ẑ))��ẑ (ay(pj;k;i) � b(x̂; ŷ; ẑ))��ẑ (az(pk;i;j) � b(x̂; ŷ; ẑ))
37777775 = 26666664 �x�ẑ�y�ẑ�z�ẑ

37777775 : (4.18)We will allow ourselves to drop the dependen
e of the referen
e variables x̂, ŷ,and ẑ when 
onvenient. The unit normal ve
tor (orthogonal to Yj;k;i and Zk;i;j)is given by nxi;j;k(x̂; ŷ; ẑ) = � Yj;k;i � Zk;i;jkYj;k;i � Zk;i;jk : (4.19)The � sign would be negative if we are talking about an outward normal atx̂ = 0 and would be positive if we are talking about an outward normal at x̂ = 1.
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Likewise, we have a unit normal ve
tor orthogonal to Xi;j;k and Zk;i;j given bynyj;k;i(ŷ; ẑ; x̂) = � Zk;i;j �Xi;j;kkZk;i;j �Xi;j;kk : (4.20)Finally, we have a unit normal ve
tor orthogonal to Xi;j;k and Yj;k;i given bynzk;i;j(ẑ; x̂; ŷ) = � Xi;j;k �Yj;k;ikXi;j;k �Yj;k;ik : (4.21)We also de�ne the area Ja
obians as:�xi;j;k(x̂; ŷ; ẑ) = kYj;k;i � Zk;i;jk (4.22)�yj;k;i(ŷ; ẑ; x̂) = kZk;i;j �Xi;j;kk (4.23)�zk;i;j(ẑ; x̂; ẑ) = kXi;j;k �Yj;k;ik: (4.24)The Ja
obi matrix is de�ned as:Bi;j;k = 26666664X0i;j;k Y 0j;k;i Z0k;i;jX1i;j;k Y 1j;k;i Z1k;i;jX2i;j;k Y 2j;k;i Z2k;i;j
37777775 (4.25)and its determinant, the volume Ja
obian Ji;j;k(x̂; ŷ; ẑ), is given byJi;j;k(x̂; ŷ; ẑ) = Xi;j;k � (Yj;k;i � Zk;i;j)= Yj;k;i � (Zk;i;j �Xi;j;k)= Zk;i;j � (Xi;j;k �Yj;k;i): (4.26)We denote the fa
es with their respe
tive unit normals in Qi;j;k as:F xi;j;k(x̂) ; with normal nxi;j;k(x̂; ŷ; ẑ) (4.27)F yj;k;i(ŷ) ; with normal nyj;k;i(ŷ; ẑ; x̂) (4.28)F zk;i;j(ẑ) ; with normal nzk;i;j(ẑ; x̂; ŷ): (4.29)32



The areas of the fa
es would then be given byAxi;j;k(x̂) = ZFxi;j;k(x̂) dydz = 1Z0 1Z0 �xi;j;k dŷdẑ (4.30)Ayj;k;i(ŷ) = ZF yj;k;i(ŷ) dxdz = 1Z0 1Z0 �yj;k;i dx̂dẑ (4.31)Azk;i;j(ẑ) = ZF zk;i;j(ẑ) dxdy = 1Z0 1Z0 �zk;i;j dx̂dŷ: (4.32)Note that throughout we have used fi; j; kg ordering for the X 
oordinates,fj; k; ig ordering for theY 
oordinates and fk; i; jg ordering for the Z 
oordinates.This leads to some permutations that may be used to advantage during the im-plementation. For example, we de�ne a fun
tion whi
h 
omputes ai;j;k using thephysi
al 
oordinates pxi;j;k, pyj;k;i, and pzk;i;j as follows:
ompute a(a;px;py;pz; i; j; k): (4.33)Next, we de�ne a fun
tion whi
h takes the matrix ai;j;k and 
omputes Xi;j;k(ŷ; ẑ)for a parti
ular ŷ and ẑ as follows:
ompute X(X; a; ŷ; ẑ): (4.34)Now, suppose we 
all the same fun
tions, but permute the arguments as follows:
ompute a(a;py;pz;px; j; k; i) (4.35)
ompute X(Y; a; ẑ; x̂): (4.36)This will produ
e the ve
tor, Yj;k;i(ẑ; x̂), with a left 
y
li
 shift on the 
omponents,that is, a (Y 1i;j;k; Y 2i;j;k; Y 0i;j;k) ordering.
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4.2 Approximation Spa
esThe pressure spa
e, �h, 
onsists of pie
ewise 
onstants. A pressure on thereferen
e element is a 
onstant s
alar fun
tion. It, therefore, has one degree offreedom. We map this s
alar fun
tion to a hexahedral element in an isoparametri
way. This means that the mapping will only depend on the 
oordinate transforma-tion given by the trilinear mapping. Sin
e the s
alar fun
tion is 
onstant, therewill be no dependen
e on the 
oordinates and, therefore, it will have the same
onstant value when mapped to a hexahedral element. The dimension of �h ona l �m� n grid is lmn. In the 
ase of a pure homogeneous Neumann boundary
ondition, we will have the additional 
onstraint spe
i�ed for �h0 . In this 
ase thedimension of �h0 is lmn� 1.To de�ne the �nite-dimensional velo
ity spa
e, Vh0 � V0, we 
onsider thelowest-order Raviart-Thomas ve
tor fun
tion on a referen
e 
ube, Q̂. We denotethis spa
e asRT[0℄(Q̂). We then use the Piola transformation to de�ne the velo
ityspa
e on RT[0℄(Qi;j;k). For v̂ 2 RT[0℄(Q̂), the Piola transformation is de�ned as:v = 1Ji;j;kBi;j;kv̂ Æ T�1i;j;k (4.37)and the inverse is given by v̂ = Ji;j;kB�1i;j;kv Æ Ti;j;k: (4.38)Raviart-Thomas elements were �rst introdu
ed in [52℄ for triangles and re
t-angles in two dimensions. This was later extended to three dimensions by Nedele
[51℄. 34



A velo
ity fun
tion on the referen
e 
ube has the following form:~v(x̂; ŷ; ẑ) = 26666664 a+ bx̂
+ dŷe+ f ẑ
37777775 : (4.39)This ve
tor fun
tion has six unknowns. Therefore, we 
an asso
iate a value onea
h fa
e of the referen
e 
ube for ~v. These values will represent the 
uxes a
rossea
h fa
e of the referen
e 
ube. We 
an de�ne a basis ve
tor fun
tion as a ve
torfun
tion with a 
ux of magnitude one on one of the fa
es and zero 
ux on theother fa
es. This will give us six basis ve
tor fun
tions as follows:v̂�1=2;0;0 = ((1� x̂); 0; 0)T (4.40)v̂1=2;0;0 = (x̂; 0; 0)T (4.41)v̂0;�1=2;0 = (0; 1� ŷ; 0)T (4.42)v̂0;1=2;0 = (0; ŷ; 0)T (4.43)v̂0;0;�1=2 = (0; 0; 1� ẑ)T (4.44)v̂0;0;1=2 = (0; 0; ẑ)T : (4.45)These basis ve
tors when mapped to Qi;j;k using the Piola transformation aregiven by vxi;j;k;�1=2 = (1� x̂)Xi;j;kJi;j;k (4.46)vxi;j;k;1=2 = x̂Xi;j;kJi;j;k (4.47)vyj;k;i;�1=2 = (1� ŷ)Yj;k;iJj;k;i (4.48)vyj;k;i;1=2 = ŷYj;k;iJj;k;i (4.49)35



vzk;i;j;�1=2 = (1� ẑ)Zk;i;jJk;i;j (4.50)vzk;i;j;1=2 = ẑZk;i;jJk;i;j : (4.51)For now, we spe
ify zero 
uxes on the boundary of 
. Due to the 
ontinuityof 
uxes a
ross fa
es, the dimension of the global velo
ity spa
e on a l �m � ngrid will be (l�1)mn+ l(m�1)n+ lm(n�1). That is, ea
h basis ve
tor fun
tionwill have a support of two elements. The global velo
ity basis fun
tions are thusde�ned as follows: vxi+1=2;j;k = 8>><>>: vxi;j;k;1=2 ; on Qi;j;kvxi+1;j;k;�1=2 ; on Qi+1;j;k (4.52)vyj+1=2;k;i = 8>><>>: vyj;k;i;1=2 ; on Qi;j;kvyj+1;k;i;�1=2 ; on Qi;j+1;k (4.53)vzk+1=2;i;j = 8>><>>: vzk;i;j;1=2 ; on Qi;j;kvzk+1;i;j;�1=2 ; on Qi;j;k+1: (4.54)Our dis
rete velo
ity spa
e, Vh0 , is given byVh0 = span fvxi+1=2;j;k;vyj+1=2;k;i;vzk+1=2;i;jg: (4.55)The volumes asso
iated with two elements that have a fa
e in 
ommon are givenby Qi+1=2;j;k = Qi;j;k[Qi+1;j;k (4.56)Qi;j+1=2;k = Qi;j;k[Qi;j+1;k (4.57)Qi;j;k+1=2 = Qi;j;k[Qi;j;k+1 (4.58)
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De�ne the unit normals of the referen
e 
ube as follows:n̂�1=2;0;0 = (�1; 0; 0)T (4.59)n̂1=2;0;0 = (1; 0; 0)T (4.60)n̂0;�1=2;0 = (0;�1; 0)T (4.61)n̂0;1=2;0 = (0; 1; 0)T (4.62)n̂0;0;�1=2 = (0; 0;�1)T (4.63)n̂0;0;1=2 = (0; 0; 1)T : (4.64)We 
an de�ne an interpolation operator �̂ : V(Q̂) ! RT[0℄(Q̂). Let v̂ 2 V(Q̂).Then, we 
an uniquely de�ne �̂v̂ 2 RT[0℄(Q̂) by�̂v̂ = f�1=2;0;0v̂�1=2;0;0 + f1=2;0;0v̂1=2;0;0+ f0;�1=2;0v̂0;�1=2;0 + f0;1=2;0v̂0;1=2;0+ f0;0;�1=2v̂0;0;�1=2 + f0;0;1=2v̂0;0;1=2 (4.65)where f�1=2;0;0 = 1Z0 1Z0 v̂ � n̂�1=2;0;0 dŷdẑ; f1=2;0;0 = 1Z0 1Z0 v̂ � n̂1=2;0;0 dŷdẑf0;�1=2;0 = 1Z0 1Z0 v̂ � n̂0;�1=2;0 dx̂dẑ; f0;1=2;0 = 1Z0 1Z0 v̂ � n̂0;1=2;0 dx̂dẑ (4.66)f0;0;�1=2 = 1Z0 1Z0 v̂ � n̂0;0;�1=2 dx̂dŷ; f0;0;1=2 = 1Z0 1Z0 v̂ � n̂0;0;1=2 dx̂dŷ:Then, for any �̂ 2 P0(Q̂) we have:Z�Q̂ (�̂v̂ � v̂) � n̂�̂ dŝ = 0: (4.67)Furthermore, if we let �̂(r � v̂) = r � �̂v̂ (4.68)37



then, we have: ẐQ �̂(r � v̂)�̂ dQ̂ = ẐQ r � v̂�̂ dQ̂: (4.69)In other words, r � (�̂v̂) is the L2 proje
tion of r � v̂ onto the spa
e P0(Q̂).Note that we have used r� to represent the divergen
e operator. We will use thisnotation 
onstantly.4.2.1 Properties of the Piola TransformationThe Piola transformation results in the following:Lemma 4.1 For any v̂ 2 V(Q̂) we haveẐQ (r � v̂)�̂ dx̂dŷdẑ = ZQi;j;k (r � v)� dxdydz; 8�̂ 2 L2(Q̂) (4.70)Z�Q̂ (v̂ � n̂)�̂ dŝ = Z�Qi;j;k (v � n)� ds; 8�̂ 2 L2(�Q̂) (4.71)Proof. Equation (4.71) is essentially a de�nition of the Piola transformation. Forexample, let v̂ = (v̂1; v̂2; v̂3)T . Then,ZFxi;j;k(0) v � nxi;j;k(0) dydz = ZFxi;j;k(0) v̂1  Xi;j;kJi;j;k ! �  Yi;j;k � Zi;j;kkYi;j;k � Zi;j;kk! dydz= 1Z0 1Z0 v̂1jx̂=0 dŷdẑ (4.72)= ẐQ v̂ � n̂1=2;0;0 dŝ: (4.73)We use (4.71) and Green's formula to show (4.70) as follows:ẐQ (r � v̂)�̂ dx̂dŷdẑ = Z�Q̂ (v̂ � n̂)�̂ dŝ� ẐQ v̂ � r�̂ dx̂dŷdẑ
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= Z�Qi;j;k (v � n)� ds� ẐQ v̂ � r�̂ dx̂dŷdẑ (4.74)= ZQi;j;k (r � v)� ds+ ZQi;j;k v � r� dxdydz � ẐQ v̂ � r�̂ dx̂dŷdẑ= ZQi;j;k (r � v)� ds:To get the last equality we need to show thatZQi;j;k v � r� dxdydz � ẐQ v̂ � r�̂ dx̂dŷdẑ = 0: (4.75)In the 
ase of lowest-order Raviart-Thomas spa
es we 
an use the fa
t that thes
alar fun
tions, � and �̂, are 
onstant. However, we 
an also show it for higherorder spa
es. To show this we will look at a simple example with lowest-order vand arbitrary �; an analogous, but more tedious, argument works for higher-orderv. Suppose v̂ = v̂1=2;0;0. Then,ZQi;j;k v � r� dxdydz = ZQi;j;k x̂Ji;j;kXi;j;k � r� dxdydz= ZQi;j;k x̂Ji;j;k ���x̂ dxdydz= ẐQ x̂��̂�x̂ dx̂dŷdẑ= ẐQ v̂ � r�̂ dx̂dŷdẑ:Note also that (4.70) implies thatr � v = 1Ji;j;kr � v̂ Æ T�1i;j;k: (4.76)
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We now give the results des
ribed by Thomas in [57℄ for the approximation ofsmooth ve
tor fun
tions on 2-D quadrilaterals. As noted above, the analysis fornon-aÆne 3-D elements is still an open question. However, Thomas's theory doesapply for the spe
ial 
ase of 3-D elements that are produ
ts of 2-D quadrilateralswith a 1-D interval (quadrilateral prisms).We will use C to denote a generi
 positive 
onstant independent of the meshsize h. We have for 2-D quadrilaterals the following:Theorem 4.2 There exists an operator �i;j;k su
h that, for all v 2 H1(Qi;j;k)2with r � v 2 H1(Qi;j;k) we havek�i;j;kv � vkL2(Qi;j;k)2 � ChjvjH1(Qi;j;k)2 + Ch2jr � vjH1(Qi;j;k) (4.77)and kr � (�i;j;kv � v)kL2(Qi;j;k) � Ckr � vkL2(Qi;j;k) + Ch1jr � vjH1(Qi;j;k): (4.78)Proof. The proof is given in [57, Theorem III.4.3 (pg. III-26)℄.A result of Theorem 4.2 is the error estimates given byTheorem 4.3 For p 2 H1(
), v 2 H1(
)2, and r � v 2 H1(
) we havekp�phkL2(
)+kv�vhkL2(
)2 � Ch(jpjH1(
)+ jvjH1(
)2)+Ch2jr �vjH1(
) (4.79)and kr � (v � vh)kL2(
) � CjvjH1(
)2 + Ch(jpjH1(
) + jr � vjH1(
)): (4.80)
40



Proof. The proof is given in [57, Theorem IX.3.2 (pg. IX-17)℄ and [57, TheoremIX.4.1 (pg. IX-19)℄.Note that r � (v � vh) does not ne
essarily go to zero as h goes to zero. Forhigher-order elements, r � (v � vh) does go to zero as long as p 2 H2(
) andv;r � v 2 H2(
); with RT[1℄ instead of RT[0℄, all the above estimates hold withone more power of h.4.2.2 Interpolation of Velo
ity Fun
tionsWe now look at how the 
ux gets interpolated to the interior of a hexahedralelement. We 
an de�ne numerous Piola-type transformations in three dimen-sions whi
h still have the properties of the Piola transformation dis
ussed above.The di�eren
e between these various Piola-type mappings is how the 
ux is in-terpolated to the interior of an element. One simple modi�
ation of the Piolatransformation is to in
lude an area 
orre
tion fa
tor as follows:vxi;j;k;�1=2 = �xi;j;k;�1=2 (1� x̂)Xi;j;kJi;j;k (4.81)vxi;j;k;1=2 = �xi;j;k;1=2 x̂Xi;j;kJi;j;k (4.82)vyj;k;i;�1=2 = �yj;k;i;�1=2 (1� ŷ)Yj;k;iJj;k;i (4.83)vyj;k;i;1=2 = �yj;k;i;1=2 ŷYj;k;iJj;k;i (4.84)vzk;i;j;1=2 = �zk;i;j;�1=2 (1� ẑ)Zk;i;jJk;i;j (4.85)vzk;i;j;1=2 = �zk;i;j;1=2 ẑZk;i;jJk;i;j (4.86)where the area 
orre
tion fa
tors are given by�xi;j;k;�1=2 = kYj;k;i � Zk;i;jkAxi;j;k(0) (4.87)
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�xi;j;k;1=2 = kYj;k;i � Zk;i;jkAxi;j;k(1) (4.88)�yj;k;i;�1=2 = kZk;i;j �Xi;j;kkAyj;k;i(0) (4.89)�yj;k;i;1=2 = kZk;i;j �Xi;j;kkAyj;k;i(1) (4.90)�zk;i;j;�1=2 = kXi;j;k �Yj;k;ikAzk;i;j(0) (4.91)�zk;i;j;1=2 = kXi;j;k �Yj;k;ikAzk;i;j(1) : (4.92)The velo
ity, ui;j;k, interior to a 
ell, Qi;j;k, is approximated byui;j;k(x̂; ŷ; ẑ) = fxi�1=2;j;kvxi;j;k;�1=2(x̂; ŷ; ẑ) + fxi+1=2;j;kvxi;j;k;1=2(x̂; ŷ; ẑ)+ f yj�1=2;k;ivyj;k;i;�1=2(ŷ; ẑ; x̂) + f yj+1=2;k;ivyj;k;i;1=2(ŷ; ẑ; x̂)+ f zk�1=2;i;jvzk;i;j;�1=2(ẑ; x̂; ŷ) + f zk+1=2;i;jvzk;i;j;1=2(ẑ; x̂; ŷ): (4.93)The nodal values fxi�1=2;j;k, fxi+1=2;j;k, f yj�1=2;k;i, f yj+1=2;k;i, f zk�1=2;i;j and f zk+1=2;i;jare the 
uxes on fa
es F xi;j;k(0), F xi;j;k(1), F yj;k;i(0), F yj;k;i(1), F zk;i;j(0), and F zk;i;j(1),respe
tively. For example, ZFxi;j;k(0) ui;j;k � nxi;j;k = fxi�1=2;j;k: (4.94)The s
alar value, ui;j;k(x̂; ŷ; ẑ) � nxi;j;k(x̂; ŷ; ẑ) is given byui;j;k(x̂; ŷ; ẑ) � nxi;j;k(x̂; ŷ; ẑ) = fxi�1=2;j;kAxi;j;k(0) (1� x̂) + fxi+1=2;j;kAxi;j;k(1) (x̂): (4.95)Equation (4.95) is a linear interpolation of the average normal velo
ities from thetwo fa
es at either end of the element. Suppose we have uniform 
ow given byv = (
; 0; 0)T . Furthermore, suppose nxi;j;k is in the dire
tion of v on elementQi;j;k. Then, the 
ux a
ross fa
e F xi;j;k(x̂) is 
Axi;j;k(x̂). Substituting this 
ux
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at the two fa
es, F xi;j;k(0) and F xi;j;k(1), into equation (4.95) gives a value of 
.Therefore, when we integrate over the fa
e, F xi;j;k(x̂), we get the 
orre
t 
ux. Thiswould not have been the 
ase with the standard Piola mapping, whi
h would give
(Axi;j;k(0)(1� x̂) + Axi;j;k(1)x̂); this is equal to 
Axi;j;k(x̂) if Ai;j;k(x̂) varies linearlywith x̂ as it must in 2-D, but in general this is not the same.Now, we look at a di�erent example. Again, we will assume a uniform 
ow,v = (
; 0; 0)T . This time, however, we will have a fa
e where nxi;j;k(x̂; ŷ; ẑ) is notparallel to v. In parti
ular, 
onsider the element shown in Figure 4.3.
h

h

h

h h

Figure 4.3: Uniform Flow on Distorted Element
We will 
onsider the 
ux in only this one element, so we will drop the i; j; ksubs
ripts. This element has a fa
e at x̂ = 0 with area h2 and a normal, nx, in the43



dire
tion of the 
ow. The fa
e at x̂ = 1 has area p2h2 with normal at an angleat 45 degrees with the 
ow. In general, the 
ux a
ross the fa
e, F x(x̂), will be
h2 and the area will be h2px̂2 + 1. Substituting these expressions into equation(4.95) and integrating over the fa
e, F x(x̂), gives the interpolated 
ux as:ZFx(x̂) u � nx dAx = 
h2  1 +  p22 � 1! x̂!px̂2 + 1: (4.96)The relative error of this interpolation is plotted in Figure 4.4. In this 
ase,be
ause the 
ux varies linearly with x̂ (a
tually, it is 
onstant), the standardPiola mapping gives the 
orre
t interpolated 
ux.
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Figure 4.4: Relative Error of Interpolated Flux
For general hexahedral elements, espe
ially when the fa
es are not planar, the
ux will not always be interpolated exa
tly for uniform 
ow. This situation is
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parti
ular to 3-D. In two dimensions we have no problem interpolating uniform
ow. This is due to the use of linear interpolation whi
h works �ne in 2-D, but notin 3-D. We perhaps need a quadrati
 term in the interpolation. Di�erent velo
itytrial fun
tions are being investigated by Ri
hard Na�, [50℄, at the U.S. Geologi
alSurvey. It appears, at this point, that there will be no way to exa
tly interpolateuniform 
ow for general hexahedral elements. We will have to be satis�ed with a
lose approximation on the order of h2 when using lowest-order Raviart-Thomasvelo
ity fun
tions.4.3 Divergen
e-Free BasisWe need a 
omputationally 
onvenient basis for the divergen
e-free velo
ityspa
e. The 
onstru
tion of su
h a basis for a re
tangular grid in three dimensionsfor homogeneous boundary 
onditions is des
ribed in [17℄. More re
ently, a 
om-putationally 
onvenient divergen
e-free basis is des
ribed by S
hei
hl in [54℄ fortriangles in two dimensions and tetrahedra in three dimensions. S
hei
hl uses aspanning tree algorithm to 
ompute the divergen
e-free basis. Our method is tode�ne the divergen
e-free basis a priori.We will see here that the divergen
e-free basis des
ribed in [17℄ is also validfor distorted grids using hexahedral elements. We will extend this basis to in
ludeDiri
hlet boundary 
onditions. It be
ame 
onvenient to de�ne a small part of thedivergen
e-free basis for Diri
hlet boundary 
onditions using the spanning treealgorithm des
ribed in [54℄.A divergen
e-free ve
tor fun
tion is the 
url of a ve
tor potential fun
tion.We wish to 
onstru
t the divergen
e-free subspa
e su
h that it is 
ontained in Vh0 .
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Consider the bilinear basis on the referen
e 
ube, Q̂, 
onsisting of s
alar fun
-tions whi
h are bilinear in ŷ and ẑ and 
onstant in x̂ given by�̂x1=2;1=2 = ŷẑ (4.97)�̂x�1=2;1=2 = (1� ŷ)ẑ (4.98)�̂x�1=2;�1=2 = (1� ŷ)(1� ẑ) (4.99)�̂x1=2;�1=2 = ŷ(1� ẑ): (4.100)We now de�ne the ve
tor potential fun
tions on the referen
e 
ube as:�̂x1=2;1=2 = (�̂x1=2;1=2; 0; 0)T (4.101)�̂x�1=2;1=2 = (�̂x�1=2;1=2; 0; 0)T (4.102)�̂x�1=2;�1=2 = (�̂x�1=2;�1=2; 0; 0)T (4.103)�̂x1=2;�1=2 = (�̂x1=2;�1=2; 0; 0)T : (4.104)We take the 
url of ea
h of these ve
tor fun
tions giving divergen
e-free ve
torfun
tions on the referen
e 
ube as:ŵx1=2;1=2 = 
url �̂x1=2;1=2 = 26666664 0̂y�ẑ
37777775 = v̂0;1=2;0 � v̂0;0;1=2 (4.105)

ŵx�1=2;1=2 = 
url �̂x�1=2;1=2 = 26666664 01� ŷẑ
37777775 = v̂0;�1=2;0 + v̂0;0;1=2 (4.106)

ŵx�1=2;�1=2 = 
url �̂x�1=2;�1=2 = 26666664 0�(1� ŷ)1� ẑ
37777775 = �v̂0;�1=2;0 + v̂0;0;�1=2 (4.107)
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ŵx1=2;�1=2 = 
url �̂x1=2;�1=2 = 26666664 0�ŷ�(1� ẑ)
37777775 = �v̂0;1=2;0 � v̂0;0;�1=2: (4.108)Now, we use a Piola-type mapping to map ŵx1=2;1=2, ŵx�1=2;1=2, ŵx�1=2;�1=2, andŵx1=2;�1=2 to the physi
al elements Qi;j;k, Qi;j+1;k, Qi;j+1;k+1, and Qi;j;k+1 respe
-tively giving wxj;k;i = vyj;k;i;1=2 � vzk;i;j;1=2 on Qi;j;k (4.109)wxj+1;k;i = vyj+1;k;i;�1=2 + vzk;i;j+1;1=2 on Qi;j+1;k (4.110)wxj+1;k+1;i = �vyj+1;k+1;i;�1=2 + vzk+1;i;j+1;�1=2 on Qi;j+1;k+1 (4.111)wxj;k+1;i = �vyj;k+1;i;1=2 + vzk+1;i;j;�1=2 on Qi;j;k+1: (4.112)Note that if we use the standard Piola mapping, then by (4.76) the wx's willbe divergen
e-free. If we use a di�erent Piola-type mapping, for example (4.81)-(4.86), then the wx's may not, in general, be strongly divergen
e-free. However,the Piola-type mapping still preserves the fa
e 
uxes. Therefore, the wx's willbe weakly divergen
e-free. From now on when we de�ne a divergen
e-free ve
torbasis fun
tion we will mean weakly divergen
e-free.We use 
ontinuity a
ross fa
es to de�ne the divergen
e-free ve
tor fun
tionwith support on Qj+1=2;k+1=2;i = Qi;j;k SQj+1;k;iSQj+1;k+1;iSQi;j;k+1 as:wxj+1=2;k+1=2;i = vyj+1=2;k;i � vyj+1=2;k+1;i� vzk+1=2;i;j + vzk+1=2;i;j+1: (4.113)We 
an think of (4.113) as an x-sli
e fun
tion and re
ognize it as su
h by the thirdindex i. That is, an x-sli
e fun
tion has its support on four elements 
ontainedwithin a verti
al sli
e of the domain for a given i. With a moments thought we47




an see that the divergen
e-free basis ve
tor fun
tion must have support on fourelements in order to be weakly divergen
e-free. This is be
ause the magnitude ofthe 
uxes on the four fa
es must be equal in order for them to 
an
el out. Theabove 
onstru
tion also assures that a divergen
e-free ve
tor fun
tion is 
ontainedin vh0 .We de�ne analogous divergen
e-free ve
tor fun
tions for y-sli
es and z-sli
esas follows: wyk+1=2;i+1=2;j = vzk+1=2;i;j � vzk+1=2;i+1;j� vxi+1=2;j;k + vxi+1=2;j;k+1 (4.114)wzi+1=2;j+1=2;k = vxi+1=2;j;k � vxi+1=2;j+1;k� vyj+1=2;k;i + vyj+1=2;k;i+1: (4.115)The divergen
e-free ve
tor fun
tions (4.113), (4.114), and(4.115) span the divergen
e-free subspa
e. We 
an write the x-sli
e fun
tion, wxj+1=2;k+1=2;i, as wxj+1=2;k+1=2;0plus a linear 
ombination of y-sli
e fun
tions and z-sli
e fun
tions as follows:wxj+1=2;k+1=2;i = wxj+1=2;k+1=2;0+ i�1Pis=0 �wyk+1=2;is+1=2;j �wyk+1=2;is+1=2;j+1�+ i�1Pis=0 �wzis+1=2;j+1=2;k �wzis+1=2;j+1=2;k+1� : (4.116)We 
an show similar linear dependen
ies for the y-sli
e and z-sli
e fun
tions.These linear dependen
ies are given bywyk+1=2;i+1=2;j = wyk+1=2;i+1=2;0+ j�1Pjs=0 �wzi+1=2;js+1=2;k �wzi+1=2;js+1=2;k+1�+ j�1Pjs=0 �wxjs+1=2;k+1=2;i �wxjs+1=2;k+1=2;i+1� (4.117)
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and wzi+1=2;j+1=2;k = wzi+1=2;j+1=2;0+ k�1Pks=0 �wxj+1=2;ks+1=2;i �wxj+1=2;ks+1=2;i+1�+ k�1Pks=0 �wyks+1=2;i+1=2;j �wyks+1=2;i+1=2;j+1� (4.118)respe
tively.Therefore, we 
an eliminate one of the above sets of linearly dependent fun
-tions and still span the divergen
e-free subspa
e. We 
hoose to eliminate thelinearly dependent x-sli
e fun
tions to end up with the divergen
e-free basis givenby wxj+1=2;k+1=2;i ; i = 0; 0 � j � m� 2; 0 � k � n� 2 (4.119)wyk+1=2;i+1=2;j ; 0 � i � l � 2; 0 � j � m� 1; 0 � k � n� 2 (4.120)wzi+1=2;j+1=2;k ; 0 � i � l � 2; 0 � j � m� 2; 0 � k � n� 1: (4.121)The pressure spa
e, �h0 , 
an be de�ned as the divergen
e of Vh0 . This meansthat �h0 is the range of the divergen
e operator and the divergen
e-free subspa
eis the kernel of this operator. Therefore, the dimension of the divergen
e freesubspa
e is given bydimDh = dimVh0 � dim�h0= (l � 1)mn+ l(m� 1)n+ lm(n� 1)� (lmn� 1)= 2lmn� lm� ln�mn+ 1: (4.122)The number of divergen
e-free ve
tor fun
tions given in (4.119)-(4.121) is equalto (4.122). This will form our divergen
e-free basis.
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4.3.1 Diri
hlet Boundary ConditionsWe now 
onsider the 
ase when part of the boundary has Diri
hlet boundary
onditions. In this 
ase we will allow our velo
ity spa
e, Vh0 , to have non-zero
uxes on the Diri
hlet boundary. We will still require that ve
tor fun
tions in Vh0have zero 
uxes on the Neumann boundary. We no longer have a 
onstraint onthe pressure spa
e. In other words, we now de�ne our pressure spa
e, �h, as beingspanned by pie
ewise 
onstants and allow global 
onstant fun
tions.We assume that if a given side of the domain has Diri
hlet boundary 
ondi-tions, then all the fa
es on that side have a Diri
hlet boundary 
ondition. Thisassumption is not ne
essary for the method to work, but simpli�es the develop-ment to be des
ribed subsequently. For example, if we impose Diri
hlet boundary
onditions at x = 0, then all the fa
es at x = 0 will have unknown 
uxes. Thesedivergen
e-free boundary ve
tor fun
tions are illustrated for a single z-sli
e inFigure 4.5.For ea
h unknown 
ux on the boundary, there will be a 
orresponding basisve
tor fun
tion in Vh0 given byvx0j;k = vx0;j;k;�1=2; on Q0;j;k (4.123)vx1j;k = vxl�1;j;k;1=2; on Ql�1;j;k (4.124)vy0k;i = vy0;k;i;�1=2; on Qi;0;k (4.125)vy1k;i = vym�1;k;i;1=2; on Qi;m�1;k (4.126)vz0i;j = vz0;i;j;�1=2; on Qi;j;0 (4.127)vz1i;j = vzn�1;i;j;1=2; on Qi;j;n�1: (4.128)50
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Figure 4.5: Boundary Divergen
e-Free Basis Ve
torThe divergen
e-free ve
tor fun
tions on the boundary are written in terms ofve
tor fun
tions from Vh0 . For example, on the x = 0 boundary shown in Figure4.5, we have the z-sli
e divergen
e-free ve
tor fun
tions given bywz;x0j+1=2;k = vx0j;k � vx0j+1;k + vyj+1=2;k;0: (4.129)Similarly, we have y-sli
e divergen
e-free ve
tor fun
tions given bywy;x0k+1=2;j = vx0j;k+1 + vx0j;k � vzk+1=2;0;j: (4.130)Equations (4.129)-(4.130) de�ne a divergen
e-free ve
tor fun
tion for ea
h edge onthe boundary x = 0 and involve 
uxes a
ross fa
es on the boundary in additionto 
uxes a
ross internal fa
es. Note that divergen
e-free ve
tor fun
tions on edgesnot on the boundary don't involve any boundary 
uxes.The divergen
e-free ve
tor fun
tions de�ned in (4.129)-(4.130) span the divergen
e-free subspa
e on the boundary x = 0. However, we note that wy;x0k+1=2;j 
an be51



written in terms of wy;x0k+1=2;0 plus a linear 
ombination of other divergen
e-freeve
tor fun
tions. This relationship is given bywy;x0k+1=2;j = wy;x0k+1=2;0+ j�1Ps=0 �wz;x0s+1=2;k �wz;x0s+1=2;k+1 �wxs+1=2;k+1=2;0� : (4.131)Alternatively, we 
ould have written wz;x0j+1=2;k+1 in terms of wz;x0j+1=2;k plus a linear
ombination of other divergen
e-free ve
tor fun
tions using the relationship givenby wz;x0j+1=2;k = wz;x0j+1=2;0+ k�1Ps=0 �wy;x0s+1=2;j �wy;x0s+1=2;j+1 �wxj+1=2;s+1=2;0� : (4.132)Therefore, the divergen
e-free subspa
e on the boundary x = 0 is spanned bywz;x0j+1=2;k; 0 � j � m� 2; 0 � k � n� 1wy;x0k+1=2;j; j = 0; 0 � k � n� 1 (4.133)or wz;x0j+1=2;k; 0 � j � m� 2; k = 0wy;x0k+1=2;j; 0 � j � m� 1; 0 � k � n� 1: (4.134)Whi
h ever set of fun
tions we 
hoose, they both have dimension mn� 1. Weno longer have the 
onstraint on the pressure spa
e. Therefore, the dimension of�h is lmn. In general, the dimension of Dh in
reases by the number of unknown
uxes on the boundary (be
ause of the new degrees of freedom in Vh0), minus 1(be
ause of the in
rease of 1 in the dimension of �h). Therefore, the number oflinearly independent divergen
e-free ve
tor fun
tions on the boundary is mn� 1,whi
h is the number of divergen
e-free ve
tor fun
tions given in (4.133), or (4.134).For our implementation we use the set of ve
tor fun
tions de�ned in (4.133) as a
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divergen
e-free basis for the boundary x = 0. The divergen
e-free basis for all ofthe boundaries is summarized as:wz;x0j+1=2;k = vx0j;k � vx0j+1;k + vyj+1=2;k;00 � j � m� 2; 0 � k � n� 1wy;x0k+1=2;0 = vx00;k+1 � vx00;k � vzk+1=2;0;0j = 0; 0 � k � n� 2
9>>>>>>>>>>=>>>>>>>>>>; for x = 0 (4.135)

wz;x1j+1=2;k = vx1j;k � vx1j+1;k � vyj+1=2;k;l�10 � j � m� 2; 0 � k � n� 1wy;x1k+1=2;0 = vx10;k+1 � vx10;k + vzk+1=2;l�1;0j = 0; 0 � k � n� 2
9>>>>>>>>>>=>>>>>>>>>>; for x = 1 (4.136)

wx;y0k+1=2;i = vy0k;i � vy0k+1;i + vzk+1=2;i;00 � i � l � 1; 0 � k � n� 2wz;y0i+1=2;0 = vy00;i+1 � vy00;i � vxi+1=2;0;00 � i � l � 2; k = 0
9>>>>>>>>>>=>>>>>>>>>>; for y = 0 (4.137)

wx;y1k+1=2;i = vy1k;i � vy1k+1;i � vzk+1=2;i;m�10 � i � l � 1; 0 � k � n� 2wz;y1i+1=2;0 = vy10;i+1 � vy10;i + vxi+1=2;m�1;00 � i � l � 2; k = 0
9>>>>>>>>>>=>>>>>>>>>>; for y = 1 (4.138)

wy;z0i+1=2;j = vz0i;j � vz0i+1;j + vxi+1=2;j;00 � i � l � 2; 0 � j � m� 1wx;z0j+1=2;0 = vz00;j+1 � vz00;j � vyj+1=2;0;0i = 0; 0 � j � m� 2
9>>>>>>>>>>=>>>>>>>>>>; for z = 0 (4.139)
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wy;z1i+1=2;j = vz1i;j � vz1i+1;j � vxi+1=2;j;n�10 � i � l � 2; 0 � j � m� 1wx;z1j+1=2;0 = vz10;j+1 � vz10;j + vyj+1=2;n�1;0i = 0; 0 � j � m� 2
9>>>>>>>>>>=>>>>>>>>>>; for z = 1: (4.140)

Suppose we have Diri
hlet boundary 
onditions on x = 0 and x = 1. Thisgives us 2mn unknown boundary 
uxes. So, we need 2mn � 1 divergen
e-freebasis ve
tor fun
tions for the boundary. If we add up the number of divergen
e-free ve
tor fun
tions given in (4.135) and (4.136), then we have 2mn � 2 ve
torfun
tions. Therefore, we need one additional divergen
e-free ve
tor fun
tion whi
his linearly independent from all the rest. The only su
h ve
tor fun
tion is a globalve
tor fun
tion, that is, one whi
h 
onne
ts both Diri
hlet boundaries. We 
allthis type of ve
tor fun
tion a pipe fun
tion. We want to 
hoose a basis whi
h bestmodels the physi
s of the equation. Imposing pressure 
onditions on opposite sidesof the domain indu
es a Dar
y 
ow a
ross the domain. If the 
ow is 
onstant inthe positive x dire
tion and zero in the other two dire
tions, then the ve
torfun
tion des
ribing this would look like the one in Figure 4.6.In fa
t, if the 
ondu
tivity tensor, K, were diagonal and 
onstant, then thispipe fun
tion would be a(�; �)-orthogonal to all the other divergen
e-free ve
torfun
tions and we would have the solution in one iteration. Therefore, we thinkof the ideal pipe fun
tion as an a(�; �)-orthogonal proje
tion on to the \lo
ally"divergen
e-free subspa
e. Approximating the orthogonality of the pipe fun
tionplays an important role in the pre
onditioner. In general, for ea
h additionalDiri
hlet boundary region we add, whi
h is dis
onne
ted from the other Diri
hletboundaries, we need an additional pipe fun
tion. In our implementation, we 
an
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y=0 boundary

y

x=
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bo
un

da
ry

x

x=
0 

bo
un

da
ry

y=1 boundary

Figure 4.6: Divergen
e-Free Pipe Fun
tionhave at most two dis
onne
ted 
omponents of the Diri
hlet boundary, requiringone pipe fun
tion. This is be
ause if we have three sides of the domain whi
h areDiri
hlet, then they will be 
onne
ted. The more general 
ase would o

ur whenwe allow pat
hes of Diri
hlet boundaries on a given side of the domain rather thanthe whole side being Diri
hlet.If two adja
ent sides of the domain both have Diri
hlet boundary 
onditions,then we must de�ne divergen
e-free ve
tor fun
tions on the edges 
onne
ting thetwo sides whi
h involve 
uxes from both the boundaries. These divergen
e-free
orner fun
tions are illustrated in Figure 4.7.
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xFigure 4.7: Divergen
e-Free Corner Fun
tionsThe divergen
e-free 
orner fun
tion on the x = 0, y = 0 boundary is given bywx0;y0k = �vx00;k + vy0k;00 � k � n� 1: (4.141)The ve
tor fun
tion, wx0;y0k , 
an be written as a linear 
ombination of wx0;y00 plusother ve
tor fun
tions using the relationshipwx0;y0k = wx0;y00 � k�1Xs=0 �wy;x0s+1=2 +wx;y0s+1=2;0� : (4.142)Therefore, we only keep the ve
tor fun
tion , wx0;y0k , for k = 0. In the 
ase ofDiri
hlet boundary 
onditions on the two sides, x = 0 and y = 0, we have mn+ lnunknown 
uxes on the boundary. Therefore, the number of divergen
e-free ve
torfun
tions on the boundary should be mn + ln � 1. If we add up the number ofdivergen
e-free fun
tions given in (4.135) and (4.137) and add the divergen
e-free56




orner fun
tion given in (4.141), for k = 0, we get mn + ln � 1 divergen
e-freeve
tor fun
tions. Similar results hold for the other x; y-boundaries. We also have
orner fun
tions for y; z-boundaries and z; x-boundaries. There are a total of 12
orner ve
tor fun
tions to 
onsider given bywx0;y0 = �vx00;0 + vy00;0; for x = 0; y = 0 (4.143)wx1;y0 = �vx10;0 � vy10;0; for x = 1; y = 0 (4.144)wx0;y1 = vx00;0 + vy10;0; for x = 0; y = 1 (4.145)wx1;y1 = vx10;0 � vy10;0; for x = 1; y = 1 (4.146)wy0;z0 = �vy00;0 + vz00;0; for y = 0; z = 0 (4.147)wy1;z0 = �vy10;0 � vz10;0; for y = 1; z = 0 (4.148)wy0;z1 = vy00;0 + vz10;0; for y = 0; z = 1 (4.149)wy1;z1 = vy10;0 � vz10;0; for y = 1; z = 1 (4.150)wz0;x0 = �vz00;0 + vx00;0; for z = 0; x = 0 (4.151)wz1;x0 = �vz10;0 � vx10;0; for z = 1; x = 0 (4.152)wz0;x1 = vz00;0 + vx10;0; for z = 0; x = 1 (4.153)wz1;x1 = vz10;0 � vx10;0; for z = 1; x = 1: (4.154)If the four sides, x = 0, x = 1, y = 0, and y = 1 are all Diri
hlet bound-aries, then we would have 2mn + 2ln unknown 
uxes. If we add up the numberof divergen
e-free ve
tor fun
tions given in (4.135)-(4.138) and (4.143)-(4.146) weend up with 2mn + 2ln divergen
e-free boundary ve
tor fun
tions whi
h is onetoo many. It 
an be shown that the 
orner ve
tor fun
tion, (4.146), 
an be writ-ten as a linear 
ombination of other divergen
e-free basis ve
tor fun
tions. This
57



relationship is given bywx1;y1 = �m�2Pj=0 l�2Pi=0wzi+1=2;j+1=2;0� m�2Pj=0 �wz;x0j;0 +wz;x1j;0 �� l�2Pi=0 �wz;y0i +wz;y1i �� wx0;y0 �wx1;y0 �wx0;y1: (4.155)
Therefore, we eliminate (4.146) from the basis. If we have Diri
hlet boundarieson all six sides of the domain, then a dimensional 
ount would tell us that weonly need �ve out of the twelve 
orner ve
tor fun
tions. It be
omes in
onvenientto determine the divergen
e-free basis a priori for every possible 
ombination ofDiri
hlet boundaries. Knowing the 
orre
t dimension is not good enough; we needto know whi
h 
orner ve
tor fun
tions to throw out to keep a linearly independentset. To make it 
omputationally 
onvenient, we use the spanning tree algorithmdes
ribed in [54℄. In this algorithm we de�ne a set a verti
es and a set of edges
onne
ting the verti
es. This represents a graph (see Figure 4.8). It is assumedthat the graph is 
onne
ted. That is, there is a series of edges, or a path, whi
h
onne
ts any two verti
es. The algorithm produ
es a 
onne
ted graph with thesame verti
es, but only a subset of the edges, in su
h a way that there are no
y
les. This is 
alled a tree. In the 
ontext of �nding a divergen
e-free basis we letthe sides of the domain whi
h have Diri
hlet boundary 
onditions be representedby the verti
es of the graph. Therefore, there are a maximum of six verti
es inthe graph. The edges of the graph 
orrespond to the ve
tor fun
tions in (4.143)-(4.154). For example, the fa
e at x = 0 and the fa
e at y = 0 are 
onne
ted by theedge 
orresponding towx0;y0. The spanning tree algorithmwill produ
e the 
orre
tnumber of linearly independent ve
tor fun
tions. With Diri
hlet boundaries on all58



six sides of the domain, our 
urrent implementation of the spanning tree algorithmwould 
ompute the tree shown in Figure 4.9. Based on this we would keep theve
tor fun
tions (4.143), (4.144), (4.146), (4.148), and (4.150).
y1 y0

x0

x1

z1

z0Figure 4.8: Conne
tivity Graph of Diri
hlet Boundaries
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x1y0
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y1z1

Figure 4.9: Spanning Tree
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4.4 Initial Guess Ve
tor vhIWe de�ne a ve
tor, f = fi;j;k, whi
h represents a sour
e/sink in ea
h elementQi;j;k. We think of this value as being a point sour
e/sink averaged over thevolume of the element. We want to 
ompute a ve
tor, vhI 2 Vh0 , whi
h satis�es(4.3). We will do this element by element. The ve
tor fun
tion, vhI , in element,Qi;j;k, is given by vhI = uxi�1=2;j;kvxi;j;k;�1=2 + uxi+1=2;j;kvxi;j;k;1=2+ uyj�1=2;k;ivyj;k;i;0;�1=2 + uyj+1=2;k;ivyj;k;i;1=2+ uzk�1=2;i;jvzk;i;j;�1=2 + uzk+1=2;i;jvzk;i;j;1=2: (4.156)The ve
tor fun
tion, vhg , is given byvhg = gxi�1=2;j;kvxi;j;k;�1=2 + gxi+1=2;j;kvxi;j;k;1=2+ gyj�1=2;k;ivyj;k;i;0;�1=2 + gyj+1=2;k;ivyj;k;i;1=2+ gzk�1=2;i;jvzk;i;j;�1=2 + gzk+1=2;i;jvzk;i;j;1=2: (4.157)Substituting (4.156) and (4.157) into (4.3) gives:b(vhI ; �) = (�uxi�1=2;j;k + uxi+1=2;j;k� uyj�1=2;k;i + uyj+1=2;k;i� uzk�1=2;i;j + uzk+1=2;i;j)�i;j;k= fi;j;k�i;j;k � (�gxi�1=2;j;k + gxi+1=2;j;k� gyj�1=2;k;i + gyj+1=2;k;i� gzk�1=2;i;j + gzk+1=2;i;j)�i;j;k= ~fi;j;k�i;j;k:
(4.158)
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For now, assume �
N = �
. It is assumed that ~f = ~fi;j;k satis�es the 
om-patibility 
ondition given by n�1Xk=0m�1Xj=0 l�1Xi=0 ~fi;j;k = 0: (4.159)Then, the strategy is to satisfy (4.158) element by element. We start at the x = 0side and push the mass through the domain by assigning 
uxes to the fa
es withnormals in the x dire
tion. Ea
h time we go to the next element in the x dire
tion,we push the mass of the sour
e term plus the 
ux from the previous element as a
ux into the next element. When we get to the x = 1 side we push the mass plus
ux along that side in the y dire
tion going from y = 0 to y = 1. Finally, whenwe get to the y = 1 side we push the mass plus 
ux up a 
olumn from z = 0 toz = 1. These steps are summarized as:ux1=2;j;k = ~f0;j;k (4.160)0 � j � m� 1; 0 � k � n� 1uxi+1=2;j;k = ~fi;j;k + uxi�1=2;j;k (4.161)1 � i � l � 2; 0 � j � m� 1; 0 � k � n� 1uy1=2;k;l�1 = ~fl�1;0;k + uxl�3=2;0;k (4.162)0 � k � n� 1uyj+1=2;k;l�1 = ~fl�1;j;k + uxl�3=2;j;k + uyj�1=2;k;l�1 (4.163)1 � j � m� 2; 0 � k � n� 1uz1=2;l�1;m�1 = ~fl�1;m�1;0 + uxl�3=2;m�1;0 + uym�3=2;0;l�1 (4.164)uzk+1=2;l�1;m�1 = ~fl�1;m�1;k + uxl�3=2;m�1;k+ uym�3=2;k;l�1 + uzk�1=2;l�1;m�1 (4.165)62



1 � k � n� 2:The remaining 
uxes are assumed to be zero. The ve
tor fun
tion, vhI , is nowgiven by vhI = l�2Pi=0m�1Pj=0 n�1Pk=0 uxi+1=2;j;kvxi+1=2;j;k+ m�2Pj=0 n�1Pk=0 l�1Pi=0 uyj+1=2;k;ivyj+1=2;k;i+ n�2Pk=0 l�1Pi=0m�1Pj=0 uzk+1=2;i;jvzk+1=2;i;j: (4.166)De�ne the residual on element Ql�1;m�1;n�1 as:~fl�1;m�1;n�1�l�1;m�1;n�1 � b(vhI ; �l�1;m�1;n�1)= (uxl�3=2;m�1;n�1 + uym�3=2;n�1;l�1+uzn�3=2;l�1;m�1 + ~fl�1;m�1;n�1)�l�1;m�1;n�1: (4.167)We need to show that the residual on the elementQl�1;m�1;n�1 given by (4.167)is zero. (The residuals on the other elements are zero by 
onstru
tion.) Usingequations (4.160)-(4.165) we 
an write the 
uxes in (4.167) in terms of sour
efun
tions ~fi;j;k as follows:uxl�3=2;m�1;n�1 = l�2Xi=0 ~fi;m�1;n�1 (4.168)uym�3=2;n�1;l�1 = m�2Xj=0 ( ~fl�1;j;n�1 + uxl�3=2;j;n�1= m�2Xj=0 ( ~fl�1;j;n�1 ++ l�2Xi=0 ~fi;j;n�1) (4.169)uzn�3=2;l�1;m�1 = n�2Xk=0 ~fl�1;m�1;k + uxl�3=2;m�1;k + uym�3=2;k;l�1= n�2Xk=0( ~fl�1;m�1;k l�2Xi=0 ~fi;m�1;k+ m�2Xj=0 ( ~fl�1;j;k + l�2Xi=0 ~fi;j;k)): (4.170)
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Substituting (4.168)-(4.170) into (4.167) gives:b(~vhI ; �l�1;m�1;n�1)� ~fl�1;m�1;n�1�l�1;m�1;n�1= (n�1Pk=0 m�1Pj=0 l�1Pi=0 ~fi;j;k)�l�1;m�1;n�1: (4.171)By (4.159) the residual in (4.171) is zero.If we have Diri
hlet boundaries, then (4.159) no longer holds. To insure azero residual, we spe
ify a 
ux on the Diri
hlet boundary. The total 
ux on theDiri
hlet boundary is set to be equal to the sum in (4.159). This way we get
onsisten
y and then, we use the same algorithm as before. This is summarizedin the following algorithm:Algorithm 4.4 Solving divergen
e equation.1. Assemble the sour
e/sink, f , and vhg .2. Compute ~f = f � div vhg .3. Compute the residual, r = P ~f .4. Add the residual to the Diri
hlet boundary 
uxes, gD.5. Re
ompute ~f = ~f � gD.6. Compute ~vhI using (4.160)-(4.165).4.5 Mass and Sti�ness Matri
esNow that we have a dis
retization of the velo
ity spa
e and a 
onstru
tionof the divergen
e-free subspa
e, we 
an de�ne the system of equations whi
hrepresents the dis
rete bilinear form. 64



For now, we will assume a pure homogeneous Neumann boundary 
ondition.We look for ve
tors vhI 2 Vh0 and vhD 2 Dh su
h thatb(vhI ; �) = F (�); 8� 2 �h0 (4.172)a(vhD;w) = �a(vhI ;w); 8w 2 Dh: (4.173)The divergen
e-free ve
tor fun
tion, vhD, is given byvhD = n�2Pk=0 m�2Pj=0 dxj;k;0wxj+1=2;k+1=2;0+ m�1Pj=0 i=l�2Pi=0 n�2Pk=0 dyk;i;jwyk+1=2;i+1=2;j+ n�1Pk=0 m�2Pj=0 l�2Pi=0 dzi;j;kwzi+1=2;j+1=2;k: (4.174)De�ne a multi-index, J , su
h that (4.174) 
an be written with a single indexas: vhD = N�1PJ=0 dJwJN = (m� 1)(n� 1) + (l � 1)m(n� 1) + (l � 1)(m� 1)n: (4.175)The ve
tor, vhI , whi
h is a solution to (4.172) is given byvhI = n�1Pk=0m�1Pj=0 l�2Pi=0uxi;j;kvxi+1=2;j;k+ l�1Pi=0 n�1Pk=0m�2Pj=0 uyj;k;ivyj+1=2;k;i+ m�1Pj=0 l�1Pi=0 n�2Pk=0 uzk;i;jvzk+1=2;i;j : (4.176)The multi-index, K, is used in (4.177) to write (4.176) using a single index asfollows: vhI = M�1PK=0 uKvKM = (l � 1)mn+ l(m� 1)n+ lm(n� 1): (4.177)We note that M > N , i.e., vhI belongs to the spa
e Vh0 , whi
h is larger than thedivergen
e-free subspa
e Dh. 65



Let L be another multi-index like J . Then, for ea
h wL 2 Dh we substitute(4.175) and (4.177) into (4.173) to get:N�1XJ=0 a(wJ ;wL)dJ = �M�1XK=0 a(vK ;wL)uK: (4.178)We introdu
e two more multi-indi
es, P and Q, whi
h go from 0 to M � 1 likethe multi-index K. We then write wJ and wL in terms of basis ve
tor fun
tionsin Vh0 as: wJ = M�1XP=0 
J;PvP (4.179)wL = M�1XQ=0 
L;QvQ: (4.180)Substitution of (4.179) and (4.180) into (4.178) gives:M�1XQ=0 
L;Q M�1XP=0 a(vP ;vQ) N�1XJ=0 
J;PdJ = �M�1XQ=0 
L;Q M�1XK=0 a(vK ;vQ)uK: (4.181)This gives us N equations with N unknowns. We de�ne the N �M matrix C0,the M �M mass matrix M0, and the two 
oeÆ
ient ve
tors d of length N andu of length M as: C0 = 
L;Q (4.182)M0 = a(vP ;vQ) (4.183)C0M0C0T = 
L;Qa(vP ;vQ)
J;P (4.184)d = dJ (4.185)u = uK: (4.186)Substituting (4.182)-(4.186) into (4.181) for all L gives the matrix equation givenby C0M0C0Td = �C0M0u: (4.187)66



The ve
tor of 
oeÆ
ients, v = C0Td+u, represents the 
uxes of the approximatesolution vh.TheC0 matrix 
onsists of�1 and is given by the relationships (4.113), (4.114),and (4.115). We don't expli
itly form the matrixC0M0C0T . Instead we assembleonly M0 and then de�ne operators C0 and C0T whi
h give the a
tion of thesematri
es on a ve
tor.When we want to in
lude boundary 
uxes into the mass matrix we need toaugment it. We will 
all this augmented matrix M whi
h is given byM = 2664 M0 A1A1T A2 3775 : (4.188)Likewise, we will augment our C0 operator as follows:C = 2664C0 0C1 C2 3775 : (4.189)The C1 matrix represents 
ontributions to the divergen
e-free ve
tor fun
tionson the boundary from 
uxes a
ross interior fa
es, and the C2 matrix represents
ontributions to the divergen
e-free ve
tor fun
tions on the boundary from 
uxesa
ross fa
es on the boundary.For a Diri
hlet boundary 
ondition, we have a spe
i�ed pressure, q, on theboundary whi
h gets added to the right-hand side of equation (4.187). For ex-ample, suppose we have a Diri
hlet boundary at x = 0. Then, we will de�ne theve
tor q = qj;k, as the spe
i�ed pressure on ea
h fa
e, F x0;i;j(0), of this boundary.When we substitute this in to the fun
tional, G(wx0j;k), for ea
h j and k we getG(wx0j;k) = ZFx0;j+1;k(0) qj+1;kvx0j+1;k � nx0;j+1;k(0; y; z) dydz
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� ZFx0;j;k(0) qj;kvx0j;k � nx0;j;k(0; y; z) dydz= 1Z0 1Z0 qj+1;k�x0;j+1;k(0; x̂; ŷ)Ax0;j+1;k(0) dŷdẑ� 1Z0 1Z0 qj;k�x0;j;k(0; x̂; ŷ)Ax0;j;k(0) dŷdẑ= qj+1;k � qj;k= �C2q: (4.190)Equation (4.187) now be
omesCMCTd = �CMu +C2q: (4.191)If we have dis
onne
ted Diri
hlet boundaries, then we will also have to in
ludethe pipe fun
tion. The pipe fun
tion adds a dense 
olumn and dense row of non-zeros to the matrix CMCT . We will deal with this bordered matrix when wedes
ribe the iterative solver.4.5.1 Mass MatrixThe mass matrix, M, is assembled from basis ve
tor fun
tions in Vh0 . TheM matrix 
an best be visualized in blo
k form. We will des
ribe the submatri
eswhi
h make up the blo
ks. We 
ould de�ne a subroutine to assemble ea
h subma-trix. However, we take advantage of the type of permutation des
ribed in Se
tion4.1 to minimize the number of subroutines required.LetM0 be the mass matrix assembled from basis ve
tor fun
tions in Vh0 . Themass matrix,M0, has (l� 1)mn+ l(m� 1)n+ lm(n� 1) rows and 
olumns. Ona re
tangular grid with diagonal tensor K, theM0 matrix has the diagonal-blo
k
68



form given by M0 = 26666664M0xx 0� 00 M0yy 00 0 M0zz
37777775 : (4.192)Sin
e a basis ve
tor fun
tion in Vh0 has support on two elements we get a tridi-agonal blo
k form for the sub-matri
es M0xx, M0yy, and M0zz. We de�ne theweights whi
h will make up the non-zero entries of M0xx as:mxi;j;k;1=2;�1=2 = a(vxi;j;k;1=2;vxi;j;k;�1=2) (4.193)mxi;j;k;1=2;1=2 = a(vxi;j;k;1=2;vxi;j;k;1=2) (4.194)mxi;j;k;�1=2;�1=2 = a(vxi;j;k;�1=2;vxi;j;k;�1=2): (4.195)The tridiagonal entries mli;j;k, mdi;j;k, and mui;j;k used in assembling M0xx aregiven by M0xx:mli�1;j;k = mxi;j;k;1=2;�1=2M0xx:mdi;j;k = mxi;j;k;1=2;1=2 +mxi+1;j;k;�1=2;�1=2M0xx:mui;j;k = mxi+1;j;k;1=2;�1=2: (4.196)The weightsmli�1;j;k,mdi;j;k, andmui;j;k represent the lower diagonal, the diagonaland the upper diagonal elements of M0xx respe
tively. In the MFE method, thematrix is symmetri
 so we need to assemble only the upper or lower diagonalsalong with the diagonal.We assume that we are using ve
tor fun
tions de�ned using the area 
orre
tionfa
tors given in (4.87)-(4.92). To assemble the weights in (4.193)-(4.195) for theMFE method, we need to 
ompute the following integrals:Ixi;j;k;1=2;�1=2 = ZQi;j;k x̂(1� x̂)(�xi;j;k)2J2i;j;k �K�1i;j;kXi;j;k� �Xi;j;k dxdydz69



= ẐQ x̂(1� x̂)(�xi;j;k)2Ji;j;k �K�1i;j;kXi;j;k� �Xi;j;k dx̂dŷdẑ (4.197)Ixi;j;k;1=2;1=2 = ZQi;j;k x̂2 (�xi;j;k)2J2i;j;k �K�1i;j;kXi;j;k� �Xi;j;k dxdydz= ẐQ x̂2 (�xi;j;k)2Ji;j;k �K�1i;j;kXi;j;k� �Xi;j;k dx̂dŷdẑ (4.198)Ixi;j;k;�1=2;�1=2 = ZQi;j;k(1� x̂)2 (�xi;j;k)2J2i;j;k �K�1i;j;kXi;j;k� �Xi;j;k dxdydz= ẐQ (1� x̂)2 (�xi;j;k)2Ji;j;k �K�1i;j;kXi;j;k� �Xi;j;k dx̂dŷdẑ: (4.199)When all the fa
es are planar we 
an write analyti
al forms of (4.197)-(4.199).In general, we will need to numeri
ally approximate the integrals. The weights(4.193)-(4.195) are now given bymxi;j;k;1=2;�1=2 = Ixi;j;k;1=2;�1=2Axi;j;k(1)Axi;j;k(0) (4.200)mxi;j;k;1=2;1=2 = Ixi;j;k;1=2;1=2Axi;j;k(1)2 (4.201)mxi;j;k;�1=2;�1=2 = Ixi;j;k;�1=2;�1=2Axi;j;k(0)2 : (4.202)We use permutations of the data to obtain the weights for M0yy and M0zz.In the presen
e of a non-orthogonal grid or full tensor K, the matrix, M0,will have o�-diagonal blo
ks representing "transverse" 
ux 
ontributions. In this
ase the blo
k stru
ture of M0 is given byM0 = 26666664M0xx M0xy M0xzM0yx M0yy M0yzM0zx M0zy M0zz
37777775 : (4.203)
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We de�ne the weights whi
h will make up the non-zero entries of M0xy as:mxyj;k;i;1=2;�1=2 = a(vxi;j;k;1=2;vyj;k;i;�1=2) (4.204)mxyj;k;i;1=2;1=2 = a(vxi;j;k;1=2;vyj;k;i;1=2) (4.205)mxyj;k;i;�1=2;�1=2 = a(vxi;j;k;�1=2;vyj;k;i;�1=2) (4.206)mxyj;k;i;�1=2;1=2 = a(vi+1;j;k;�1=2;0;0;vj;k;i+1;0;1=2;0): (4.207)The non-zero entries of M0xy are now given byM0xy:m1j�1;k;i = mxyj;k;i;1=2;�1=2M0xy:m2j;k;i = mxyj;k;i;1=2;1=2M0xy:m3j�1;k;i = mxyj;k;i+1;�1=2;�1=2M0xy:m4j;k;i = mxyj;k;i+1;�1=2;1=2: (4.208)
These sub-matri
es are sparse, but have a large bandwidth due to the ordering ofthe unknowns.To assemble the weights in (4.204)-(4.207) for the MFE method, we need to
ompute the following integrals:Ixyj;k;i;1=2;�1=2 = ZQi;j;k x̂(1� ŷ)�xi;j;k�yj;k;iJ2i;j;k �K�1i;j;kXi;j;k� �Yj;k;i dxdydz= ẐQ x̂(1� ŷ)�xi;j;k�yj;k;iJi;j;k �K�1i;j;kXi;j;k� �Yj;k;i dx̂dŷdẑ (4.209)Ixyj;k;i;1=2;1=2 = ZQi;j;k x̂ŷ�xi;j;k�yj;k;iJ2i;j;k �K�1i;j;kXi;j;k� �Yj;k;i dxdydz= ẐQ x̂ŷ�xi;j;k�yj;k;iJi;j;k �K�1i;j;kXi;j;k� �Yj;k;i dx̂dŷdẑ (4.210)Ixyj;k;i;�1=2;�1=2 = ZQi;j;k(1� x̂)(1� ŷ)�xi;j;k�yj;k;iJ2i;j;k �K�1i;j;kXi;j;k� �Yj;k;i dxdydz71



= ẐQ (1� x̂)(1� ŷ)�xi;j;k�yj;k;iJi;j;k �K�1i;j;kXi;j;k� �Yj;k;i dx̂dŷdẑ (4.211)
Ixyj;k;i;�1=2;1=2 = ZQi;j;k(1� x̂)ŷ�xi;j;k�yj;k;iJ2i+1;j;k �K�1i;j;kXi;j;k� �Yj;k;i dxdydz= ẐQ (1� x̂)ŷ�xi;j;k�yj;k;iJi;j;k �K�1i;j;kXi;j;k� �Yj;k;i dx̂dŷdẑ: (4.212)The weights (4.204)-(4.207) are now given bymxyj;k;i;1=2;�1=2 = Ixyj;k;i;1=2;�1=2Axi;j;k(1)Ayj;k;i(0) (4.213)mxyj;k;i;1=2;1=2 = Ixyj;k;i;1=2;1=2Axi;j;k(1)Ayj;k;i(1) (4.214)mxyj;k;i;�1=2;�1=2 = Ixyj;k;i;�1=2;�1=2Axi;j;k(0)Ayj;k;i(0) (4.215)mxyj;k;i;�1=2;1=2 = Ixyj;k;i;�1=2;1=2Axi;j;k(0)Ayj;k;i(1) : (4.216)We 
an obtain the weights for theM0yz matrix and theM0zx matrix throughpermutations of the data. In the MFE method we need not assembleM0xz whi
his the transpose ofM0zx, orM0yx whi
h is the transpose ofM0xy, orM0zy whi
his the transpose of M0yz sin
e these are all self-adjoint.The non-zero stru
ture of the M0 matrix, with o�-diagonal blo
ks, is shownin Figure 4.10. On an orthogonal grid with diagonal tensor, K, we would havejust the tridiagonal blo
ks shown along the diagonal in Figure 4.10.
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Figure 4.10: Non-Zero Stru
ture of M0 on Non-Orthogonal Grid
4.5.1.1 Mass Matrix with Boundary FluxesNow we 
onsider the 
ase when we need to 
ompute 
ontributions from 
uxeson the boundary. As mentioned above, this will add additional blo
ks to our massmatrix giving the augmented matrix,M, in (4.188). The blo
k stru
ture of A1 isgiven by A1 = 26666664A1xx A1xy A1xzA1yx A1yy A1yzA1zx A1zy A1zz

37777775 : (4.217)
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The integrals for assembling the weights for the A1 matrix are analogous to those
omputed for M0 and we omit them here. A1xx is assembled by 
omputing theweights given by A1xx:mlj;k = a(vx0;j;k;1=2;vx0j;k)A1xx:muj;k = a(vxl�1;j;k;�1=2;vx1j;k) : (4.218)The blo
ks A1yy and A1zz are assembled through permutations of the data.The A1xy represents the \transverse" 
ux 
ontribution from the y-boundaryto the x-
uxes. The weights for this matrix are given byA1xy:m1k;i = a(vxi;0;k;1=2;vy0k;i)A1xy:m2k;i = a(vxi+1;0;k;�1=2;vy0k;i+1)A1xy:m3k;i = a(vxi;m�1;k;1=2;vy1k;i)A1xy:m4k;i = a(vxi+1;m�1;k;�1=2;vy1k;i+1) : (4.219)
The blo
ks A1yz and A1zx are assembled through permutations of the data.The weights for the blo
k, A1yx, are given byA1yx:m1j;k = a(vyj;k;0;1=2;vx0j;k)A1yx:m2j;k = a(vyj+1;k;0;�1=2;vx0j+1;k)A1yx:m3j;k = a(vyj;k;l�1;1=2;vx1j;k)A1yx:m4j;k = a(vyj+1;k;l�1;�1=2;vx1j+1;k) : (4.220)
The blo
ks A1zy and A1xz are assembled through permutations of the data.The blo
k stru
ture of the transpose of the A1 matrix is given as:A1T = 26666664A1Txx A1Txy A1TxzA1Tyx A1Tyy A1TyzA1Tzx A1Tzy A1Tzz :

37777775 (4.221)
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In the MFE method, the matrixA1 is self adjoint so we don't need to assemble thetranspose. The submatri
es of A1T will have the same lexi
ographi
al ordering asthose in the A1 matrix. The submatri
es of A1T will just be aliases or referen
esto the A1 submatri
es and have the same memory addresses.The blo
k stru
ture of A2 is given byA2 = 26666664A2xx A2xy A2xzA2yx A2yy A2yzA2zx A2zy A2zz
37777775 : (4.222)The A2xx blo
k is assembled from the weights given byA2xx0j;k = a(vx0j;k;vx0j;k)A2xx1j;k = a(vx1j;k;vx1j;k) : (4.223)The weights for A2yy and A2zz are assembled through permutations in the data.The o�-diagonal submatri
es of A2 are from 
orners where two sides of thedomain are adja
ent. For example, the A2xy blo
k represents 
ontributions fromthe 
orners where the x = 0 and x = 1 sides are adja
ent to the y = 0 and y = 1sides. The weights for the A2xy blo
k are given byA2xy:m1k = a(vx00;k;vy0k;0)A2xy:m2k = a(vx0m�1;k;vy1k;0)A2xy:m3k = a(vx10;k;vy0k;l�1)A2xy:m4k = a(vx1m�1;k;vy1k;l�1) : (4.224)

The matri
es A2yz and A2zx are assembled through permutations in the data.The non-zero stru
tures of the A1 and A2 matri
es on a non-orthogonal gridare shown in Figures 4.11 and 4.12 respe
tively. The non-zero stru
ture of the Mmatrix on a non-orthogonal grid with boundary 
uxes is shown in Figure 4.13.75



Figure 4.11: Non-Zero Stru
ture of A1
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Figure 4.12: Non-Zero Stru
ture of A2
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Figure 4.13: Non-Zero Stru
ture of M
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4.5.2 Sti�ness MatrixWe may want to assemble the CMCT matrix expli
itly so that we 
an do adire
t solve on subdomains or the 
oarse grid. The non-zero stru
ture of CMCTis shown in Figure 4.14 without boundary 
ontributions and in Figure 4.15 withboundary 
ontributions. We note that the bandwidth is very large.

Figure 4.14: Non-Zero Stru
ture of CMCT
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Figure 4.15: Non-Zero Stru
ture of CMCT with Boundary Contributions
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The non-zero stru
ture of the sti�ness matrix does not depend on the 
on-du
tivity tensor or the orthogonality of the grid.Theorem 4.5 The sti�ness matrix on a non-orthogonal grid with full tensor, K,will not have any more non-zero entries than the sti�ness matrix on an orthogonalgrid with a diagonal tensor.Proof. Suppose we have a re
tangular grid and the identity matrix for the tensorK. We will see that any divergen
e-free ve
tor fun
tion in the basis of Dh isnon-orthogonal, with respe
t to a(�; �), to all its neighbors (we ignore boundaryfun
tions to simplify the proof). Without loss of generality, suppose we 
hoosewxj+1=2;k+1=2;i as our ve
tor fun
tion (assume 0 < i < l � 1). This ve
tor fun
tionhas support on four elements. All the ve
tor fun
tions in the basis of Dh whi
hhave support overlapping the support of wxj+1=2;k+1=2;i are given below.wxj�1=2;k�1=2;i; wxj+1=2;k�1=2;i; wxj+3=2;k�1=2;iwxj�1=2;k+1=2;i; wxj+1=2;k+1=2;i; wxj+3=2;k+1=2;iwxj�1=2;k+3=2;i; wxj+1=2;k+3=2;i; wxj+3=2;k+3=2;iwyk�1=2;i�1=2;j; wyk+1=2;i�1=2;j; wyk+3=2;i�1=2;jwyk�1=2;i+1=2;j; wyk+1=2;i+1=2;j; wyk+3=2;i+1=2;jwyk�1=2;i�1=2;j+1; wyk+1=2;i�1=2;j+1; wyk+3=2;i�1=2;j+1wyk�1=2;i+1=2;j; wyk+1=2;i+1=2;j; wyk+3=2;i+1=2;jwzi�1=2;j�1=2;k; wzi�1=2;j+1=2;k; wzi�1=2;j+3=2;kwzi+1=2;j�1=2;k; wzi+1=2;j+1=2;k; wzi+1=2;j+3=2;k81



wzi�1=2;j�1=2;k+1; wzi�1=2;j+1=2;k+1; wzi�1=2;j+3=2;k+1wzi+1=2;j�1=2;k+1; wzi+1=2;j+1=2;k+1; wzi+1=2;j+3=2;k+1The inner-produ
t of wxj+1=2;k+1=2;i with any one of the ve
tor fun
tions aboveis non-zero. For example,a(wxj�1=2;k�1=2;i;wxj+1=2;k+1=2;i) = �a(vj�1=2;k;i;0;1=2;0;vj�1=2;k;i;0;�1=2;0)= �(1=6)(Xi;j;k �Xi;j;k)=(Ji;j;k)6= 0A similar result 
an be shown for ea
h of the ve
tor fun
tions above either byinspe
tion or by using the de�nition of a divergen
e-free ve
tor fun
tion in thebasis of Dh.Before fa
toring the matrix, it is best to 
ompute a permutation whi
h willredu
e the bandwidth. For example, the Symmetri
 Reverse Cuthill-M
Kee or-dering redu
es the bandwidth by about half [48℄. The result of the permutationis shown in Figure 4.16.
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Figure 4.16: Matrix Permutation
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4.6 Numeri
al IntegrationAs mentioned above, the weights for the mass matrix, M, will, in general,require the use of numeri
al integration. The method used in our implementationis a Gaussian quadrature rule in three dimensions whi
h is a one-dimensionalGaussian quadrature rule applied on ea
h dimension separately. The number ofintegration points in ea
h dimension is a user de�ned input of 1,2,3,4 or 5 points.The Gaussian quadrature formulas are found in any numeri
al analysis book andmany �nite element books (for example [44℄). We use ve
tors, x = xsi, andw = wsi to store the one-dimensional quadrature points and weights respe
tively.For example, let N be the number of integration points and suppose we wantto 
ompute the integral in (4.197). Then, this would be represented as a triplesum given byIxi;j;k;1=2;�1=2= 
3 N�1Ps3=0ws3 N�1Ps2=0ws2 N�1Ps1=0�ws1xs1(1� xs1) (�xi;j;k;1=2(xs1;xs2;xs3))2Ji;j;k(xs1;xs2;xs3) �K�1i;j;kXi;j;k(xs2; xs3)� �Xi;j;k(xs2; xs3)� :(4.225)The 
onstant 
 is a 
onstant of integration resulting from a 
hange in variables inea
h dimension.The 3 � 3 matrix, K�1i;j;k, is assumed to be 
onstant and symmetri
 on ea
helement Qi;j;k. The elements of this matrix are given byK�1i;j;k = 26666664Kxx Kxy KxzKyx Kyy KyzKzx Kzy Kzz
37777775 : (4.226)
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Sin
e the matrix is symmetri
, we only store the diagonal and 3 of the o�-diagonals. The o�-diagonals we 
hoose to store and the lexi
ographi
al orderingof all these matrix elements is 
riti
al to the implementation of our method. Theo�-diagonals we 
hoose to store are Kxy, Kyz, and Kzx. The matrix (4.226) isnow de�ned as: K�1i;j;k = 26666664Kxxi;j;k Kxyj;k;i Kzxi;j;kKxyj;k;i Kyyj;k;i Kyzk;i;jKzxi;j;k Kyzk;i;j Kzzk;i;j
37777775 : (4.227)The produ
t, K�1i;j;kXi;j;k, is given byK�1i;j;kXi;j;k = 26666664Kxxi;j;kX0i;j;k +Kxyj;k;iX1i;j;k +Kzxi;j;kX2i;j;kKxyj;k;iX0i;j;k +Kyyj;k;iX1i;j;k +Kyzk;i;jX2i;j;kKzxi;j;kX0i;j;k +Kyzk;i;jX1i;j;k +Kzzk;i;jX2i;j;k

37777775 : (4.228)We explain why we 
hoose to de�ne theK�1i;j;k matrix the way we do. Considerthe permutations given byK�1i;j;k ! K�1j;k;i (4.229)K�1j;k;i = 26666664Kyyj;k;i Kyzk;i;j Kxyj;k;iKyzk;i;j Kzzk;i;j Kzxi;j;iKxyj;k;i Kzxi;j;k Kxxi;j;k
37777775 (4.230)fX0; X1; X2g ! fY 1; Y 2; Y 0g (4.231)fi; j; kg ! fj; k; ig: (4.232)With these permutations, equation (4.228) now be
omesK�1j;k;iYj;k;i = 26666664 Kyyj;k;iY 1j;k;i +Kyzk;i;jY 2j;k;i +Kxyj;k;iY 0j;k;iKyzk;i;jY 1j;k;i +Kzzk;i;jY 2j;k;i +Kzxi;j;kY 0j;k;iKxyj;k;iY 1j;k;i +Kzxi;j;kY 2j;k;i +Kxxi;j;kY 0j;k;i
37777775 : (4.233)
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Equation (4.233) gives us the ve
torK�1j;k;iYj;k;i whi
h has the permutation (4.231).Another, analogous, permutation gives us the permuted ve
tor K�1k;i;jZk;i;j.When we 
ompute the 
ovariant basis ve
tor, Yj;k;i, we will use a permutationof the data whi
h gives the permutation in (4.231). Therefore, the dot-produ
twill be invariant under these permutations sin
e the ve
tor, K�1j;k;iYj;k;i, will havethe same permutation as the 
ovariant basis ve
tor Yj;k;i. This means that thesame subroutines for numeri
al integration in the assembly of M0xx 
an be usedfor the assembly ofM0yy andM0zz. Our strategy of using a single subroutine forthe assembly of all our tridiagonal blo
ks in the M matrix is therefore preserved.When assembling theM0xy blo
k of the mass matrix, we will need a separatesubroutine for 
omputing the produ
t K�1i;j;kXi;j;k � Yj;k;i. This is be
ause the
ovariant basis ve
tors, Xi;j;k, andYj;k;i, need to have the same ordering. However,we 
an permute these ve
tors in a 
onsistent way when assembling M0yz andM0zx.For a given volume, Qi;j;k, we 
ompute the 3�N3 matri
esXVi;j;k andXWi;j;kas: XVi;j;k(s1; s2; s3) = �xi;j;k(xs1;xs2;xs3)Ji;j;k(xs1;xs2;xs3)K�1i;j;kXi;j;k(xs2; xs3) (4.234)XWi;j;k(s1; s2; s3) = �xi;j;k(xs1; xs2; xs3)Xi;j;k(xs2; xs3): (4.235)Now, equation (4.225) is given bya(vi;j;k;1=2;vi;j;k;1=2)= 
3Ai;j;k(0)2 N�1Ps3=0ws3 N�1Ps2=0ws2 N�1Ps1=0ws1x2s1XVi;j;k(s1; s2; s3) �XWi;j;k(s1; s2; s3): (4.236)
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The area, Ai;j;k(0), is 
omputed byAi;j;k(0) = 
2 N�1Xs3=0ws3 N�1Xs2=0ws2�xi;j;k(0; xs2; xs3): (4.237)The reason for de�ning these matri
es, XV, and XW, separately is that we maywant to 
hange the de�nition of the test fun
tion and thus the de�nition of XW.It is an attempt to make the 
ode as generi
 as possible so that it 
an be easilymodi�ed for other numeri
al methods su
h as the CVMFE method.The 
omputation of the other integrals needed for the weights for the tridiag-onal matrix, M0xx, are given as:a(vi+1;j;k;�1=2;vi+1;j;k;�1=2)= 
3Ai+1;j;k(0)2 N�1Ps3=0ws3 N�1Ps2=0ws2 N�1Ps1=0ws1(1� xs1)2XVi+1;j;k(s1; s2; s3) �XWi+1;j;k(s1; s2; s3) (4.238)
a(vi+1;j;k;�1=2;vi+1;j;k;1=2)= 
3Ai+1;j;k(0)Ai+1;j;k(1) N�1Ps3=0ws3 N�1Ps2=0ws2 N�1Ps1=0ws1(1� xs1)xs1XVi+1;j;k(s1; s2; s3) �XWi+1;j;k(s1; s2; s3): (4.239)To 
ompute the integrals for the assembly ofM0xy we will need the 3�N3 matrixYW given byYWi;j;k(s1; s2; s3) = �yj;k;i(xs2; xs3; xs1)Yj;k;i(xs3; xs1): (4.240)The weights for the matrix, M0xy, are given bym1j�1;k;i= 
3Ai;j;k(1)Aj;k;i(0) N�1Ps3=0ws3 N�1Ps2=0ws2(1� xs2) N�1Ps1=0ws1xs1XVi;j;k(s1; s2; s3) �YWi;j;k(s1; s2; s3) (4.241)
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m2j;k;i= 
3Ai;j;k(1)Aj;k;i(1) N�1Ps3=0ws3 N�1Ps2=0ws2xs2 N�1Ps1=0ws1xs1XVi;j;k(s1; s2; s3) �YWi;j;k(s1; s2; s3) (4.242)m3j�1;k;i= 
3Ai+1;j;k(0)Aj;k;i+1(0) N�1Ps3=0ws3 N�1Ps2=0ws2(1� xs2) N�1Ps1=0ws1(1� xs1)XVi+1;j;k(s1; s2; s3) �YWi+1;j;k(s1; s2; s3) (4.243)m4j;k;i= 
3Ai+1;j;k(0)Aj;k;i+1(1) N�1Ps3=0ws3 N�1Ps2=0ws2xs2 N�1Ps1=0ws1(1� xs1)XVi+1;j;k(s1; s2; s3) �YWi+1;j;k(s1; s2; s3): (4.244)We 
an 
ompute the weights for the A1 andA2 matri
es in an analogous fashion.
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5. Pre
onditionersWe now dis
uss the iterative solver used to approximate the divergen
e-freesolution. Our system is symmetri
 positive de�nite whi
h means that we 
an usethe PCG method. It is well known that the redu
tion of the error on ea
h iterationis bounded by: p�� 1p�+ 1 (5.1)where � is the 
ondition number of the pre
onditioned matrix. We will show thatthe 
ondition number of CMCT 
an be bounded, at best, by a 
onstant timesh�2.In our implementation we use a two level additive S
hwarz method as a pre
on-ditioner. Numeri
al results show that this domain de
omposition method gives a
onvergen
e rate independent of grid size. We will de�ne the method and analyzeits behavior.We also des
ribe the bordered matrix problem whi
h results from having dis-
onne
t Diri
hlet boundaries. A pre
onditioner for the bordered matrix is de�nedand the 
ondition number of the pre
onditioned bordered matrix is analyzed.Most of the theoreti
al results presented in this se
tion assume an orthogonalgrid. It should be possible to extend these results to a distorted hexahedral gridalthough, as mentioned before, interpolation estimates are not known for non-aÆne distorted grids in 3-D. A Poin
ar�e-type inequality is presented assuminghomogeneous boundary 
onditions. This is not a problem for Neumann bound-ary 
onditions sin
e the Neumann boundary 
ondition is an essential boundary
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ondition and is spe
i�ed to be zero in the test spa
e. With Diri
hlet boundary
onditions we will have non-zero 
uxes on the boundary. However, the divergen
e-free basis ve
tor fun
tions are de�ned in su
h a way that they will always be zeroon some of the edges on the boundary. This may make it possible to prove aPoin
ar�e-type inequality for Diri
hlet boundary 
onditions. How to do this is notobvious. However, a similar generalization of Poin
ar�e's theorem is demonstratedin [36, Lemma 3.1℄.5.1 Ve
tor Potential Spa
eBefore we analyze the 
ondition number of the sti�ness matrix, we will need tode�ne the dis
rete ve
tor potential spa
e on 
h. Mathemati
al theory for ve
torpotential spa
es and 
orresponding divergen
e-free spa
es 
an be found in [36℄,[35℄, and [28℄. Re
all that we de�ned the divergen
e-free ve
tor spa
e by de�ninga ve
tor potential spa
e on the referen
e 
ube, took the 
url of the ve
tor potentialfun
tions, and then used the Piola-type transformation.We will now de�ne a ve
tor potential spa
e, Uh, by mapping the bilinears
alar hat fun
tions to the hexahedral elements using the isoparametri
 method.The x-sli
e s
alar hat fun
tions are given as:
�xj+1=2;k+1=2;i = 8>>>>>>>>>><>>>>>>>>>>:

�̂x1=2;1=2 Æ T�1i;j;k; on Qi;j;k�̂x�1=2;1=2 Æ T�1i;j+1;k; on Qi;j+1;k�̂x�1=2;�1=2 Æ T�1i;j+1;k+1; on Qi;j+1;k+1�̂x1=2;�1=2 Æ T�1i;j;k+1; on Qi;j;k+1: (5.2)
We 
an do similar transformations to de�ne y-sli
e and z-sli
e s
alar hatfun
tions. For ea
h divergen
e-free basis ve
tor fun
tion we will have exa
tly
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one s
alar hat basis fun
tion. Re
all that the x-sli
e divergen
e-free ve
tor basisfun
tions live on only one x-sli
e. We now de�ne the ve
tor potential spa
e as:Uh = span8>>>>>><>>>>>>:
0BBBBBB��xj+1=2;k+1=2;000

1CCCCCCA ;0BBBBBB� 0�yk+1=2;i+1=2;j0
1CCCCCCA ;0BBBBBB� 00�zi+1=2;j+1=2;k

1CCCCCCA9>>>>>>=>>>>>>; : (5.3)If we use the standard Piola mapping to de�ne the velo
ity spa
e and thedivergen
e-free spa
e, then we 
an de�neDh as 
url Uh. If we are using a di�erentPiola-type mapping, then we 
an 
onstru
t a weakly divergen
e-free ve
tor spa
eas above in a more tedious manner in
orporating, for example, area 
orre
tionfa
tors. In either 
ase we 
an write vh 2 Dh as:vh = N�1XK=0 pK
url �K (5.4)where N = dim Dh and f�Kg is the basis for Uh. The ve
tor fun
tion, �K, is oforder 1 and therefore 
url �K is of order h�1. This means that on a fa
e whi
hhas area order h2 the 
ux of 
url �K will be of order h. Now we write vh interms of the basis for Dh as: vh = N�1XK=0 dKwK: (5.5)The ve
tor fun
tions, wK , have 
uxes of order 1. Therefore, we 
on
lude that the
oeÆ
ients, dK, must be of order h times pk. In general, we will say that vh 2 Dh
an be represented as follows:vh = N�1XK=0 dKwK = N�1XK=0 pK
url �K (5.6)and with d = fdKg and p = fpKg we have
0h2jpj2 � jdj2 � 
1h2jpj2: (5.7)91



We now state three lemmas related to the ve
tor potential spa
e, Uh, on aquasi-uniform partition, 
h.Lemma 5.1 There exists a positive 
onstant, C independent of h, su
h that forall �h 2 Uh we have k�hkL2(
)3 � Ck
url�hkL2(
)3 : (5.8)Proof. Keeping in mind our 
hoi
e for the basis in Uh, we have� = (�x;�y;�z)T (5.9)where, for example, �x 2 spanf�xj+1=2;k+1=2;0g: (5.10)Let S be the x-sli
e where �x does not vanish. Then, we havek�k2L2(
)3 = k�xk2L2(S) + k�yk2L2(S) + k�zk2L2(S)+ k�yk2L2(
nS) + k�zk2L2(
nS): (5.11)Assume we have homogeneous Neumann boundary 
onditions. Then, we 
anwrite �z(x; y; z) as: �z(x; y; z) = xZ1 ��z(�; y; z)�x d�: (5.12)Square both sides of (5.12) and use the Cau
hy-S
hwarz inequality to get(�z(x; y; z))2 � C(
) xZ1 �������z(�; y; z)�x �����2 d� � C(
) xZ1 j
url �(�; y; z)j2d� (5.13)on 
 n S. Integrating over 
 n S gives usk�zk2L2(
nS) � C(
)k
url �k2L2(
)3 (5.14)
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where we use the fa
t that on 
 n S we have
url � =  ��z�y � ��y�z ;���z�x ; ��y�x !T (5.15)In the exa
t same manner we getk�yk2L2(
nS) � C(
)k
url �k2L2(
)3 : (5.16)Next, we estimate k�zkL2(S) in terms of k
url �kL2(
)3 . Sin
e �z is pie
ewise
onstant in the z-dire
tion, we will denote �zk(x; y) as the restri
tion of �z to thekth horizontal sli
e of 
. Note that �zk is linear in x within S and is zero for x = 0.Therefore, we have k�zk2L2(S) = nXk=1h 1Z0 hZ0 j�zk(x; y)j2 dxdy� nXk=1h 1Z0 hZ0 j�zk(h; y)j2 dxdy� h2 nXk=1 1Z0 1Zh �������zk(�; y)�x �����2 d�dy� h2C(
)k
url �k2L2(
)3 : (5.17)We estimate k�ykL2(S) in an analogous manner.To estimate k�xkL2(S) we 
onsider the identity on S,�x(y; z) = zZ0 "��x(y; �)�z � ��z(x; y; �)�x # d� + zZ0 ��z(x; y; �)�x d�: (5.18)Noting that ��x(y;�)�z � ��z(x;y;�)�x is a 
omponent of 
url �, we getk�xk2L2(S) � C(
) k
url �k2L2(S)3 + k��z�x k2L2(S)! : (5.19)We apply the inverse estimate to the last term on the right-hand side of (5.19)and use (5.17) to get the desired result and 
omplete the proof.
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Remark 5.1 The diÆ
ulty in proving Lemma 5.1 for Diri
hlet boundary 
ondi-tions is exasperated by having to use relationship (5.15). The fun
tion �y will bezero at x = 1 ex
ept on a verti
al sli
e of width h. However, �z 
an be non-zeroon all the edges on the boundary x = 1. The fun
tion �z will be zero at y = 1on all but one horizontal sli
e of width h. However, ��z=�y is not an element of
url � so the proof 
an not be modi�ed in this manner.Remark 5.2 An a priori knowledge of the 
onstru
tion of the divergen
e-freebasis is used in Lemma 5.1. S
hei
hl demonstrates in [54℄ that 
ertain 
hoi
esof the divergen
e-free basis 
an lead to bounds on the 
url of � whi
h are notindependent of the mesh size.Lemma 5.2 There exists a positive 
onstant, C, independent of h, su
h that forall �h 2 Uh we have k
url�hkL2(
)3 � Ch�1k�hkL2(
)3 : (5.20)Proof. The proof follows from the standard inverse estimate.Lemma 5.3 There exist positive 
onstants, C0 and C1 independent of h, su
hthat for all �h 2 Uh we haveC0h3jpj2 � k�hk2L2(
)2 � C1h3jpj2 (5.21)where �h = N�1XK=0 pK�K; p = fpKg: (5.22)
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Proof. Lemma 5.3 is just the equivalen
e of the L2 norm to the Eu
lidean normin three dimensions. See [46℄ for example. We often say that h3jpj2 is the dis
reteL2-norm.
5.2 Condition Number of Sti�ness MatrixWe now give the bound on the 
ondition number of CMCT .Theorem 5.4 Let �0 and �1 be the minimum and maximum eigenvalues, respe
-tively, of the sti�ness matrix CMCT . Then, there exist positive 
onstants, 
0 and
1, independent of quasi-uniform h, su
h that
0h � �0 (5.23)�1 � 
1h�1 (5.24)Proof. Let vh 2 Dh be given by vh = 
url �h for some unique �h 2 Uh.Furthermore, let d be the ve
tor of 
oeÆ
ients asso
iated with the divergen
e-free ve
tor fun
tion, vh, and let p be the ve
tor of 
oeÆ
ients asso
iated with theve
tor potential fun
tion �h. Then,
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dTCMCTdjdj2 = a(vh;vh)jdj2 = a(
url �h; 
url �h)jdj2� 
 k
url �hk2L2(
)3jdj2 by the 
ontinuity of a(�; �)� 
 k
url �hk2L2(
)3
0h2jpj2 by 5.7� 
Ch�2k�hk2L2(
)3
0h2jpj2 by Lemma 5.2� Ch�1 by Lemma 5.3 (5.25)anddTCMCTdjdj2 = a(vh;vh)jdj2 = a(
url �h; 
url �h)jdj2� �k
url �hk2L2(
)3jdj by the 
oer
ivity of a(�; �)� �k
url �hk2L2(
)3
1h2jpj2 by 5.7� �C k�hk2L2(
)3
1h2jpj2 by Lemma 5.1� Ch by Lemma 5.3 (5.26)
Numeri
al tests 
on�rm Theorem 5.4. We use the symmetri
 power methodto approximate the minimum and maximum eigenvalues for di�erent size gridswith 
ondu
tivity tensor, K, equal to the identity (we experiment with variable
ondu
tivities later). The power method approximates the largest eigenvalue. To96



approximate the smallest eigenvalue we 
an either use the inverse power method oruse the shifted power method. The minimum eigenvalue is diÆ
ult to approximateindi
ating that there are multiple eigenvalues 
lose to the smallest eigenvalue.The inverse power method tends to underestimate the smallest eigenvalue andthe shifted power method requires many digits of a

ura
y. The results of thepower method (and the shifted power method for the smallest eigenvalues) fora uniform mesh are given in Table 5.2. Similar results 
an be 
omputed for aquasi-uniform distorted mesh.h�1 �0 �14 3:15� 10�1 2:57� 1018 1:21� 10�1 6:04� 10116 5:49� 10�2 1:26� 10232 2:74� 10�2 2:55� 102Table 5.1: Minimum and Maximum Eigenvalues
5.3 Domain De
omposition Pre
onditionerWe now de�ne the domain de
omposition pre
onditioner. First, we partitionthe domain into J = l0 �m0 � n0 
oarse-grid elements. Then, we partition the
oarse-grid elements into �ne-grid non-overlapping subdomains, ~
s. A ls�ms�nssubdomain, 
s, is a non-overlapping subdomain extended by Æ. The overlap, Æ,is a multiple of �ne-grid elements and is typi
ally size h. This is illustrated inFigure 5.1.
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Ωs

H
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δ=h

Figure 5.1: Partitioned of Domain into SubdomainsWe de�ne a divergen
e-free subspa
e, Ds � Dh, on ea
h of the subdomains,with Ds spanned by:wxsjs+1=2;ks+1=2;is ; is = 0; 0 � js � ms � 2; 0 � ks � ns � 2 (5.27)wysks+1=2;is+1=2;js ; 0 � is � ls � 2; 0 � js � ms � 1; 0 � ks � ns � 2 (5.28)wzsis+1=2;js+1=2;ks ; 0 � is � ls � 2; 0 � js � ms � 2; 0 � ks � ns � 1: (5.29)The basis forDs is de�ned in the same manner as the basis forDh. The dimensionof Ds is given byN s = (ls � 1)(ms � 1) + (ls � 1)ms(ns � 1) + (ls � 1)(ms � 1)ns: (5.30)98



We de�ne a multi-index, 0 � Ks � N s�1, and a multi-index, 0 � K � N�1,where N = dim Dh. A divergen
e-free ve
tor fun
tion, us 2 Ds, is given by:us = Ns�1XKs=0 dsKswKs (5.31)We write a subdomain basis ve
tor fun
tion, wsKs, in terms of the basis for Dh asfollows: wsKs = N�1XK=0 IsK;KswK : (5.32)For ea
h subspa
e, Ds, we de�ne a proje
tion operator, Ps, su
h that for anyu 2 Dh we have Psu 2 Ds witha(Psu;ws) = a(u;ws); 8ws 2 Ds: (5.33)We now derive an expli
it matrix representation of the operator Ps. Let us = Psuand let ws = wsLs in equation (5.33) where Ls is a multi-index like Ks. Weintrodu
e another multi-index, L, whi
h is like the multi-index K. Now, wesubstitute (5.31) and (5.32) into the left-hand side of (5.33) to geta(us;wsLs) = a Ns�1PKs=0 dsKswsKs;wsLs!= a Ns�1PKs=0 dsKs N�1PK=0 IsK;KswK; N�1PL=0 IsL;LswL!= N�1PL=0 IsL;Ls N�1PK=0 a(wK ;wL) Ns�1PKs=0 IsK;KsdsKs: (5.34)
Similarly, if we let u be given by:u = N�1XK=0 dKwK (5.35)
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and substitute this along with ws = wsLs into the right-hand side of (5.33) we geta(u;wsLs) = a N�1PK=0 dkwK ; N�1PL=0 IsL;LswL!= N�1PL=0 IsL;Ls N�1PK=0 a(wK;wL)dK: (5.36)Doing this for ea
h Ls results in the matrix equation given by:IshCMCT Ihsds = IshCMCTd (5.37)We de�ne the subdomain sti�ness matrix as:CsMsCTs = IshCMCT Ihs (5.38)whereMs is simply the restri
tion ofM to subdomain 
s. Re
all that the matri
esC and CT are not expli
itly assembled. Therefore, the operator whi
h 
omputesCTd is the same one whi
h 
omputes CTs ds. From now on we leave the subs
ript so� of these operators to emphasize that they are de�ned in the 
ontext of the typeof ve
tor they are operating on. Therefore, the 
oeÆ
ient ve
tor 
orresponding tothe proje
tion of u onto subspa
e Ds is given by:Ihsds = Ihs(CMsCT )�1IshCMCTd = Psd (5.39)where Ps is our proje
tion matrix. Note that the 
oeÆ
ient ve
tor 
orrespondingto the proje
tion of u onto Ds 
orresponds to a ve
tor in Dh. This is ne
essaryin order to sum the proje
tions.Suppose we are trying to solve the equation, CMCTd = b, and suppose wehave an approximation dk. Then, the error is ek = d�dk and CMCT (dk+ek) =b. From this we get CMCTek = b�CMCTdk = rk: (5.40)100



If we knew the error, then we would know the solution. However, 
omputing theerror is as diÆ
ult as solving the matrix equation. What we do instead is 
omputethe proje
tion of the error onto the subdomains. If we 
ompute Psek we wouldget Psek = Ihs(CMsCT )�1Ishrk: (5.41)We sum the matri
es on the right-hand side of (5.41) to get our subdomain pre-
onditioner given by: SD = JXs=1Bs (5.42)where Bs = Ihs(CMsCT )�1Ish: (5.43)Computing the error on the subdomains is not good enough. Suppose theerror, restri
ted to a subdomain, is a 
onstant. Then, the proje
tion of the erroronto a subdomain with homogeneous Diri
hlet boundary 
onditions would be zero.We 
an only resolve this smooth type of error on subdomains whi
h 
oin
ide withthe boundary of 
. This situation is sometimes referred to as the kernel of a ve
torwhen restri
ted to a subdomain. We need an eÆ
ient way of approximating theerror on the whole domain. This is done through the use of a 
oarse grid.We de�ne the basis for the 
oarse grid divergen
e-free subspa
e, DH , in theusual way given by:wxHj0+1=2;k0+1=2;i0 ; i0 = 0; 0 � j0 � m0 � 2; 0 � k0 � n0 � 2 (5.44)wyHk0+1=2;i0+1=2;j0 ; 0 � i0 � l0 � 2; 0 � j0 � m0 � 1; 0 � k0 � n0 � 2 (5.45)wzHi0+1=2;j0+1=2;k0 ; 0 � i0 � l0 � 2; 0 � j0 � m0 � 2; 0 � k0 � n0 � 1 (5.46)
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The 
oarse grid pre
onditioner is given by:BH = IhH(CMHCT )�1IHh (5.47)where MH is assembled from the basis of DH . Our two-level pre
onditioner isthus de�ned as: B = BH + SD (5.48)5.3.1 Convergen
e AnalysisWe now show that the pre
onditioned matrix, BCMCT , has a 
onditionnumber bounded by a 
onstant times (1 +H=Æ)2. For this se
tion, we will use ageneri
 positive 
onstant C whi
h is independent of mesh size and the number ofsubdomains.To estimate the minimum eigenvalue of BCMCT we will need the following:Lemma 5.5 For any v 2 Dh, there exists a de
omposition of the formv = v0 + v1 + � � �+ vJ with vs 2 Ds; v0 2 DH (5.49)and JXs=0 a(vs;vs) � C20a(v;v); (5.50)where C20 is bounded independently of the mesh size h and number of subdomainsJ , and grows quadrati
ally as (1 +H=Æ)2.Proof. For any v 2 Dh, Girault and Raviart in [36℄ demonstrated the existen
eof a ve
tor potential � 2 H1(
)3 su
h that v = 
url �,k�kL2(
)3 � Ck
url �kL2(
)3 ; (5.51)102



and kr�kL2(
)3 � Ck
url �kL2(
)3 : (5.52)Let UH be the dis
rete ve
tor potential spa
e asso
iated with the 
oarse gridpartition 
H . Let QH be the L2 proje
tion onto UH . Then, it 
an be shown (see[9℄) that k��QH�kL2(
)3 � CHkr�kL2(
)3 ; (5.53)and k
url (QH�)kL2(
)3 � Ckr�kL2(
)3 : (5.54)Let �s 2 C10 (
s); s = 1; � � � ; J , be a partition of unity su
h thatjr�sj2L1 � C=Æ2: (5.55)We then de�ne v0 = 
url QH� 2 DH ; (5.56)	 = ��QH�; (5.57)and vs = �h
url (�s	) 2 Ds: (5.58)Note that 
url 	 = v � v0.Sin
e 
url (�s	) = 	�r�s + �s
url 	:we 
an estimate the norm of vs over 
 as:kvsk2L2(
)3 = kvsk2L2(
s)3
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� Ck
url (�s	)k2L2(Q)3= Ck	�r�s + �s
url 	k2L2(
s)3� C Z
s �j	j2jr�sj2 + �2s j
url 	j2� dxdydz� CÆ�2k	k2L2(
s)3 + Ck
url 	k2L2(
s)3 : (5.59)For s = 0, note that kv0kL2(
)3 = k
url(QH�)kL2(
)3� Ckr�kL2(
)3� Ck
url �kL2(
)3= CkvkL2(
)3 ; (5.60)hen
e k
url 	kL2(
)3 = kv � v0kL2(
)3� kvkL2(
)3 + kv0kL2(
)3� CkvkL2(
)3 : (5.61)Using (5.52), (5.53), (5.59), (5.60), (5.61), and a bound on the number ofsubdomain overlaps we getJXs=0 kvsk2L2(
) � Ckvk2L2(
) + CÆ�2k	k2L2(
) + Ck
url 	k2L2(
)� Ckvk2L2(
) + CÆ�2H2kr�k2L2(
)� Ckvk2L2(
) + CHÆ 2k
url �k2L2(
)� C �1 + HÆ �2 kvk2L2(
)
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Now we 
an estimate the 
ondition number for BCMCT .Theorem 5.6 The 
ondition number of BCMCT is independent of h and thenumber of subdomains J and grows quadrati
ally as (1 +H=Æ)2.Proof. The proof relies on some well known lemmas. For example, in [55, Lemma1, pg. 154℄ it is shown that a(B�1v;v) � JXs=0 a(vs;vs) (5.62)where v = JXs=0vs: (5.63)Therefore, a dire
t result of Lemma 5.5 is a lower bound on the eigenvalues ofBCMCT given by C�1 + HÆ �2 � a(Bv;v): (5.64)Sin
e the subdomains are nearly orthogonal (the number of overlaps is 
on-stant) we have an upper bound on the eigenvalues of BCMCT given bya(Bv;v) � Ca(v;v) (5.65)where the positive 
onstant C is independent of h and the number of subdomains.The 
onstant may depend on the approximation properties of the subdomainsolves. We are assuming exa
t solves on the subdomains and the 
oarse-grid.Again, this follows from standard arguments whi
h 
an be found in [55, Chapter 5℄.We 
on
lude that the 
ondition number ofBCMCT is bounded by C(1+H=Æ)2.
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Remark 5.3 Domain de
omposition algorithms with small overlap often have abound on the 
ondition number whi
h grows only linearly with 1 + H=Æ. This
an be shown using a spe
ial Poin
ar�e type lemma. Let � = S � ~
s n �
 and let�Æ;s � ~
s be the set of points whi
h are within a distan
e Æ of �. What this meansis that we are 
onsidering a non-overlapping region, ~
s, and a strip of width Æinside ~
s going around the boundary. Let 	 be an arbitrary element of H1(~
s)3.Then Dryja and Widlund showed in [27, Lemma 3.1℄ thatk	k2L2(�Æ;s)3 � CÆ2 �(1 +H=Æ)kr	k2L2(~
s)3 + 1=(HÆ)k	k2L2(~
s)3� : (5.66)Unfortunately, we 
annot bound the gradient by the 
url in 3-D. However, intwo dimensions we would de�ne the 
url of a s
alar stream fun
tion, p, as:
url p = 0BB� �p�y� �p�x 1CCA : (5.67)Now it is trivial to show thatkrpk2L2(~
s)2 = k
url pk2L2(~
s)2 : (5.68)One 
an then use the analysis des
ribed in [55, Chapter 5℄ to get a bound on the
ondition number whi
h only grows linearly as 1 +H=Æ. It is not 
lear if we 
anget su
h a bound in 3-D. In other words, is Theorem 5.6 a tight bound on the
ondition number of BCMCT ?5.4 Pre
onditioner for Bordered MatrixIf we have dis
onne
ted Diri
hlet boundaries, then we will need to add adivergen
e-free pipe fun
tion to our divergen
e-free basis. This pipe fun
tion has106



global support. Therefore, it will be represented as a dense 
olumn and row in thesti�ness matrix. This type of matrix is 
alled a bordered matrix and it does notlend itself to blo
k Ja
obian iterative methods su
h as domain de
omposition.The divergen
e-free subspa
e, Dh, is spanned by basis ve
tor fun
tions withlo
al support plus the pipe fun
tion. A divergen
e-free ve
tor fun
tion, ~vDh 2 Dh,is given by: ~vDh = vhD + 
 �wG (5.69)where vhD is a linear 
ombination of divergen
e-free ve
tor fun
tions with lo
alsupport, 
 is a 
onstant, and wG is the pipe fun
tion. We let the test fun
tion,~w, be given by: ~w = w +wG (5.70)where w is a linear 
ombination of divergen
e-free basis ve
tor fun
tions withlo
al support. We then substitute (5.69) and (5.70) into (4.4) to geta(vhD + 
 � vG;w +wG) = �a(vhI + vhg ;w +wG)�G(w +wG): (5.71)This results in a bordered matrix equation given by:2664CMCT W1WT1 W2 3775 2664 d
 3775 = 2664 �CMu +C2q�uTGMu + uTg q 3775 (5.72)where d are the 
oeÆ
ients 
orresponding to vhD, u are the 
oeÆ
ients 
orrespond-ing to vhI + vhg , uG are the 
uxes 
orresponding to the pipe fun
tion, and q is theve
tor of spe
i�ed pressures on the Diri
hlet boundary. The W1 ve
tor is givenby: W1 = CMwG (5.73)
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The s
alar, W2, is given by: W2 = (wG)TMwG (5.74)We will denote the bordered matrix as CMCTB. We would like to designa pre
onditioner for the bordered matrix whi
h takes advantage of the domainde
omposition pre
onditioner we implement for theCMCT matrix. One approa
his to use the S
hur 
omplement method. The inverse of CMCTB 
an be writtenas:(CMCTB)�1 = 2664 I �(CMCT )�1W10 1 3775 2664 (CMCT )�1 00 S�1 3775 2664 I 0WT1 (CMCT )�1 1 3775(5.75)where the s
alar, S, is given by:S =W2 �WT1 (CMCT )�1W1 (5.76)We then de�ne the pre
onditioner, BB, as:BB = 2664 I �BW10 1 3775 2664B 00 BS 3775 2664 I 0WT1B I 3775 : (5.77)The matrix, B, is the domain de
omposition pre
onditioner and BS is an approx-imate inverse of S. To get an exa
t inverse of S we would have to invert CMCT .Instead, one might de�ne BS as being given by:BS = (W2 �WT1BW1)�1: (5.78)However, numeri
al tests showed that BS was ill-
onditioned. In some 
ases wewould get a negative value for BS. One 
ould try di�erent approximate inverses108



for S. For example, the inverse of the diagonal of CMCT or perhaps a fewiterations of the PCG method. However, we de
ided to take a di�erent approa
hfor implementing the bordered matrix pre
onditioner.The key to our method will be to 
hoose a spe
i�
 pipe fun
tion whi
h willmake our pre
onditioned system well 
onditioned. There are many pipe fun
tionswe 
an 
hoose. The pipe fun
tion shown in Figure 4.6 is just one example. If ourgrid is orthogonal and the hydrauli
 
ondu
tivities homogeneous and isotropi
,then this pipe fun
tion will be a(�; �)-orthogonal to all the divergen
e-free ve
torfun
tions with lo
al support. That means that W1 will be zero and we 
an usethe pre
onditioner given by: BB = 2664B 00 W�12 3775 (5.79)If the grid is not orthogonal or the hydrauli
 
ondu
tivities are heterogeneousand possibly anisotropi
, then we will need to 
ompute a di�erent pipe fun
tionwhi
h is approximately a(�; �)-orthogonal to the divergen
e-free subspa
e 
onsist-ing of ve
tor fun
tions with lo
al support. Suppose we have a pipe fun
tion, forexample, like the one shown in Figure 4.6. Then, we add a lo
ally divergen
e-freeve
tor fun
tion, wL, giving us a new divergen
e-free pipe fun
tion, ~wG, given by:~wG = wG +wL (5.80)where wL satis�esa(wL;w) = �a(wG;w); 8w 2 (Dh n 
 �wG): (5.81)The spa
e, (Dh n 
 �wG), is spanned by divergen
e-free basis ve
tor fun
tions inDh minus the pipe fun
tions. Our pipe fun
tion, ~wG, is now a(�; �)-orthogonal109



to the lo
ally divergen
e-free subspa
e and we 
an use the pre
onditioner givenby (5.79). To 
ompute the proje
tion in (5.81) we need to invert the CMCTmatrix. However, we 
an approximate the proje
tion just enough to make thepre
onditioned system well 
onditioned. Numeri
al tests suggest that we need toredu
e the pre
onditioned residual of the proje
tion until it is about order 1.5.4.1 Analysis of Bordered Matrix Pre
onditionerWe now analyze the e�e
ts of approximating (5.81) for the bordered matrixpre
onditioner. To shorten the notation, we denote the sti�ness matrix and bor-dered sti�ness matrix as: A = CMCT (5.82)AB = CMCTB = 2664 A W1WT1 W1 3775 : (5.83)It 
an be shown that if ~�0 and ~�1 are two real positive numbers su
h that,~�0 � ~dTABBBAB~d~dTAB~d � ~�1 (5.84)where ~d = 2664 dq 3775 (5.85)then, the 
ondition number of BBAB is bounded by ~�1= ~�0.Let wkL be the approximation to (5.81). Then,W1 = CM(CTwkL +wG) = rk (5.86)where rk is the residual of (5.81) after the k-th iteration of the PCG method.Given � > 0 we redu
e the residual until rTkBrk � �2. We think of B as an
110



approximate inverse of A whi
h has eigenvalues bounded by a 
onstant times hand a 
onstant times h�1. Therefore, we bound the Eu
lidean norm of rk in termsof � as follows: h
0jrkj2 � �2 � h�1
1jrkj2: (5.87)We will need a bound on the s
alar W2. This is given byLemma 5.7 Let wG be the ve
tor of 
oeÆ
ients (
uxes) 
orresponding to thepipe fun
tion whi
h represents uniform 
ow from one Diri
hlet boundary to an-other Diri
hlet boundary on the opposite end of the domain. After approximat-ing the a(�; �)-orthogonal proje
tion of the pipe fun
tion onto the spa
e of lo
allydivergen
e-free ve
tor fun
tions we obtain a ve
tor of 
oeÆ
ients, wkL, su
h thatW2 = (CTwkL +wG)TM(CTwkL +wG); (5.88)and W2 � 
2h�4: (5.89)Proof. The s
alar, W2, is given by ~wTGM ~wG (5.90)where ~wG = CTwkL +wG: (5.91)Be
ause M 
omes from the a(�; �) form (
ontinuous and 
oer
ive), and its entriesare O(h�1), we have 
onstants 
� and 
� su
h that
�h�1 � ~wTGM ~wG~wTG ~wG � 
�h�1: (5.92)
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We s
ale the pipe fun
tion wG in Figure 4.6 to have unit 
uxes on fa
es same asthe lo
ally supported basis fun
tions. Then the 
omputed pipe fun
tion, ~wG, willbe s
aled su
h that the total 
ux a
ross ea
h plane perpendi
ular to the dire
-tion of 
ow (parallel to the Diri
hlet fa
es) is O(h�2). The s
alar, ~vTG~vG, will beminimized if all the entries have the same magnitude of order 1. Therefore, aftersumming over all fa
es, ~wTG~vG = O(h�3). Using (5.92) we have the desired result.
Con
erning the 
ondition number of the pre
onditioned bordered matrix wehave the following:Theorem 5.8 Let �̂0 and �̂1 be bounds on the minimum and maximum eigen-values, respe
tively, of the pre
onditioned matrix, BA. Then, there exist positive
onstants, ~�0(�) and ~�1(�), su
h that~�0(�) � ~dTABBBAB~d~dTAB~d � ~�1(�) (5.93)where ~�0(�)! minf�̂0; 1g (5.94)and ~�1(�)! maxf�̂1; 1g (5.95)as �! 0.Proof. The ratio of inner produ
ts in (5.93) is given bydTABAd+W�12 dT (rkrTk )d+ 2
dT (AB+ I)rk + 
2(rTkBrk +W2)dTAd+ 2
dT rk + 
2W2 : (5.96)
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We bound ea
h of the positive terms in the numerator of (5.96) by a 
orrespondingterm in the denominator as follows:�̂0dTAd � dTABAd � �̂1dTAd (5.97)0 � W�12 dT (rkrTk )d � 
3h2�2dTAd (5.98)(
4�2h4 + 1)
2W2 � 
2(rTkBrk +W2) � (
5�2h4 + 1)
2W2: (5.99)The bound (5.97) is a result of the domain de
omposition analysis where �̂1is bounded by a 
onstant and �̂0 is bounded by a 
onstant times 1=(1 + H=Æ)2.We use (5.89), (5.87), and an upper bound on the eigenvalue of A to get (5.98).Relationship (5.99) is a dire
t result of the pre
onditioned residual and the boundon W2.We now have~�0�1 + 2
dT (AB+I)rkdTAd+
2W2 ��1 + 2
dT rkdTAd+
2W2� � ~dTABBBAB~d~dTAB~d � ~�1�1 + 2
dT (AB+I)rkdTAd+
2W2 ��1 + 2
dT rkdTAd+
2W2� (5.100)where ~�0 = minf�̂0; (
4�2h4 + 1)g (5.101)and ~�1 = maxf�̂1 + 
3�2h2; (
5�2h4 + 1)g: (5.102)We want to show that the ratio 2
dT rkdTAd+ 
2W2 (5.103)gets small as � gets small. Sin
e the matrix A is symmetri
 positive de�nite wehave 2
dT rk = 2(A1=2d)T (
A�1=2rk) (5.104)113



and for any positive 
onstant 
 we getj2
dT rkj � 
dTAd+ 1
 
2rTkA�1rk: (5.105)By using (5.87) and Lemma 5.7 along with rTkA�1rk � (h�1=�0)rTk rk we getrTkA�1rk � h2�2�0
0
2W2: (5.106)If we 
hoose 
 = �, then we havej2
dT rkj � �dTAd+ h2��0
0
2 
2W2 (5.107)whi
h goes to zero as � goes to zero. A similar argument 
an be made for the ratio2
dT (AB+ I)rkdTAd+ 
2W2 : (5.108)
An interesting spe
ial 
ase is when we have zero sour
e/sink terms and 
on-stant pressure on the two Diri
hlet boundaries. In this situation the ve
tor d isidenti
ally all zeros and the 
ondition number of the pre
onditioned border matrixis bounded by �(BBAB) � 
5�2h4 + 1
4�2h4 + 1 (5.109)whi
h, for a �xed h, goes to 1 as � goes to zero. This behavior is 
on�rmed bynumeri
al results.
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6. Numeri
al ResultsIn this 
hapter we examine how the PCG method performs using domainde
omposition as the pre
onditioner. We 
onsider test 
ases I through V. Forea
h 
ase we observe the 
onvergen
e rate for varying grid sizes. Case I is theLapla
ian 
ase where the hydrauli
 
ondu
tivity tensor is 
onstant. An iteration
ount independent of grid size is observed. Cases II through V involve variablehydrauli
 
ondu
tivity 
oeÆ
ients. In most 
ases the iteration 
ount does notin
rease in the presen
e of large jumps in the 
oeÆ
ients. The average redu
tionrate of the PCG method using the additive S
hwarz pre
onditioner appears tobe around 0.5. This is in agreement with [10℄. A multipli
ative S
hwarz methodmay give an average redu
tion rate of about half of that for the additive method.The main observation remains that the iteration 
ount is independent of grid-sizeand number of subdomains. However, in the presen
e of anisotropy the iteration
ount 
an in
rease signi�
antly with respe
t to the grid size.We assume an exa
t solve on the 
oarse-grid and subdomains within atoleran
e equal to that of the outer iteration. An iterative method is usedfor the 
oarse-grid proje
tion when the number of 
oarse-grid elements rea
hes16� 16� 16. This gives us a larger 
ost per iteration and the 
ost per iterationin
reases for heterogeneous 
oeÆ
ients be
ause it be
omes more diÆ
ult to solvethe 
oarse-grid problem. We used the PCG method with a blo
k-diagonal pre-
onditioner on the 
oarse-grid problems of size 16� 16� 16. The blo
k-diagonalpre
onditioner is essentially domain de
omposition without the 
oarse-grid.
115



We also perform two tests using a 128 � 128 � 128 �ne-grid. In this 
ase,the 
oarse-grid is 32� 32� 32. Again, we use blo
k-diagonal pre
onditioning onthe 
oarse-grid. However, it is no longer feasible to use dire
t solves on the sub-domains due to memory restraints. At present, the only other 
hoi
e is diagonalpre
onditioning. To put things into perspe
tive, we note that for a 32� 32� 32
oarse-grid we have 32768 subdomains. Ea
h subdomain problem is small and itmay require only one se
ond to 
onverge. However, with 32768 subdomains thetotal time for the subdomain solves will be about 10 minutes. If we require 30outer iterations to 
onverge, then the required CPU time will be about 5 hours.We will see that with a homogeneous 
ondu
tivity 
oeÆ
ient the required CPUtime on a problem of size 128 � 128 � 128 is about 3.24 hours. With a low-permeability blo
k in the 
enter of the domain the CPU time is about 5.45 hours.Adding more heterogeneity to the problem will require CPU times measured inin
rements of days. It will be important to resear
h how this problem s
ales tolarger ar
hite
tures with more memory and multiple pro
essors.The assembly time (in se
onds) for the pre
onditioner is shown in Table 6.1for di�erent grid sizes. We 
an see that it takes zero time to assemble the 
oarse-grid problem. This means that the assembly time should be highly parallelizablesin
e we 
an assemble ea
h subdomain problem independently.Coarse-grid Fine-gridFine-grid Coarse-grid Assembly AssemblySize Size Time Time16� 16� 16 4� 4� 4 0 132� 32� 32 8� 8� 8 0 1464� 64� 64 16� 16� 16 0 159Table 6.1: Pre
onditioner Assembly Time
116



We also look at two model problems. The �rst model problem is a verti
al
ylinder of low hydrauli
 
ondu
tivity in the 
enter of the domain. In this exper-iment we show how the pre
onditioner 
an be parallelized. The 
ylinder problemis an ideal problem for parallelization be
ause we 
an partition the domain intohorizontal sli
es ea
h having an identi
al hydrauli
 
ondu
tivity 
oeÆ
ient. Inthis way we get perfe
t load balan
ing. In other words, ea
h pro
essor is workingon an identi
al set of problems. Therefore, the work should be equal for ea
hpro
essor.The other model problem models a tank experiment des
ribed in [32℄. Inthis experiment, a pressure is imposed at two ends of the tank and homogeneousNeumann (no-
ow) 
onditions on the other sides. Sin
e we have dis
onne
tedDiri
hlet boundaries we will have the bordered matrix problem. The �rst step is to
ompute, approximately, the a(�; �)-orthogonal proje
tion of the pipe fun
tion ontothe lo
ally divergen
e-free subspa
e. We show how the approximation propertiesof the pipe fun
tion proje
tion e�e
ts the 
onvergen
e of the bordered matrixproblem. We also show the e�e
ts of introdu
ing a sour
e/sink term into theproblem.6.1 PCG Performan
eFor ea
h test 
ase we redu
e the pre
onditioned residual by ten orders ofmagnitude. This allows us to examine the asymptoti
 behavior of the redu
tion.We also use a minimal overlap of one element for all the experiments. The testswhere performed on an Alpha ev6 CPU at 500MHz [49℄. All CPU times are givenin se
onds.
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6.1.1 Test Case ITest 
ase I uses orthogonal grids of varying size with a 
onstant hydrauli

ondu
tivity 
oeÆ
ient. The results in Table 6.2 show that the number of itera-tions is independent of the grid size. The 
onvergen
e history is plotted in Figure6.1. AverageFine-grid Coarse-grid Redu
tion SolverSize Size Iterations Rate Time16� 16� 16 4� 4� 4 31 0.47 132� 32� 32 8� 8� 8 31 0.47 1464� 64� 64 16� 16� 16 32 0.48 152128� 128� 128 32� 32� 32 31 0.47 11677Table 6.2: PCG Method for Test Case I
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Figure 6.1: Redu
tion Histories for Test Case I
118



6.1.2 Test Case IIThe next set of tests examine how a low hydrauli
 
ondu
tivity blo
k of volume1/8 pla
ed in the middle of the domain e�e
ts the 
onvergen
e rate of the PCGmethod. The hydrauli
 
ondu
tivity is 10�5 inside the blo
k and 1 outside. Thisis illustrated in Figure 6.2. We see from Table 6.3 that the low 
ondu
tivity blo
kdoes not e�e
t the iteration 
ount. When we 
ompare the CPU times betweenthe last row of Table 6.2 and the last row of Table 6.3 we see that the lateris signi�
antly larger. This is due to the iterative solver on the large number ofsubdomains having to do more work in the presen
e of a heterogeneous 
oeÆ
ient.We will not look at the performan
e of the PCG method on the 128� 128� 128grid for the remainder of the test 
ases sin
e the CPU times would have to bemeasured in terms of days as the 
oeÆ
ient be
omes more heterogeneous.AverageFine-grid Coarse-grid Redu
tion SolverSize Size Iterations Rate Time16� 16� 16 4� 4� 4 31 0.47 132� 32� 32 8� 8� 8 31 0.47 1464� 64� 64 16� 16� 16 31 0.48 153128� 128� 128 32� 32� 32 31 0.48 19638Table 6.3: PCG Method for Test Case II
6.1.3 Test Case IIIFor test 
ase III we use a random distribution of low-
ondu
tivity blo
ks.The low-
ondu
tivity blo
ks are aligned with the 
oarse-grid. Again, we use ahydrauli
 
ondu
tivity of 10�5 for the low-
ondu
tivity blo
ks and 1 otherwise. A119
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Figure 6.2: Low Condu
tivity Blo
krandom distribution of low-
ondu
tivity blo
ks is shown in Figures 6.3 and 6.4 ona 4� 4� 4 
oarse-grid and a 8� 8� 8 
oarse-grid respe
tively. Table 6.4 shows aslight in
rease in the iteration 
ount when we in
rease the number of 
oarse-gridelements and thus in
rease the number of randomly distributed low-
ondu
tivityblo
ks. AverageFine-grid Coarse-grid Redu
tion SolverSize Size Iterations Rate Time16� 16� 16 4� 4� 4 32 0.48 132� 32� 32 8� 8� 8 35 0.51 1764� 64� 64 16� 16� 16 36 0.52 198Table 6.4: PCG Method for Test Case III
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Figure 6.4: Test Case III on 8 �8� 8 Coarse-Grid
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6.1.4 Test Case IVIn the next set of tests we let the hydrauli
 
ondu
tivity tensor vary randomly.The 
ondu
tivity tensor on a 
oarse-grid element is de�ned asK = 26666664 10px 0 00 10py 00 0 10pz
37777775 ; (6.1)where px, py, and pz are random integers between -5 and 0. This example showsthe e�e
ts of heterogeneity and anisotropy. Table 6.5 shows the iteration 
ountsfor di�erent grid sizes and Figure 6.5 shows the redu
tion histories.AverageFine-grid Coarse-grid Redu
tion SolverSize Size Iterations Rate Time16� 16� 16 4� 4� 4 97 0.79 432� 32� 32 8� 8� 8 155 0.86 7064� 64� 64 16� 16� 16 259 0.91 1537Table 6.5: PCG Method for Test Case IV
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6.2 Model Problem IWe now model the 
ow around a low 
ondu
tivity verti
al 
ylinder (parallelto the z axis) of radius a; similar to what is des
ribed in [18℄. The 
ondu
tivityinside the 
ylinder is K2 and outside the 
ylinder the 
ondu
tivity is K1. Thepressures p2 inside the 
ylinder and p1 outside the 
ylinder are given byp1 = P (x� 1=2) �1� (K2�K1)a2(K2+K1)((x�1=2)2+(y�1=2)2)�p2 = 2P K1(x�1=2)K1+K2 : (6.2)The pressure given in (6.2) satis�es the partial di�erential equation, given by�r � (Krp) = 0p = 8>>>>>>>>>><>>>>>>>>>>:
�12P �1� (K2�K1)a2(K2+K1)(1=4+(y�1=2))� ; for x = 012P �1� (K2�K1)a2(K2+K1)(1=4+(y�1=2))� ; for x = 1P (x� 1=2) �1� (K2�K1)a2(x�1=2)(K2+K1)((x�1=2)2+1=4)� ; for y = 0P (x� 1=2) �1� (K2�K1)a2(x�1=2)(K2+K1)((x�1=2)2+1=4)� ; for y = 1Krp � n = 0; for z = 0; z = 1

K =
8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:
26666664K1 0 00 K1 00 0 K1

37777775 ; outside 
ylinder26666664K2 0 00 K2 00 0 K2
37777775 ; inside 
ylinder

(6.3)

for a given P , and a given K1 and K2.
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The Dar
y 
ow, v = �Krp, is given byv1 = 26666664�K1P �1� (K2�K1)a2K2+K1 (y�1=2)2�(x�1=2)2((x�1=2)2+(y�1=2)2)2��2K1P (K2�K1)a2K2+K1 (x�1=2)(y�1=2)((x�1=2)2+(y�1=2)2)20
37777775 (6.4)

v2 = 26666664�K22P K1K1+K200
37777775 (6.5)where v1 is the velo
ity outside the 
ylinder and v2 is the velo
ity inside the
ylinder.Instead of pressure boundary 
onditions we 
an use 
ux boundary 
onditionsby spe
ifying (6.4) along the boundaries. In this experiment we use 
ux boundary
onditions on all the boundaries. We start with a dis
retization of the 
ylinder ona 4� 4� 4 
oarse-grid and then, we re�ne the 
oarse-grid into a 16� 16� 16 �ne-grid problem. These grids are illustrated in Figures 6.6 and 6.7. The parametersused for equation (6.2) are given as:P = 1K1 = 1K2 = 10�5a = 0:25 (6.6)

The numeri
ally 
omputed 
ow �eld is shown in Figure 6.8. The results of thePCG method for the 
ylinder problem are shown in Table 6.6.
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Figure 6.6: Cylinder on 4� 4� 4 Grid
AverageFine-grid Coarse-grid Redu
tion SolverSize Size Iterations Rate Time16� 16� 16 4� 4� 4 30 0.46 132� 32� 32 8� 8� 8 33 0.48 1564� 64� 64 16� 16� 16 33 0.49 302Table 6.6: PCG Method for Cylinder Problem
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Figure 6.7: Cylinder on 16� 16� 16 Grid
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Figure 6.8: Flow Around Cylinder
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6.2.1 Parallelization of Model Problem IThe 
ylinder problem is ideal for parallelization be
ause it is homogeneous inthe z-dire
tion. This means that if we 
an sli
e the domain into x; y sli
es anddistribute an equal number of the sli
es to di�erent pro
essors, then we should havea very balan
ed load for ea
h pro
essor. The domain de
omposition pre
onditioneris ideal for this. We 
an group subdomain problems whi
h all have a 
ommon zindex. Then these groups 
an be 
omputed independently on di�erent pro
essors.We tested this type of parallelization on a 4 pro
essor SGI Power Challengeusing two di�erent grids. First, we solve the 16� 16� 16 
ylinder problem whi
hhas a 4 � 4 � 4 
oarse-grid (64 subdomains). Next, we solve the 32 � 32 � 16
ylinder problem whi
h has a 8 � 8 � 4 
oarse-grid and 256 subdomains. Theresidual was again redu
ed by 10 orders of magnitude. We used a dire
t solve forthe 4� 4� 4 
oarse grid and iterative solves on the subdomains using a diagonalpre
onditioner. An iterative solve was used on the 8�8�4 
oarse-grid. Tables 6.7and 6.8 show near perfe
t speedups going from one pro
essor to two pro
essors.Using three pro
essors does not show mu
h improvement. This is probably dueto not being able to distribute the work evenly with four 
oarse-grid sli
es beingdivided up amongst three pro
essors. Four pro
essors shows de
ent speedup.Pro
essors CPU Time1 2142 1093 1074 64Table 6.7: Speedup on 16�16�16Grid
Pro
essors CPU Time1 9612 4893 4874 286Table 6.8: Speedup on 32�32�16Grid

128



Parallelization of this problem is very easy using the C 
ompiler on the SGIPower Challenge [2℄. The 
ode used to 
ompute the proje
tions of the residualonto the subdomains is given below./* File : 
ompute_SDd_sgi.
 */#in
lude "SD.h"int 
ompute_SDd_sgi(d_ve
tor* d2_ptr,d_ve
tor* d1_ptr,SD_matrix* SD_ptr){ int i0,j0,k0;int l0,m0,n0;int l0m0;int j0l0,k0l0m0;int iter;d_ve
tor *d1_list,*d2_list;PCG_operator* PCG_list;l0=SD_ptr->sdd.l0;m0=SD_ptr->sdd.m0;n0=SD_ptr->sdd.n0;l0m0=l0*m0;d1_list=SD_ptr->d1_list.d_list;d2_list=SD_ptr->d2_list.d_list;PCG_list=SD_ptr->PCG.PCG_list;sd_zero_sgi(&SD_ptr->d1_list);
ompute_G2Ld(&SD_ptr->d1_list,d1_ptr,&SD_ptr->sdd);#pragma parallel#pragma shared(d1_list,d2_list,PCG_list)#pragma lo
al(i0,j0,k0,j0l0,k0l0m0){#pragma pfor iterate(k0=0;n0;1)for(k0=0;k0<n0;k0++){ k0l0m0=k0*l0m0;for(j0=0;j0<m0;j0++){ j0l0=j0*l0;for(i0=0;i0<l0;i0++){ 
ompute_PCGd(&d2_list[i0+j0l0+k0l0m0℄,&d1_list[i0+j0l0+k0l0m0℄,&PCG_list[i0+j0l0+k0l0m0℄);129



}}}} r_zero(&d2_ptr->r);
ompute_L2Gd(d2_ptr,&SD_ptr->d2_list,&SD_ptr->sdd);return 1;} The parallelization is done on the outer loop. Therefore, ea
h pro
essor getsits own i0, j0 loop. For ea
h i0 and for ea
h j0, pro
essor k0 
omputes ana(�; �)-proje
tion of the residual onto subdomain i0+j0l0+k0l0m0. This is doneusing the PCG method. Usually, the pre
onditioner for a subdomain is the inverseof the Cholesky fa
torization of the lo
al sti�ness matrix. In this 
ase, the PCGmethod 
onverges in one iteration. This is equivalent to doing a dire
t solve. Ifthe sti�ness matrix is stored lo
ally on ea
h pro
essor then, there will not be any
ommuni
ation 
osts in these loops.Communi
ation 
osts are in
urred when we map the global ve
tor to the lo
alsubdomain ve
tors (
ompute G2Ld) and when we map the lo
al subdomain ve
-tors to the global ve
tor (
ompute L2Gd). The SGI Power Challenge is essentiallya shared memory system, i.e., we do not have dire
t 
ontrol over 
ommuni
a-tions between the pro
essors and the memory. Most large parallel systems usedistributed memory. That is, ea
h pro
essor has a lo
al memory. In this situationwe would need to write the 
ompute G2Ld and 
ompute L2Gd subroutines using,for example, MPI.6.3 Model Problem IIOur next model problem is a laboratory tank experiment whi
h was studiedin [32℄. As with the 
ylinder, the tank experiment is essentially a two-dimensional130



problem. Sands of di�erent 
ondu
tivities are pa
ked as blo
ks into the tank. A
onstant hydrauli
 head is imposed at two separate ends of the tank to indu
e a
ow. The other boundaries are no-
ow. We ran the experiment using a 20�10�3
oarse-grid and a 80 � 40 � 12 �ne-grid. We ran the experiment again using a40� 20� 3 
oarse-grid and a 160� 80� 12 �ne-grid. The 
omputed 
ow-lines areshown in Figure 6.9.
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ondu
tivities. The lighterpat
hes are higher 
ondu
tivities and the darker pat
hes are lower 
ondu
tivities.Five di�erent grades of 
rushed sili
a where used for the sands. The 
hara
teristi
sof the sands are summarized in Table 6.9.To run the experiment, we �rst need to 
ompute the approximate a(�; �)-orthogonal proje
tion of the pipe fun
tion onto the lo
ally divergen
e-free sub-
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Grade Mean Diameter (mm) Condu
tivity (m/day)110 0:103 3:62870 0:180 11:66430 0:4102 100:22416 0:880 371:528 1:390 1036:8Table 6.9: Sand Chara
teristi
sspa
e. This is done using the PCG method with the domain de
omposition pre-
onditioner. We look at two di�erent approximations of the pipe fun
tion. In one
ase we 
ompute the pipe fun
tion so that the pre
onditioned residual is approx-imately 1. We will label this approximation P1. We also look at the 
ase whenwe approximate the pipe fun
tion with a toleran
e of 10�5. We will label thisapproximation P2. For the 20� 10� 12 
oarse-grid we use a dire
t solve for the
oarse-grid problem. On the 40� 20� 3 
oarse-grid we use an iterative solve withdiagonal pre
onditioning. The 
omputational 
osts of 
omputing P1 and P2 aregiven in Tables 6.10 and 6.11 respe
tively. AverageFine-grid Coarse-grid Redu
tion SolverSize Size Iterations Rate Time80� 40� 12 20� 10� 3 8 0.48 4160� 80� 12 40� 20� 3 9 0.47 56Table 6.10: Computing P1We then observe the 
onvergen
e rate of the PCG method on the borderedmatrix using the bordered matrix pre
onditioner with approximate pipe fun
tionsP1 and P2. We iterate until the residual is de
reased by 10 orders of magnitude.The results for P1 are shown in Table 6.12 and the results for P2 are shown inTable 6.13. We see that the more we redu
e the residual in the pipe fun
tion132



AverageFine-grid Coarse-grid Redu
tion SolverSize Size Iterations Rate Time80� 40� 12 20� 10� 3 14 0.51 13160� 80� 12 40� 20� 3 25 0.49 146Table 6.11: Computing P2approximation the better the 
ondition number for the pre
onditioned borderedmatrix be
omes. AverageFine-grid Coarse-grid Redu
tion SolverSize Size Iterations Rate Time80� 40� 12 20� 10� 3 31 0.47 15160� 80� 12 40� 20� 3 27 0.43 159Table 6.12: PCG Method Using P1AverageFine-grid Coarse-grid Redu
tion SolverSize Size Iterations Rate Time80� 40� 12 20� 10� 3 14 0.18 7160� 80� 12 40� 20� 3 12 0.14 74Table 6.13: PCG Method Using P2Now we look at how a sour
e/sink term will e�e
t the tank experiment. Werandomly pla
e a verti
al line-sink of magnitude 10. The 
omputed 
ow-lines forthis experiment are shown in Figure 6.10. We use the P2 pipe fun
tion approx-imation. However, we 
an see from Table 6.14 that the number of iterations isof the same order as in Table 6.12 where we used the P1 approximation for thepipe fun
tion. The way to understand this is to re
all the statement made aboutan ideal pipe fun
tion. If we have a 
onstant hydrauli
 
ondu
tivity tensor and133



an orthogonal grid then, the pipe fun
tion is a(�; �)-orthogonal to all the lo
allydivergen
e-free fun
tions and the PCG method will 
onverge in one iteration. Weneed to qualify that statement by saying that the PCG method will 
onverge inone iteration if we have zero sour
e and sink terms and the 
orre
t boundary
onditions 
orresponding to the pipe fun
tion. It is obvious that we 
annot havea pipe fun
tion with the 
orre
t divergen
e whi
h is divergen
e-free unless thesour
e/sink term is zero. Table 6.15 shows the iteration 
ount when using theP1 approximation of the pipe fun
tion. We 
on
lude that an approximation oforder one to the pipe fun
tion is more eÆ
ient in general then a more a

urateapproximation.
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AverageFine-grid Coarse-grid Redu
tion SolverSize Size Iterations Rate Time80� 40� 12 20� 10� 3 36 0.52 18160� 80� 12 40� 20� 3 34 0.50 193Table 6.14: PCG Method for Model Problem II with Sink Using P1

AverageFine-grid Coarse-grid Redu
tion SolverSize Size Iterations Rate Time80� 40� 12 20� 10� 3 36 0.52 18160� 80� 12 40� 20� 3 33 0.50 188Table 6.15: PCG Method for Model Problem II with Sink Using P2
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6.4 Error AnalysisIn this se
tion we approximate the error in the 
uxes using an extrapolationte
hnique. We impose Neumann boundary 
onditions at x = 0 and x = 1 su
hthat the total 
ux a
ross ea
h of these boundaries is equal to one. Then for agiven distribution of hydrauli
 
ondu
tivities we 
ompute an approximation forgrid sizes h0 = 1=16, h1 = 1=32, and h2 = 1=64. We de�ne the true value of thex-
omponent of the velo
ity as ux. The approximate values of the x-
omponentfor h0, h1, and h2 are ux0, ux1 , and ux2 respe
tively. Then for some � > 0 we assumethe error 
an be approximated byux0 � ux = h�0 
0ux1 � ux = h�1 
0 = (1=2)�h�0 
0ux2 � ux = h�2 
0 = (1=2)2�h�0 
0: (6.7)If we let 
 = h�0 
0 and 
 = (1=2)� then we 
an write the approximate errors, e0,e1, and e2 as: e0 = ux0 � ux = 
e1 = ux1 � ux = 

e2 = ux2 � ux = 
2
: (6.8)This gives us three equations with three unknowns. Solving for these unknownswe have ux = ux0ux2 � (ux)2ux0 + ux2 � 2ux1 (6.9)
 = (ux0 � ux1)2ux0 + ux2 � 2ux1 (6.10)
 = ux1 � ux2ux0 � ux1 : (6.11)136



The absolute values of the approximate errors are given as:e0 = ����� (ux0 � ux1)2ux0 + ux2 � 2ux1 ����� (6.12)e1 = �����(ux0 � ux1)(ux1 � ux2)ux0 + ux2 � 2ux1 ����� (6.13)e2 = ����� (ux1 � ux2)2ux0 + ux2 � 2ux1 ����� : (6.14)We 
ompute the the errors on fa
es of y; z-sli
es of the domain. These verti
alsli
es 
oin
ide with the element boundaries on the 16 � 16 � 16 grid. For ea
hy; z-sli
e we 
ompute errors e0, e1, and e2 on 64 � 64 fa
es. For ea
h set oferrors we 
ompute � and the average, ��. Sin
e the 
ux on the boundary isspe
i�ed, we only 
onsider the verti
al sli
es interior to the domain. Therefore,we 
ompute the average of � on sli
es i = 1; � � � ; 15. We extrapolate the �0s fortest problems II and III with Neumann boundary 
onditions des
ribed as above.With these Neumann boundary 
onditions we have a total 
ux of one a
ross ea
hy; z-sli
e. This is easily 
on�rmed numeri
ally and validates the mass 
onservationproperty of the MFE method. The averages of � on ea
h sli
e for the di�erenttest 
ases are given in Table 6.16. We 
on
lude that the error in the velo
itiesis approximately bounded by h1 in agreement with the approximation theory forlowest-order Raviart-Thomas ve
tor fun
tions.
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��Sli
e Test II Test III1 1.22 1.022 1.39 1.073 1.33 0.954 1.11 1.055 1.16 1.226 1.07 1.077 1.08 1.108 1.10 1.059 1.08 1.0110 1.07 1.0511 1.16 1.1412 1.11 0.9913 1.33 0.9514 1.39 1.0715 1.22 0.98Table 6.16: Extrapolated Error Estimate
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A. Subdomain Restri
tion and InterpolationRe
all that subdomain, 
s, is ls �ms � ns and has a 
orresponding subspa
eDs � Dh. We also stated that we 
an write a subspa
e ve
tor ws in terms ofbasis ve
tor fun
tions in Dh. This de�nes the restri
tion operator Ish. We say thata ve
tor fun
tion in Dh is a global ve
tor fun
tion de�ned on the global domain,
h, and a ve
tor fun
tion in Ds is a lo
al ve
tor fun
tion de�ned on a subdomain.The index, s, is given as:s = i0 + j0l0 + k0l0m00 � i0 � l0 � 1; 0 � j0 � m0 � 1; 0 � k0 � n0 � 1 (A.1)where J = l0 �m0 � n0 (A.2)is the number of subdomains.Re
all that a subdomain is the partition of a 
oarse-grid element into �ne-gridelements with a �ne-grid element overlap added. It is assumed that ea
h 
oarse-grid element is partitioned into the same number of �ne-grid elements. Therefore,the number of elements in subdomain s 
an be 
omputed as:ls = 8>><>>: l=l0 + 2t; for 1 � i0 � l0 � 2l=l0 + t; for i0 = 0 or i0 = l0 � 1 (A.3)ms = 8>><>>:m=m0 + 2t; for 1 � j0 � m0 � 2m=m0 + t; for j0 = 0 or j0 = m0 � 1 (A.4)ns = 8>><>>: n=n0 + 2t; for 1 � k0 � n0 � 2n=n0 + t; for k0 = 0 or k0 = n0 � 1 (A.5)
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Where the parameter t is the number of elements in the overlap, i.e, Æ = th whereÆ is the size of the overlap. We will also need to 
ompute o�sets into the 
oeÆ
ientve
tor 
orresponding to a global ve
tor fun
tion. These o�sets, xs, ys, and zs are
omputed as: xs = 8>><>>: 0; for i0 = 0i0(l=l0)� t; for 1 � i0 � l0 � 1 (A.6)ys = 8>><>>: 0; for j0 = 0j0(m=m0)� t; for 1 � j0 � m0 � 1 (A.7)zs = 8>><>>: 0; for k0 = 0k0(n=n0)� t; for 1 � k0 � n0 � 1 (A.8)The 
omputation of the restri
tion operator is straightforward for the mostpart. We mat
h the lo
al (subdomain) nodes with the global nodes. Letfwxsjs+1=2;ks+1=2;isg be the ve
tor of 
oeÆ
ients representing x-sli
e fun
tions onsubdomain s and let fwxj+1=2;k+1=2;ig be the ve
tor of 
oeÆ
ients representing x-sli
e fun
tion on the global domain. We 
an then write the x-sli
e 
oeÆ
ients forsubdomain s in terms of global x-sli
e 
oeÆ
ients as:wxsj+1=2;k+1=2;i = wxj+1=2+ys;k+1=2+zs;i+xs0 � i � ls � 1; 0 � j � ms � 2; 0 � k � ns � 2: (A.9)The y-sli
e and z-sli
e subdomain 
oeÆ
ients 
an be 
omputed in an analogousfashion. In fa
t, we 
an use the same subroutine by using permutations of thedata.Re
all that x-sli
e fun
tions have 
oeÆ
ients on only one spe
ial x-sli
e. Ifsubdomain s does not 
oin
ide with the spe
ial global x-sli
e, then the subdomain
140



x-sli
e nodes will have no 
orresponding global x-sli
e nodes. In this 
ase, we haveto use the linear dependen
e given by (4.116) to de�ne the subdomain x-sli
enodes. This is given by: wxsj+1=2;k+1=2 = wxj+1=2+ys;k+1=2+zs+ xsPi=0wzi+1=2+xs;j+1=2+ys;k+zs� xsPi=0wzi+1=2+xs;j+1=2+ys;k+zs+1+ xsPi=0wyk+1=2+zs;i+1=2+xs;j+ys� xsPi=0wyk+1=2+zs;i+1=2+xs;j+ys+10 � j � ms � 2; 0 � k � ns � 2:
(A.10)

The restri
tion de�ned by (A.10) 
an be written in re
ursive form as:wxs0j+1=2;k+1=2;0 = wxj+1=2+ys;k+1=2+zs;00 � i � ls � 1; 0 � j � ms � 2; 0 � k � ns � 2s0 = j0 � l0 + k0 � l0 �m00 � j0 � m0 � 1; 0 � k0 � n0 � 1 (A.11)
wxsi0j+1=2;k+1=2;0 = wxs0j+1=2;k+1=2;0+ ls�2�t�1Pi=0 wysi0�1k+1=2;i+1=2;j� ls�2�t�1Pi=0 wysi0�1k+1=2;i+1=2;j+1+ ls�2�t�1Pi=0 wzsi0�1i+1=2;j+1=2;k� ls�2�t�1Pi=0 wzsi0�1i+1=2;j+1=2;k+10 � j � ms � 2; 0 � k � ns � 2si0�1 = (i0 � 1) + j0 � l0 + k0 � l0 �m0si0 = i0 + j0 � l0 + k0 � l0 �m01 � i0 � l0 � 1; 0 � j0 � m0 � 1; 0 � k0 � n0 � 1:

(A.12)
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The interpolation operator, Ihs , is de�ned as the transpose of the restri
tionoperator. For example, the transpose of (A.9) is given bywxj+1=2+ys;k+1=2+zs;i+ls = wxsj+1=2;k+1=2;i0 � i � ls � 1; 0 � j � ms � 2; 0 � k � ns � 2: (A.13)The transpose of (A.11) (A.12) is given bywxj+1=2+ys;k+1=2+zs;0 = wxs0j+1=2;k+1=2;00 � i � ls � 1; 0 � j � ms � 2; 0 � k � ns � 2s0 = j0 � l0 + k0 � l0 �m00 � j0 � m0 � 1; 0 � k0 � n0 � 1 (A.14)
wxsi0�1j+1=2;k+1=2;0 = wxsi0j+1=2;k+1=2;0wysi0�1k+1=2;i+1=2;j = wxsi0j+1=2;k+1=2;0wysi0�1k+1=2;i+1=2;j+1 = �wxsi0j+1=2;k+1=2;0wzsi0�1i+1=2;j+1=2;k = wxsi0j+1=2;k+1=2;0wzsi0�1i+1=2;j+1=2;k+1 = �wxsi0j+1=2;k+1=2;00 � i � ls � 2 � t� 1; 0 � j � ms � 2; 0 � k � ns � 2si0�1 = (i0 � 1) + j0 � l0 + k0 � l0 �m0si0 = i0 + j0 � l0 + k0 � l0 �m01 � i0 � l0 � 1; 0 � j0 � m0 � 1; 0 � k0 � n0 � 1:

(A.15)
The restri
tion and interpolation of 
oeÆ
ients on the boundary is de�ned inan analogous fashion keeping in mind the various linear dependen
ies des
ribed inSe
tions 4.3 and 4.3.1. However, linear dependen
ies for the 
orner fun
tions arenot known a priori. It be
omes impra
ti
al to de�ne the restri
tion operator forthese 
orner fun
tions. The 
urrent implementation leaves these 
orner fun
tions142



out of the subdomain spa
es, but they are in
luded in the 
oarse-grid spa
e. Thisdoes not seem to e�e
t the performan
e of the pre
onditioner.
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B. Coarse-Grid Restri
tion and InterpolationWe �rst de�ne the interpolation operator, IhH . Consider the 
oarse-grid par-tition, 
H , and the 
oarse-grid divergen
e-free subspa
e, DH . Re
all that thedivergen
e-free subspa
e is spanned by x-sli
e, y-sli
e, and z-sli
e divergen
e-freeve
tor fun
tions. We will need to 
onsider spe
ial interpolations due to the spe-
ial x-sli
e. Re
all that the x-sli
e fun
tions are restri
ted to only a single x-sli
e.Our strategy will be to de�ne the interpolation for the x-sli
e fun
tions as if therewhere no spe
ial x-sli
e. Then, a subroutine based on this interpolation 
an alsobe used for the y-sli
e fun
tions and the z-sli
e fun
tions by using permutationsin the data. The y-sli
e and z-sli
e fun
tions will not require any spe
ial inter-polation formulas. We then go ba
k and rede�ne the interpolation for the x-sli
efun
tions giving us a spe
ial interpolation formula. A spe
ial subroutine 
an thenbe written based on this formula.Let wxHj0+1=2;k0+1=2;i0 be a 
oarse-grid x-sli
e divergen
e-free basis ve
tor fun
-tion and let wxHj0+1=2;k0+1=2;i0 be the 
orresponding nodal value. This fun
tion hasa support on four elements. We now partition the four 
oarse-grid elements into�ne-grid elements as shown in Figure B.1.The �ne-grid nodal values are de�ned by evaluating the 
oarse-grid ve
torfun
tion at the �ne-grid nodes. It 
an be shown that these �ne-grid nodal valuesare a bilinear interpolation of the 
oarse-grid nodal value. This is be
ause the
oarse-grid ve
tor fun
tion is the 
url of a bilinear ve
tor potential fun
tion.The �ne-grid is l�m�n and the 
oarse-grid is l0�m0�n0. We assume thatthe �ne-grid partition is uniform in ea
h 
oarse-grid element and ea
h 
oarse-grid144
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Figure B.1: Coarse Grid x-Sli
e Fun
tionelement is partitioned into an equal number of �ne-grid elements. We de�ne x, y,and z 
oordinates as follows:x0i = (i+ 1)=lH (B.1)x1i = (lH � i� 1)=lH (B.2)y0j = (j + 1)=mH (B.3)y1j = (mH � j � 1)=mH (B.4)z0k = (k + 1)=nH (B.5)z1k = (nH � k � 1)=nH (B.6)where lH = l=l0 (B.7)mH = m=m0 (B.8)145



nH = n=n0: (B.9)Then, the �ne-grid nodal values in 
oarse-grid element Qi0;j0;k0 are given bywxj+1=2+j0�mH ;k+1=2+k0�nH ;i+i0�lH = y0jz0klH wxHj0+1=2;k0+1=2;i00 � i � lH � 1; 0 � j � mH � 1; 0 � k � nH � 1: (B.10)In element Qi0;j0+1;k0 the �ne-grid nodal values are given bywxj+1=2+(j0+1)�mH ;k+1=2+k0�nH ;i+i0�lH = y1jz0klH wxHj0+1=2;k0+1=2;i00 � i � lH � 1; 0 � j � mH � 2; 0 � k � nH � 1: (B.11)In element Qi0;j0+1;k0+1 the �ne-grid nodal values are given bywxj+1=2+(j0+1)�mH ;k+1=2+(k0+1)�nH ;i+i0�lH = y1jz1klH wxHj0+1=2;k0+1=2;i00 � i � lH � 1; 0 � j � mH � 2; 0 � k � nH � 2: (B.12)Finally, in element Qi0;j0;k0+1 the �ne-grid nodal values are given bywxj+1=2+j0�mH ;k+1=2+(k0+1)�nH ;i+i0�lH = y0jz1klH wxHj0+1=2;k0+1=2;i00 � i � lH � 1; 0 � j � mH � 1; 0 � k � nH � 2: (B.13)The 
oarse-grid y-sli
e and z-sli
e fun
tions 
an be interpolated in the same man-ner. In fa
t, we 
an use the same subroutine using a permutation of the data.Sin
e wxH is restri
ted to only one 
oarse-grid x-sli
e, we will need to use a spe-
ial interpolation based on linear dependen
ies des
ribed in Se
tion 4.3. We nowrestri
t the interpolation of 
oarse-grid x-sli
e fun
tions to just the �rst 
oarse-grid
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x-sli
e. The spe
ial interpolation for element Q0;j0;k0 is given bywxj+1=2+j0�mH ;k+1=2+k0�nH = y0jz0k1 wxHj0+1=2;k0+1=2;0wyk+1=2+k0�nH ;i+1=2;j+j0�mH = x1iy0jz0k1 wxHj0+1=2;k0+1=2;0wyk+1=2+k0�nH ;i+1=2;j+1+j0�mH = �x1iy0jz0k1 wxHj0+1=2;k0+1=2;0wzi+1=2;j+1=2+j0�mH ;k+k0�nH = x1iy0jz0k1 wxHj0+1=2;k0+1=2;0wzi+1=2;j+1=2+j0�mH ;k+1+k0�nH = �x1iy0jz0k1 wxHj0+1=2;k0+1=2;00 � i � lH � 2; 0 � j � mH � 1; 0 � k � nH � 1:
(B.14)

The spe
ial interpolation for element Q0;j0+1;k0 is given bywxj+1=2+(j0+1)�mH ;k+1=2+k0�nH = y1jz0k1 wxHj0+1=2;k0+1=2;0wyk+1=2+k0�nH ;i+1=2;j+(j0+1)�mH = x1iy1jz0k1 wxHj0+1=2;k0+1=2;0wyk+1=2+k0�nH ;i+1=2;j+1+(j0+1)�mH = �x1iy1jz0k1 wxHj0+1=2;k0+1=2;0wzi+1=2;j+1=2+(j0+1)�mH ;k+k0�nH = x1iy1jz0k1 wxHj0+1=2;k0+1=2;0wzi+1=2;j+1=2+(j0+1)�mH ;k+1+k0�nH = �x1iy1jz0k1 wxHj0+1=2;k0+1=2;00 � i � lH � 2; 0 � j � mH � 2; 0 � k � nH � 1:
(B.15)

The spe
ial interpolation for element Q0;j0+1;k0+1 is given bywxj+1=2+(j0+1)�mH ;k+1=2+(k0+1)�nH = y1jz0k1 wxHj0+1=2;k0+1=2;0wyk+1=2+(k0+1)�nH ;i+1=2;j+(j0+1)�mH = x1iy1jz0k1 wxHj0+1=2;k0+1=2;0wyk+1=2+(k0+1)�nH ;i+1=2;j+1+(j0+1)�mH = �x1iy1jz0k1 wxHj0+1=2;k0+1=2;0wzi+1=2;j+1=2+(j0+1)�mH ;k+(k0+1)�nH = x1iy1jz0k1 wxHj0+1=2;k0+1=2;0wzi+1=2;j+1=2+(j0+1)�mH ;k+1+(k0+1)�nH = �x1iy1jz0k1 wxHj0+1=2;k0+1=2;00 � i � lH � 2; 0 � j � mH � 2; 0 � k � nH � 2:
(B.16)
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Finally, the spe
ial interpolation for element Q0;j0;k0+1 is given bywxj+1=2+j0�mH ;k+1=2+(k0+1)�nH = y0jz1k1 wxHj0+1=2;k0+1=2;0wyk+1=2+(k0+1)�nH ;i+1=2;j+j0�mH = x1iy0jz1k1 wxHj0+1=2;k0+1=2;0wyk+1=2+(k0+1)�nH ;i+1=2;j+1+j0�mH = �x1iy0jz1k1 wxHj0+1=2;k0+1=2;0wzi+1=2;j+1=2+j0�mH ;k+(k0+1)�nH = x1iy0jz1k1 wxHj0+1=2;k0+1=2;0wzi+1=2;j+1=2+j0�mH ;k+1+(k0+1)�nH = �x1iy0jz1k1 wxHj0+1=2;k0+1=2;00 � i � lH � 2; 0 � j � mH � 1; 0 � k � nH � 2:
(B.17)

We now de�ne the restri
tion operator, IHh , as the transpose of IhH . For exam-ple, the transpose of (B.7) is given bywxHj0+1=2;k0+1=2;i0 = lH�1Xi=0 nH�1Xk=0 mH�1Xj=0 y0jz0klH wxj+1=2+j0�mH ;k+1=2+k0�nH ;i+i0�lH : (B.18)We also add the transposes of (B.11)-(B.13) to wxHj0+1=2;k0+1=2;i0 in a similar manner.The transpose of the spe
ial interpolation, (B.14), is given bywxHj0+1=2;k0+1=2 = nH�1Pk=0 mH�1Pj=0 y0jz0k1 wxj+1=2+j0�mH ;k+1=2+k0�nH+ nH�1Pk=0 mH�1Pj=0 lH�2Pi=0 0BBBBBBBBBB�
x1iy0jz0k1 wyk+1=2+k0�nH ;i+1=2;j+j0�mH�x1iy0jz0k1 wyk+1=2+k0�nH ;i+1=2;j+1+j0�mH+x1iy0jz0k1 wzi+1=2;j+1=2+j0�mH ;k+k0�nH�x1iy0jz0k1 wzi+1=2;j+1=2+j0�mH ;k+1+k0�nH

1CCCCCCCCCCA : (B.19)
Again, we would also add the transposes of (B.15)-(B.17).The interpolation of the boundary requires many spe
ial 
ases. These 
anbe de�ned using the linear dependen
ies from Se
tions 4.3 and 4.3.1. Althoughnumerous subroutines are required to 
ompute the interpolations along with themany spe
ial 
ases, we 
an minimize the number of subroutines by using variouspermutations of the data. 148
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