DOMINATION AND MATRIX PROPERTIES IN TOURNAMENTS AND
GENERALIZED TOURNAMENTS
by
Dustin J. Stewart

B.S. Mathematics, University of the Pacific, 2001

A thesis submitted to the
University of Colorado at Denver
in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
Applied Mathematics

2005



This thesis for the Doctor of Philosophy
degree by
Dustin J. Stewart

has been approved

by

J. Richard Lundgren

William E. Cherowitzo

Ellen Gethner

Stanley E. Payne

K. Brooks Reid

Date



Stewart, Dustin J. (Ph.D., Applied Mathematics)

Domination and Matrix Properties in Tournaments and Generalized Tourna-
ments

Thesis directed by Professor J. Richard Lundgren

ABSTRACT

In this thesis we examine several matrix properties of tournament matrices.
In particular we look at how domination and related parameters in tournaments
affect these properties in the corresponding matrices. We begin by examin-
ing when a tournament can support an orthogonal matrix. To do so, we first
look at the necessary condition of quadrangularity in tournaments. We classify
tournaments with given properties which meet this necessary condition. We
show how domination effects quadrangularity in regular tournaments and tour-
naments with certain minimum degrees. We also determine for exactly which

orders a quadrangular tournament exists.

In chapter 3, we examine the stronger necessary condition for a digraph to
support an orthogonal matrix of strong quadrangularity. We construct a class
of tournaments which meet this condition. We also show that the 3-cycle is
the unique tournament on ten or fewer vertices which supports an orthogonal
matrix, and discuss a search conducted for a tournament matrix which supports
an orthogonal matrix. In the following chapter we look at which tournament

matrices are fully indecomposable and which are separable, as these properties

111



are related to a necessary condition for a (0, 1)-matrix to support an orthogonal
matrix. We use our classification to derive a number of matrix and graph theo-
retic corollaries. As the domination graphs of tournaments play a central role in
our classification of separable tournament matrices, we classify the domination

graphs of complete paired comparison digraphs in chapter 5.

Finally, we examine the Boolean, non-negative integer and real ranks of
tournament matrices. We find new bounds for the Boolean rank using results
on dominating sets and related parameters. We determine, for the first time, a
class of tournament matrices in which the real rank is less than the Boolean rank.
We also determine a set theoretic dual to the problem of finding the Boolean row
rank of a tournament matrix, and give some results and conjectures related to
the problem of finding the minimum Boolean rank over all tournament matrices

of order n.

This abstract accurately represents the content of the candidate’s thesis. I

recommend its publication.

Signed
J. Richard Lundgren
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1. Introduction
1.1 Background

The two main structures of interest in this thesis are tournaments and tour-
nament matrices. Tournaments are a famous class of digraphs which originally
arose from the model of a round robin competition in which each player plays
against every other. Since this simple beginning, tournaments have been shown
to have a great deal of interesting combinatorial structure, and the tournament
matrix has proven to have many interesting algebraic properties. In this thesis
we look at various problems which bring together these two aspects of tour-
naments and tournament matrices. In chapter 5, we will also study a related
structure, the complete paired comparison digraph (sometimes called a general-

ized tournament).

In chapters 2, 3, and 4, we study three properties which arise from the
question of orthogonal support, and how these properties effect tournaments
and tournament matrices. In chapter 6, we take a look at various matrix rank
problems in tournament matrices. We find that domination plays a role in each
of these problems. Particularly, the domination graphs of tournaments can be
applied to the problems in chapter 2, and will give us our characterization in
chapter 4. Because these play such an important role in some of these problems,
especially in chapter 4, we characterize the domination graphs of complete paired

comparison digraphs in chapter 5.



The first problem addressed in this thesis is that of orthogonal support. This
problem comes from an application to quantum physics and quantum comput-
ing. In physics the problem arises in modeling discrete quantum walks, and in
computing it comes from writing quantum algorithms. In both cases, one sets
up the model, much like a Markov chain, by repeatedly applying an orthogo-
nal (or unitary) transition matrix to a state vector. The state vector gives the
original state of the object we wish to model, and after a select number of mul-
tiplications by the transition matrix we return the probable outcomes for our
object. Underlying the transition matrix is a directed graph which maps out the
movements of our object from state to state. We are interested in knowing if
this underlying digraph can be a tournament. We give an example of a Markov

model below.

Suppose six school children are playing a game of catch. The digraph in
Figure 1.1 shows the children as vertices, and the probability that child ¢ will
throw the ball to child j is given by the weight on arc (i,7). If we begin by

giving the ball to child 1, then our model has the transition matrix

O~ OO
—o 00O N
coocowo
cocooco o

cooppOoO0
coomoo

and state vector v.= (10000 0)". We then repeatedly multiply v by M to
determine possible outcomes. For example, if we wish to know the probability
child 4 will end up with the ball after 12 throws, then we simply look at the 4"

entry of M'?v. For more on Markov chains, the reader is referred to [55].



Figure 1.1: An example of a Markov model

The nature of decoherence in quantum physics requires the transition matrix
in the quantum version of these models to be orthogonal. We want to know when
a tournament can be used in these models, and hence when a tournament is the
digraph underlying an orthogonal matrix. We have three necessary conditions
for a directed graph to be the digraph of an orthogonal matrix. In chapter 2
we study the first of our necessary conditions, quadrangularity. In chapter 3
we study the stronger condition of strong quadrangularity, and discuss some of
our searches for tournaments which are the digraphs of orthogonal matrices. In
chapter 4 we see that an orthogonal matrix needs to be written in a particular
way, and see exactly when a tournament matrix can be written in this way.

In chapter 4 we also characterize exactly which tournaments can be used in a



doubly stochastic Markov model.

In chapter 5 we look at the domination graphs of complete paired compar-
ison digraphs. This is one extension of the study of the domination graphs of
tournaments. The domination graphs of tournaments were introduced by Merz,
Fisher, Lundgren, and Reid, in [44], and have been characterized in a series of
papers (see [31], [43], [44], [45], [46]). Domination graphs have been generalized
to tournaments in which ties are allowed, and proper subdigraphs of tourna-
ments by Factor and Factor in [24] and [25]. Another generalization, called
k-domination has also been studied by McKenna, Morton and Sneddon in [41].
We give a generalization of domination graphs for the context of complete paired

comparison digraphs, and essentially characterize this class of graphs.

In chapter 6 we examine some problems involving ranks of tournament ma-
trices. We will look at relationships between the Boolean, non-negative integer,
real, term, and minimal rank of tournament matrices. We see that, as domina-
tion plays a role in the questions addressed in chapters 2, 3, and 4, it also acts
in this context by giving us lower bounds for these ranks. We answer a question
of Siewert [58], by constructing an infinite class of singular tournament matrices
with full Boolean rank. We examine a dual to the Boolean row rank of a tour-
nament matrix which is an extension of Schiitte’s problem, and also examine a
dual to the problem of finding the Boolean rank of a tournament matrix.

1.2 Graph and digraph basics

In this section we review the background and notation for graphs and di-

rected graphs necessary for this thesis. Recall first that a graph G is a set of

vertices V(G), together with a set F(G) of unordered pairs of vertices, called



edges. If G is a graph such that no edge occurs more than once, and G has no
edge of the form [u, u] for some u € V(G), then G is typically referred to as a
simple graph. In this thesis we have no need to distinguish between graphs and
simple graphs, so we shall assume that all graphs are simple. We also have no
need for infinite graphs, and so shall assume the vertex and edges sets of our
graphs are finite. We typically represent a graph pictorially by representing the
vertices with dots, and connecting two dots with a line segment if there is an edge
joining the two vertices in the graph. For example, the graph G = (V(G), E(G))
with V(G) ={1,2,3,4,5,6,7} and E(G) = {[1,2],[1, 3], [3,4], [5,6] } is shown in
Figure 1.2. We now give some of the basic definitions necessary to study the

structure of graphs.

Figure 1.2: A drawing of a graph

Let G be a graph. If [u,v] € E(G), then we say that u and v are adjacent
in G. A vertex u and edge e of G are said to be incident if e = [u, v] for some
vertex v. For a given v € V(G), we define the degree of v, d(v), to be the
number of edges incident to v. Since we are assuming our graphs are simple, we

can equivalently define the degree of v as the number of vertices adjacent to v.

To study the structure of graphs it is sometimes useful to study related

graphs, such as subgraphs and the complement of a graph. A subgraph of a



graph G, is a graph H with V(H) C V(G) and E(H) C E(G). Given a set
S C V(G), the subgraph induced on S, G[S], is the graph with V(G[S]) = 5,
and [u,v] € E(G[S]) if and only if w,v € S and [u,v] € E(G). A graph H
is called an induced subgraph of G if H = G[S] for some S C V(G). The
complement of a graph G is the graph G, with V(G) = V(G) and [u,v] € E(G)
if and only if [u,v] & E(G).

A path between vertices v and v in a graph G (sometimes called a wu,v-
path) is an alternating sequence of vertices and edges of G, beginning with u
and ending with v, such that no vertex or edge is repeated, and each vertex is
incident with the edge immediately preceding and succeeding it in the sequence.
For simplicity, we typically only list the vertices of a path. The length of a path
is defined to be the number of edges in the path. The distance between vertices
u and v is defined to be the length of a shortest w,v-path. Also, a graph G
is said to be connected if there exists a u,v-path for all distinct u,v € V(G).
A graph G which is not connected is called disconnected, and the maximally
connected subgraphs of G are called the connected components or components

of G. A component of order 1 is referred to as an isolated vertex.

Cycles and cliques are important graph structures that come up frequently
in chapter 5. A cycle in a graph G is an alternating sequence of vertices and
edges of (G, beginning and ending with the same vertex, such that no edge is
repeated, only the first vertex is repeated, and each vertex is incident to the
edge immediately preceding and succeeding it. If all the vertices and edges of G
are contained in a cycle, we call G a cycle. The length of a cycle is the number

of edges occurring in the cycle, and a cycle of length n is called an n-cycle,



typically denoted by C),. If the length of a cycle is odd or even, then we refer to
the cycle as an odd cycle or even cycle respectively. A complete graph, or clique,
on n vertices, written K, is a graph with n vertices, such that [u,v] € E(K,) for
all distinct uw,v € V(K,). Typically the term clique is reserved for a complete

subgraph of some graph.

Another important class of graphs which come up throughout the thesis are
the bipartite graphs. A graph B is said to be bipartite if V(B) can be partitioned
into two sets X and Y, called a bipartition, such that no two vertices of X are
adjacent and no two vertices of Y are adjacent. A well known result on bipartite
graphs, which proves useful in chapter 5, is that a graph is bipartite if and only
if it contains no odd cycles. A complete bipartite graph, or biclique, is a bipartite
graph B with bipartition X UY so that [z,y] € E(B) forallz € X and y € Y.
If | X|=rand |Y|=s, then we sometimes denote the biclique on X UY by K, ;.
As with clique, the term biclique is typically reserved for a complete bipartite
subgraph of some graph. Bicliques play an important role in chapter 6 because
of their relationship with rank 1 matrices. We now turn our attention to directed

graphs.

A directed graph, or digraph, D is a set of vertices V' (D), together with a set
A(D) of ordered pairs of vertices, called arcs. An orientation of a graph G is a
digraph D obtained from G by letting V(D) = V(G) and for each [u,v] € E(G),
making exactly one of (u,v) or (v,u) an arc of D. Directed graphs are typically
drawn in a manner analogous to graphs, in that each vertex is represented by a

dot, and we draw an arrow from vertex u to vertex v if (u,v) is an arc of of the

digraph. Figure 1.3 shows a drawing of the digraph D = (V(D), A(D)) where



V(D) =1{1,2,3,4,5,6} and A(D) = {(2,3), (3,4),(5,5), (4,1),(4,3),(5,6)}. We
now give some of the necessary definitions and notation to study digraphs in this

thesis.

1 2

5
4/_\3 5
\_/

Figure 1.3: A drawing of a digraph

If (u,v) € A(D), then we typically say that u “beats” v or that u “domi-
nates” v and write this as u — v. We define the outset, Op(v), of a vertex v in

D to be the set of all vertices that v dominates. That is,
Op(v) ={ue V(D) : (v,u) € A(D)}.

Similarly, the inset, Ip(v), of a vertex v in D is the set of all vertices which

dominate v. So,

Ip(v) ={ueV(D): (u,v) € A(D)}.

The closed outset and closed inset of a vertex v are defined by Op[v] = Op(v) U
{v} and Ip[v] = I(v) U {v} respectively. If S C V(D), then we define the
outset of S as the set of all vertices dominated by some vertex in S, written
Op(S). Equivalently, we can define the outset of S by Op(S) = U,esOp(v).
We denote by Op[S], the closed outset of S, defined by Op[S] = Op(S)US. The



inset of S and closed inset of S are defined analogously as Ip(S) = UyesI(v)
and Ip[S] = I(S) U S respectively. When the context of which digraph we are

referring to is clear we will drop the subscript.

The out-degree of a vertex v in a digraph D, written d},(v), is defined to
be |Op(v)|. Similarly, the in-degree of v is d,(v) = |Ip(v)|. Again, when
the context is clear, we will drop the subscript. The minimum out-degree of a
digraph D, denoted 67 (D), is defined to be 67(D) = min{d*(v) : v € V(D)}.
Similarly, the minimum in-degree of D is 6~ (D) = min{d~(v) : v € V(D)}. We
define the maximum out-degree and maximum in-degree of a digraph D to be the
values AT(D) = max{d*(v) : v € V(D)} and A~ (D) = max{d (v) : v € V(D)}
respectively.

Let D be a digraph. A subdigraph of D is a digraph D’ such that V(D’) C
V(D) and A(D") C A(D). If S C V(D), then the subdigraph induced on S is
the digraph D" with V(D’) = S and (u,v) € A(D’) if and only if u,v € S and
(u,v) € A(D). A digraph D’ is called an induced subdigraph of D if there exists
some S C V(D) which induces D'.

A directed path in a digraph D is an alternating sequence of vertices and arcs
of D, beginning and ending with vertices, so that no vertex or arc is repeated,
and if (u,v) is an arc in the path, the vertex immediately preceding it must be
u and the vertex immediately succeeding it must be v. A directed path which
begins at a vertex u and ends at a vertex v is called a directed u,v-path. Similar
to the undirected case, the length of a directed path is defined to be the number
of arcs in the path. If D is a directed graph so that there is a directed u, v-path

for every distinct u,v € V(D), then we say D is strongly connected. If D is not



strongly connected, then the maximal strongly connected subdigraphs of D are

called the strong components of D.

A directed cycle in a digraph D is an alternating sequence of vertices and
arcs of D which begin and end with the same vertex, repeat no vertices or edges,
and if (u, v) is an arc in the cycle, then the vertex immediately preceding it must
be u and the vertex immediately succeeding it must be v. Similar to undirected
cycles, the length of a directed cycle is the number of arcs in the cycle. A
directed cycle of length n is referred to as a directed n-cycle. Also, as before,
an n-cycle is called a directed odd cycle or directed even cycle if n is odd or even
respectively. If it is clear that we are dealing with a directed context, we will

simply refer to directed cycles and directed paths as cycles and paths.

To study the structure of graphs and digraphs, it is useful to have a concept
of isomorphism in graphs and digraphs. An isomorphism of graphs G and H
is a bijective function ¢ : V(G) — V(H) such that [u,v] € E(G) if and only
if [p(u),d(v)] € E(H). That is, a graph isomorphism is an adjacency preserv-
ing bijection. We say that two graphs are isomorphic if there exists a graph
isomorphism between them. Similarly, we define an isomorphism of digraphs D
and D’ to be a bijection ¢ : V(D) — V(D) such that (u,v) € A(D) if and
only if (¢(u), p(v)) € A(D'). That is, a digraph isomorphism is a dominance
preserving bijection. An isomorphism from a graph to itself (digraph to itself)
is called a graph automorphism (digraph automorphism). We now look at the

class of digraphs studied most in this thesis.

1.3 Tournament basics

10



In this section we review some of the basic terminology and properties of
tournaments. A tournament T is a complete asymmetric digraph. That is, for
every two distincet w,v € V(T), either (u,v) € A(T) or (v,u) € A(T), but not
both, and (v,v) € A(T) for allv € V(T'). A tournament with n vertices, is called
an n-tournament. Equivalently, some define an n-tournament as an orientation

of the complete graph K,,. An example of a 5-tournament is shown in Figure 1.4.

Figure 1.4: A 5-tournament

In studying tournament structure, we often want to look at subtournaments
and the dual of a tournament. Given a tournament 7', and S C V/(T'), a subtour-
nament of T is the tournament T'[S], with V(T'[S]) = 5, and (u,v) € A(T[S)) if
and only if u,v € S and (u,v) € A(T). That is, T'[S] is the subdigraph induced
on S. Also, for a vertex v € V(T') or a set of vertices S, we define the subtour-

naments 7'—v and 7' — S to be the tournaments TV (T') —{v}] and TV (T) — 5]

11



respectively. The dual of T is the tournament 77, with V(77) = V(T) and
(u,v) € A(T") if and only if (v,u) € A(T). We define the dual of a digraph in

the same way, and use the same notation.

One of the most famous results about tournaments is Landau’s Theorem.
The list of out-degrees of the vertices of a tournament is called its score sequence.
In 1953 Landau characterized which lists of n positive integers could be the score

sequence of some tournament.

Theorem 1.1 (Landau’s Theorem) Let s, ss,..., S, be a non-decreasing se-

quence of positive integers. This list is the score sequence for some n-tournament
: k
: 2
i=1

The necessity in Landau’s Theorem is easy to see. Any n-tournament must

if and only if

g
®
Vv

for1<k<n-—1and

have an arc between every two vertices, and hence (g) arcs. Further, every sub-
tournament of an n-tournament on k vertices will have (g) arcs. The argument
follows by counting arcs in subtournaments in this way, and by counting them
as the sum of the out-degrees of a subset of vertices. The sufficiency in Landau’s
Theorem has been proved in many ways, by many people. It has been proven by
using classic combinatorial methods, using majorization of vectors, using posets,
using network flows, and even using Hall’s Theorem. Some of the many authors
of these proofs include Landau, Ryser, Reid, Thomassen, Fulkerson, and Bang

and Sharp. For a full proof of Landau’s Theorem the reader is referred to [50].

12



Another classic theorem on tournaments involves Hamiltonian paths. Given
a digraph D, a Hamiltonian path is a path which contains every vertex of D.
By taking a path of maximum length in a tournament, one can show, via the
complete asymmetry of the tournament, that there is no vertex not on the path
and it is hence Hamiltonian. We discuss an analogous result about cycles in

strong tournaments below. We now state this theorem.

Theorem 1.2 FEvery tournament contains a Hamiltonian path.

In this thesis, we are often concerned with when one set in a tournament
completely dominates another. Let T' be a tournament and S,S" C V(7). If
for every u € S and v € S, u — v, then we write S = S’. In the case
where S = {u} (5" = {v}), we write u = S’ (S = v) rather than {u} = 5’
(S = {v}). Avertex s € V(T) such that s = V(T')—{s} is called a transmitter.
A vertex t € V(T') such that V(T') — {t} = t is called a receiver. The concept
of one set completely dominating another plays an important part in our study
of tournaments and tournament matrices, as it corresponds to large blocks of
ones in the adjacency matrix. Tournaments with transmitters and receivers also
play a part as special cases of some of our results. In particular, when studying
tournaments which are not strongly connected, tournaments with transmitters

or receivers are important special cases.

As with digraphs, we define a tournament 7" to be strongly connected if for
any two vertices u,v € V(T') there is a directed path in 7" from u to v and
another from v to u, and a strong component of a tournament to be a maximal

strongly connected subtournament. We sometimes refer to a strongly connected

13



tournament as a strong tournament. We note that a single vertex is trivially
strongly connected, and that a 2-tournament has exactly one arc, and hence
cannot be strongly connected. So, the smallest non-trivial strong component
which a tournament could have is the 3-cycle. Strong tournaments have been
characterized in terms of their score sequences by replacing the inequalities in
Landau’s Theorem with strict inequalities. The following two theorems are well

known, useful results on the structure of tournaments.

Theorem 1.3 Let T be a strong n-tournament, and let v € V(T). Then v is

contained on a cycle of length k for k =3,...,n.

Theorem 1.4 Let T be a tournament which is not strongly connected. Then
V(T) can be partitioned by the strong components of T, and these components

can be labeled T1,T5, ..., T, such that T; = Tj if and only if i < j.

The strong components 77 and 7T, in the previous theorem are called the
initial and terminal strong components of T respectively. The above result has
also been stated as “The condensation of a tournament is transitive.” A tran-
sitive tournament is one in which for all u,v,w € V(T), if u — v and v — w,
then u — w. There are several equivalencies for the definition of a transitive
tournament. The two others we will most frequently use are that the vertices
can be labeled vy, vy, ..., v, such that v; — v; if and only if ¢ < j, and that
0,1,2,...,n — 1 is the score sequence of T. We also note that the transitive

tournament on n vertices is unique up to isomorphism.

The condensation of a tournament 7' is typically defined to be the tourna-

ment 7" obtained by representing each strong component of 7" with a vertex of

14



T’, and letting © — v if and only if for the corresponding strong components
T, and T, we have that T;,, = T,,. Theorem 1.4 above, with this definition, may
also be stated as “The condensation of a tournament is always a transitive tour-
nament.” In this thesis we will adopt the following, more versatile definition of
condensation. Let T" be a tournament, and suppose we can partition the vertices
of T"as 51,59, ..., Sy such that for all ¢ # j either S; = S; or S; = 5;. We de-
fine the condensation of T', with respect to this partition, to be the tournament

T" with V(T') = {v1,v9,..., 0} with v; — v; in 7" if and only if S; = S, in T

In the study of tournaments, the extreme examples of many problems tend to
be transitive tournaments and regular tournaments. We discussed the transitive
tournaments above. A regular tournament is one in which every vertex has
the same out-degree. Consequently, every vertex in a regular tournament has
the same in-degree. Thus, for every regular n-tournament, n is odd and the
out-degree and in-degree of every vertex is ”T_l While there are no regular n-
tournaments for n even, we do have an analogous tournament. A near reqular
tournament is a tournament in which the out-degrees of any two vertices differs

by at most one. By some counting arguments, one can show that if 7" is a near

regular n-tournament, then n is even, exactly half of the vertices have out-degree

n

5 and exactly half of the vertices have out-degree 5§ — 1.

2
Up to isomorphism, there is only one transitive n-tournament, however there
can be many non-isomorphic regular n-tournaments. To better study regular
tournaments we often turn to the class of rotational tournaments. Rotational
tournaments have a nice structure which makes them somewhat easier to work

with, and while not all regular tournaments are rotational, there are typically a
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large number of rotational n-tournaments for a given n. This makes rotational
tournaments a nice class of regular tournaments to start with when studying
questions about regular tournaments. We give the construction for rotational

tournaments below.

Choose an odd positive integer n, and let S be a subset of {1,2,...,n— 1}

n—1

of order 5

such that ¢ € S if and only if —i (mod n) is not in S. Construct a
digraph 7" on the vertices {0,1,2,...,n— 1} with ¢ — j in T if and only if j — i
(mod n) is in S. Since z is in S if and only if —z (mod n) is not, we have that
for any two distinct 7, j € V(T') exactly one of j —i (mod n) or i — 5 (mod n)
is in S. So we have that i — j or j — ¢, but not both. Further, since 0 € S, T

has no arcs of the form (7,7). Thus 7" is a tournament. We call T" a rotational

tournament with symbol S.

To see that rotational tournaments are regular choose any vertex 7. Then,
O@) ={i+j (mod n) :j € S}, and so each vertex has the same out-degree.
Another important property of rotational tournaments is that they are vertex
transitive. A wverter transitive tournament 7' is one in which for every two
vertices u, v in T, there exists an automorphism of T that maps u to v. Given
a rotational tournament 7" with symbol S, pick i,7 € V(T'), and let k = j — i
(mod n). Consider the function ¢, defined by ¢ : a — a+ k (mod n). It is easy
to see that ¢ is a bijection. Further, if @ — b in T, then b — @ (mod n) is in S,
and ¢(b) —p(a) =b+k—(a+k) =b—a (mod n) which is in S, so ¢(a) — ¢(b),
and ¢ is an automorphism of 7. Finally, ¢(i) = i 4+ (j — i) = 7, so ¢ is an
automorphism which maps ¢ to j, and since ¢ and j were chosen arbitrarily, T

1S vertex transitive.
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An important class of rotational tournaments which come up frequently in
this thesis are the quadratic residue tournaments. Recall from number theory
that an integer a is called a quadratic residue modulo n if there exists some
x such that @ = 2? (mod n). For any given odd prime p, we know that there
are p—gl quadratic residues modulo p. Further, given a prime p such that p = 3
(mod 4), we know that ¢ is a quadratic residue if and only if —i is not. (For a
proof of this, and more on quadratic residues see [49].) So, given a prime p = 3
(mod 4), the quadratic residues modulo p form a symbol for a rotational p-
tournament. We call this tournament the quadratic residue tournament of order
p, written QR,. An important, and well known property of quadratic residue
tournaments is that they are arc-transitive. An arc-transitive tournament 7' is
one in which for any two arcs (7, j) and (h, k) in T, there exists an automorphism
of T which maps ¢ to h and j to k. We now state and prove this property for

completeness.

Theorem 1.5 Quadratic residue tournaments are arc-transitive.

Proof: Let p =3 (mod 4) be a prime, and choose arc (4, j) and (h,k) in
QR,. Let a = (k—h)(j—1i)"" and b= (hj — ki)(j —i)~'. Note a is a quadratic
residue since k — h and j — ¢ are quadratic residues, and the set of quadratic
residues modulo p form a group under multiplication. Define the function f by
f:xw— axr +0b (mod p). Since V(QR,) = Z, is a field, f is a bijection from
V(QR,) to V(QR,). To see that f is an automorphism, pick (z,y) € A(QR,).

Then (y — x) is a quadratic residue modulo p, and

fly)— f(x) =ay+b— (ax +b) = ay — ax = a(y — z).
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Since a and (y — x) are quadratic residues, a(y — ) is a quadratic residue, and

so f(z) — f(y). So, f preserves dominance and is hence and automorphism.

Also,
fi)=ai+b
=((k = h)(j =) )i+ (hj — ki)(j — )"
= (ki—hi+hj—ki)(j—i)*
=h(i =i =)
=h,
and
f(G)=aj+b
=((k=n)(j — )75+ (hj = ki)(j — )"
= (kj = hj+hj = ki)(j — 1)
=k(j—)—i)~"
=k
Thus, QR, is arc-transitive. [ ]

The arc-transitivity of quadratic residue tournaments tells us that the tour-
nament induced on O(u) N O(v) is the same for any two distinct vertices u, v in
QR,. In particular, this tells us that |O(u) N O(v)| is the same for all distinct
u,v € V(QR,). Tournaments with this property are called doubly regular tour-
naments. That is, a tournament T is called a doubly reqular tournament if for

all distinct u,v € V(T), |O(u) N O(v)| = k, for some given k.
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A doubly regular tournament with |O(u) N O(v)| = k for all distinct u, v
is also a regular tournament on 4k + 3 vertices with d*(v) = 2k + 1 for all
vertices v. Doubly regular tournaments have many nice properties. In particular,
they form extremal cases for many problems in tournaments. While it is not
certain, they also appear to be good candidates for extremal cases in some of
the problems posed in this thesis. For instance, it is our current belief that if
a tournament is going to be the digraph of an orthogonal matrix, the smallest
non-trivial example will be doubly regular. (In fact, the only known example is
the 3-cycle, which is doubly regular with £ = 0.) We also believe that doubly
regular tournaments will be the optimal choices when extending tournaments to
create larger tournaments with small Boolean rank. For more on doubly regular

tournaments, the reader is referred to Reid and Brown, [10].

1.4 Domination basics

Given a digraph D, and a set S C V(D), we say that S is a dominating
set in D if O[S] = V(D). In this section we discuss some of the background
on domination in digraphs and tournaments, and how it relates to the problems
studied in this thesis. Domination in tournaments has been studied by many
people. The original problem appears to be a problem of Schiitte, in which he
asks, “For a given k, what is the least n so that there exists an n-tournament
T such that for all S C V(T') with |S| = k, there exists a vertex v € V(7))
with v = S?77 Taking the asymmetry of tournaments into account, one can
see that if there is no such vertex for a set S, then S is a dominating set. The
order of a smallest dominating set in D is called the domination number of

D, written (D). So, answering Schiitte’s problem is equivalent to finding a
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smallest n-tournament 7" with v(7") > k.

A property related to domination that we will discuss in chapter 6 is irre-
dundance. An irredundant set in a digraph D is a set S such that for all u € S,
there exists a vertex v € V(D) such that v € Ofu] —O(S). The size of a smallest
maximal irredundant set in a digraph D is called the lower irredundance number
of D, written ir(D). The size of a largest irredundant set is called the upper
irredundance number, written [ R(D). Similarly, the size of a largest minimal
dominating set is called the upper domination number, written I'(D). A recent
treatment and collection of results on domination and irredundance in tourna-
ments can be found in Hedetniemi, Hedetniemi, McRae, and Reid [34]. The
following useful result of basic bounds on ~, I', ir and IR is taken from their
paper.

Theorem 1.6 [34] For every tournament T,

(i) ir(T) <~(T) < AT (T);

(ii) ir(T) < ~(T) < T(T) < IR(T);

(iii) v(T) < n— AT(T);

(iv) v(T) <6 (T)+1.

As mentioned in the previous section, doubly regular tournaments form
extremal examples for several problems, and appear to be extremal examples for
some of the problems in this thesis. This also appears to be true when looking
for tournaments with large domination numbers. For instance, the smallest

tournament with domination number 2 is the 3-cycle. The smallest tournament
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such that every set of 2 vertices is dominated by a third, and hence the smallest
tournament with domination number 3, is QR; (note this is the only doubly
regular 7-tournament and is hence the unique 7-tournament with domination
number 3). It can also be verified that the smallest tournament with domination
number 4 is QRy9 (see [34]). Some of these examples prove quite useful when
we begin relating domination in tournaments to properties in the corresponding

tournament matrices.

One way in which we will relate domination to matrix properties, especially
in chapters 2 and 4 is by studying the structure of dominant pairs in a tourna-
ment. A dominant pair in a tournament is a dominating set of order 2. Given
a tournament 7', the domination graph of T is the graph dom(7") on the same
vertices as T with [u,v] € E(dom(7)) if and only if {u, v} form a dominant pair
in T'. As mentioned, the domination graphs of tournaments were introduced by
Merz, Lundgren, Reid, and Fisher in [44], and have since been characterized in

a series of papers.

Our study of the domination graphs of tournaments comes from their rela-
tion to the competition graphs of tournaments. Given a digraph D, the com-
petition graph of D is the graph comp(D) on the same vertices as D with
[u,v] € E(comp(D)) if and only if u # v and there exists some w € V(D)
such that v — w and v — w. Recall from the asymmetry of tournaments, that
two vertices will dominate a tournament if and only if there does not exist a
vertex which dominates them both. This is the main idea behind the following

theorem of Merz et. al..
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Theorem 1.7 [44] The complement of the competition graph of a tournament

is the domination graph of its dual.

If D is a digraph, and M its adjacency matrix, then for i # j, the 7, j entry
of MM will be non-zero if and only if row i and row j share a common non-zero
entry. That is, the 7, j entry of MM T will be non-zero if and only if vertex ¢ and
vertex j compete in D. So, the non-zero, off diagonal entries of the adjacency
matrix of comp(D) are in direct correspondence with those of MM . This
relationship together with the above result is the main correspondence between

domination in tournaments and the matrix properties discussed in chapter 2.

We use Merz et. al.’s characterization of the domination graphs of tourna-
ments in chapter 4, along with a characterization of separable matrices in terms
of the competition graphs of the corresponding digraphs, to characterize exactly
which tournament matrices are separable. In chapter 5 we use this characteri-
zation as a jumping off point for our characterization of the domination graphs
of complete paired comparison digraphs. We state the necessary conditions of

the characterization here, but first recall the following definitions.

Recall that a tree is a connected acyclic graph. A caterpillar is a tree such
that the removal of all pendant vertices results in a path. Each caterpillar has
a path of maximum length called a spine. A spiked cycle is a graph such that
the removal of all pendant vertices results in a cycle. If the cycle in a spiked
cycle is odd, then we call it a spiked odd cycle. Note, a spiked cycle need not
have pendants. So, cycles form a subclass of spiked cycles, and odd cycles form

a subclass of spiked odd cycles.
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Figure 1.5: An example of a spiked cycle and a caterpillar

Theorem 1.8 [44] The domination graph of a tournament is either a caterpil-

lar or a spiked odd cycle.

The sufficient conditions for the characterization of domination graphs of
tournaments vary depending on connectedness restrictions and can be found
in [31], [43], [45], and [46]. We now turn to some necessary background on

(0, 1)-matrices and matrix theory.

1.5 Matrix basics

In this section we cover some basic definitions and background on (0, 1)-
matrices. First, we introduce the notation we shall use for discussing matrices
and vectors. Let M be a matrix. We denote the ¢, j entry of M by M, ;. We
use M, to represent the i*" row of M and M, to represent the it column of M.

If v is a vector, then we let v; denote the it entry of the vector.

A (0,1)-matriz is a matrix whose every entry is a 0 or 1. We concern
ourselves with square (n x n) (0, 1)-matrices in this thesis. Any square (0, 1)-

matrix can be considered the adjacency matrix of some digraph. Let D be a
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digraph with V(D) = {1,2,...,n}. The adjacency matriz of D is the n x n
(0,1)-matrix M defined by

1 if (4,5) € A(D),
M, = {
0 if (i,§) & A(D).

In chapters 2, 3, and parts of chapters 4 and 6 we are interested in the
patterns of matrices. Given a matrix A, with arbitrary entries, the pattern of A
is the (0, 1)-matrix M obtained from A by letting

1if A;; #0,
w.-
0 if A;; = 0.
This has also been called a non-zero pattern by some authors. The digraph D
whose adjacency matrix is the pattern of a matrix A is called the digraph of A.
If M is the pattern of a matrix A, or D the digraph of A, then we sometimes

say that M and D support A.

Just as tournaments are an important class of digraphs to study, tournament
matrices give rise to several interesting problems in the study of (0, 1)-matrices.
A tournament matriz is the adjacency matrix of a tournament. By the complete
asymmetry of tournaments, one could also define a tournament matrix to be a
square (0,1)-matrix M with Os on the diagonal and M;; = 1 if and only if
M;; = 0. A third equivalent definition of tournament matrices is a square
(0,1)-matrix M such that M + M T = J — I, where J is a matrix of all 1s, and

I the identity matrix.

Some other important classes of matrices which come up are the zero ma-

trices, the class of matrices J,,«,, and the permutation matrices. An m x n zero
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matrix, Op, pn, is an m X n matrix in which every entry is a 0. If m = n, we will
simply write O,,, or if the dimensions are clear from context, O. We will write a
vector of all zeros as 0. The m xn matrix .J,, ,, is an m xn matrix of ones. Again,
if m = n, we will simply write .J,,, or J if the dimensions are clear from con-
text. We write a vector of all ones as 1. Given a bijection ¢ from {1,...,n} to
{1,...,n}, a permutation matriz is a matrix P with P, 4, = 1fori=1,...,n,
and FP; ; = 0 otherwise. A well known property of permutation matrices is that
left multiplying a matrix A by a permutation matrix P" will reorder the rows
of A according to the bijection corresponding to P, and right multiplying A by

P will reorder the columns according to the bijection corresponding to P.

If M is the adjacency matrix of some digraph D, and P a permutation ma-
trix, then left and right multiplying M by PT and P respectively, results in
the adjacency matrix of a digraph isomorphic to D. Left and right multiply-
ing M by permutation matrices P and @) results in a permutation equivalent
matriz. Permutation equivalent matrices do not necessarily correspond to iso-
morphic digraphs, but are important for some matrix properties. We study the

permutation equivalence of tournaments in chapter 4.

We denote the standard Euclidean inner product of two vectors x and y by
(x,y). That is, for column vectors x and y, (x,y) = x"y. We say two vectors x
and y are orthogonal if (x,y) = 0. An n x n matrix M is said to be orthogonal
if MMT = M"M = 1. So, if M is orthogonal, (M;s, M;s) = 0 and (M;, M;) =0
for all 4 # j, and 37, M?; =370 M2 =1, for any 1, j.

Two less traditional matrix concepts which arise in chapter 6 are comple-

ments of matrices, and the idea of one matrix being less than another. Given a
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(0, 1)-matrix, M, we define the complement of M to be the matrix M€, where
M¢; = 1if and only if M;; = 0. Given two matrices A and M, we say that
A < M if they have the same dimensions and for all 7, j, A;; < M, ;. Equiva-
lently, for vectors x and y, we say x <y if x; <y, for all i. We define these
since (0, 1)-matrices and vectors tie in closely with sets when we begin dealing
with Boolean arithmetic in chapter 6. Also, for a set S and subset W of S, we

will also write the complement of W in S as W¢.
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2. Quadrangular Tournaments

2.1 Definitions and background

Recall that an n x n matrix M is defined to be orthogonal if MM '™ =
MTM = I, where I is the n x n identity matrix. In this chapter we introduce
a basic necessary condition for a digraph to support an orthogonal matrix, and
study the tournaments which meet this condition. Our condition is derived
from combinatorial orthogonality, which originally appeared in a matrix context
in [5]. Given two n-vectors & = (z1,22,...,%,) and y = (Y1,¥2, ..., Yn) wWith
entries from any field, we say that x and y are combinatorially orthogonal if
|{i: z;y; # 0}| # 1. That is, they do not share exactly 1 non-zero entry. We say
a matrix M is combinatorially orthogonal if every two rows are combinatorially

orthogonal and every two columns are combinatorially orthogonal.

To see that this is in fact a necessary condition for a matrix to be orthog-
onal, let M be a matrix with rows M;, and M;, which are not combinatorially
orthogonal (a similar argument holds for columns). Then M;, and M;, have
exactly one non-zero entry in common, and so (M;., M) is just the product
of these two entries and hence, not zero. As any two rows (or columns) of an
orthogonal matrix must be orthogonal, we see that combinatorial orthogonality
is a necessary condition for a matrix to be orthogonal. Further, since combi-
natorial orthogonality only concerns itself with whether an entry is non-zero or
not, combinatorial orthogonality is a necessary condition for a (0, 1)-matrix to

be the pattern of an orthogonal matrix.
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A digraph D is called quadrangular if for all distinct u,v € V(D), |O(u) N
O(v)| # 1 and |I(u) N I(v)| # 1. If we only require the restriction on the
outsets or insets separately, we say D is out-quadrangular or in-quadrangular
respectively. Figure 2.1 shows an example of a quadrangular digraph. Note that
O\Q/O

Figure 2.1: A Quadrangular Digraph

if A is the adjacency matrix of a digraph, and A;, and A;, two rows of A which
correspond to vertices u and v respectively, then (4., Aje) = |O(u) N O(v)].
Similarly, the inner product of two columns is equal to the size of the intersection
of the insets of the corresponding vertices. So, D is a quadrangular digraph, if
and only if its adjacency matrix is a combinatorially orthogonal matrix. Thus,
quadrangularity is a necessary condition for a digraph to support an orthogonal

matrix.

Many of the results in this chapter show that, in certain classes of tour-
naments, there is a relationship between quadrangularity and the domination
number of the tournament or a subtournament. For example, Theorems 2.1,
2.8, and 2.19 all exhibit this relationship. We begin by examining tournaments
which are not strongly connected. We see that in this case quadrangularity of

the tournament can be reduced to the question of quadrangularity in a strong
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subtournament, or a bound on the domination number of a subtournament. We
then look at cases where we have restrictions on the out-degrees and in-degrees
of the tournament. We finish the chapter by characterizing the orders for which

a quadrangular tournament exists.

2.2 Tournaments which are not strongly connected

Our first result of this section classifies quadrangular tournaments with a
transmitter and a receiver by a bound on the domination number of a subtour-
nament.
Theorem 2.1 Let T be a tournament on 3 or more vertices with a transmitter
s and receiwer t. Then T is quadrangular if and only if both v(T — {s,t}) > 2
and (T — {s,t})") > 2.

Proof: Let T be a tournament with a transmitter s and receiver t. Suppose
that both y(T'—{s,t}) > 2 and v((T'—{s,t})") > 2. Then, E(dom(T'—{s,t})) =
E(dom((T —{s,t})")) = 0. Thus the competition graphs of both T'— {s, ¢} and
(T — {s,t})" are complete. That is, for all z,y € V(T') — {s,t} there exist
w,z € V(T) such that w — x, w — y, © — 2z and y — z. Pick distinct

u,v € V(T). We consider three cases.

Case 1: Suppose u,v & {s,t}. Then, as noted before, there exist vertices
w,z € V(T — {s,t}) so that z € O(u) N O(v) and w € I(u) N I(v). Also,
s € O(u)NO(v)and t € I(u)NI(v). So, |O(u)NO(v)| > 2 and |I(u)NI(v)| > 2.
Case 2: Now assume that one of u, or v is t, say u = t. Since O(t) = 0,
O(t)NO(v) =0, s0 [O(t)NO(v)| = 0. Also, I(t) =V (T)—{t},so I(t)yNI(v) =
I(v). If v =s, then I(v) = 0, and |I(t) N I(v)| = 0. So, suppose v # s. Since
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v(T —{s,t}) > 3, Theorem 1.6 gives us that 2 < (T — {s,t}) <6~ (T — {s,t}).
Thus, d~(v) > 2, and since I(v) C I(t), |I(t) N I(v)] = d~(v) > 2 as desired.

Case 3: Now, assume that one of u, v is s, say u = s. Since I(s) = 0, I(s)NI(v) =
0, so |I(s)NI(v)] = 0. Also, since O(s) = V(T) — {s}, O(s) N O(v) = O(v).
The case where v = ¢ is covered in case 2, so assume v # t. Since v((T —
{s,t})") > 3, Theorem 1.6 gives us that 2 < y((T'—{s,t})") < 6~ ((T'—{s,t})") =
OT(T — {s,t}). Thus, d*(v) > 2, and since s is a transmitter, O(v) C O(s), so

|O(s)NOW)| =dt(v) > 2.

Conversely assume that 7' is a quadrangular tournament with both a trans-
mitter s and receiver t. If u,v € V(T) — {s,t}, then s € O(u) N O(v),
and t € I(u) N I(v). So, since T is quadrangular, |O(u) N O(v)| > 1 and
|[I(u) N I(v)] > 1, there must exist vertices w,z in T — {s,t} such that
z€ O(u)NO(v) and w € I(u) N I(v). Since w beats u and v they cannot be a
dominant pair in 7' — {s, ¢t} and since u and v beat z they cannot be a dominant
pair in (T — {s,t})". Thus, E(dom(T — {s,t})) = E(dom((T — {s,t})")) = 0.
Equivalently, v(T" — {s,t}) > 2 and y((T" — {s,t})") > 2. This completes our

proof. [ ]

From Theorem 1.6, and Theorem 2.1 we get the following corollary which
allows for a quick check to see if a tournament with both a transmitter and a

receiver is quadrangular.

Corollary 2.2 LetT be a tournament on 3 or more vertices with a transmitter s
and receivert. If T is quadrangular, then 6 (T —{s,t}) > 2 and 6~ (T —{s,t}) >
2.
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The following results characterize quadrangular tournaments in the case
where the tournament has a transmitter or receiver, but not both, by a bound

on the domination number of a subtournament.

Theorem 2.3 Let T' be a tournament with a transmitter s and no receiver.
Then T is quadrangular if and only if, v(T — s) > 2, T — s is out-quadrangular,
and 67(T — s) > 2.

Proof: First suppose that (T — s) > 2, T — s is out-quadrangular, and
0T (T —s) > 2. Pick distinct u,v € V(T). First suppose that u,v € V(T) — {s}.
Since (T — s) > 2 there exists x € V(T') — {s} such that  — w and x — v. So,
s,x € I(u)NI(v) and so [I(u)NI(v)| > 2. Also, since T'— s is out-quadrangular,
|O(u)NO(v)| # 1. Now, suppose that one of u, v is s, say u = s. Since I(s) = (),
|I(s) N I(v)] =0. Also, since 67 (T — s) > 2, |O(s) N O(v)| = |0O(v)| > 2, Thus,

T — s is quadrangular as desired.

Now, assume that T is quadrangular. Since O(s) = V(T') — {s}, [{(u) N
I(v)| > 1 for all distinct u,v € V(T) — {s}. Since T is quadrangular this
means we must have |I(u) N I(v)| > 2 for each u,v € V(T) — {s}. Thus, for all
u,v € V(T') — {s}, there must exist some z € V(T') — {s} such that + — u and
r — v. So, y(T' — s) > 2. Since T has no receiver, |O(v)| > 1 for all v € V(7).
Since O(s)NO(v) = O(v) for allv € V(T')—{s}, and T is quadrangular, we must
then have that d*(v) = |O(v)| = |O0(s)NO(v)| > 2. Thus, 67(T — s) > 2. Now,
pick distinet u,v € V(T') — {s}. Since T is quadrangular, |O(u) N O(v)| # 1, so

T — s is out-quadrangular. [ ]

If T is a tournament with a receiver and no transmitter, then it is the dual of
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a tournament with a transmitter and no receiver. A tournament is quadrangular
if and only if its dual is, so by Theorem 2.3, T" is quadrangular if and only if
YT —1t)") > 2, (T —t)" is out-quadrangular and 67 ((7" —¢)") > 2. Since
(T — t)" being out-quadrangular is equivalent to 7' — ¢ being in-quadrangular,

and 0T ((T'—t)") = 0~ (T —t) we get the following corollary.

Corollary 2.4 Let T be a tournament with a receiver t and no transmitter.
Then T is quadrangular if and only if v((T —t)") > 2, T —t is in-quadrangular,
and 0~ (T —t) > 2.

Theorem 1.6 together with Theorem 2.3 and Corollary 2.4 give analogous
results to Corollary 2.2. Namely that if T" is a quadrangular tournament with a
transmitter s and no receiver (receiver ¢ and no transmitter), then (7' —s) > 2
and 0~ (T —s) > 2 (67(T'—t) >2and 0~ (T —t) > 2). We finish this section by
characterizing quadrangular tournaments with no transmitter or receiver which
are not strongly connected in terms of properties of their initial and terminal

strong components.

Theorem 2.5 Let T be a tournament with no transmitter or receiver which
is not strongly connected. Then T is quadrangular if and only if the initial
strong component Ty is in-quadrangular with 6~ (11) > 2 and the terminal strong

component T,, is out-quadrangular with 6 (T,,) > 2.

Proof: Let T be a tournament with no transmitter or receiver, which is
not strongly connected. Suppose that 77 is in-quadrangular with §—(77) > 2,

and that T, is out-quadrangular with 6% (7,,) > 2. Note that since T" has no
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transmitter or receiver, 77 and 7,, must contain at least 3 vertices each. Pick

distinet u,v € V(T'). We consider 5 cases.

Case 1: Suppose that v and v are in neither 77 nor 7,,. Every vertex of T}
beats every vertex in T'— T} and every vertex of T}, is beaten by every vertex

of T'—1T,,. So,

[O(u) NO)| = [V(T5n)| = 3 and [I(u) N I(v)] = [V(T1)| = 3.

Case 2: Suppose that both u,v € T7. Then, since T} is in-quadrangular, |I(u)N
I(v)| # 1. Also, u and v beat every vertex in 7" — T}, in particular, V(T,,) C
O(u) N O(v). Thus,

|O(uw) NO(v)| > |V(T,)| > 3.

Case 3: Suppose that both u,v € V(T,,). Then, since T,, is out-quadrangular,
0(u) NO@)] # 1. Also, [1(u) " 1()| = [V(T})] = 3.

Case 4: Suppose that v € V(T}) and v € V(T1). Since v ¢ V(1) we know
that I(u) C V(Ty) C I(v) and so I(u) N I(v) = I(u). So, since 6~ (T1) > 2,
[I(w) N I(v)| = |I(u)] = d (u) > 2. Also, since v € V(T}) and v ¢ V(T1),
we know that O(v) C O(u). Thus, O(u) N O(v) = O(v). If v & V(T,,), then
V(T,,) € O(v), and so |O(u)NO(v)| > |V (T},)| > 3. So, assume that v € V(T},).
Then |O(u) N O(v)| = |0O(v)| = d*(v) > 2.

Case 5: Suppose that v € V(T,,) and v & V(T,,,). Since v € V(T,,), O(u) C
V(T,,) € O(v), and so O(u) N O(v) = O(u). So, since 67 (T},) > 2, |O(u) N
O(v)| =|0(v)| > 2. Now, if v € V(T7}) then as in case 4, |I(u) N I(v)| > 2. So,
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assume that v ¢ V(717). Then, every vertex in 7T} beats both u and v, and so
[(u) N I(v)] = [V(T1)| = 3.

Now, assume that 7' is quadrangular. Since T is quadrangular, if u,v €
V(Ty), then |I(u) N I(v)| # 1, so T} is in-quadrangular. Also, since T" is quad-
rangular, if u,v € V(7T,,) then |O(u)NO(v)| # 1, and so T, is out-quadrangular.
Now, pick v € V(T1) and v € V(T,,). Then, O(u) N O(v) = O(v), and
I(u) N I(v) = I(u). Since T has no receiver, d*(v) > 1, and so we must have
that d*(v) = |O(v)| = |O(u) N O(v)| > 2. Thus, 67(T,,) > 2. Also, since T" has
no transmitter, d-(u) > 1, and so d~(u) = |I(u)| = |I(u) N I(v)| > 2. Thus,
0~ (T1) > 2. These are exactly the conditions from the theorem statement, and

so the result follows. ]

In studying tournaments which are quadrangular, the previous results allow
us to restrict our attention to strongly connected tournaments. Beyond this,
as we will see in Chapter 4, a necessary condition for a tournament to be the

digraph of an orthogonal matrix is to be strongly connected.

2.3 Tournaments with given minimum degrees

We now look at tournaments with a given minimum out-degree or in-degree.
In the previous section we studied tournaments with minimum out-degree or
in-degree 0. In Theorem 2.8 and Corollary 2.9 we characterize quadrangular
tournaments with minimum in-degree 1 or minimum out-degree 1 respectively.
The following results show that no tournament with a vertex of out-degree or
in-degree 2 or 3 can be quadrangular. First we give some lemmas.
Lemma 2.6 Let T be a quadrangular tournament with a vertex x of out-degree

1. Suppose x — y ,then O(y) = V(T) — {z,y}
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Proof: Suppose there exists a vertex v in V(T') — {x, y} such that v — .
Then, since O(z) = {y}, |O(x) N O(v)| = [{y}| = 1. This contradicts the

quadrangularity of T'. |

Applying Lemma 2.6 to the dual of T" we obtain the following lemma.

Lemma 2.7 Let T be a quadrangular tournament with a vertex x of in-degree

1. Suppose y — x, then I(y) = V(T) — {z,y}.

Theorem 2.8 Let T be a tournament on 4 or more vertices with a vertexr x of

out-degree 1, and suppose x — y. Then, T is quadrangular if and only if
1. O(y) = V(T) — {z,y},
2. (T ={x,y}) > 2,
3. (T = A{z,y})") > 2.

Proof: First, suppose that T is quadrangular. Then, by Lemma 2.6,
O(y) = V(T') — {x,y}. Now, pick distinct vertices u andv in T' — {x,y}. Since
z € O(u) N O(v) there must exist some other vertex w in 7" — x for which
w € O(u) N O(v). Since O(y) = V(T) — {x,y}, this vertex w must be in
T —{x,y}. So, there exists w € V(T') — {z,y} such that w € O(u) NO(v). This
is equivalent to saying v((T' — {x,y})") > 2. Also, y € I(u) N I(v). So, since T
is quadrangular, there must exist a vertex z in T'— y such that z € I(u) N I(v).
Since O(z) = {y}, this vertex must be in T'— {x, y}. So, we must also have that
YT —A{z,y}) > 2. Now, if v € V(T) —{z,y} then I(v)NI(z) = I(v). So, these

conditions are necessary.
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Now assume that 7" is a tournament with a vertex x such that O(x) = vy,
and O(y> = V(T) o {xvy}v ’7(T - {xay}> > 2, and 7((T - {xay}>r) > 2. Pick

distinct u,v € V(T'). We show T is quadrangular using three cases.

Case 1: Suppose u,v € V(T) — {x,y}. Then, z € O(u) N O(v), and since
(T —{z,y})") > 2, there exits w € V(T') — {z, y} such that w € O(u) N O(v).
Thus, [O(u) N O(v)] > 1. Also, y € I(u) N I(v), and since (T — {z,y}) > 2
there exists z € V(T') — {x, y} such that z € I(u) N I(v). So, |I(u) N I(v)| > 1.

Case 2: Suppose that v = z. Then O(u) = {y} and since y ¢ O(v),
|O(u) NO(v)| = 0. Now, I(u)NI(v) =I(v)—{y} since u = z. By Theorem 1.6,
0~ (T —{z,y}) =2 (T —{w,y}) =1 = 2, and so [[(u) N1 (v)] = [I(v) = {y}] = 2.

Case 3: Suppose that v = y. Then, I(u) = {z} and since z ¢ I(v),
[I(u)NI(v)| = 0. Now, O(u)NO(v) = O(v) — {x} since u = y. By Theorem 1.6,
0T (T—{z,y}) = 7(T—{x,y})")—1 > 2, and 50 [O(u)NO(v)| = [O(v)—{z}| > 2.

Thus, T is quadrangular. [

Applying Theorem 2.8 to the dual of T we obtain the following corollary.

Corollary 2.9 Let T be a tournament with a vertex x with in-degree 1. Suppose
y — x. Then, T is quadrangular if and only if I(y) = V(T) — {z,y}, v(T —

{z,y}) > 2, and (T = {x,y})") > 2.

Theorem 1.6 together with Theorem 2.8 and Corollary 2.9 gives us the fol-

lowing corollary.

Corollary 2.10 Let T be a quadrangular tournament with 6T (T) = 6= (T) = 1.

Let x and y be vertices of out-degree and in-degree 1, respectively. Then x — v,
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O(x) = I(y) = V(T) —{x,y}, (T —{x,y}) 2 2 and 6~ (T — {z,y}) = 2.

Theorem 2.11 Let T be an out-quadrangular tournament and choose v €

V(T). Then T[O(v)] contains no vertices of out-degree 1.

Proof: Let T be an out-quadrangular tournament, and choose a vertex
veV(T). If v € Op(v), then Op(v) N Op(x) = Orjow)(x) and so since T is

out-quadrangular, dj,, () = |Orjow)(7)| = [Or(v) N Or(z)| # 1. ]

Applying Theorem 2.11 to the dual of a tournament we get the following

theorem.

Theorem 2.12 Let T be an in-quadrangular tournament and choose v € V(T).

Then T[I(v)] contains no vertices of in-degree 1.

The only tournaments on 2 or 3 vertices are the single arc, the 3-cycle and
the transitive triple, each of which contain a vertex of out-degree 1 and a vertex

of in-degree 1. Therefore, Theorems 2.11 and 2.12 give us the following four

/N D

Figure 2.2: The 2-tournament, the 3-cycle, and the transitive triple.

corollaries.
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Corollary 2.13 If T is a quadrangular tournament, and v € V(T), then
d*(v) # 2,3 and d—(v) # 2, 3.

Corollary 2.14 If T is an out-quadrangular tournament with §*(T) > 2, then
oH(T) > 4.

Corollary 2.15 IfT is an in-quadrangular tournament with 6~ (1) > 2, then
0~ (T) > 4.

Corollary 2.16 If T is a quadrangular tournament with 67 (T) > 2 and

5~ (T) > 2, then 6*(T) > 4 and 6~(T) > 4.

We now turn our attention to regular and rotational tournaments.

2.4 Regular and rotational tournaments

In this section we look at regular tournaments and rotational tournaments,
and how this affects quadrangularity. We see that regularity makes the job of
determining whether or not a tournament is quadrangular a bit easier. We give
a sufficient condition for regular tournaments to be quadrangular based on the
domination number. We also restate the problem of whether or not a rotational
tournament is quadrangular in a more number theoretic context.
Proposition 2.17 Let T be a tournament on n vertices, then T 1is

in-quadrangular if and only if for all distinct u,v € V(T'), |O[u] UO[v]| # n— 1.

Proof: Note that since 7 is a tournament I(x) = V(T') — O[x] for all
x € V(T). Since T is in-quadrangular if and only if |I(u) N I(v)| # 1 for all

distinct u,v € V(T'), we have that T is in-quadrangular if and only if for all
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distinct u,v € V(T')
LA [I(u) N I(v)]
=|(V(T) = Olu]) 0 (V(T') = O[v])|
= [V(T) = (Ofu] U O[v])]
=n —|O[u] UO]].
Thus, T is in-quadrangular if and only if |Ofu] U Ov]| # n — 1 for all u # v €
V(T). -

From this proposition, we can restate the property of quadrangularity in
tournaments as “for all distinct u,v € V(T'), |O(u) N O(v)| # 1 and |Ofu] U
Op]| #n -1

Theorem 2.18 A regular tournament is quadrangular if and only if it is out-

quadrangular or in-quadrangular.

Proof: Let T be a regular tournament on n = 2k + 1 vertices. Note that
for any two distinct vertices z and y in T', |O[z] NOJy]| = |O(x) NO(y)|+ 1 since
either  — y or y — z. Thus for any two distinct x,y € V(T),

O] UOyY]| = 2k + 2 = [O[z] N Oly]|
—n+1-[0k]N O]
=n+1-1—10(x)NO(y)|
=n—0(x) N O(y)|
Therefore, |O[z] UOly]| = n — 1 if and only if |O(z) N O(y)| = 1. Thus, T is
out-quadrangular if and only if it is in-quadrangular, and so it is quadrangular

if and only if out-quadrangular or in-quadrangular. ]
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The previous theorem can also be taken as a corollary to the linear algebra
folk lore that regular tournament matrices are equivalent to the the class of
tournament matrices which are normal. Note, a matrix M is normal if MM T =
MTM. Graph theoretically, this is equivalent to saying that |O(u) N O(v)| =
|I(u) N I(v)| for any two vertices w,v. A proof of this result can be found in

Appendix A.

Theorem 2.19 If T is a regular tournament with v(T') > 4, then T is out-

quadrangular.

Proof: Let T be a regular tournament on 2k + 1 vertices with v(7") > 4.
Assume, to the contrary ,that T is not out-quadrangular. Then there exist
distinct u,v € V(T') such that |O(u) N O(v)| = 1. Let w be the single vertex in
O(u)NO(v), and without loss of generality assume that u — v. So, |O[u]UOv]| =
2k since O(u) N O(v) = {w} and u — v. Thus, there is only one vertex in
T — {u,v} which is not dominated by w or v, call it . Then every vertex in
T is either one of u,v,z or dominated by one of u,v,z. Hence {u,v,z} is a
dominating set of order 3 in 7". This contradicts our assumption that (7)) > 4.

Thus, T is out-quadrangular. [

Applying Theorem 2.18, we get the following corollary.

Corollary 2.20 If T is a regular tournament with v(T) > 4, then T is quad-

rangular.

We denote by U, the rotational tournament whose symbol is {1 <i <n—1:

i is odd}. In [44], Merz, Fisher, Lundgren, and Reid show that if a tournament
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on n vertices has an n-cycle as its domination graph, then it is isomorphic to
U,. We use this fact to prove the following result, which helps us obtain our

main result on rotational tournaments.

Theorem 2.21 Let T be a rotational tournament on n = 2k + 1 vertices. If T

is not isomorphic to U,, then for all distinct u,v € V(T), O(u) N O(v) # (.

Proof: Let T be a rotational tournament with V(7') = {0,1,...,2k}.
Assume there exist distinct vertices u,v € V(T') such that O(u) NO(v) = (. By
the vertex transitivity of rotational tournaments, we may assume u = 0. Now,
since T is regular and O(u)NO(v) = 0, |O[u]UOW]| = 2k+2—1-0 = 2k+1 = n.
Thus, u and v form a dominant pair. Since T is rotational, O(u+17)NO(v+i) = ()
for all 4. This says that {i,i +v (mod n)} forms a dominant pair for all ¢. This

implies the domination graph of T" is a cycle. Thus 7" is isomorphic to U,,. =

Pick n > 5. Then for 0,22 € V(U,), |0(0) N O(%2)| = 1. So, U, is not

quadrangular for any n > 5, and we get the following corollary.

Corollary 2.22 If T is an n-tournament, for n > 5, which is both rotational

and quadrangular, then O(u) N O(v) # O for all u,v € V(T).

Theorem 2.23 Let T be a rotational tournament on n > 5 wvertices, with
V(T)=10,1,...,n— 1} and symbol S. Then, T is quadrangular if and only if
for all integers m with 1 < m < =L there exist distinct subsets {i, j},{k,1} C S

such that (i — j) = (k—1) =m (mod n).

Proof: Pick u # 0 € V(T'), and suppose S has the property stated in the
theorem. We show that |O(u) N O(0)| # 1. Then for z € V(T') we can use the
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vertex transitivity of 1" to map z to 0, and as w is arbitrarily chosen, for any
vertex y # x we will have |O(z) N O(y)| = |0(0) N O(u)| # 1. So T will be
out-quadrangular and hence quadrangular, since 7' is regular. Now, if u < ”T_l
there exist sets {i,5}, {k,(} C S such that (i — j) = (k— 1) = u (mod n). So,
i—u=j (modn)and k—u =1 (mod n) Thus, j,I € O(u). Further, 5,1 € O(0)
since j,l € S. Note j # [, for otherwise i = k, contradicting {i, 7} and {k,{}
being distinct sets. Thus, [O(u) N O(0)] > 2. If u > "1 then —u < “* and
so there exist sets {7, 5}, {k,l} € S such that (i — j) = (k —1) = —u (mod n).
So, (j —i) = (I — k) = u (mod n), and the argument is the same. Thus T is

quadrangular.

Now assume that 7" is quadrangular. Then by Corollary 2.22; |O(u)NO(v)| >
1 for all distinct w,v € V(7). Thus, for all distinct u,v € V(T'), we must
have that |O(u) N O(v)| > 2. In particular, for some m € V(T') such that
1 < m < 22, we must have that |O(0) N O(m)| > 2. Since O(0) = S, there
must be at least 2 elements of S say j,[ such that 5,/ € O(m). So, there must
exist i, k € S such that i —m = j (mod n) and k —m =1 (mod n). This makes

{i,7} and {k, [} the sets stated in the theorem, and completes our proof. [ ]

This theorem lets us restate the existence question for quadrangular rota-

tional n-tournaments, n > 5, as the following:

For which odd integers n does there exist a set of size "T_l such that if ¢ € S,

—i (mod n) ¢ S and for all integers 1 < m < "T_l, there exist distinct sets

{i,7},{k,1} C S such that (i —j) = (k—1) =m (mod n)?

The smallest such n is 11 with S = {1,3,4,5,9}. In fact, one can generalize
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this set and verify that for n = 3 (mod 4) the set

S:{iilﬁién—Q,iiSOdd,zﬁé <n;‘3>}u{(n;3)}

is the symbol for a quadrangular rotational tournament.

2.5 Known orders of quadrangular tournaments

In this section we determine for exactly which n there exists a quadrangular
tournament on n vertices. As we see in the proof of Theorem 2.34, the results
from sections 2.2 and 2.3 show us there are no quadrangular tournaments on
4,5,6,7 or 8 vertices. We give constructions for quadrangular tournaments
on 9,11,12,13, and 14 vertices and a general construction for quadrangular
tournaments on 15 or more vertices. We also show that there is no quadrangular

tournament on 10 vertices in a series of results.

Before beginning, recall that up to isomorphism, there are only four 4-
tournaments. These are shown in Figure 2.3. Of these, the only tournament on
4 vertices with no vertex of out-degree 1 is a 3-cycle together with a receiver.
Similarly, the only tournament on 4 vertices with no vertex of in-degree 1 is a 3-
cycle with a transmitter. Thus, by Theorem 2.11, if a quadrangular tournament
T has a vertex v of out-degree 4, T'[O(v)] must be a 3-cycle with a receiver, and
if u has in-degree 4, T[I(u)] must be a 3-cycle with a transmitter.

Theorem 2.24 There does not exist a quadrangular near reqular tournament

of order 10.

Proof: Suppose T is such a tournament and pick a vertex x with d*(z) = 5.
So d~(x) = 4. Therefore I(x) must induce a subtournament comprised of a 3-

cycle, and a transmitter. Call this transmitter u. If a vertex y in O(x) has
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O(y) = I(z), then |O(y) N O(w)| = 1 for all w # w in I(x). This contradicts
T being quadrangular, so O(y) # I(x) for any y € O(x). Since every vertex in
O(z) beats at most 3 vertices outside of O(z), and since T is near regular we
have that 67 (T'[O(x)]) > 1. Thus, by Theorem 2.11, we have 6*(T[O(z)]) > 2.

This means that T'[O(x)] must be a regular tournament on 5 vertices.

Consider the vertex u which forms the transmitter in 7'[/(z)]. Since u =
I[z] — {u}, and T is near regular, u can beat at most one vertex in O(z). If
u — z for any z € O(z), then |O(u) N O(z)| = [{z}| = 1 which contradicts T’

being quadrangular. Thus, z — w for all z € O(z).

Since T is near regular, it has exactly 5 vertices of out-degree 5, one of which
is z. So, there can be at most 4 vertices in O(x) with out-degree 5. Thus, there
exists some vertex in O(x) with out-degree 4, call it v. Since x — v, v beats 2
vertices in O(x) and v — wu there is exactly one vertex r € I(x) — {u} such that
v — 7. Since O(u) = I[z] — {u}, we have |O(v) N O(u)| = [{r}| = 1. Therefore,

T is not quadrangular, and such a tournament does not exist. [

The following lemmas and theorem on domination are necessary in showing

that a quadrangular 10-tournament does not exist.

Lemma 2.25 IfT is a tournament on 8 vertices with v(T) > 3 and v(T") > 3,
then T is near regular. Further, if d~(x) = 3, then I(x) induces a 3-cycle, and

if d*(y) =3, then O(y) induces a 3-cycle.

Proof: Let T be such a tournament. By Theorem 1.6, 6= (T) > ~v(T)—1 =
3—1=2. If T has a vertex b with I(b) = {u, v}, where u — v, then {u, b} forms

a dominating set of size 2. So d(z) > 3 for all x € V(T'). Similarly, d, () > 3
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for all x € V(T'). Thus,
3<dp(z)=df(z)=8—-1—dp(z)<7—-3=4

for all z € V(T). That is 3 < df.(z) < 4 for all x € V(T), and T is near regular.
Now, pick = € V(T') with d~(z) = 3. If I(x) induces a transitive triple with
transmitter u, then {u, x} would form a dominating set in 7". Thus, I(x) must

induce a 3-cycle. By duality we have that O(y) induces a 3-cycle for all y with
d*(y) = 3. u

The 4 tournaments on 4 vertices are shown in Figure 2.3. Exactly one
of these is strongly connected. We refer to this tournament as the strong 4-
tournament, and note that it is also the only tournament on 4 vertices without

a vertex of out-degree 3 or 0.

#\ AN
NN

Figure 2.3: The four 4-tournaments with the strong 4-tournament on the far
right.

Lemma 2.26 Suppose T is a tournament on 8 vertices with ~v(T) > 3 and
v(T") > 3. Then if v € V(T) with dt(xz) = 4, O(z) induces the strong 4-

tournament.

Proof: By Lemma 2.25, T is near regular so pick z € V(T) with d*(x) = 4,

and let W be the subtournament induced on O(x). If there exists u € V(W)
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with dj,(u) = 0, then since d;(u) > 3, u = I(x) and {u, z} forms a dominating
set in 7". This contradicts v(7") > 3, so no such u exists. Now assume there exists
a vertex v € V(W) with djy,(v) = 3. If d+(v) = 4, then v — y for some y € I(z).
So, I(v) = I[z] — {y}. However, I(v) = I[z] — {y} forms a transitive triple, a
contradiction to Lemma 2.25. So d7.(v) = 3. Now, since 67(W) > 0, the vertices
of W — v all have out-degree 1 in W. If some z € V(W) — v has d}.(z) = 4,
then z = I(z) and {z, 2z} would form a dominating set of size 2. Therefore, all
z € V(W) have d}(z) = 3. Since T is near regular, this implies that every vertex
of I[z] must have out-degree 4. Further, since d}(v) = 3, O(v) C O(z) and so
I(x) = v. So, each vertex of I(r) dominates x,v and another vertex of I(x).
Thus, each vertex of I(z) dominates a unique vertex of O(x) — {v}. Further
each vertex of O(x) — {v} has out-degree 3 in T" and so must be dominated by
a unique vertex of I(x). Label the vertices of I(x) as y1,ys,ys and the vertices
of O(z) — {v} as wy, ws, ws so that y; — w;, and w; — y; for ¢ # j. Since I(x)
and O(x) — {v} form 3-cycles we may also assume that y; — yo — y3, ys — v1,
and w; — wy — ws and w3 — wy. So, O(wy) = {ws, y2,ys} which forms a
transitive triple, a contradiction to Lemma 2.25. Hence, no such v exists and

1 <dH(W) < AT (W) <2 and W is the strong 4-tournament. u

Theorem 2.27 Let T' be a tournament on 8 wvertices. Then y(T) < 2 or

V(T7) < 2.

Proof: Suppose to the contrary that 7" is a tournament on 8 vertices with
v(T) > 3 and v(T7) > 3. By Lemma 2.25 we know that 7" is near regular. Let

W be the subtournament of 7" induced on the vertices of out-degree 4. Choose
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x in W with d;;,(z) > 2. So pick x € V(T') with df(z) = 4 so that it dominates
at most one vertex of out-degree 4. By Lemma 2.26, O(x) induces the strong
4-tournament. By our choice of x, at least one of the vertices with out-degree
2 in T[O(x)] has out-degree 3 in 7. Call this vertex x;. Label the vertices of
O(z1) N O(x) as x9 and x3 so that xo — x3, and label the remaining vertex
of O(z) as xy. Note since T[O(x)] is the strong 4-tournament, we must have
r3 — 9 and zg — z;. Since dj(x1) = 3, r; must dominate exactly one vertex
in I(x), call it y;. Recall I(x) must induce a 3-cycle by Lemma 2.25, so we
can label the remaining vertices of I(x) as ys and y3 so that y; — y2 — y3
and y3 — y;. Note since O(x1) N I(x) = y1, y» — =1 and y3 — x;. Also, by

Lemma 2.25, O(x) forms a 3-cycle, so x3 — y; and y; — .

Now, assume to the contrary that y; — 9. Then O(y1) = {0, 2, x, y2}.
Now, since O(z3) N O(x) = {0}, df(x3) = 3 or else x3 = I(x) and {z, 23} is a
dominating set of size 2. So, x3 dominates exactly one of ys or y3. If 23 — ¥
then y3 — x3 and since y3 — x1, {y1,y3} forms a dominating set of size 2. So,
assume r3 — y3 and y, — x3. Then z,y3, x1, 23 € O(y2), and {ys,y;} forms a

dominating set of size 2. Thus zg — ;.

If 3 — yo, then {z3,x} forms a dominating set of size 2, a contradiction.
So, yo — x3. If z3 — ys3, then O(x3) = {y1,ys,x0}. However, y3 — y; and
xo — y1 so O(x3) forms a transitive triple, a contradiction to Lemma 2.25.
Thus y3 — z3. Since df(y3) < 4 and y1, 2z, 21,23 € O(ys), these are all the

vertices in O(ys). So, g — ¥ys3.

If xg — yo then xy = I(x) and {z,x¢} is a dominating set of size 2, so

Yo — Tg. S0, To, Y3, T € O(ys) and y1,xe, 23 € O(x1), and so {ys, x1} forms a
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dominating set of size 2. Therefore, such a tournament cannot exist. [ ]

Theorem 2.28 No 9-tournament T' with 6T (T") > 2 is out-quadrangular.

Proof:  Assume, to the contrary, 7' is such a tournament. Since T is
out-quadrangular, and 67(7T") > 2, by Corollary 2.14, 6" (T) > 4. Since T is a
9-tournament, this implies 7" must be regular. Pick a vertex x € V(T'). Then
O(z) must induce a subtournament which is a 3-cycle together with a receiver.
Call the receiver of this subtournament y. Since T is regular, d*(y) = 4. Since
I(y) = Olx] — {y}, this means O(y) = I(z). So, O(y) = I(z) must induce a
subtournament which is a 3-cycle together with a receiver. Call this receiver z.
Since d¥(z) =4,y — z and I(x) — {z} = 2, we have O(z) = O[z] — {y}. Now,
r = O(z) — {y} and O(z) — {y} is a 3-cycle so T[O(z)] must contain a vertex
of out-degree 1. Hence, by Theorem 2.11, T is not out-quadrangular. Thus no

such tournament exists. [ ]

Corollary 2.29 No 9-tournament T with 6= (T") > 2 is in-quadrangular.

Proof: Let T be a tournament on 9 vertices with §—(7") > 2. Then T" is

not out-quadrangular by Theorem 2.28. Thus T is not in-quadrangular. [ ]

Corollary 2.30 No quadrangular tournament of order 10 exists.

Proof: By Corollaries 2.4 and 2.16, and by Theorems 2.1, 2.3 and 2.8, a

quadrangular tournament 7" must satisfy one of the following.

1. 67(T) > 4, and hence T is near regular.

2. T has a transmitter s and receiver ¢ such that v(7" — {s,t}) > 2 and

(T = {s,8})7) > 2.
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3. T contains an arc (x,y) such that O(y) = I(z) = V(T) — {z,y} and

YT = A{z,y}) > 2 and (T = {z,y})") > 2.
4. T has a transmitter s and T — s is out-quadrangular with §(7 — s) > 2.
5. T has a receiver ¢t and T' — t is in-quadrangular with 6= (7" —t) > 2.

Note, Theorem 2.24 implies that case 1 is impossible. If 2 or 3 were satisfied,
then there would be a tournament on 8 vertices such that it and its dual have
domination number at least 3, which contradicts Theorem 2.27. If 4 were satis-
fied, then T'— s would be of order 9 and out-quadrangular, a contradiction to
Theorem 2.28. Similarly, 5 contradicts Corollary 2.29. Thus, no quadrangular

tournament on 10 vertices exists. []

Theorem 2.31 There exist quadrangular tournaments of order 11,12 and 13.

Proof: Consider the quadratic residue tournament of order 11, QRq;.
Recall QRy; is a doubly regular tournament, so for all u,v € V(QRy1), |O(u) N
OW)| = |I(u) N I(v)] = B2 = 2. Thus, QRy; is quadrangular. Further,
this implies that for any two vertices u,v € V(QRj;) there exists a vertex
which dominates both u and v, so y(QR11) > 2. Also, since )Ry, is regular,
0T (QRy1) =5 > 2. Let W be the tournament formed by adding a transmitter

to QRyi1. Then by Theorem 2.3, W is quadrangular.

Now, let T be the rotational tournament on 13 vertices with symbol

S ={1,2,3,5,6,9}. The following table gives the subsets of S which satisfy
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Theorem 2.23. Thus, T is quadrangular.

subsets |
12,1}, {3,2}
13,1}, 15,3}
{5,2},{6, 3}
16,2},19,5}
{6,1},{1,9}
{9,3},{2,9}

oo | x| Lo b —| 3

Theorem 2.32 There exists a quadrangular tournament of order 14.

Proof: Construct T of order 14 in the following way. Start with a set V' of
14 distinct vertices. Partition V' into 7 sets of order 2 labeled Vy, Vi, V5, ..., V.
Place arcs in T" so that each V; induces the 2-tournament, and V; = V; if and
only if j—i (mod 7) is one of 1,2, 4. We show that the resulting 14-tournament,

T, is quadrangular.

Note that the condensation of T on V), ..., Vs is just the quadratic residue
tournament on 7 vertices, QR7. Now, QR is doubly regular, so |O(z) NO(y)| =
=2 =1forall z,y € V(QRy). Thus, if u,v € V(T) such that u € V;, v € Vj
for i # j, |O(u) N O(v)| = 2. Further, since QR; is regular of degree 3, if
u,v € V(T) with u,v € V; then |O(u) N O(v)| = 6. Thus, |O(u) N O(v)| # 1
for all w,v € V(T'), and so T is out-quadrangular. Now, since QR; and the
2-tournament are isomorphic to their duals, a similar argument shows that 7" is

in-quadrangular and hence quadrangular. [ ]

Theorem 2.33 If n > 15, then there exists a quadrangular tournament on n

vertices.
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Proof: Pick n > 15. Let al,ag,ag,.l. .,a; be a sequence of at least 3
integers such that a; > 5 for each i, and Zai = n. Pick [ regular or near
regular tournaments 74, Ty, ..., T} such thati:|%/(Ti)| = q; for each 7. Let T" be
a tournament with V(77) = {1,2,3,...1} such that 7" has no transmitter or
receiver. Construct the tournament 7' on n vertices as follows. Start with a
set V' of n vertices, and partition V' into sets Si,Ss,...,S; of size ai,as,...,q
respectively. Place arcs in each S; to form 7;. Now, add arcs such that S; = 5

if and only if i — j in 7. We claim that the resulting tournament, T, is

quadrangular.

Pick u,v € V(T'). We consider two possibilities. First, suppose that u,v € S;

for some i. By choice of T", i — j for some j. Thus
|O(u) NO(w)| > |S;| =a; >5>1.

Now, suppose that v € S; and v € S; for ¢ # j. Since 7" is a tournament either

i — j or j — 1. Without loss of generality, assume that ¢ — j. Then

() NOW)| = |0() N S| > |5j|2‘ Loost

This shows that T is out-quadrangular. The proof that T is in-quadrangular is

similar. Thus, T is a quadrangular tournament of order n > 15. [ ]

Observe that if 7" in the construction is strong, then T is strong. Further,
if a; = k for all ¢+ and T” is regular, then 7' is regular or near regular depending
on if k is odd or even. We now characterize those n for which there exist a

quadrangular tournament of order n.
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Theorem 2.34 There exists a quadrangular tournament of order n if and only

ifn=1,2,3,9 orn > 11.

Proof: Note that the single vertex, the single arc, and the 3-cycle are
all quadrangular. Now, recall that the smallest tournament with domination
number 3 is QR;. Further, QR7 is isomorphic to its dual, so v(QRY}) = 3. This
fact together with Theorems 2.8 and 2.1 tell us that the smallest quadrangular
tournament, 7', on n > 4 vertices with 67(T") = 6 (T) = 0 or 67(T) = 1 or

0~ (T) =1 has order 9.

Theorem 2.3 and Corollary 2.4 together with the fact that Q R; is the small-
est tournament with domination number 3 imply that a quadrangular tourna-
ment with just a transmitter or receiver must have at least 8 vertices. However,
QR7 is the only tournament on 7 vertices with domination number 3 and since
|O(x) N O(y)| = [I(z)NI(y)] = 1 for all z # y € V(QR7), QR7 is neither
out-quadrangular nor in-quadrangular. So, QQR; together with a transmitter
or receiver, but not both, is not quadrangular, and hence any quadrangular
tournament with a transmitter or receiver, but not both, must have order 9 or

higher.

Corollary 2.16 states that if 6(7") > 2 and 6~ (7") > 2, then 0% (7)) > 4 and
0~ (T) > 4. The smallest tournament which meets these requirements is a regular
tournament on 9 vertices. Thus, there are no quadrangular tournaments of order
4,5,6,7 or 8. The result now follows from Corollary 2.30 and Theorems 2.31,
2.32 and 2.33. ]

As it turns out, not only do there exist quadrangular n-tournaments for
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n =9 and n > 11, but quadrangularity is a common (asymptotic) property in

tournaments. We finish the chapter with the following probabilistic result.

Theorem 2.35 Almost all tournaments are quadrangular.

Proof: Let P(n) denote the probability that a random tournament on n
vertices contains a pair of distinct vertices x and y so that |O(x) N O(y)| = 1.
We now give an over-count for the number of labeled tournaments on n vertices

which contain such a pair, and show P(n) — 0 as n — 0.

There are (Z) ways to pick distinct vertices x and y, and the arc between
them can be oriented so that © — y or y — x. There are n — 2 vertices which
can play the role of z where {z} = O(x) N O(y). For each w ¢ {z,y, 2z} there
are 3 ways to orient the arcs from z and y to w, namely w = {z,y}, w — =z
and y — w, or w — y and x — w. Also, there are n — 3 such w. The arcs
between all other vertices are arbitrary. So there are 2("2%) ways to finish the

tournament. When orienting the remaining arcs we may double count some of

these tournaments, so all together there are at most
2 (Z) (n — 2)3n=32("2")

tournaments containing such a pair of vertices. Now, there are 92(3) total labeled
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tournaments so,

922(n—3)93
Cnn—-1)(n-2) (3\"°
-2 )
_ én(n —1)(n—2)

O

Since this value tends to 0 as n tends to oo, it must be that P(n) — 0 as n — oo.

From duality we have that the probability that vertices x and y exists such
that |I(z) N I(y)| = 1 also tends to 0 as n tends to oco. Thus, the probability
that a tournament is not quadrangular tends to 0 as n tends to oo. That is,

almost all tournaments are quadrangular. [ ]
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3. Strongly Quadrangluar Tournaments
3.1 Definitions and background

In this chapter we look at a stronger necessary condition for a digraph to
support an orthogonal matrix. Let D be a digraph. Let S C V(D) such that
for all u € S, there exists v € S such that O(u) N O(v) # 0, and let S C V(D)
such that for all u € ', there exists v € S" such that I(u) N I(v) # (. We say

that D is strongly quadrangular if for all such sets S and S,

@ | J (Ow)now)

u,veES

> |5],

(i) | [J t)niw)]=]s".

u,veS’

In [56], Severini showed that strong quadrangularity is a necessary condition for
a digraph to support an orthogonal matrix, where the entries in the matrix come
from a field of characteristic 0 (ex. the rational numbers, the real numbers or

the complex numbers). We give a proof of this result here for completeness.

Theorem 3.1 If D is the digraph of an orthogonal matriz over a field of char-

acteristic 0, then D is strongly quadrangular.

Proof: Let F be a field of characteristic 0. Let D be a digraph which
supports an orthogonal matrix U over [F, and assume, to the contrary, that D is
not strongly quadrangular. So, there exists a set S C V(D) so that for all u € S,
there exists v € S such that O(u) N O(v) # 0 and |, ,e5(O(u) NO(v))| < [S],

or we can find a set S" C V(D) so that for all u € S, there exists v € S” such
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that I(u) N I(v) # 0 and |U, ,eq (1(w) N I(v))] < [S']. We deal with the first
(O(u) N O(v)).

case, and note the second is a similar argument. Let ) = UWe g
Let R denote the set of rows in U which correspond to the vertices of S, and let
C' denote the set of columns of U which correspond to vertices of (). Let R’ be
a set of row vectors obtained from R by restricting these vectors to the entries

which occur in C.

Pick distinct row vectors Rj, and R}, from R, let U;, and Uje be the corre-
sponding rows of U in R, and let z; and z; be the vertices in D which correspond
to Use and Uj, respectively. Since O(z;) N O(z;) € @, the only entries of Ui,
and Uj, which contribute nonzero terms to (Uje, Uje) occur in the columns of C.

So, (R,

1@

R},) = (Ui, Uje) = 0. Thus, R’ is a set of mutually orthogonal vectors.
However, R’ is a set of vectors in FI€l. This is a contradiction, because this is a
set of |S| mutually orthogonal vectors in a vector space of dimension |Q| < |S].

Thus, D must be strongly quadrangular. [ ]

In a field of non-zero characteristic, orthogonal vectors need not be linearly
independent, so we would not have been able to draw the above contradiction.
To emphasize this, consider the matrix

11100000
11010000
11001000
11000100
11000010
11000001
10111111
01111111

Let D be the digraph whose adjacency matrix is A. Over GF'(2), there is only

one matrix with pattern A, namely A. One can quickly verify that AAT = I over
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GF(2). If S C V(D) corresponding to the first 6 rows of A, then |, (O (u)N
O(v))| =2 < |S], so D is not strongly quadrangular. So, strong quadrangularity
is only a necessary condition when dealing with fields of characteristic 0. For
this reason we will only deal with fields of characteristic 0 for the rest of the

chapter.

To see that strong quadrangularity is in fact a more restrictive condition,
consider the following tournament. Let 7' be a tournament with V(T') =
{0,1,2,3,4,5,6,z,y} so that {0,1,2,3,4,5,6} induces the tournament QRq,
x — yand O(y) = I(z) = V(T) — {z,y}. In section 2.5, we saw that T is
quadrangular. Now consider the set of vertices S = {0, 1,5}. Since each of 0,1, 5
beat z, we have that for all u € S, there exits v € S so that O(u) N O(v) # 0.

Also,

U (0(u) nO()| =[(0(0) N O(1)) U (O(0) N O(5)) U (O(1) N O(5))]

u,ES

= {2, 2} U{2, 2} U{2,2}|
=2

<|S|.

So T is not strongly quadrangular. We now construct a class of strongly quad-

rangular tournaments.

3.2 A class of strongly quadrangular tournaments

In this section we construct a class of strongly quadrangular tournaments.
The following lemma is a well known fact of tournaments. It is a corol-
lary to the fact that every n-tournament contains a transitive (|logy(n)] + 1)-

subtournament. We prove it here for completeness.
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Lemma 3.2 Let T be a tournament on n > 4 vertices. Then there must exist

distinct a,b € V(T) such that O(a) N O(b) # 0.

Proof: Pick a vertex a of maximum out-degree in 7. As, n >4, d*(a) > 2.

Pick a vertex b of maximum out-degree in the subtournament W induced on

O(a). As d*(a) > 2, d(b) > 1. Thus, |O(a) N O(b)| = dij,(b) > 1. -

Theorem 3.3 Pick | > 1. Let T' be a strong tournament on the vertices
{1,2,...,1}, and let T, Ts, ..., T} be reqular or near-reqular tournaments of or-
der k > 5. Construct a tournament T" on kl vertices as follows. Let V be a set
of kl vertices. Partition the vertices of V into | subsets Vi,...,V; of size k and
place arcs to form copies of T1,Ts, ..., Ty on Vi, ..., V] respectively. Finally, add
arcs so that V; = V; if and only if i — j in T". Then the resulting tournament,

T, is a strongly quadrangular tournament.

Proof: Pick S C V(T'). Define the set
A={V,:Ju#veS>uveV},

and define the set

B={V,:JueS>ueV}

Let @ = |A|, and § = |B|. Then, since each V; has k vertices, ka + 5 > |S].
Consider the subtournaments of 7" induced on the vertices corresponding to A
and B. These are tournaments and so must contain a Hamiltonian path. So,
label the elements of A and B so that A, = Ay = --- = A, and B; = By =

.-+ = Bp. By definition of A, each A; contains at least two vertices of S, and
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soif x,y € S and x,y € A;, for i < a —1, then A;1; C O(x) N O(y). Thus,

J o)

u,vES

> k(a—1).

We now consider three cases depending on [.

First assume that 8 > 2. Consider the vertices of S in B we see that if
z,y € Sand z € B; and y € B;;; then O(y) N Bix1 € O(z) N O(y). Thus,
|0(z) N O(y)| > 51, and so

J O(w)

u,veES

> k(a— 1)+%(/@—1> > k(a—1)428-2 > k(a—1)+ 3.

Now, since T” is a tournament, either A, = B, or B; = A;. If A, = By, then
for vertices x,y € A; we know B; C O(z) N O(y). Since no vertex of B; had
been previously counted, we have that

U o)

u,VES

N> kla—1)+B8+k=ka+5>]9]

So, assume that B; = A;. Then for the single vertex of S in By, u, and a
vertex v of S in 4; O(v) € O(u) NO(v). This adds £51 vertices which were not
previously counted. Also, since 1" is strong, some A; = V; for some V; ¢ A.
We counted at most 25! vertices in V; before, and since A, contains at least
two vertices xz,y from S these vertices add at least % vertices which were not
previously counted, so

J O(w)

u,veES

k—1 k+1
>k(a—1)+ﬁ+7+%:ka+ﬁzlsy.

Now assume that 3 = 1. Since 1" is strong we know that A; = V; for some
V; & A. So,

> ko

J o)

u,VES
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Now, if |S| < ka, then we are done, so assume that |S| = ka + 1. So, for every
A; € A, A; € 5. So by Lemma 3.2 we can find two vertices of S in A; which
compete over a vertex of A;, adding one more vertex to our count, and

J ow)now)

u,veES

> ka+1=|9].

For the last case, assume that § = 0. Then since T” is strong we once again

have that some A; = Vj for some V; ¢ A. Thus,

J O(w)no()

u,veES

> ka > |95].

Note that the dual of 7" will again be strong, and the dual of each T;

will again be regular. Thus, by appealing to duality in 7" we have that for all

S CV(T),
U 1wni@)]=>1s],
u,vES
and so T' is a strongly quadrangular tournament. [ ]

Recall that strong quadrangularity is a necessary condition for a digraph
to support an orthogonal matrix. To emphasize that strong quadrangularity
is not sufficient, consider the strongly quadrangular tournament, 7', which the
construction in the previous theorem gives on 15 vertices. For this tournament,
T,,T5 and T3 are all regular of order 5, and 7" is the 3-cycle. Note that up
to isomorphism, there is only one regular tournament on 5 vertices, so without
loss of generality, assume that 77,75 and T3 are the rotational tournament with
symbol {1,2}. We now show that 7" cannot be the digraph of an orthogonal

matrix.
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Recall J5 is the 5 x 5 matrix of all ones, and O5 the 5 x 5 matrix of all Os.

Set
01100

00110
RI;=100011
10001
11000

Then the adjacency matrix M of T is

RT5 J; Os

M:<O5 RT5 J5).
Js Os RT;

Now, suppose to the contrary that there exists an orthogonal matrix U whose
pattern is M. Observe from the pattern of U that the only entries of U which
contribute to (U;, U;) fori=1,...,5, j =6,...,10 are in the first five rows. So,
(U1,U;) = Uy Uyj + Us 1Us j for j =6,...,10. Thus, since 0 = (U;, U;) for each
J# 1

Us o\ — —Us1Use  —Us1Us7  —UsiUsg  —Us1Usg  —Us1Us o
41 = = = = = .
Uss Usyz Uss Uso Us10

Since Us 1 # 0 this gives,

Usgp  Useg  Usz  Usg  Usg  Usao
Usa Uwe Uiz Uss  Usg Usio

So, the vectors (Uig,...,Us10) and (Usg,...,Us19) are scalar multiples of
each other. Now, note that for j = 6,...,10, we have 0 = (U,,U;) =
Ui 2Uy; + Us2Us ;. So, by applying the same argument, we see that the vec-
tor (Use, Usz, Uss, Us g, Us 10) is a scalar multiple of (Uy g, Uy 7,Uss, Ui g, Ur o).
So, (Use,Usz,Uss, Usg, Us1o) is a scalar multiple of (U ¢, Uy 7, Urs, Urg, Ut 10)-
Now, from the pattern of U we see that only the 6 through 10" columns con-

tribute to (Ujs, Us). S0, since linearly dependent vectors cannot be orthogonal,

(Ute, Use) = ((U1,6, U1 7, U1 8, U9, Ur.10), (Uss, Usz, Uss, Usg, Us o)) # 0.
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This contradicts our assumption that U is orthogonal. So, T is not the digraph

of an orthogonal matrix.

3.3 Nonexistence and searches

The only known tournament which supports an orthogonal matrix is the
3-cycle (This is a permutation matrix, and hence itself an orthogonal matrix).
Otherwise, the problem of determining whether or not there exist tournaments
which support orthogonal matrices has proved to be quite difficult. As we have
seen, for large values of n we can almost always construct examples of tourna-
ments which meet our necessary conditions. Knowing that almost all tourna-
ments are quadrangular and having a construction for an infinite class of strongly
quadrangular tournaments, one may believe that there will exist a tournament
which supports an orthogonal matrix. However, attempting to find an orthog-
onal matrix whose digraph is a given tournament has proved to be a difficult
task. In general, aside from the 3-cycle, the existence of a tournament which
supports an orthogonal matrix is still an open problem. The following result
may lead one to believe non-existence is the answer to this problem.
Theorem 3.4 Other than the 3-cycle, there does not exist a tournament on 10

or fewer vertices which is the digraph of an orthogonal matriz.

Proof: By Theorem 2.34 there exists a quadrangular n-tournament for
n < 10 if and only if n is 1, 2, 3 or 9. Note, in the case n = 1 and n = 2,
the only tournaments are the single vertex and single arc, both of whose ad-
jacency matrices have a column of zeros. Since orthogonal matrices have full
rank, these cannot support an orthogonal matrix. When n = 3, the 3-cycle is

the only quadrangular tournament. The adjacency matrix for this tournament
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is a permutation matrix and hence orthogonal. Now consider n = 9. By The-
orem 2.28, if T' is quadrangular, §7(7) < 1. If §7(7") = 0, then T’s adjacency
matrix will have a row of zeros, and T' cannot be the digraph of an orthogonal
matrix. So we must have §*(7") = 1. So by Theorem 2.8, T" has an arc (x, y) with
O(y) = I(z) = V(T)—{z,y} and v(T'—{x,y}) > 2. The only 7-tournament with
domination number greater than 2 is QRz, thus T — {z,y} = QR;. However,
in section 3.2 we observed that this tournament is not strongly quadrangular.
Thus, other than the 3-cycle, no tournament on 10 or fewer vertices can be the

digraph of an orthogonal matrix. |

If one believes existence is the answer, they could attempt to simplify the
search for an orthogonal matrix whose digraph is a tournament by looking for
weighing matrices whose patterns are tournament matrices. An (n, k)-weighing
matriz is an n X n matrix M with entries from {0,1,—1} such that M ™M =
MMT = kI. That is, each row and column of M contains exactly k non-
zero entries, and any two rows and any two columns are orthogonal. One first
observes that if a tournament is to be the digraph of a weighing matrix, the
tournament will be regular. So, we can restrict our search to regular tournaments
and hence (2k + 1, k)-weighing matrices. The following propositions give us

another restriction.

Proposition 3.5 Let T be a reqular n-tournament. If T is the digraph of a
weighing matriz, then |O(u) N O(v)| and |I(u) N I(v)| are even for all distinct

u,v e V(T).

Proof:  Assume T is the digraph of some weighing matrix M. Pick

63



u,v € V(T) and let M,,, M,, be the rows of M which correspond to u and
v respectively. Note, 0 = (Mye, Mye) = My1 My + MyoMyo+ -+ -+ My, M, .
Now, M, ;M,; # 0 if and only if i € O(u) N O(v). Since (M., Mye) = 0, and
every non-zero term of » " M, ;M,; is £1, we have that the number of nega-
tive terms in the sum must equal the number of positive terms. So, the number
of non-zero terms in the sum must be even. Hence, |O(u) N O(v)| must be even.

Similarly, |I(u) N I(v)| must be even. u

Proposition 3.6 Let T be an n-tournament. If T is the digraph of a weighing

matriz, then n =1 or 3 (mod 8).

Proof: Assume that T is the digraph of some weighing matrix. Note, that
this implies T is a regular tournament. Now, choose u € V(T'), and v € O(u).
By Proposition 3.5, |O(u) N O(v)]| is even. Equivalently, d;[o(u)](v) is even.
Since v was chosen from O(u) arbitrarily, d;[o(u)](x) is even for all x € O(u).
Thus, (d;z(“)) = 2 co) d;[o(u)] (x) must be even. So, 2|w, and so
4|dF(u)(df(u) — 1). Since df.(u) and df(u) — 1 must be relatively prime, we

have that 4|d7.(u) or 4]df.(u) — 1. Since T is a regular tournament, dj(u) = “5*.

So, 4|25 or 4|25, and so 8|n — 1 or 8|n — 3. Hence n =1 or 3 (mod 8). n

The following condition is well known for (n, k)-weighing matrices in which

n is odd. We prove it here for completeness.

Theorem 3.7 [27)If M is an (n, k) weighing matriz with n odd, then k is a

perfect square.

Proof: Let M be an (n, k)-weighing matrix, and assume n is odd. Then

det(M™M) = det(kI) = k™. Since, det(M") = det(M) and det(M ™M) =
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det(M ") det(M), we have that det(M)? = k", and so det(M) = £v/k". Since n
is odd, n = 2b + 1 for some b, and so det(M) = £k®/k. Now, the determinant

of Mis > M 51y M 52) - - - My o(n) (Where S, denotes the symmetric group

UGSTL

of order n). So, since every entry of M is an integer, det(M) must be an integer

as well. Thus, k’VE € Z, and so vk € Z. That is, k is a perfect square. [

Since a weighing matrix which has a tournament for its digraph will be a
(2k + 1, k)-weighing matrix, the previous theorem tells us we are looking for a
(2a* + 1, a®)-weighing matrix. By examining cases, we get Proposition 3.6 as

the following corollary to Theorem 3.7.

Corollary 3.8 Let T be a reqular n-tournament. If T is the digraph of a weigh-

ing matriz, then n =1 or 3 (mod 8).

Putting together the fact that we are looking for a (2a” + 1, a?)-weighing
matrix with Theorem 3.4, we see that the smallest case we can start searching
for is a (19, 9)-weighing matrix. One obvious choice for a tournament to search
is Q) Ry9, since this is a regular 19 vertex tournament with the property that the
outsets of every two vertices intersect in exactly 4 vertices. With the aid of Carey
Jenkins, we constructed the following algorithm to search for a (19, 9)-weighing
matrix whose digraph is QRi9. A tree diagram of the “branch and bound”
technique used in this algorithm is shown in Figure 3.1. In this diagram, circled
vertices represent the rows our algorithm has currently appended, and dashed

lines show paths which, by design of our algorithm, we need not search.

First construct and store all 2° = 512 possible assignments of —1 to the
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Figure 3.1: The tree diagram for our algorithm

non-zero entries of the first row of the adjacency matrix of QR1g,
Riyo=(0100111101010000110).

Label these as R;; where j is a number between 0 and 511 which labels each
different assignment of —1s to the vector. Next, construct all cyclic shifts of
these rows. Label each row created in this way so that R, ; is R, ; shifted ¢ — 1
positions to the right. Since the adjacency matrix of QRy9 is circulant, this
creates all possible assignments of —1 to the non-zero positions of row 4, for

i=2,...,10.

We attempt to build a matrix by appending rows. We begin with the first

row R, above. Lemma 3.9 shows why we can leave this row fixed. For j, = 0,
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compute (Ryg, Raj,). If (Rig,Rsj,) = 0, we append Rsj, and move on to
find Rs ;, which is orthogonal to Ry o and Ry j,. If not, increment j, and repeat.
Continue adding rows in this manner. Assume we have a matrix with ¢ mutually
orthogonal rows,

Rip

R2yj2
Set jiy1 = 0, and begin successively checking if R;;,,, is orthogonal to each
previously selected row, and incrementing j;11 by 1 if not. If there is some
Rit1j,., which is orthogonal to each of the previously selected rows, then ap-
pend it. If j;;; reaches 512, and hence there does not exist a R;,;;, , which is

orthogonal to each of the previous rows, then return to row ¢, increment j;, and

search for a new R;;, which is orthogonal to each of the previous ¢ — 1 rows.

At each step the algorithm is maintaining a set of mutually orthogonal rows,
so if it finds 19 rows successfully, then it has created a (19, 9)-weighing matrix
whose digraph is QR19. Otherwise, for some k£ < 19, j; will reach 512 for all
2 <1 < k, and we will have completely searched all possible combinations of
the first k& rows without finding a set of £ mutually orthogonal rows, and the

algorithm terminates showing no such matrix exists.

The C++ code for our implementation of this algorithm can be found in
appendix B. The algorithm was implemented in parallel on the University’s
Beowulf cluster. The search was split by giving the first 16 possible assignments
of row 2 to the first processor, the next 16 to the next processor, and so on.
After approximately 5 minutes, the algorithm terminated showing that QRig is

not the digraph of a weighing matrix.
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Lemma 3.9 Let M be an (n,k)-weighing matriz, and let M' be the matriz
obtained from M by multiplying any set of the rows of columns by —1. Then M’

is an (n, k)-weighing matriz.

Proof: Let S C {1,...,n}, be the indices of the columns of M multiplied
by —1 to obtain M’, and S’ the indices of the rows multiplied by —1 to obtain
M'. Let Dg be the diagonal matrix whose i, entry is —1ifi € Sand 1 if i & S.
Define Dg to be the diagonal matrix whose 4,7 entry is —1 if 4 € S" and 1 if
i ¢ S’. Note since (—1)(—=1) = 1x1 =1, Dg and Dg are their own inverses.

Also, M' = Dg:M Dg. So,

M TM' = (DgMDg)" (DgMDs)
=DiM'" Dl DgMDyg
= DgM'"DgDgMDyg
= DgM "IMDg
= DsM " MDg
= Dg(kI)Dg
= kDgID,
=kDgDg

= kI,

and M’ is an (n, k)-weighing matrix. u
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4. Fully Indecomposable Tournament Matrices

4.1 Definitions and background

Another combinatorial necessary condition for a matrix to be orthogonal is

that it can be written in block form

A0 0 0
04,0 0
O 0 Ay O
000 A

where each A; is fully indecomposable. This is a combinatorial property, so it is
also required of a (0, 1)-matrix to be the pattern of an orthogonal matrix. So,
in this chapter, we determine exactly which tournaments have adjacency matri-
ces which are fully indecomposable, and characterize the separable tournament

matrices.

Let A be an n X n matrix, n > 2. Then A is called partly decomposable

provided there exist permutation matrices P and () such that

PAQ = (gg)

where O is an r X s matrix of zeros with r + s = n, and B and C are square
matrices other than the zero matrix. If A cannot be permuted into this form,
then we say that A is fully indecomposable. If A has a row or column of zeros,

or we can independently permute the rows and columns of A so that

(29
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then we say that A is separable. This property has also been called totally
decomposable, by Brualdi, Harary and Miller, [11], and disconnected by Green-
berg, Lundgren, and Maybee, [29]. If a matrix is not separable, we say it is

inseparable.

If we require simultaneous row and column permutations, then we say a
matrix which can be permuted into the form (g g) is reducible, and irreducible
otherwise. If M is the adjacency matrix of a digraph D, it is a well known
result that M is irreducible if and only if D is strongly connected. However,
as mentioned in chapter 1, independent row and column permutations do not
necessarily result in the same digraph. So, it is difficult to determine just what

these properties mean in digraphs.

Since independent row and column permutations do not necessarily result
in isomorphic digraphs, when looking at a matrix property that allows for inde-
pendent row and column permutations, one typically wants to treat the matrix
as a reduced adjacency matrix of a bipartite graph. Given a bipartite graph
B with bipartition X = {zy,...,2,} and Y = {y1,...,y.}, the reduced adja-
cency matriz of B is the m x n (0,1)-matrix M with M;; = 1 if and only if
[z;,y;] € E(B). By treating a (0, 1)-matrix as the reduced adjacency matrix of
a bipartite graph, independent row and column permutations will result in the
reduced adjacency matrix of an isomorphic bipartite graph. For instance, con-

sider the following matrix M. By exchanging the 5" and 7** rows, and swapping
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the 1%t and 3" and the 2"¢ and 5" columns we obtain the matrix M’.

0100000 0000100
0001000 0001000
1000000 0010000
M=|0010110 M =11100010
0000001 0000010
0000100 0100000
0000010 0000001

Both M and M’ represent the same bipartite graph B shown in Figure 4.1. How-
ever, M and M’ represent the digraphs D and D’ respectively from Figure 4.2,

and clearly D and D’ are not isomorphic.

o——=0O
o——=0O
o——=0O
o——=0O

O O

O
O

Figure 4.1: A bigraph representation of M and M’

Despite this problem, we are interested in characterizing tournaments with
properties which require independent row and column permutations. So, we
study how these properties affect digraphs, and in particular, tournaments. For

fully indecomposable digraphs, we look at the matrix before the permutations,

and for separable matrices we look at competition graphs.

We obtain our characterization of separable tournament matrices by utiliz-
ing the characterization of the competition graphs of tournaments via the char-

acterization of the domination graphs of tournaments. We will also use these
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Figure 4.2: Different digraph representations for M and M’.

characterizations to obtain some interesting corollaries about tournaments and
tournament matrices. We see exactly when a tournament matrix has a mini-
mum line cover other than the all rows or all columns cover. We characterize the
tournaments which are the digraphs of doubly-stochastic matrices, and give a
necessary condition for a tournament to be the digraph of an orthogonal matrix.
We also characterize the tournaments for which every arc is contained in a cycle

factor.

4.2 Fully indecomposable matrices

Let M be the adjacency matrix of a digraph D, and suppose M is partly
decomposable. So we can perform independent row and column permutations
to create an r x s block of zeros in M with r + s = n. By permuting the rows
and columns of M back to their original positions, we see that the block of
zeros corresponds to two sets of vertices X and Y, not necessarily disjoint, with

|X| = r and |Y| = s, and there is no arc (z,y) with x € X and y € Y. We
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use this interpretation of the partly decomposable property to get the following
theorem.

Theorem 4.1 Let T be a tournament on n vertices, and let M be its adjacency
matriz. Then M is fully indecomposable if and only if T is strongly connected
and does not contain a vertex v such that T'— v contains a strong component of

order 1.

Proof: Suppose M is partly decomposable. So there exist sets X,Y C
V(T) so that there is no arc of T from X to Y, and |X|+ |Y| = n. Suppose
that | X NY] > 2. Then there exist distinct vertices u,v € X NY. Since T is a
tournament either u — v or v — u. Without loss of generality say u — v. This
cannot be since u € X and v € Y. Therefore | X NY| < 1. We now consider

two cases based on | X NY|.

Case 1: Suppose |X NY| = 0. Then since | X|+ |Y| = n, X and Y form a
partition of the vertices of 7. Thus, since X and Y partition V(7)) and no

vertex in X beats any vertex in Y, T is not strongly connected.

Case 2: Suppose [ X NY|=1. So XNY = {u} and X UY = V(T) — {v} for
some u # v € V(T). Further, since u € Y, u = X — {u} and since u € X,
Y — {u} = wu. Finally, since no vertex in X beats any vertex in Y, we have

Y = X — {u}. Thus, T'— v contains a strong component of order 1, namely w.

For the converse, recall that if a tournament is not strongly connected, it can
be partitioned into m > 2 strong components 7,75, ..., T}, such that T; = T} if
and only if i < j. So, if T"is not strongly connected, then taking X = V' (7},) and
Y =V(Th)UV(T3)U- - -UV(T,,—1) gives X and Y so that | X|+|Y| = n and there
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is no arc from X to Y. Now, suppose T' contains a vertex v so that 7/ =T — v
is not strongly connected and has a strong component, say 77, of order 1. Then
take X =V(T))uV (T} ,)U---UV(T,)and Y = V(T7)UV(T5)U---UV(T}).

Then | X| + |Y| = n and there is no arc from X to Y. u

4.3 Separable matrices

Let M be an n x n (0,1)-matrix, and let B be a bipartite graph who’s
reduced adjacency matrix is M, and D a digraph who’s adjacency matrix is
M. Then one can quickly verify that M being inseparable is equivalent to B
being connected. Unfortunately, there is no direct connection between M being
inseparable and a connectedness property of D. However, in [29], Greenberg,
Lundgren and Maybee showed that there is a connection between M being
inseparable and connectedness in two more graphs other than B. The row graph
of M is the graph whose vertices correspond to the rows of M, with vertices
¢ and j adjacent if and only if there exists some k so that M,;, = M;; = 1.
Similarly, the column graph of M is the graph whose vertices correspond to the
columns of M, with vertices ¢ and j adjacent if and only if there exists some k
so that M ; = M}, ; = 1. We now state their result.
Theorem 4.2 [29] Let M be an m X n matriz such that each column and row

of M has a non-zero element. Then the following are equivalent.
1) The bipartite graph whose reduced adjacency matriz is M is connected.
2) The row graph of M is connected.

3) The column graph of M is connected.

74



Note, when M is the adjacency matrix of a digraph D, then the row graph
and column graph are equivalent to the competition graph of D and D" respec-

tively. Thus we can restate Theorem 4.2 as follows.

Theorem 4.2 (restated) Let D be a digraph with 67 (D) > 1 and 6= (D) > 1.

Then the following are equivalent.
1) The adjacency matriz of D is inseparable.
2) comp(D) is connected.

3) comp(D") is connected.

We can use this theorem to determine exactly which tournaments are sep-
arable, as the competition graphs of tournaments have been classified. This
classification comes from the classification of the domination graphs of tourna-
ments and the correspondence between the competition graphs and domination

graphs of tournaments in Theorems 1.7 and 1.8 due to Merz, Fisher, Lundgren,

and Reid [44].

Let G be a graph which is not connected, and G; and G5 two connected
components of G of order m and n respectively. Then, in the complement of
G, the graph induced on V(G7) U V(Gy) contains the complete bipartite graph
Ky . In particular V(G;) and V(G) —V(G,) forms a bipartition for a spanning
biclique of the complement of G. Recall from Theorem 1.8 that the domination
graph of a tournament is either a caterpillar or spiked odd cycle. The only
biclique which can be contained in a caterpillar or spiked odd cycle is a star,

K 5. So, since the compliment of a disconnected graph contains a spanning
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biclique, Theorems 4.2, 1.7 and 1.8 tell us that a tournament on n vertices with
no transmitter or receiver has a separable adjacency matrix, if and only if its

dual has a domination graph which contains the star K ,_;.

Lemma 4.3 Let T be an n-tournament. Then dom(T') contains Ky,—1 as a

subgraph, if and only if T' has a transmitter, or T contains an arc (z,y) so that

O(y) = I(x) = V(T) = {z,y}.

Proof: Suppose the star K, is a subgraph of dom(7"), and let y be
the center of K ,_;. Suppose there exist distinct u,v € V(T') such that v — y
and v — y, and without loss of generality, suppose u — v. Then neither y
nor v dominate u, however [y,v] is an edge in dom(7’), a contradiction. Thus,
dt(y) >n—2. If d*(y) = n — 1, then y is a transmitter and we are done. So
assume d*(y) = n — 2 and hence d~(y) = 1. Let x be the unique vertex in I(y).
Now choose u € V(T') — {x,y}. Since I(y) = {x}, we have y — u. Also, since
[y, u] is an edge in dom(7T’), and x — y we must have u — . Thus, there exists
an arc (z,y) in T with O(y) = I(z) = V(T') — {x,y}. So these conditions are

necessary.

For sufficiency, first suppose T has a transmitter s. Pick a vertex v other
than s in V(7). If u € V(T') — {s,v} then s — u, so [s,v] € E(dom(T)). Since
v was chosen arbitrarily, the star K, is a subgraph of dom(7") with center s.
Now, assume 7" contains and arc (x,y) so that O(y) = I(x) = V(T) — {z,y}.
Choose w € V(T')—{z,y}. f z € V(T)—{x,y,w}, then y — 2, and w — x. So,
ly,w| € E(dom(T")) for each w € V(T') — {z,y}. Further, [z,y] € E(dom(7))

since y — z for all z € V(T') — {z,y}. So dom(T") contains the star K;,_; as a
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subgraph with center y. [ ]

By Lemma 4.3 and Theorems 4.2 and 1.7, if T is a tournament with no
transmitter or receiver, T’s adjacency matrix is separable if and only if 7" con-
tains an arc (z,y) with O(y) = I(z) = V(T') — {z,y}. Note however, if 7"
contains such an arc so will 7. Also, if 7" has a transmitter or receiver its adja-
cency matrix has a row or column of zeros, and is separable. This gives us the

following theorem.

Theorem 4.4 Let T be a tournament. Then the adjacency matriz of T is sep-

arable if and only if at least one of the following occur.
1. T has a transmitter.

2. T has a recetver.

3. There exists an arc (x,y) in T such that O(y) = I(x) = V(T) — {z,y}.

4.4 Corollaries

In this section we give some corollaries due to our characterizations and
previous results about fully indecomposable matrices. Our first result involves
line covers of tournament matrices. A line cover of a matrix, M, is a set of
rows and columns of M which contain every non-zero entry of M. The following
theorem is taken from [14].
Theorem 4.5 A matrix M has a minimum line cover other than the all rows

or all columns cover if and only if M 1is partly decomposable.
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The size of a minimum line cover is called the term rank of a matrix. In
Chapter 6 we will see that an n x n tournament matrix can only have real
rank, and hence term rank, n or n — 1. In [22], Doherty, Lundgren and Siewert
show that the tournaments whose adjacency matrices have term rank n — 1 are
exactly those with a strong component of order 1. The following corollary shows
that not only is the class of tournament matrices with term rank n — 1 highly
restricted, the class of tournaments whose adjacency matrices admit a minimum

line cover other than the all rows or all columns cover is fairly restricted.

Corollary 4.6 Let T be a tournament and M its adjacency matriz. Then M
has a minimum line cover other than the all rows or all columns cover if and
only if T is not strongly connected, or T contains a vertex v such that T —v has

a strong component of order 1.

Our remaining results are concerned with when a matrix has the property
that each of its inseparable components is fully indecomposable. Note, when a
matrix contains a row or column of zeros, one of the inseparable components
will be a submatrix of zeros and, hence, not fully indecomposable. So, in the
following theorem, we may assume that our tournaments have no transmitters

or receivers.

Theorem 4.7 Let T be a tournament with §*(T) > 1, 6= (T) > 1, and adja-
cency matrix M. Then each inseparable component of M is fully indecomposable

if and only if

1. T s strongly connected, and
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2. if T contains a vertex v such that T'—v has a strong component of order
1, then T contains an arc (x,y) with O(y) = I(z) = V(T) — {z,y} and

T —{x,y} does not contain a strong component of order 1.

Proof: If T is not strongly connected, then by Theorem 4.1, M must be
partly decomposable. Further, in this case the only way M could be separable
is for T to have a transmitter or receiver, a contradiction to our assumption
that 07(T) > 1 and 6~ (T) > 1. Thus 1. is necessary, and we may assume 7' is
strongly connected. If M is fully indecomposable we are done, so assume M is
partly decomposable. By Theorem 4.1, M is partly decomposable if and only
if T' contains a vertex v such that T' — v has a strong component of order 1.
Suppose M is separable. Since T has no transmitter or receiver, Theorem 4.4
says T must have an arc (z,y) such that O(y) = I(x) = V(T) — {z,y}. Now,
consider the submatrix of M obtained by deleting the row and column of M

corresponding to O(z) and I(y) respectively. This matrix has the form

11
A= it

where M’ is an (n — 2) x (n — 2) tournament matrix and 1 denotes a vector of
all ones. Let 7" be a tournament with adjacency matrix M’. Note, A is partly
decomposable if and only if there exist sets X,Y C V(7”) with no arc from X
to Y, and |X|+|Y|=n—1. Now, [XUY| < |V(T")] =n —2 and since 7" is a

tournament, | X NY| < 1. So,
n—1=|X[+Y|=|XUY|+|XNY|[<n—-2+1=n-—1.

Thus, | XUY|=n—-2=|V(T")| and | X NY| = 1, which occurs exactly when 7"

has a strong component of order 1. Further, since A contains a row and column
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of all ones, A cannot be separable. Thus, each inseparable component of M is
fully indecomposable if and only if 7" is strongly connected and if T" contains a
vertex v such that T'— v has a strong component of order one, then T contains
a arc (z,y) such that O(y) = I(x) = V(T) — {z,y} and T — {x,y} does not

contain a strong component of order 1. [

In our next two results we look at when tournaments are the digraphs of
doubly-stochastic and orthogonal matrices. A real non-negative n x n matrix is
called doubly-stochastic if every row sum and column sum is 1. The following

theorem is taken from [14].

Theorem 4.8 A (0, 1)-matriz M is the pattern of a doubly-stochastic matriz if

and only if every inseparable component of M s a fully indecomposable matriz.

This theorem together with Theorem 4.7 give us the following corollary.

Corollary 4.9 A tournament T is the digraph of a doubly-stochastic matriz if

and only if,
1. T 1s strongly connected, and

2. if T contains a vertex v such that T'—v has a strong component of order
1, then T contains an arc (x,y) with O(y) = I(x) = V(T) — {x,y} and

T —{z,y} does not contain a strong component of order 1.

The following theorem is taken from the linear algebra folklore. We prove

it here for completeness.
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Theorem 4.10 If M is an orthogonal matriz, then each inseparable component

of M is a fully indecomposable matriz.

Proof: Let M be an n x n orthogonal matrix. Note if M is separable,

then M can be written in the form

A0 O 0
040 0
00 A; O
000 A

where each A; is inseparable. Block multiplication shows that if M is orthogonal
each A; must also be orthogonal. So, we may assume M is inseparable. Now,

suppose to the contrary that M is partly decomposable. Say M can be written

v-(29)

where O is a p X ¢ matrix of Os with p + ¢ = n. Then,

; _(LOY_(AO\ (ATBTY _(AAT  ABT
n=\or, )= \Bc)\oTcT) T\ BAT(BBT +CCT) )"

So, AAT = I,, and since A is a square matrix, A is invertible. Then since

in the form

ABT = O, AB)] = 0 for all i = 1,...q, a contradiction to A being invertible.

Thus, M cannot be partly decomposable and is hence fully indecomposable.

Again, using Theorem 4.7 we get the following corollary.

Corollary 4.11 If a tournament T is the digraph of an orthogonal matriz, then,

1. T s strongly connected, and
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2. if T contains a vertex v such that T'—v has a strong component of order
1, then T contains an arc (x,y) with O(y) = I(z) = V(T) — {z,y} and

T —{x,y} does not contain a strong component of order 1.

Note, unlike the previous two corollaries, this did not give us a character-
ization. This result only gives a necessary condition. Recall, as mentioned in
Chapter 3, aside from the 3-cycle, it is unknown if a tournament can be the

digraph of an orthogonal matrix.

Our final corollary is graph theoretic. A cycle factor of a digraph D is a
spanning subdigraph of D composed of vertex disjoint cycles. For example, the

bold arcs form a cycle factor of the digraph in Figure 4.3.
O -

/
:

Y

Figure 4.3: An example of a cycle factor in a digraph.

A non-zero diagonal of an nxn matrix M is a set of n non-zero elements of M
no two of which occur in the same row or column. If M is the adjacency matrix
of a digraph D, then the cycle factors of D are in direct correspondence with

non-zero diagonals of M. For example, the following matrix is the adjacency
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matrix of the digraph in Figure 4.3. The bold ones in this matrix form a non-zero
diagonal and correspond to the bold arcs in the cycle factor in Figure 4.3.

010110
001011
100101
010010
001001
100100

The following theorem is taken from [14].

Theorem 4.12 Let M be an n x n (0,1)-matriz. Then every 1 of M is on a
non-zero diagonal of M if and only if each inseparable component of M s fully

indecomposable.

This theorem together with Theorem 4.7, and the correspondence between

non-zero diagonals and cycle factors give us the following corollary.

Corollary 4.13 Let T be a tournament. Then every arc of T is contained in a

cycle factor if and only if,
1. T 1s strongly connected, and

2. if T contains a vertex v such that T'—v has a strong component of order
1, then T' contains an arc v — y with O(y) = I(x) = V(T) — {z,y} and

T —{x,y} does not contain a strong component of order 1.
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5. Domination Graphs of Complete Paired Comparison Digraphs
5.1 Definitions and background

In Chapter 4 we observed how a classification of the domination graphs
of tournaments gave us quite a bit of information about tournament matrices.
A generalized tournament matrix is a non-negative matrix M so that M, ; +
M;; =1 for all ¢ # j, and M,; = 0 for all 7. In this chapter we characterize
the domination graphs of the digraphs associated with generalized tournament
matrices, which we call complete paired comparison digraphs. A complete paired
comparison digraph, D, is a complete symmetric directed graph so that for each
arc (z,y) we associate a real number between 0 and 1, denoted wy,,, such that
Wye = 1 —wg,. We also refer to a complete paired comparison digraph as a pcd,

rather than the awkward cpcd.

Like the round robin competition model for tournaments, we can think
of a pcd as a model in which each vertex competes with all others, where if
z,y € V(D), wy, denotes the probability that « will beat y. Based on this we
define a concept of domination in peds. If D is a ped, and z,y,z € V(D) we
say that x and y dominate z if w,. +w,, > 1. This is analogous to a dominant
pair in a tournament, when we ask the question as to which pairs of vertices
{z,y} dominate D. We say that vertices z and y form a dominant pair in a
complete paired comparison digraph D if for all z € V(D) — {x,y} we have

Wy, + Wy, > 1. A tournament can be considered a pcd with arc weights 0 or 1.
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So, a dominant pair in a tournament is also a dominant pair in the tournament

when it is treated as a pcd.

If D is a pcd, then we define the domination graph of D, denoted dom(D),
on the same vertices of D with [z, y] an edge of dom(D) if and only if {x,y}
is a dominant pair. By studying the domination graphs of pcds, we can get a
feel for who a dominant competitor may be in the model. In [51] Moon and
Pullman also attempt to rank competitors in this model using the eigenvalues

of generalized tournaments.

Surprisingly, there is a distinction between domination graphs of pcds in
which some competitors are equally matched (i.e., the arcs between them have
weight .5) and domination graphs of peds having no equally matched competi-
tors. We characterize domination graphs of peds in which w,, # .5 for all
x,y € D. We also characterize domination graphs of pcds in which the domina-
tion graphs are connected graphs, and in which the domination graphs have no
isolated vertices.

5.2 Preliminary results

In this section we give some preliminary results that will be used throughout
the chapter. A key to this study is the following lemma.
Lemma 5.1 Let D be a complete paired comparison digraph. For any 2 vertex

disjoint edges in dom(D), say [r,s] and [u,v], we have that in D
Wy = Wys = Wy = Wy

Proof: Since {r,s} and {u,v} are dominant pairs in D, we know that

Wer + Wy = 1, Wyy + Wy > 1, Wy + Wy > 1, and wys + wys > 1. Also, by
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the definition of a ped, Wy + Wy = 1, Wys + Wey = 1, Wy, + wys = 1, and

Wy + Wy = 1. Thus,
wru:1_wur§wvr:1_wrv§wsv:1_wvsSwuszl_wsugwrua

and so

Wry = Wys = Wy = Wyp-
[ |

Recall U, is the rotational tournament on the vertices {0,1,2...,n — 1}
with ¢ — j if and only if 7 — ¢ is odd modulo n. In [44], Merz et. al. show that
U, is the unique tournament which has an n-cycle as its domination graph. We
now prove a similar result for an analogous pcd. Choose 0 < p < 1. We define
the ped U, on vertex set {1,2,...,n} by w;; = p if and only if j — i is odd

modulo n, and w;; = 1 — p otherwise.

Lemma 5.2 Ifn is odd, and C), is an induced subgraph of the domination graph
of some complete paired comparison digraph D, then the vertices which induce

the cycle in dom(D) induce U, , in D, for some p, 0 <p < 1.

Proof: We assume V(C,) ={1,2,...,n} and E(C,) ={[i,i+1]: 1 <i <
n — 1} U{[n,1]}. Suppose that n > 5. Consider the arc (1,j), 2 < j <n—2.
Assume that j — 1 is odd. Let wy; = p. Apply Lemma 5.1 to edges [n, 1] and
[, 7 + 1] to see that wy; = wj, = Wn(i+1) = W11 = p- Apply Lemma 5.1 to
edges [1,2] and [j + 1, j + 2] to see that w(j 121 = wigy1) =1 —wi4p =1 —p.
Thus, wy(j4+2) = p, and wyj4+1) = 1 — p. This implies that all arc weights w,; are

p when j — 1 is odd and 1 — p when 57 — 1 is even, 2 < j < n. By an identical
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argument with ¢ in place of 1, if w;; = ¢ for j —¢ odd, then all arc weights w;; are
q when j—iis odd and 1 —¢ when j—i is even. Thus, p = w13 = 1 —w9; = 1—q.
So, p+q = 1. Consequently, in D, w;; = p if and only if j — 7 is odd modulo n,

and w;; = 1 — p otherwise. Thus, V(C,,) induces U, , in D.

To complete the proof, suppose that n = 3. Then, since {1, 3}, {1,2} and
{2,3} form dominant pairs, wiy + w3y > 1, wiz + woz > 1, and wey + w3 > 1.
This means that wis+ (1 —waz) > 1, woz+ (1 —ws1) > 1, and wz; + (1 —wy2) > 1.
Thus,

Wig 2> Wo3z = W31 = Wia.

So, the result follows. [ ]

Lemma 5.3 Let D be a complete paired comparison digraph with at least 4
vertices. Then, dom(D) = K, if and only if wyy, = .5 for all distinct z,y €
V(D).

Proof: Suppose dom(D) = K,,, and pick distinct z,y € V(D). Asn > 4,
there are vertex disjoint edges [z, 2'] and [y,y'] in dom(D). By Lemma 5.1,
Wyy = Wyy = Wyry = Wy, Now, apply Lemma 5.1 to edges [z,y'] and [z'y]
to see that wy, = Wy = wyy = wy,. Therefore, wy, = wyy = wy,. But

Wye = 1 — Wyy, SO Wyy = Wy, = .5, as desired. The converse is immediate. [ ]

Note, it was shown in Lemma 5.2 that if D is a ped with 3 vertices z, y, 2 so
that wy, = wy, = w,, > .5, then dom(D) = Kj. So, sufficiency of Lemma 5.3

requires our pcd have 4 or more vertices.

Theorem 5.4 Let D be a complete paired comparison digraph, and S C V(D).
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Let D' be the ped induced on S, then the subgraph of dom(D) induced on S is a
subgraph of dom(D’).

Proof: Let {z,y} be a dominant pair in D, with z,y € S. Then, for all
veV(D)—A{z,y}, wy +wy, > 1. In particular, this is true of all v € S. Thus,

x,y} form a dominant pair in D’. This proves our result. [
Y

If Disapcd, veV(D),and S C V(D), then we define the set O (v) by
Of(v) ={z € S :wy > .5}
If S =V(D), then O‘J}(D) (v) will be abbreviated as O (v).

Lemma 5.5 Let D be a complete paired comparison digraph, v € V(D), and
S C V(D). Then, O%(v) forms an independent set in dom(D).

Proof: Let x,y € Of(v). Then, w,, < .5, and wy, < .5, S0 Wyy + Wy, < 1.

That is, {x,y} does not form a dominant pair. [ ]

Lemma 5.6 Let D be a ped. There exists a ped D' on the same vertices as D
such that dom(D') =dom(D), wy, < 1 for all x,y € V(D'), and wy, is greater
than, less than, or equal to .5 in D' if and only if it is greater than, less than,

or equal to .5 in D respectively.

Proof: If w,, <1 for all z,y € V(D), we are done. So, assume w,, = 1
for some z,y € V(D). Let k = min{|w,, — .5| : u,v € V(D),w,, # .5}, and
set € = g For simplicity, for the rest of this proof we will let w;, denote the
weight of arc (z,y) in D’ and w,, the weight of arc (x,y) in D. We construct

D’ by setting V(D) = V(D), and for distinct u,v € V(D’) assigning weights
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to (u,v) as follows. If wy, = .5, set w), = .5. If wy, > .5, set wl, = Wy — ¢,
and if wy, < .5, set wy, = wy, + € So, w,, < 1for all z,y € V(D'), and wy,
is less than, greater than, or equal to .5 if and only if w,, is. We now show

dom(D’) =dom(D).

Pick [z,y] € E(dom(D)). So, for all z € V(D), w,, + w,, > 1. Choose
z € V(D). If wy, = wy, = .5, then w,, +w,, = .5+ .5 = 1. If exactly one
of wy, and w,, is .5, then the other must be strictly greater than .5 or else
Wy, +wy, < .5+ .5=1. So, w, + w?’JZ = Wy, + Wy, — €. By our choice of ,
€ < Wy, + Wy, — 1, 50 W, + w;Z > 1. So, assume w,, and w,, are not .5. By a

similar argument, at least one of w,, and w,, must be strictly greater than .5.

So,
Wee + €+ Wy, — €, if wy, > .5, w,, < .5,
wh ., + w;Z =< Wy, — €+ Wy, + €, %f Wyy < .5, Wy, > .5,
Wy + €+ Wy, + €, if wy, > .5, w,, > .5.

In all three cases, w;, +w,, > 1 since w,, +w,. > 1. Thus, [z,y] € E(dom(D’))

Now choose distinct z,y € V(D') so that [z,y] &€ E(dom(D)). So, for some

z € V(D), wy, +wy, < 1. So either w,, < .5 or w,, < .5, or else w,, + w,, > 1.

So,
Wey + Wy + €, if w,, = .5, w,, <.5,
Wy + € + Wy, if w,, < .5,w,, = .5,
Wy, +w,, = We + €+ wy. — € if wy > .5,w,. <5,
Wer — €+ Wy, + €, if wy, < .5,w,, > .5,
Wer — €+ Wy, — €, if wy, < .5,w,, <.5.

In the first two cases, our choice of epsilon gives € < 1 — (w,, + w,,), and
8O Wyz + wy, + € < 1. In the last three cases, we have w), + w,, < 1, since

Wy, + Wy, < 1, and so [z,y] ¢ E(dom(D)). Thus dom(D) =dom(D’). n

The next proposition indicates why a characterization of domination graphs

of pcds is difficult. Consider the situation for tournaments. There are strict
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requirements on a graph G so that there exist a tournament 7" for which dom(7")
contains GG as an induced subgraph. This is not so in the context of pcds since

any graph will do as seen in the next proposition.

Proposition 5.7 Let G be a graph, then there exists a complete paired compar-

ison digraph D for which dom(D) contains G as an induced subgraph.

Proof: Let G be a graph on n vertices, and construct a ped D in the
following way. Start with V(D) = V(G). For each z,y € V(G), let w,, = .5.
Now, for each pair {7, j} of nonadjacent distinct vertices in G, add a vertex v;;
(same as vj;;) to V(D), and set w,,,;; = w,,,; = 1. Also, for each z € V(G) with
[i,2] € E(G) or [j, 2] € E(G), set w.,,; = 1. Set all other weights to .5. We now

show the construction gives the desired result.

Consider two vertices z,y € V(G). Suppose that [z,y] € E(G). If [x,y] &
dom(D), then there is a z € V(D) so that w,, + w,, < 1. Because arc weights
are 0, .5, or 1, this implies that at least one of w,, or w,. is 0. Suppose w,, = 0;
then by construction z = v, for some vertex k. But, since [z,y] € E(G), the
construction yields w,, = 1. So, w,, + w,, = 1, a contradiction. Hence [z, y] is
in dom(D).

On the other hand, if [z,y] € E(G), then using z = v,, we see that w,, +
wy, = 040 = 0 so that {z,y} is not a dominating pair in D. That is, [z,y] ¢
E(dom(D)). So, G is an induced subgraph of dom(D). u

5.3 Complete paired comparison digraphs with no arc weight .5
As Proposition 5.7 shows, characterizing the domination graphs of pcds is

not an easy task. However, the problems seem to arise from equally matched
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competitors. So, in this section, we will assume that w,, # .5 for every arc (x,y)
in our ped. This is not such a bad assumption for it is rare that two competitors
are truly evenly matched. This assumption also gives a strong relation between

tournaments and pcds, as we shall see.

Let D be a pcd with no arc weight equal to .5. With D we associate a

digraph 7" defined on the same vertices of D, where + — y in T if w,, > .5.
So for all z,y € V(T), we have exactly one of xt — y or y — z, i.e. T is a
tournament. We refer to 1" as D’s associated tournament.
Lemma 5.8 Let D be a complete paired comparison digraph with no weight
equal to .5, and T the associated tournament. Then dom(D) is a subgraph of
dom(T'). Furthermore, if D has only two weights, a > .5, and 1 — a, then
dom(D) =dom(T).

Proof: Let {z,y} be a dominant pair in D. Then for each v € V(D) —
{z,y}, wgp +wy, > 1. So, since wy,, # .5 and w,, # .5, either w,, > .5 or
wy, > .5. This implies that either + — v or y — v in 7. Thus, {z,y} is a

dominant pair in 7. So, dom(D) is a subgraph of dom(T").

Now, suppose that D has only two weights, a > .5 and 1 — a. Let {z,y}
be a dominant pair in 7. That is, for any other vertex v, x — v or y — v,
ie. wg > .5 or wy, > .5. As a > .5, this implies that w,, = a > 1 —a or
Wyy = a > 1—a, 80 Wy, + Wy, > a+ (1 —a) = 1. This means that {z,y} is a

dominant pair in D. Consequently, dom(D) = dom(7T"). |

We point out that if the pcd D has more than two weights, we may have

proper containment in the previous lemma. For instance, consider the ped D
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in Figure 5.1. Shown next to D is its associated tournament 7. As shown in

Figure 5.2, dom(7") is a spiked 3-cycle, while dom(D) is only a 2-path.

A

D T

Figure 5.1: A pcd and its associated tournament

Recall from Theorem 1.8, that the domination graph of a tournament is
either a spiked odd cycle with or without isolated vertices, or a forest of cater-

pillars. This result together with Lemma 5.8 give us Theorem 5.9.

Theorem 5.9 Let D be a complete paired comparison digraph in which no arc
has weight equal to .5. Then dom(D) is a spiked odd cycle with or without

isolated vertices, or a forest of caterpillars.

Proof: Note that a subgraph of a forest of caterpillars is a forest of
caterpillars. Also, any subgraph of a spiked odd cycle is a either a spiked odd
cycle, or a forest of caterpillars. Hence, the result follows from Lemma 5.8 and

Theorem 1.8. u
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dom(D) dom(T)

Figure 5.2: The domination graphs of a pcd and its associated tournament

We obtain Lemma 5.11 by essentially deleting an edge from the graphs

constructed by Merz et. al. in Theorem 5.10.

Theorem 5.10 [44] Any graph G consisting of a spiked odd cycle with possibly

some isolated vertices is the domination graph of some tournament.

Recall, given a caterpillar G, we define a spine of G as a path of maximum

length in G.

Lemma 5.11 If G is a caterpillar, then there exists a complete paired compar-

ison digraph D in which no arc has weight .5 and dom(D) = G.

Proof: Let C be a caterpillar with a spine vy, v, ..., v,,. Construct the
spiked odd cycle C”" by adding to C' the edge [v,,,v1] if m is odd, or the edge
[Um, Vo] if m is even. From Theorem 5.10 we know that there exists a tournament

with C” as its domination graph. In particular, the proof of Theorem 5.10 shows
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that the tournament 7" formed in the following way has C’ as its domination
graph. Define T" on the same vertices as C’, and orient the arcs on T so that U,
or U,,_1, whichever of m or m — 1 is odd, is the subtournament on vy, ..., v,
or Vg, ..., U, respectively. Furthermore, if y is pendent to the cycle in C’ and
[y,z] € E(C'), then let * — y in T, and for all z in V(C") — {y}, let y — =
if z— x and let z — y if x — z. It does not matter which direction the arcs

between the pendant vertices have.

We now construct our ped D from 7. First, let V(D) = V(T). Choose
b <a<l, andif x — yin T, then set w,, = a, and w,, = 1 — a. Finally,
let a < b < 1 and change w,,, ,,,, = b, and w,, ., , = 1 —b. Then for all
z,y € V(D) —{v,} we know from Lemma 5.8 that [z,y] € E(dom(D)) if and
only if [x,y] € E(dom(T")) since all the arcs except (v;,—1, vy,) have weight a or
1 —a, and w,,,_,,, > a. Furthermore, {v,,, v,,_1} is a dominating pair, since it
is one in 7', and all arcs in A(D) — {(vm, Vm-1), (Um_1,vm)} have weight either
a or 1 — a. However, if © # v,,_1 then, {z,v,,} does not form a dominant pair
since Wyy,, | + Wy,v,, 4 < 1. Since vy, is the end of the spine, it has no pendant

vertices in C, and so dom(D) = C. n

Before we characterize the domination graphs of pcds with no arc weight .5
we will first do it for the case in which the domination graph is a connected graph.
Theorem 5.12 below is taken from [45]. Comparing this result to Theorem 5.13
below, we see that in pcds, although the domination graph is a subgraph of the

domination graph of some tournament, our characterization is less restrictive.

Theorem 5.12 [45] A connected graph is the domination graph of a tournament
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if and only if it is a spiked odd cycle, a star, or a caterpillar with a triple end.

Theorem 5.13 If G is a connected graph, then G =dom(D) for some complete
paired comparison digraph D with no arc having weight .5 if and only if G is a

spiked odd cycle or a caterpillar.

Proof: From Theorem 5.12 and Lemma 5.8 we know that for any spiked
odd cycle there exists a pcd with no arc weight .5 whose domination graph is that
spiked odd cycle. Also, from Lemma 5.11 we know that for any caterpillar, there
exists a pcd with no arc weight .5 whose domination graph is that caterpillar.
Also, Theorem 5.9 insures that these are the only possible connected domination

graphs. Thus, the result follows. [ ]

For a positive integer n and graph H, we let nH denote the graph which
consists of n disjoint copies of H. In particular, nK; is a graph consisting of n

isolated vertices.

Theorem 5.14 If G is a collection of isolated vertices, then there exists a pcd

D such that dom(D) = G if and only if G is not 2K, or 3Kj.

Proof: First note that if a pcd has only two vertices, then they vacuously
dominate all other vertices in the pcd. Thus 2K; cannot be the domination
graph of a pcd. Now suppose there exists a pcd D with dom(D) = 3K;. Let

V(D) = {1,2,3} Then, Wig + W3o < 1, woy + w31 < 1, w13 + wog < 1. SO,
W12 + Wo1 + Woz + W3 + Wiz + w3 < 3.
But this contradicts the fact that

Wi + War + Wa3 + W3z + Wiz + w3 = 3.
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Thus, no such ped exists.

Now, assume that G consists of 7 or more isolated vertices. The quadratic
residue tournament on 7 vertices, Q R7, has v(QR;) = 3, and so has no dominant
pairs. Thus the domination graph of () R; is empty. Consequently, any tourna-
ment of order n > 7 that contains such a subtournament of order 7, all of whose
vertices dominate the remaining n — 7 vertices, has a domination graph consist-
ing of n isolated vertices. So, pick a tournament 7" with dom(7") = G, and let D
be a ped with no arc weight .5 whose associated tournament is 7'. Since dom(D)

is a subgraph of dom(7") and dom(7") has no edges, dom(D) =dom(7T) = G.

We now consider the case where G is 4K;. Let V(G) = {1,2,3,v}. Con-
struct a pcd D on the vertices of G in the following way. Let {1,2,3} induce
Us 7 in D and let w,; = .6 for each ¢ € {1,2,3}. Then, no pair of vertices {7, j}
from {1,2,3} can be dominant, since for each such pair w;, + w;, = .8. Also,
Wy(i—1) FWj(i—1) = .6+.3 = .9 for each i = 1,2, 3 so v is not part of any dominant
pair. These are all possible combinations, so dom(D) = 4Kj.

Now, assume that G = 5K;. Let D be the ped with V(D) = {1,2,3,4,5}
and arc weights assigned as follows using addition modulo 5. For each i € V(D)
set w;(i41) = .6 and wj;43) = .7. We now examine all possible pairs of vertices.
Pick i € V(D). Since the pair {i,7 + 2} is equivalent to the pair {i,7 + 3} and
the pair {i,7+ 1} is equivalent to the pair {i,7+ 4} we only need to look at the
pairs {i,7+ 1} and {¢,7 + 2}. Then,

Wigi+2) + Wit1)ir2) = -3+ .6 =.9
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and

WiGiva) + Wiig2)ita) = 4+ .3 =7
Therefore no two vertices form a dominant pair, and so dom(D) = 5K].

Now suppose G = 6K, and let V(G) = {1,2,3,4,5,v}. Construct a pced
D on the vertices of G in the following way using addition modulo 5. Let
{1,2,3,4,5} induce Us 7 in D and set w,; = .6 for each i € {1,2,3,4,5}. So,
if i,j € {1,2,3,4,5} then w;, + wj, = .4+ .4 = .8 so no pair of vertices not
containing v is dominant. Now, if i = 1,2, 3,4, or 5 then w,;_1)+w;i—1) = .6+.3
and {v,i} is not a dominant pair, as desired. Thus, dom(D) = 6K;. This

completes the proof. [ ]

In the proof of Theorem 5.14, none of the pcds we construct have arc weights

of .5. So, this result is also true in the context of pcds having no arc weight .5.

Lemma 5.15 If G is a forest of caterpillars with at least one nontrivial com-

ponent, then there exists a complete paired comparison digraph D with no arc

weight of .5 for which dom(D) = G.

Proof: Let A, Ay, ..., Ay be the nontrivial caterpillars of G, with spines
V11,012, s Ulimys U215+, V2ma5 " 3 Uk1s - - - Ukm, lespectively. Form the spi-
ked odd cycle G’ by adding to G the edges [v; m,, viy11] foreach i =1,... k—1,
and adding the edge [vgm, ,v11] if Zle m; is odd, and the edge [vgm,,v12] if
Zle m; is even. Now, let G” be the graph which consists of G’ and the isolated
vertices of GG. Note from Theorem 5.12, we know that there exists a tournament
T such that dom(7") = G”. In particular, we can use the tournament 7" defined in

the following way. Let V(T') = V(G), and orient the arcs on the subtournament
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defined by the vertices on the cycle of G’ to be the rotational tournament U,
where [ is the number of vertices in the cycle of G’. Now, if y is pendant to the
cycle in G’ at some vertex x, then in 7" let x — y, and for all z in the cycle in
G'ifx — zin T then let z — y in T, and if 2z — x in T then let y — z in T'. If
v is isolated in G, then let u — v in T for all u € V(G’). Orient arcs between

isolated vertices arbitrarily. One can verify that, dom(7") = G”.

We now construct our ped, D, in the following way. Let V(D) = V(T'). Let
H<a<l,and if v — yin T, then set w,, = a, and w,, =1 — a. Now, choose
=1-0.

a<b<landforali=1,... ksetw,, = b and wy,,, v,

1 Vim,
Then, for all u,v € V(D) —{v;m,}, {u,v} is a dominant pair in 7" if and only if
{u, v} is a dominant pair in D, from Lemma 5.8, since for all arcs incident with u
or v, they either have weight a, 1—a or b > a. Also, {v; m,—1, Vim, } is a dominant
pair in D if and only if it is a dominant pair in 7', for alli = 1, ..., k. This follows
from Lemma 5.8 and the fact that for all arcs incident to v; ,,, and v; ,,—1, other
than (v m,—1, Vim,) and (Vi m,, Vim,—1) the weights are either a or 1 — a, for all
i =1,...,k. Furthermore, for all i = 1,... k, if ; # v; m,—1 then, {x;, v;m,—1}
does not form a dominant pair in D since W, ,, ; + W, v < 1. Since
V;m, 1S the end of a spine for all ¢ = 1,..., k, it is incident only to v; ,,,—1 in G.

Thus, dom(D) = G. |

Theorem 5.16 A graph G is the domination graph of a complete paired com-
parison digraph with no arc having weight .5 if and only if G is a spiked odd
cycle with or without isolated vertices, or a forest of caterpillars other than 2K,

or 3K;.
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Proof: From Theorem 5.9 we know that G must be a spiked odd cycle with
or without isolated vertices or a forest of caterpillars. From Lemma 5.8 and The-
orem 5.10 there is a ped with no arc weight of .5 which has any spiked odd cycle
with or without isolated vertices as its domination graph. From Lemma 5.15
and Theorem 5.14, for any forest of caterpillars other than 2K; and 3K, we
can find a ped with no arc weight of .5 which has that forest of caterpillars as

its domination graph. Thus, the result follows. [

5.4 Connected domination graphs

Recall from Proposition 5.7 any graph we wish can be an induced subgraph
of a domination graph of a pcd. In the proof of Proposition 5.7 the graphs
we construct have several isolated vertices. So, in our attempt to characterize
the domination graphs of peds, a logical first step is to see which connected
graphs can be the domination graphs of pcds. This characterization together
with Theorem 5.4 is a large step in characterizing the domination graphs of

peds.

In the next theorem, we refer to the graph NC7. This is the smallest tree
which is not a caterpillar and is shown in Figure 5.3. One should note that a
tree is a caterpillar if and only if NC'7 is not a subgraph.

Theorem 5.17 If G is a connected graph, and G is the domination graph of a
complete paired comparison digraph D, then NC7 is not an induced subgraph of
G.

Proof: Assume to the contrary that NC7 is an induced subgraph of G,

and G is the domination graph of some ped D. Let {1,2,...,7} denote the set
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Figure 5.3: NC7

of vertices which induce NC7. By applying Lemma 5.1 to the pairs of dominant
pairs given in the following table in the order they appear, we force the situation

in Figure 5.4, where each arc has weight 0 < x <1 in D.

step pairs

{1,2},{6,7}
{2,3},{6,7}
{1,2},{3,6}
{3,4},{6,7}
{4,5},{6, 7}
{4,5},{3,6}
{1,2},{3,4}
{1,2},{4,5}

00| 3| O U x| W DNO| —

Now, applying Lemma 5.1 to the pairs [2,3] and [4,5] we get that z =
W34 = Wy3 = 1 — wszg so x = .5. This implies that w;; = .5 for each i, j except
perhaps for {i,7} = {1,2},{4,5},{6,7}. Since wi3 = .5, w3; = .5. As {2,3} is
a dominant pair, wy; > .5. Similarly, wys > .5 (as {3,4} is a dominant pair),
and wg; > .5 (as {3,6} is a dominant pair). This implies that {4,2}, {4,6},
and {2,6} are dominant pairs, in D[{1,2,...,7}]. If G has only 7 vertices, then

G #dom(D), a contradiction.

Suppose that G has more than 7 vertices. Let v € V(G)—{1,2,...,7}. Since
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Figure 5.4: The arcs with weight =

G is connected there exists a shortest path P from {1,2,...,7} to v, where P
is given by uy,...,u, = v in G, and u; € {1,2,...,7}. We next show that

Wayy, > .5 and wg, > .5.

Consider the case in which u; # 3. We show that ws, > .5, wg, > .5 and
ws, > .5 by induction on m > 2. Suppose that m = 2 (so uy = v). If u; = 6,
use Lemma 5.1 on edges [2,3] and [uy,us] = [6,v] to deduce that wy, = .5
and ws, = .5. Since {3,6} is a dominating pair and ws, = .5, wg, > .5, as
desired. If u; = 2 proceed similarly using edges [3,6] and [2,v]. If u; # 2,3,6,
use Lemma 5.1 on edges [u1,v] and [2,3] to deduce wq, = w3, = .5, then use

Lemma 5.1 on edges [u1, v] and [3, 6] to deduce that wg, = .5 as desired.

Now, suppose that m > 2 and that wq,, > .5, we,, > .5 and ws,, > .5 for
i=2,...,k—1, where k < m. Use Lemma 5.1 on [2, 3] and [us_1, ux] to deduce
Way,, = Wsy,_, > .5. Again, use Lemma 5.1 on [3,6] and [uj_1,ux] to deduce

Wey, = W3y,_, => -5 and ws,, = Wey,_, > .9, as desired. This completes the case
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in which u; # 3.

Now, consider the case in which u; = 3. We show that wy, = wg, =
wy, = wy, = .5 by induction on m > 2. Suppose m = 2 (so uy = v). Use
Lemma 5.1 on edges [1,2] and [3,v] and then on the edges [6,7] and [3,v] to
deduce that wy, = wi, = we, = wq, = .5, as required. Now suppose that
Woy, = Wiy, = Wey, = Wry, = D for v = 2,...,k — 1, where k < m. Use
Lemma 5.1 on edges [1,2] and [ug_1, ux] and then on edges [6,7] and [ug_1, ug]
to deduce that wa,, = wy,, = .5 (since wy,, , = .5) and that we,, = wr,, = .5

(since wegy,_, = .5). By induction, wy, = we, = w1, = wr, = .5, as desired.

In particular, wy, + we, > 1, for all v € V(G) — {2,6}. Recall that {2,6}

is a dominant pair in D[{1,2,...,7}]. Thus, {2,6} is a dominant pair, but this

means that dom(D) # G, a contradiction. This completes the proof. [ ]

This result, together with the fact that a tree is a caterpillar if and only if

it has no NC7 as a subgraph gives us the following corollary.

Corollary 5.18 If a tree is the domination graph of a complete paired compar-

ison digraph, then it is a caterpillar.

Our next lemma helps to simplify many of the proofs of the following results.

Lemma 5.19 Let D be a complete paired comparison digraph. Suppose that G
is a subgraph of dom(D) such that for every x € V(G), dg(x) > 2. Also, suppose
that wyy, = .5 in D for all distinct x,y in V(G). Let P denote a shortest path
between V(G) and a vertez v in V(dom(D))—V(G) given by uy, ua, ..., Uy = v,

where u; € V(G) and m > 2. Then, for m > 3 and for all x € V(G), Wy, = .5
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foralli = 2,...,m, and for m = 2, wy,, = .5 for all x € V(G) — {u1} and

Wyyuy = -O-

Proof: Suppose m =2 (so v = us). Pick z € V(G) —{u1}. By assumption
there is a vertex y € V(G) — {u1} so that [z,y] € F(G). Use Lemma 5.1 on
edges [z,y] and [u1, us] to deduce Wy, = Way, = Wyyy = Wyy. Since Wy, = .5,
Wy = .D. S0, Wy, = .5 for all x € V(G) — {u1}. As dg(ur) > 2, uy is adjacent

to some z € V(G). So, {uy, 2z} is a dominant pair and w,, = .5, S0 wy,, > .5.

Assume m > 3. Note, [u,us] is a shortest path from uy to V(G). So the
case m = 2 above yields wy,, = .5 for all x € V(G) — {u1}. Since dg(u1) > 2,
we can choose y € V(G) such that [uy,y] € E(G). Applying Lemma 5.1 to the
edges [u1,y] and [ug, us] we deduce Wy, = Wyjuy = Wygy = Wyy, = .5, since
y € V(G) —{u}. Thus, w,,, = .5 for all z € V(G). Inductively assume that
Wy, = .b for all z € V(G) and for i = 2,...,k — 1, where 3 < k < m. Apply
Lemma 5.1 to edges [z,y] and [ug_1, ui| to deduce wy,; = Wy, |, = Wy, _,y =
Wyy, - Since wy, ,, = .5 by the induction hypothesis, w,,, = .5. That is, as «
was arbitrary, w,,, = .5 for all z € V(G). So, by induction, for all z € V(G)

and for all 4, 2 < <m, w,,, = .5. ]

Theorem 5.20 If G is a connected graph and G contains an even cycle, Coy,
as an induced subgraph, then G is not the domination graph of any complete

paired comparison digraph.

Proof: Suppose, to the contrary, that some pcd D has G as its domination
graph. Let S = {v1,vq,..., 09} be the set of vertices which induce the even

cycle, and let the cycle be given by [vy,vs], [v2, v3], ..., [Vag—1, Var], [Var, v1]. We
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first do the case for V(G) = S. If kK = 2 then two applications of Lemma 5.1
yields wy,,, = .5 for all i # j in {1,2,3,4}. As V(G) = S, dom(D) = K, #

(4 = G, a contradiction. So, assume that & > 3. Fix a vertex v;. We claim that
Wyjv; = Wou;_; = Wy,_yv,_; = Wy,_yp, When ¢ —j  (mod 2k) is even. (5.1)

Use induction on ¢. For i —j =2 (mod 2k), apply Lemma 5.1 to edges [v;_1, v]
and [vj11, vj42] to deduce wy,p,,, = We ho;, , = Wo, v, = Wy, v, (arithmetic
mod 2k), as desired. Now, suppose that (5.1) holds for i — j even where 2 <
i—j < j—2 (mod 2k). Apply Lemma 5.1 to edges [v;_1,v;] and [v;,v;41] to

obtain
Wyjv; = Wou;_ = Wy, v,y = Wy, (arithmetic mod 2F), (5.2)
then apply Lemma 5.1 to edges [vj_1,v;] and [v;41,v;42] to obtain
Wy, vsy = Wopyrv; = Wejvgps = Wogo,_, (arithmetic mod 2F). (5.3)
Thus, as w,,, ., appears in both (5.2) and (5.3),

W10 = Wogvj_g = Wyj_quipg = W qv;-

So, (5.1) holds by induction.

Statement (5.1) implies that

Wyju; o = Wou,,, = = We,u,_, (arithmetic mod 2k). (5.4)

Vj+2 Vjt+4

But, a similar statement is true for v;,, i.e.

Wy, pv;4q = Wojypvi06 = *° = Wo,, 40, (arithmetic mod 2k). (5.5)
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Apply Lemma 5.1 to edges [v;, v;41] and [vj42, v;43] to deduce

Wyjvjpo = Wojiavipn = Wit = Wojpge;- (5.6)
Apply Lemma 5.1 to edges [vj41,vj12] and [vj13,v;44] to deduce
Wy 1vj43 = Wojigvie = Wojovia = Wojpgvjpg- (5.7)

Since Wy, ,v;,, appears in both (5.6) and (5.7), Wy,v,,, = Wy, 40;,,- This implies
that all values in (5.4) and (5.5) are equal. In particular, wy,,,,, = Wy, 0, = .5.
Thus, w,,.,, = .5 if r —s (or s — r) is even. Further, if r — s is odd, then by
(5.1), Wy,p, = Wy, 1y, = .D since r — 1 — s is even. Similarly, if s — 7 is odd,
then w,,,, = .5. In conclusion, w,, = .5 for all z,y € S. So, if V(G) = S,
then all pairs of vertices are dominant in D, and dom(D) = Ky, # Cop = G, a

contradiction.

So, assume that S is properly contained in V(G). Let z € V(G) — S.
Since G is connected, there exists a shortest path P from S to z, given by
U, Uy ..Uy, = 2z in G, where u; € S. By Lemma 5.19, w;, = .5 for all
t e S—{u}, and w,,, > .5. Now, choose s,t € S such that [s,t] € E(G). Since
Ws, +wy, > .5+ .5 =1for all z € V(D), {s,t} must be a dominant pair in D.

Thus, G # dom(D), a contradiction. u

Lemma 5.21 Let D be a complete paired comparison digraph. If dom(D) is
connected, contains a 3-cycle C, and contains a vertex v of distance at least 2
from C, then C is contained in a larger clique in dom(D). Further, if P is a

path from u to C, then some vertex of V(P) — V(C) is contained in this clique.
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Proof: Let C be a 3-cycle in dom(D) given by [1,2], [2,3] and [3, 1], and
suppose there is a vertex v not on C' of distance at least 2 from C'. Say, P is a
path of shortest distance from C to v given by uy,us,...,u,, = v, where m > 3
and u; € V(C). Use Lemma 5.1 with each edge of C' and [us, u3] to deduce that
Wyy = .5 for each x € {1,2,3} and y € {us,uz}. Then, use Lemma 5.1 with
[u1,us] and [a, b] where a,b € {1,2,3} — {u1} to deduce that we,, = Wy, = .5.
Also, note that wg, = wy, = .5 for if wy > .5 then wy, + wy,, < 1, but
[b,ui] € E(dom(D)). Thus, w,, = .5 for all x,y € {1,2,3,us}. We show
Wyy» > b and w;, > .5 for all z € V(dom(D)) — {ug,i} for i = 1,2,3. This will
imply that {us,i} is a dominant pair, so that us is adjacent to each vertex of C'
in dom(D).

Choose =z € V(D) —{1,2,3,us}. From Lemma 5.19, w;, > .5 for each
i =1,2,3. If [x,us] € E(dom(D)), then from Lemma 5.19, w;, = .5 for each
i = 1,2,3. Also, since {uj,us} is a dominant pair and wy,,; = .5, Wyye > .5.
If [uy,z] € E(dom(D)), then apply Lemma 5.1 to [z,u1] and [ug,us] to see
that wy,e = Wy u,. Also from Lemma 5.19, we know that wy,,, = .5 and so
Wype = .. If [, u1], [7,us] € E(dom(D)), then since dom(D) is connected, there
exists a € V(D), a # uy,uy so that [x,a] € E(dom(D)). Applying Lemma 5.1
to [uy,us] and [z, a] we see that w,,, = Wgy,. By Lemma 5.19, wg,, = .5, so
Wyye = 5. Therefore, for any z € V(D), wy,e + Wi > .5+ .5 = 1 as desired.

So, {1,2,3,us} induces K4 in dom(D). u

The chorded 4-cycle is the only simple graph on 4 vertices with 5 edges

(shown in Figure 5.5), and is sometimes referred to as a “kite.”

The bowtie is the graph on 5 vertices shown in Figure 5.6.
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Figure 5.5: The chorded 4-cycle.

Figure 5.6: The bowtie.

Theorem 5.22 If D is a complete paired comparison digraph and dom(D) is
connected and contains a 3-cycle C, then either dom(D) is a spiked 3-cycle or

there is a clique of order at least 4 in dom(D) that contains C.

Proof: Let C be given by [1,2], [2,3] and [3,1]. If dom(D) is not a spiked
odd cycle, then in dom(D), either C'is contained in a chorded 4-cycle, a bowtie,
or there is a vertex v not on C' but of distance at least 2 from C'. Lemma 5.21

treats the latter case.

Suppose that C'is contained in a bowtie and no vertex v is of distance at
least 2 from C. Let B = {1,2,3,4,5} be the set of vertices which induce the
bowtie as shown in Figure 5.6. By applying Lemma 5.2 to {1,2,3} we know

that w2 = wey = ws;,. By applying Lemma 5.1 to [1,2] and [3,4], then to [1,2]
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and [3, 5], and then to [1,2] and [4, 5] we see that w33 = wig = wae = W3, W3 =
Wis = Wsy = Wez and wys = wWos = wWwx = wi4. But then, woy = wyo = wo3z = wss.
Thus, wes = wse = .5. So, by applying Lemma 5.2 to {3,4,5} and Lemma 5.1
to the pairs, [2, 3] and [4, 5] give us that w,, = .5 forall z,y € B. If V(D) = B,
then dom(D) = K5. So, assume there exists another vertex v € V(D). Then, v
is adjacent to some vertex in B, and so by Lemma 5.19, w,, > .5 for all z € B.
Thus, for each z,y € B, wy, + wy, > .5+ .5 = 1. Since v was arbitrary we
deduce that {z,y} is a dominant pair for all z,y € B. Thus, B induces Kj in

dom(D), and C is contained in this K.

Now, assume that C'is contained in a chorded 4-cycle C”" and no vertex is of
distance at least 2 from C'. By applying Lemma 5.1 to the two vertex disjoint
pairs of edges in the 4-cycle we deduce that w,, = .5 for all z,y € C’". So, if
V(D) = €', dom(D) = Kj. So, assume there exists another vertex v € V(D).
Then by Lemma 5.19, w,,, > .5 for all z € C'. Thus, wy, +wy, > .5+.5 =1 for
all x,y € C'. Since v was arbitrarily chosen, we deduce that {z,y} is a dominant
pair for all pairs of vertices z,y € C’, and, so, the vertices of C' induce K, in

dom(D). Thus, C' is contained in a larger clique. u

Theorem 5.23 If G is a connected graph with an induced cycle, C, of order
n=2k+12>5, and G =dom(D) for some complete paired comparison digraph
D, then G is a spiked odd cycle.

Proof: Suppose, to the contrary, that there exists a pcd D with dom(D) =
G, and G is not a spiked odd cycle. Then either GG contains a vertex v adjacent

to no vertex of C' or it does not. If it does not, then either G = C (and we are
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done) or G contains a vertex x not on C which is on a cycle which shares at
least one vertex with C'. Let C” be the smallest such cycle. If C” is a 3-cycle,

then we use Lemma 5.21 to obtain a contradiction as follows.

Since C' has at least 5 vertices, and shares at most two of them with C’,
there must be a vertex u on C' of distance at least 2 from C’. Take C' to be
the 3-cycle, u the vertex, and the path from C’ to u contained in C' to be the
path in Lemma 5.21. This implies that C’ must be contained in a larger clique,
and this clique contains a vertex of V(C) — V(C”). Thus, there must be an
edge between every vertex in C’ and some vertex of C' which is not in C”. Since
V(C)NV(C") # 0, some of these edges form chords in C' contradicting it being

an induced cycle.

Theorem 5.20 implies that C” is not an even cycle. So, suppose C’ is an odd
cycle of size 5 or greater. If x is the only vertex in C’ not in C, then there must
be at least three vertices in C' which are not on C'. If there were only one, then
this vertex together with x and the two vertices adjacent to z on C' would form
a 4-cycle contradicting the minimality of C’. If there were only two, then C'
would be an even cycle, contradicting the fact that C' is an odd cycle. Thus, C’
is an odd cycle of order at least 5 such that there is a vertex on C not adjacent

to C’. Taking C" as C and this vertex as v we continue the proof.

We now treat the case where GG contains a vertex v adjacent to no vertex of
C. Let S be the set of vertices which induces C'in G. From Lemma 5.2 we know
that in D, S induces a U, p, for some 0 < p < 1. We will prove that p = .5.
We assume S = {vy,...,v,}, where Wy,; = p if and only if j — ¢ is odd modulo

n and w,,,; = 1 — p otherwise. Without loss of generality, assume that p > .5.
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Suppose p > .5. Since G is connected, there is a shortest path P from C to v,
given by uy, usg, ..., Uy, = v in G, m > 3 with u; € S. Without loss of generality

we may assume that u; = vy.

Apply Lemma 5.1 to edges [u1, us] and [v,, v,11] (2 <r <n —1) to deduce
that wy,p, = Wyyw,,,. Since {v; : i is even, 2 < i < 2k} C OF (uy), we see that

{vi:iisodd, 3 <i<2k+1} C Of(uz). That is, for all i, 2 <i < 2k + 1,

_|p ifiis odd,
Wugv; = {1 — pif i is even. (5-8)

Since {vg41,v1} is a dominant pair, and since w,,, 4, = 1 — p, we deduce
that wy,4, > p. Apply Lemma 5.1 to edges [ug, us] and [v,,v,41] (2 < 7 < n,
arithmetic modulo n) to deduce that wy,, = Wuyye,,,. By (5.8) this implies that

for all 4, 2 <i <2k +1,

p if 7 is even,
Wyzw; = {1 — plfl 1S Odd7 (59)

and (when ¢ = n) wy,, = p. Thus, {vi,v0,v4,...,00} € O&(uz). By
Lemma 5.5, O (u3) is an independent set in G that contains edge [v1,v9], a

contradiction. Thus, p = .5.

As n > 5, there exist vertices x,y € S so that x and y are not adjacent
in C. By Lemma 5.19, wg, + w,, = .5+ .5 = 1, for all such vertices v. Also,
by the above argument, wyy, + Wy, = 5+ .5 =1 for all w € S — {z,y}. To
show that {z,y} is a dominant pair in D it remains to show that w,, +w,, > 1
for all vertices z adjacent to a vertex of C'. Let z be a vertex not on C, but
adjacent to, say, v; on C. If v; # z,y, then by Lemma 5.19 (where m = 2, uy =

2,8 # Uy #Y), Wy +wy, =.5+.5=1. If y; = z, then by Lemma 5.19 (where
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m=2,uy = 2, =T,y # U1) Wy, + Wy, > .5+.5=1. S0, {z,y} is a dominant
pair in D. But, then [z,y] € E(dom(D)), contradicting the choice of x and y.

Consequently, there is no such vertex v, i.e. GG is a spiked odd cycle. [ ]

A connected graph G of order m + n is called a spiked clique if V(G) can be
written as Vi U V,, where |Vi| = n, |V2| = m, G[Vi] is a clique of order at least
4, and each vertex in V5 has degree 1. A spiked clique with n =4 and m =5 is
shown in Figure 5.7. Equivalently, we can think of a spiked clique as a graph in

which the removal of all pendant vertices results in a clique of order 4 or more.

Figure 5.7: An example of a spiked clique.

Theorem 5.24 If G is a connected graph which contains a mazimal clique K
of order m > 4, and G =dom(D) for some complete paired comparison digraph

D, then G is a spiked clique.

Proof: Suppose, to the contrary, that there exists a pcd D with dom(D) =
G, and G is not a spiked clique. By Lemma 5.3, w,, = .5 for each z,y € V(K).
Since G is not a spiked clique, either G contains a vertex v which is not adjacent
to any vertex in K or it does not. If it does not, then there must be some cycle

C containing at most 2 vertices of K in G.
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First, suppose this cycle has order 3. If C' and K share exactly 1 vertex
then C' together with any pair of vertices of K form a bowtie. If C' and K
share exactly 2 vertices, then C' together with any vertex of K forms a chorded
4-cycle. From the proof of Theorem 5.22 we see that any bowtie or chorded
4-cycle must be contained in a clique. However, since the pair or single vertex
which forms the bowtie or chorded 4-cycle were chosen arbitrarily, each vertex

of C' is adjacent to every vertex in K, a contradiction to K being maximal.

Now, the cycle cannot be of even length since this contradicts Theorem 5.20.
If the cycle is odd of order at least 5, then Theorem 5.23 assures us that G is
a spiked odd cycle, contradicting the existence of K in G. So, assume that
there exists v € V(G) with v not adjacent to any vertex of K. Then, since G is
connected, there exists a shortest path P from K to v given by uy, us, ..., U, = v
where m > 3 and u; € V(K). We now show that {us, z} is a dominant pair for

every z € K to draw a contradiction.

Pick z € V(K). First note, by Lemma 5.19, that w,,+wy,, = .5+.5 = 1 for
ally € V(K)—{z}. Now select z € V(G)—V(K). By Lemma 5.19, w,, > .5. We
show wy,, > .5. If [z, us] € E(G), then since w,,, = .5, Lemma 5.19 and the fact
that {u1,us} is a dominant pair implies that w,,, > .5. If [uy, 2] € E(G), then
apply Lemma 5.1 to [z,u1] and [ug, us] to see that wy,, = wy,.,. Lemma 5.19
yields wy,n, = .5, so w,,, = .5 as desired. Now, if z is not adjacent to wu,
or up in G, then since G is connected, there exists a € V(G) such that [z, d]
is in G. By applying Lemma 5.1 to the edges [u1,us] and [z,a] we see that
Wyyr = Wyy,. By Lemma 5.19, w,,, = .5 and so w,,, = .5 as desired. Thus, for

cach z € V(G) — V(K) wy, + Wyy. > .5+ .5 = 1. Thus, {z,us} is a dominant
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pair, a contradiction. [ ]

The previous two theorems show us that if D is a pcd such that dom(D)
is connected and contains an induced cycle or clique, then dom(D) is a spiked
odd cycle or a spiked clique. This together with the following lemma and some
results from the Section 5.3 will yield a classification of connected domination

graphs of pcds in Theorem 5.26.

Lemma 5.25 If G is a spiked clique, then there exists a complete paired com-

parison digraph D for which dom(D) = G.

Proof: Take the vertex set of D to be V(G). Let S denote the set of
vertices in V(G) that induces the clique in G. If [z,y] € E(G) with z € S and
y € V(G) — 8, define w,, = b, where .5 < b < 1 (so, wy, = 1 —10). For all
other pairs of distinct vertices v and v in V(G) define w,, = .5. Pick distinct
z,y in V(G). We check that w,. +w,. > 1 for all z € V(G) — {z,y} if and
only if [z,y] € E(G). Suppose that [z,y] € E(G). If x,y € S, then for all

z € V(G) = {z,y},

" b+ .5 ,if z€ S and z is adjacent to x or v,
Wez TWyz =3 54 5 , otherwise.

If exactly one of z,y isin S, say x € S and y € S, then for all z € V(G) —{=x,y},

_Jb+ .5 if[z,2] € E(G),2 ¢ S,
Wgz + Wy, = {.5 + .5, otherwise.

Since b > .5, wy, +w,, > 1 for all z € V(G) — {z,y}, as desired.

On the other hand, suppose that [z,y] € E(G). Since G is a spiked clique,

at least one of xz,y is not in S, say y € S. Now, choose z € S such that
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ly,z] € E(G). Then w,, =1 —b, and since z € S, w,, < .5. S0, w,, + wy, <

54+ (1—=0b) <.5+.5=1. Thus, {z,y} is not a dominant pair, as desired. = =

Together, Lemma 5.25, and Theorems 5.13, 5.17, 5.20, 5.22, 5.23 and 5.24,
give us the following theorem classifying which connected graphs are the dom-
ination graphs of complete paired comparison digraphs. In comparison to the
analogous result for tournaments, Theorem 5.12, we see that there are several
new connected graphs which are the domination graphs of complete paired com-

parison digraphs, namely caterpillars without triple ends and spiked cliques.

Theorem 5.26 Let G be a connected graph. Then there exists a complete paired
comparison digraph D such that dom(D) = G if and only if G is a spiked odd

cycle, a caterpillar, or a spiked clique.

5.5 Domination graphs with no isolated vertices

Proposition 5.7 tells us that any graph can be an induced subgraph of the
domination graph of a pcd. However, in the proof, we essentially are carving
the desired graph from a clique, and leaving an isolated vertex in the graph for
each edge we delete. In this section we determine the graphs which comprise
the connected components of the domination graphs which contain no isolated
vertices, adding to the classes of the previous section the class of spiked bicliques.

We also show exactly which combinations of these classes are possible.

In light of Proposition 5.7, the results of this section essentially characterize
the basic graphs which can be the domination graphs of peds. In the following

section we expand slightly on these results with some counting arguments for
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obtaining graphs outside of this classification. We now open the section with
two results which limit the number of spiked cliques our graphs can contain.

Lemma 5.27 Let D be a complete paired comparison digraph. If K is a clique
of order 3 or more in dom(D) and [u,v] € E(dom(D)) which is vertex disjoint

from K, then w,, = w,, = .5 for all z € V(K).

Proof: Let K be a clique of order 3 or more in dom(D), and [u,v] €
E(dom(D)) which is vertex disjoint from K. Choose distinct vertices z,y, z €

V(K). Since K is a clique, [z,y], [y, 7], [z, 2] € E(dom(D)). So, by Lemma 5.1,

S0, W,y = Way = Wyy = Wy, = 1 — W,y, and so w,,, = w,, = .5. Since z,y, z were

chosen arbitrarily from V' (K), the result holds. u

Theorem 5.28 Let D be a complete paired comparison digraph such that
dom(D) has no isolated vertices. Then, dom(D) does not contain more than

one maximal clique of size at least four.

Proof: Suppose to the contrary that there exist two maximal cliques of
size 4 or more. Let Ky and K5 denote the sets of vertices which induce these
cliques. Let Dy and D, be the pcds induced on K; and K5 respectively. Since
K, and K5 induce cliques in dom(D), by Theorem 5.4, dom(D;) and dom(Ds)
must also be cliques. So, by Lemma 5.3, w,, = .5 forall z,y € K; and 2,y € Ks.

We show w,,, = .5 for all z,y € K; U Kj.
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If K1N Ky =10, then by Lemma 5.27, w,, = .5 for each x € K; and y € Ko,
and so w,,, = .5 for each x,y € K1 UK,. So, assume K;NK, # (). First consider
when |K; N K3 = 1. Let a be the unique vertex in K7 N K,. Then K; — {a}
and Ky — {a} induce disjoint cliques of order 3 or more. So, by Lemma 5.27,
Wy = .5 for all z € K7 — {a} and y € Ky — {a}. So, since w,, = wy, = .5,
for all x € K; and y € Ky, wyy, = .5 for all z € K, and y € Ky. Now,
assume |K; N Ky > 2. Choose distinct vertices b,c € K1 N Ky, © € K1 — Ko
and y € Ky — K;. Then [z,b] and [y, ] are disjoint edges in dom(D), and
so by Lemma 5.1 wyy = Wy, = Wpe = Wey. Since b € Ky, wy, = .5, and so
Wgy = .5. Since x and y were chosen arbitrarily, w,, = .5 for all x € K; — K

and y € Ky — K;. Thus, w,, = .5 for all z,y € K; U Ks.

If V(D) = Ky U K then w,, +w,, =1 for all z,y,z € V(D), so {z,y} is
a dominant pair for all z,y € V(D), and dom(D) is a complete graph, contra-
dicting dom(D) having two maximal cliques. So, assume V(D) # K; U K», and
let v € V(D) — (K1 U K>). Since dom(D) has no isolated vertices, there exists
u € V(D) such that [u,v] € E(dom(D)). If u € K; U K, then by Lemma 5.19
(with m = 2), wy, = .5 for alla € KUKy —{u} and wy, > .5. If [u, v] is disjoint
from K; U K5, then by Lemma 5.27, wg, = .5 for all x € K; and w,, = .5 for
all y € Ky. Thus, wgy + wy, > .5+ .5 =1 for all z,y € K; U Ky. Since v was
chosen arbitrarily, this is true for all v € K; U K,. Further, since w,, = .5 for all
xz,y € K1 UKy, wy, +wy, =1 for all z,y,z € K; UK,. Thus, K; U K, induces
a clique in dom(D), a contradiction to K3 and K, inducing maximal cliques in

dom(D). |
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Theorem 5.29 Let D be a complete paired comparison digraph, and let G be
a component of dom(D). Let D' be the complete paired comparison digraph
induced on the vertices of G. If G is not a spiked odd cycle or a caterpillar, then

dom(D'") is a spiked clique.

Proof: From Theorem 5.4, Theorem 5.26 and the fact that G is connected,
we know that dom(D) must be a subgraph of a spiked odd cycle, a caterpillar,
or a spiked clique. Subgraphs of spiked odd cycles and caterpillars are spiked
odd cycles and caterpillars. So, if G is neither of these, we must have dom(D’)

is a spiked clique. [

Lemma 5.30 Let D be a complete paired comparison digraph such that some
component S of dom(D) contains an odd cycle C, and let [x,y] be an edge of
dom(D) which is vertex disjoint from C. Then in D, wy, = w,, = .5 for each

veV(S).

Proof: Pick a vertex in C' and call it ¢q, then trace all other vertices in C
in a clockwise order, labeling them ¢y, c3, . . ., cogy1. From Lemma 5.1 applied to
the edges [z, y] and [c1, c2], Waey = Weyy = Wye, = Weye. Also, Lemma 5.1 applied
to [co, c3] and [z, Y] gives Weyy = Wyey = Wegy = Wye,. Now choose ¢ and assume

that for each odd j < i,
Wgey = Wae; = Wejy = Wyejyy = Wejpqa-
Then, by Lemma 5.1 applied to [z,y] and [¢;_1, ¢;],

Wgey = Wey_qz = Wape; = Wey = Wye; -
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So, by induction,
Wyey = Wye; = Weyy = Wyeipy = Weypaa
for all odd 4. In particular, wge,, ,, = Wge,, and from Lemma 5.1 applied to [z, y]
and [cog11, 1] we have that
Waeopyr = Waey = Wery = Wycgpyy = Wegpqiz = 1- Waegpqr -
Thus, Wge, = Weyz = .95, and S0 Wy = Wy, = .5 for all v € C.

If V(C) = V(S) we are done, so assume that there exists a vertex v €
V(S) — V(C). Then, since S is a connected component of dom(D), there is
a shortest path P from C to v given by uq,us,...,u,, where u,, = v. From

Lemma 5.1 applied to the pairs [z,y] and [uq, us),
D= Wygey = Weyy = Wuy = Wyuy = Wyge-

Now, assume that wg,, = w,,, = .5 for all j <i. Then Lemma 5.1 applied to

the pairs [u;, u;+1] and [z, y] yields

Wayyyy = Wuyyyy = Wyy, = 2D
and 80 Wyy,,, = 1 —wy,, ,, = 1 —.5 = .5. Thus, for all u;, Wy, = wy,, = .5.
In particular, w,, = w,, = .5. Since v was arbitrary, this holds for all v &
V(S) — V(C). Thus, wy,, = w,, = .5 for all v € V(S). n

Theorem 5.31 Let G be a graph with no isolated vertices, which contains a
component S which contains an odd cycle, and S is not a spiked odd cycle or

spiked clique. There does not exist a complete paired comparison digraph D such

that dom(D) = G.
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Proof:  Suppose to the contrary, that there exists a pcd D such that
dom(D) = G. If G =S, then from Theorem 5.26 the result follows, so suppose
G has more than one component. Let D’ be the ped induced on V(S). Then,
from Theorem 5.29, dom(D’) is a spiked clique. Let H be the subset of vertices
of S which are not pendant in dom(D’). Then, for all z,y € H, w,, = .5, by
Lemma 5.3, and since [z,y] € E(dom(D")), w,, + w,, > 1 for all z,y € H, and
z e V(9).

Now, choose v € V(G) — V(S). Since G has no isolated vertices there
exists u € V(G) — V(S) such that [u,v] € E(G). From Lemma 5.30 we know
that w,s = wys = .5 for all s € V(5). So, for each =,y € H, we have that
Wy + Wy, > 1 for all v € V(G) — {x,y}. Thus, H induces a clique in dom(D).
By Theorem 5.4, S is a subgraph of dom(D’). So, since dom(D’) is a spiked
clique, with its clique induced on H, and H induces a clique in dom(D), S must
be a spiked clique when |H| > 4, and a spiked 3-cycle when |H| = 3. This

contradicts the choice of S, so no such ped exists. [ ]

Recall a graph is bipartite if and only if it contains no odd cycles. This gives

the following corollary.

Corollary 5.32 Let D be a complete paired comparison digraph. If dom(D)
has no isolated vertices, then any component which is not a spiked odd cycle or

spiked clique is bipartite.

Theorem 5.33 Let D be a complete paired comparison digraph such that
dom(D) has no isolated vertices and dom(D) contains a component which is

not a caterpillar, spiked odd cycle, or spiked clique. Then dom(D) has at least
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two bipartite components.

Proof: Let S be the component which is neither a caterpillar, spiked odd
cycle, or spiked clique. From Theorem 5.26 we know that dom(D) must have
another component, and from Corollary 5.32 we know that S is bipartite. So,
suppose to the contrary, that no other component is bipartite. Then every other
component of dom(D) contains an odd cycle. Since S is connected, for each
xz € V(S) there exists a y in S such that [z, y] € E(S). So, since all components
of dom(D) other than S contain an odd cycle, w,, = .5 for all z € V(S) and
v & V(S) by Lemma 5.30. Now, from Theorem 5.29 we know that the pcd D’
induced on S has a spiked clique as its domination graph. Let H denote the
vertices which form the clique in dom(D’). Note |H| > 4 by definition of spiked
clique. Then wy,+w,, > 1forall x,y € H and v € V(S). Thus, for all z,y € H
and v € V(D), wy, +wy, > 1, and so H is a clique in dom(D). A contradiction
to S being bipartite. Thus, there must exist some other component of dom(D)
which does not contain an odd cycle, and so dom(D) contains at least 2 bipartite

components. [ |

Lemma 5.34 Let D be a complete paired comparison digraph. Suppose that
dom(D) contains a bipartite component B. Let X UY be the bipartition of B,
and u,v € X. Then, w,, = w,, for each vertex z € V(D) —V(B) such that z is
not isolated in dom(D). Also, w,. = wy. for each a,b €Y, and c € V(D)—V(B)

such that ¢ is not isolated in dom(D).

Proof: Choose u,v € X and z € V(D) —V(B) such that z is not isolated.

Since z is not an isolated vertex in dom(D), B is a component and z & V(B),
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there must exist a y € V(D) — V(B) such that [y, z] is an edge of dom(D).
Since B is connected, there exists a path P from u to v in dom(D) given by
U1, U, . .., Uy, Where u = uq and u,, = v. Since B is bipartite, for all odd 1,
u; € X and u;11 € Y. Note, since v € X, m is odd. Now, from Lemma 5.1,
Wyr = Wayy = Wyyy = Wyy,. S0, assume that for each odd ¢, w,, = wy,.

Wiy = Wyyyqy = Wyy,. Lemma 5.1 applied to [z, y] and [w;y1, uito] gives w,,. =
Wy 1y = Wyuy o = Wy, ,-- Lhus, for all odd i, wy,. = wy.. So, w,; = w,;. Since
z was chosen arbitrarily w,, = w,, for all u,v € X, and v € V(B) with v not
isolated. By symmetry, w,. = wy. for each a,b € Y, and ¢ € V(D) — V(B) such

that ¢ is not isolated in dom(D). This completes the proof. |

Theorem 5.35 Let D be a complete paired comparison digraph, and let G and
H be non-trivial bipartite components of dom(D) with bipartitions V(G) = Gy U
Go and V(H) = Hy U Hy. Then fori,j € {1,2}, for all distinct u,u’ € G;, and

for all distinct v,v" € Hj, Wyy = Wy

Proof: Pick i,5 € {1,2}. From Lemma 5.34 we know that w,, = w,, for
all u,v' € G; and z € V(H). Furthermore, w,, = w,, for each v,v" € H; and

z € V(G). Thus,
Wyy = 1 — Wyy = 1 — Wy = Wy = Wy
for all v, v € G; and v,v" € H;. [ ]

We define a spiked biclique as a graph G such that the graph obtained
by removing all pendant vertices of GG is a biclique. Some examples of spiked
bicliques are shown in Figure 5.8. Note bicliques themselves are spiked bicliques.

So, the smallest spiked biclique is the single edge.
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Figure 5.8: Some spiked bicliques

Theorem 5.36 Let D be a complete paired comparison digraph such that
dom(D) contains no isolated vertices. Any component of dom(D) which is not

a spiked odd cycle, spiked clique or caterpillar, is a spiked biclique.

Proof: Let G be a component of dom(D) which is not a spiked odd cycle,
spiked clique or caterpillar. From Corollary 5.32 we know that G is bipartite with
bipartition X UY. Now, dom(D) must contain another component for otherwise
dom(D) = G, a contradiction to Theorem 5.26. Let H be the subgraph of G
formed by removing the pendant vertices of G. Note H is connected, and if
|V(H)| > 1, H is a bipartite graph, with bipartition (X NV (H))U (Y NV (H)).
Suppose, to the contrary, [z,y] ¢ E(H) for some 2 € X NV(H) and y €
Y NV(H). So there must be some vertex of D, call it v, so that w,, + wy, < 1.
Let D’ be the pced induced on V(G). Since G is not a spiked odd cycle or
caterpillar, dom(D’) is a spiked clique by Theorem 5.29. Since H is obtained
by removing the pendant vertices of G, V(H) is contained within the vertices
of dom(D") which induce the clique. Hence, wg, + wy, > 1 for all x,y € V(H)
and v € V(G). So, v € V(D) — V(G). By Lemma 5.30, if u is in a component

of dom(D) containing an odd cycle wy, + wy, = .5+ .5 = 1. So, v must be in
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some bipartite component, K, of dom(D).

By Lemma 5.34, w,, = wy,y for all 2’ € XNV (H) and v’ € V(K). Similarly,
Wyy = Wy for all ¥ € Y NV(H) and o' € V(K). Thus, since wy, + wy, < 1,
Wy + Wy < 1Lforall 2’ €e XNV(H), y € YNV(H), and v € X,. So,
E(H) = (. Since H is a connected graph, H must be a single vertex. Since H
is the graph obtained from G by removing the pendant vertices of G, G must
be a star. However, this implies that G is a caterpillar, a contradiction to our
choice of G. Thus, [z,y] € E(H) forallz € XNV (H) and y € Y NV (H), and

so (G is a spiked biclique. [ ]

The spiked biclique is an interesting new class which not only increases
the kinds of graphs which can can be domination graphs of pcds from the last
section, but puts quite a bit of distance between the domination graphs of pecds
and the domination graphs of tournaments. Recall that a tournament cannot
have an even cycle or NC7 in its domination graph. However, since the 4-cycle
is a biclique, it can be the domination graph of a pcd. Also, NC7 is a spiked
biclique (in fact, it is the graph on the right in Figure 5.8), so NC'7 can be the
domination graph of a pcd. So, the trees which are the domination graphs of
pcds do not necessarily need to be caterpillars. However, trees which are not

caterpillars must be spiked bicliques, and hence are fairly restricted.

Lemma 5.37 Let G be a star onn > 3 vertices with center w. Then there exists
a complete paired comparison digraph, D, such that O (u) # V(D) — {u} and
dom(D) = G.

Proof: We construct D as follows. Let V(D) = V(G). Let p and p’ be
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real numbers so that .5 < p’ < p < 1. Choose v € V(D) —{u}, and set w,, = 7/,
and w,, =1 —p'. For x € V(D) — {u,v} set w,, = p and w,, = 1 — p, and set
Wy = p' and w,, =1 —p'. For each z,y € V(D) — {u,v} set wy,y =por1—p

arbitrarily, to create a pcd. We claim dom(D) = G.

Let z,y € V(D) — {u,v}. If x # y then wyy + wyy is p+ (1 —p) or p+p. In
either case wy, + wyy > 1, since p > .5. Also, Wy, + we =1 —p' 4+ p' = 1. So,
[u,z] € E(dom(D)) for each z € V(D) — {u,v}. Now, wy, + wy, =p+p > 1
for each x € V(D) — {u,v}, so [u,v] € E(dom(D)). So, E(G) C E(dom(D)).
By Lemma 5.5, O%(u) = V(D) — {u,v} is an independent set in dom(D). So,
we need only show that [v, 2] is not an edge for x € V(D) —{u,v}. This follows

since Wyy + Wey =p'+1—p=1—(p—p') < 1. So, dom(D) = G. u

Lemma 5.38 Let G be a spiked odd cycle or caterpillar on 3 or more vertices.
There exists a complete paired comparison digraph D so that dom(D) = G, and

if uw e V(D) there is some v € V(D) so that w,, < .5.

Proof: Suppose that no such pcd exists. By Theorem 5.26, there exists
a pcd D so that dom(D) = G. So for every such D there must be some vertex
u € V(D) so that O (u) = V(D) — {u}. By Lemma 5.5, V(D) — {u} forms an
independent set in dom(D). So, since G is a caterpillar or spiked odd cycle, G
must be a star centered at u. So, for every ped such that dom(D) is a star on
n > 3 vertices, O" (u) = V(D) — {u}, where u is the center of the star. This is

a contradiction to Lemma 5.37. So such a pcd must exist. [ ]

Lemma 5.39 Let G be a graph with no isolated vertices whose connected com-

ponents form some collection of the following:
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1. At most one spiked clique.
2. Spiked odd cycles.

3. Caterpillars on 3 or more vertices.

Then, there exists a complete paired comparison digraph D such that dom(D) =
G. Further, for each vertex u of D not contained in the spiked clique, there

exists a vertex v so that w,, < .D.

Proof: We construct D as follows. Let V(D) = V(G). Let Cy,...,Ck
denote the caterpillars of G. Let K denote the spiked clique in G. Let
S1,...,5, denote the spiked odd cycles of G. Note we only require at
least one of Cy,...,Cy, K,S1,...,S,, exist. By Theorem 5.26, there exists
a pcd Dg such that dom(Dg) = K. Also, by Lemma 5.38 there exist
pcds D¢y, ..., D¢, Ds,,...,Dg, so that for « = 1,...,k and j = 1,...,m
dom(D¢,) = C; and for every vertex u of D¢, there exists a vertex v of D,
so that wy, < .5, and dom(Dg,) = S; and for each x € V(Dg,) there exists a
y € V(Ds,) so that w,, < .5. Weight the arcs in D so that V(K) induces D,
V(C;) induces D¢, for i = 1,...,k and V(S;) induces Dg, for j = 1,...,m.

Give the remaining arcs of D weight .5. We claim dom(D) = G.

Let D' € {D¢,,...,D¢,, Dk, Ds,,...,Ds, }. If [z,y] € E(dom(D’)), then
Wy +wy, > 1forallv e V(D'). Also, w,,+w,, = .5+.5 = 1foreach z ¢ V(D').
If [z,y] € E(dom(D")), then by Theorem 5.4, [x,y] € E(dom(D)). So each of
Cy,...,C K, S, ..., Sy, are induced subgraphs of dom(D). Note, if G has only
one component we are done. So, assume GG has 2 or more components, and pick

u,v € V(D) so that u and v are in separate components of G. So, at most one
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of u,v can be in K, and without loss of generality, say u is not in K. So u is in
one of Cy,...,Ck, S1,...,8m. Let D" € {D¢,,...,D¢,, Dk, Ds,,...,Dg,} so
that v € V(D"). By Lemma 5.38, there is some ¢t € V(D") so that w, < .5.

Thus, wy + wy < .5+ .5 =1, and [u,v] € E(dom(D)). Thus, dom(D) =G. m

Note that in proving the construction above we did not require the existence

of any particular component.

Lemma 5.40 Let G be a graph with exactly two components, one of which is
a spiked clique and the other is a single edge. There does not exist a complete

paired comparison digraph whose domination graph is G.

Proof:  Suppose there exists a ped, D, with dom(D) = G. Let K be
the set of vertices which induce the spiked clique in dom(D), and {u,v} the
set of vertices which induce the single edge. Without loss of generality, assume
Wyy = Wyy. Let K’ be the set of vertices in K which induce the clique. By
Lemma 5.27, wy, = wy, = .5 forall z € K'. If y € K — K’, and z is the vertex
adjacent to y in dom(D), then z € K and by Lemma 5.1, w,, = wy, = w,, = .5.
So, wy = wy = .5 forallt € K. So, wys + wy, > 1 for all t € K and
s € V(D) — {u,t}. Thus, [u,t] € E(dom(D)) for each t € K, and dom(D) is

connected, a contradiction. Thus no such pcd exists. [

Lemma 5.41 Let G be a graph with ezxactly two components, one of which is
a spiked odd cycle, and the other is a single edge. Then there exists a complete

paired comparison digraph D so that dom(D) = G.

Proof: Construct D as follows. Let V(D) = V(G). Let S denote the

spiked odd cycle of G, and let [u,v] be the single edge component of G. By
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Lemma 5.38, there exists a pcd D; so that dom(D;) = S, and for all u € V(D)
there exists a v € V(Dy) so that wy, < .5. Let V() induce D; and set all other

arc weights to .5. We claim dom(D) = G.

Pick [z,y] € E(S). Then w,, +w,, > 1 for all z € V(Dy), and wyq + wy, =
b5+ .5 =1 for each a ¢ V(D;). Thus [z,y] € E(dom(D)). If [s,t] € E(S5),
then [s,t] € E(dom(Dy)), and so [s,t] € E(dom(D)) by Theorem 5.4. Now, for
each z € V(Dy), wy, + w,, = .5+ .5 =1, and since V(D;) = V(D) — {u, v},
[u,v] € E(dom(D)). Also, if b € V(Dy), there exists ¢ € V(D;) so that wy. < .5.
S0, WyetWhe = Wyetwpe < 1, and [u, b], [v,0] € E(dom(D)). Thus, dom(D) = G.

Lemma 5.42 Let G be a graph with at least two components each of which is
a spiked biclique. Then there exists a complete paired comparison digraph D so
that for all w € V(D) there exists some v € V(D) such that w,, < .5, and
dom(D) = G.

Proof: Construct D as follows. Let V(D) = V(G). Let Sy,..., Sk be the
components of GG, and let X;UY; be the bipartition of S; fori = 1,..., k. Choose
b5 < p <1 Fori < j weight the arcs of D as follows. For z € X;, 2’ € Xj,

y€eY,and y €Y set

Wyt = Py Wyly = 1 - b,
Wyy = P, Wyry = 1 —p,
Wy'y = P, Wy = 1 - D,

Wyry = P, and Wy, = 1 —p.
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For each ¢ = 1,...,k let S! denote the biclique of S;. For each i = 1,... k,
and each distinct w,v € V(S!), set w,, = .5. For each a € V(S;) — V(S5)) let
b be its unique neighbor in S;, and set wy, = p, wap = 1 — p, and w,, = .5 for
each u # b in S;. Note from our construction, for each u € V'(S;), there is some
vertex v € V(S;) with ¢ # j so that w,, =1 —p < .5. So, for each u € V(D)

there is some v € V(D) such that w,, < .5. We finish by showing dom(D) = G.

Let [u,v] € E(G), and say [u,v] € E(S;). Pick z € V(D) —{u,v}. Suppose
z € V(S;). If z is not a pendant vertex adjacent to either of u or v in S}, then
Wy, + Wy, = .5+ .50 = 1. If 2 is a pendant vertex adjacent to one of u or v in .S},
then w,, +w,, = .5+p > 1. Now suppose z € V(S;). Since S; is bipartite, one
of u,v is in X; and the other is in Y;. Without loss of generality, assume u € X
and v € Y;. Since z € V(S;), z € V(S;) for some i # j. Since S; is bipartite,
z€ X;orzeY,. If z€ X, then w,, +w,, = (1 —p)+p=1fori < j and
Wy, + Wy, =p+ (1—p) =1fori > j. If z € Y, then w,, +w,, =p+(1—p) =1
for i < j and wy, +w,, = (1 —p)+p=1fori > j. Thus, [u,v] € E(dom(D)),
and E(G) C E(dom(D)).

Now pick [v/,v'] € E(G). First suppose u',v" € V(S;) for some i. Suppose
v and v’ are in the same bipartition of S;. If v/, v" € X, then for every a € X,
and b € Y,, with ¢ < ¢ < r, v/,v" € Ot (a) and «',v" € OF(b). Note, since
G has at least two components, at least one of X, and Y, must exist. So,
[W,v'] ¢ E(dom(D)) by Lemma 5.5. So, assume v’ and v’ are in different
bipartitions of S;. Then either u’ or v' is a pendant vertex of S;. Without loss

of generality, assume v’ is the pendant, and ¢ is its unique neighbor in S;. Since

[u,v] & E(S;), ¢ # u, S0 Wye + Wy = .5+ (1 —p) < 1. So, [v/,v] € E(dom(D)).
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Now suppose v’ € V(S;) and v" € V(5;) for some i < j. If ' € X; and v’ € Xj,
then since Y; must be non-empty there is some y € Y; so that wy,, + wy, =
(1-p)+.5 <1 Ifu €Y, and v/ € Y], then there is some =z € Xj, so that
Wyrg+ Wy = (1—p)+.5 < 1. If v’ € X; and v' € Y}, then there is some y € Y; so
that wyy +wyy = .5+ (1 —p) < 1. Finally, if o’ € Y}, and v" € X, then there is
some = € X; so that wy, +wy, = .5+ (1 —p) < 1. Thus, [v/,v] € E(dom(D)),
and dom(D) = G. u

Lemma 5.43 Let G be a graph with at least two components, each of which is a
caterpillar or a spiked biclique. Then there exists a complete paired comparison
digraph D so that dom(D) = G, and for each u € V (D), there ezists v € V(D)

s0 that wy, < .5.

Proof: Note, if every component of G is a caterpillar, then the result
follows from Lemma 5.15, so assume G has at least one component which is a
spiked biclique. Construct D as follows. Let V(D) = V(G). Let Sy,...,S,, be
the spiked bicliques of GG including single edges, but not stars. Let C1,...,C} be
the caterpillars of G including stars, but not including single edges. We consider
two cases. By Lemma 5.39, there exists a pcd, D¢, so that for each u € V/(D¢)
there exists a v € V(D¢) so that wy, < .5 and dom(D¢) = CLUCy U ---U Cy.
Let ¢ = max{wg, : a,b € V(D¢)}. Note, by Lemma 5.6 we may assume ¢ < 1.
Weight the arcs of D so that V(Cy),...,V(Cy) induce De. We consider two
cases. In the first m > 2, and in the second m =1 and &k > 1. If m > 2, then
by Lemma 5.42, there exists a pcd Dg so that dom(Dg) = S; U Sy U--- U S,,.

Weight the arcs of D so that V(S1) UV (Ss)U---UV(S,,) induce Dg. In the
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case where m = 1, let S| denote the biclique of S;. For each z,y € V(5]) set
Wy = .5. Let [ be a real number such that .5 <! < 1. Ifa € V(S;) =V (5)), let
b be its unique neighbor in S; and set wp, = [, wy = 1 — [ and set w,. = .5 for

each c € V(S1) — {a, b}.

For both the case m = 1 and m > 2, let X; UY; denote the bipartition of .S;
fori =1,...,m, and let X7 UY] denote the bipartition of C; for j =1,... k.
Choose a real number p withg<p<1. Fori=1,...,m,j=1,....k, z € X,

'€ Xj,yeYand y €], set

Wyty = Py Wga! = 1 - D,
Wyy =P, Wyy =1 —p
Wey =P, Wy'gx = 1 —p

Wye = p, and wyry =1 —p

So, if u € V(.5;) for some 7, then there is some v € V(D¢) so that w,, < .5. So,
for all uw € V(D) there exists some v € V(D) so that w,, < .5, and if u € V(D¢)
there exists v € V(D) so that w,, < .5 by Lemma 5.39. We finish the proof

by showing dom(D) = G.

Pick [u,v] € E(G). First suppose [u,v] € E(C;) for some j. Then, since
dom(D¢) = CyUCy U -+ U Cy, wy, + w,, > 1 for each z € V(D¢). Also, if
z & V(D¢), then z € V(S;) for some i, and so wy, +w,, = p+ (1 —p) = 1,
and [u,v] € E(dom(D)). Now suppose [u,v] € E(S;) for some i. If m > 2
then since dom(Dg) = S1 U -+ U Sy, Wy, + w,, > 1 for each z € V(Dg), and
Wy + Wy = p+ (1 — p) for each 2/ € V(D¢), so [u,v] € E(dom(D)). Now,

consider when m = 1. Pick z € V(S;). If z is not a pendant vertex adjacent to
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either of u or v in Si, then w,. + w,, = .5+ .5 = 1. If 2z is a pendant vertex
adjacent to one of w or v in S;, then w,, +w,, = .5+1> 1. If 2/ ¢ V(5;), then

Wy +Wyy = p+(1—p) = 1. Thus, [u,v] € E(dom(D)). So E(G) C E(dom(D)).

Now pick distinct u/,v" € V(D) so that [u/,v'] € E(G). If v',v" € V(D¢),
then [u',v'] ¢ E(dom(D)) by Theorem 5.4. Similarly, in the case where m > 2,
if u',v" € V(Dg), then [uv/,v'] ¢ E(dom(D)) by Theorem 5.4. Consider the
case where m = 1. If ;v € V(5), then since [u/,v'] & E(Sy), either v' and
v' are in the same bipartition of S; or one of u’ or v/ is pendant in S;. If o/
and v are in the same bipartition of S; then there is some x € V(D¢) so that
Wyre + Wy = 1 —p+1—p < 1. So, without loss of generality, assume v’ is a
pendant in Sp, and y is its unique neighbor in S;. Then since [u,v] € E(S)),
y # wand wyy + wyy = .5+ (1 —1) < 1. So, [v/,v'] ¢ E(dom(D)). Now, for
both cases, assume u' € V(S;) for some ¢ and v' € V(C}) for some j. If v’ € X;
and v' € X}, then since Y; must be non-empty there is some y € Y; so that
Wyry + Wy = .5+ (L —p) < 1. Ifu' € Y and v" € Y], then there is some z € X;,
s0 that Wy, + Wy, = .5+ (1 —p) < 1. If ' € Xj and v € Y], then there is
some r € X 5o that wy, + Wy, < g+ (1 —p) < 1. Finally, if v’ € Y;, and
v € X, then there is some y € Y} so that wy, +wyy, < (1 —p)+q < 1. Thus,

[/, v'] € E(dom(D)), and dom(D) = G. n

Lemma 5.44 Let G be a graph with no isolated vertices and at least 3 compo-

nents which form some collection of the following.
1. At most one spiked clique.

2. Spiked odd cycles.
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3. At least two bipartite graphs consisting of spiked bicliques and caterpil-

lars.

There exists a complete paired comparison digraph D so that dom(D) = G.

Proof:  Construct D on the vertices of G by assigning weights in the
following ways. Let GG; be the induced subgraph of G which consists of the
spiked clique and spiked odd cycles of G. By Lemma 5.39, there exists a pcd
Dy so that dom(D;) = G. Let Gy be the induced subgraph of G which consists
of spiked bicliques and caterpillars. If G, = (), then the result follows from
Lemma 5.39. So, assume Gy # (). By Lemmas 5.38, 5.42 and 5.43, (depending
on if G contains a just caterpillars, just spiked bicliques, or both) there exists
a pcd Dy so that for each u € V(D,) there exists a vertex v € V(D) such
that w,, < .5, and dom(D,) = G5. Note, if G; = (), the result follows from
Lemma 5.38, 5.42 or 5.43. So, assume Gy # (). Weight the arcs of D so that
V(G,) induces D, V(G3) induces Dy and w,, = .5 for all z € V(G;) and
y € V(G3). We claim dom(D) = G.

Pick [u,v] € E(G). If u,v € V(Gy), then since dom(D;) = Gy, wy,+w,, > 1
for all z € V(Gy) — {u,v}. Also, if 2 & V(Gy), Wy, + w,, = 5+ .5 = 1.
So, [u,v] € E(dom(D)). By a symmetric argument, if u,v € V(G3), then
[u,v] € E(dom(D)). So, E(G) C E(dom(D)). Now, pick u',v" € V(D) so
that [v/,v'] ¢ E(G). If v',v' € V(Gy), then [v/,v'] ¢ E(dom(D;)), and so
[W,v'] ¢ E(dom(D)) by Theorem 5.4. If u',v" € V(Gy), then by a similar
argument, [u’,v'] ¢ E(dom(D)). So, assume v’ € V(G;) and v' € V(Gs). By

our construction, there exists some z € V(G3) so that wy, < .5. S0, Wy, + Wy, <
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5+.5=1. So, [v,v'] & E(dom(D)), and dom(D) = G. |

We now state our main results.

Theorem 5.45 Let G be a graph with exactly two components and no isolated
vertices. Then there exists a complete paired comparison digraph D such that

dom(D) = G if and only if the components of G are one of the following.

1. two spiked odd cycles,

2. a spiked odd cycle and a caterpillar,
3. two caterpillars,

4. two spiked bicliques,

5. a spiked clique and a spiked odd cycle,

6. a spiked clique and a caterpillar other than a single edge,

=

a caterpillar and a spiked biclique.

Proof: The necessary conditions follow from Theorems 5.28, 5.33, and
5.36, and Lemma 5.40. Sufficiency follows from Lemmas 5.39, 5.41 5.42, and
5.43. -

Theorem 5.46 Let G be a graph with n > 3 non-trivial components and no
1solated wvertices. There exists a complete paired comparison digraph D with

dom(D) = G if and only if G is one of the following:

1. A spiked clique together with any collection of n — 1 spiked odd cycles

and caterpillars.

133



2. Any collection of n spiked odd cycles and caterpillars.

3. A spiked clique, any collection of spiked odd cycles, and a set of two or

more bipartite graphs containing only spiked bicliques and caterpillars.

4. Any collection of spiked odd cycles, and a set of two or more bipartite

graphs containing only spiked bicliques and caterpillars.

Proof: The necessary conditions come from Theorems 5.28, 5.33, and 5.36.

The sufficient conditions come from Lemmas 5.39 and 5.44. ]

5.6 Isolated vertices in domination graphs

We have a characterization of the graphs which can be the domination
graphs of complete paired comparison digraphs when we do not allow isolated
vertices in the domination graph. We have also seen that any graph can be
an induced subgraph of the domination graph of a complete paired compari-
son digraph. We conclude this chapter with a lower bound on the number of
isolated vertices necessary in the domination graph of a pcd in order to have
a graph which did not appear in the previous section’s characterization in the

domination graph.

Recall from Lemma 5.5, that for a vertex v in a ped, O (v) forms an indepen-
dent set in the domination graph. An independent set in a graph G corresponds
to a clique in the complement of G. So if we want to carve G out of a spiked
clique, we are essentially looking to remove cliques from G using O™ (v) for var-
ious vertices v. With this strategy we obtain our lower bound using the edge

clique cover number of the complement of G. A clique covering of a graph H is

134



a collection of cliques @1, Qs, ..., Q,, contained in H such that each edge of H
is in some @;. The edge clique cover number of a graph H, denoted 0(H), is the
size of a minimum clique covering of H.

Theorem 5.47 Let G be a connected graph which is not a spiked clique, spiked
odd cycle, caterpillar or spiked biclique. Let H be the graph obtained from G
by removing the pendant vertices from G. If G is a component of dom(D) for
some complete paired comparison digraph D, then dom(D) contains at least 6(H )

1solated vertices.

Proof: Let D’ be the pcd induced on V(G). By Theorem 5.29, dom(D’)
is a spiked clique. Pick w,v € V(H) so that [u,v] ¢ E(H). By Theorem 5.4,
[u,v] € E(dom(D")), so there must be some x € V(G) so that wy, + wy, < 1.
We show that z must be an isolated vertex in two cases. First, suppose G is
not bipartite. So G, and hence H contains an odd cycle. By Lemma 5.30, if
x is in a connected component of dom(D), then w,, + w,, = .5+ .5 = 1. So,

Wyyz + Wy £ 1, and hence x must be isolated in dom(D).

Now suppose G, and hence H, is bipartite, and x is in a connected compo-
nent of dom(D). If x is in a component containing an odd cycle, then since G is a
connected component of dom(D), wy, = .5 for all y € V(G). So, wyy + Wy, = 1.
So, assume that z is in a bipartite component of dom(D). Let X UY be the
bipartition of H, and assume, without loss of generality, that u € X and v € Y.
By Theorem 5.35, Wy, = Wy, and w,, = w,, for all v’ € X and v € Y. So,
if wye + Wy < 1, then wy, + wy, < 1 for all &/ € X and v € Y, and so
E(H) = (). This contradicts H being a connected graph. Thus, x must be an

isolated vertex.
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By Lemma 5.5, given a vertex v, Ot (v) is an independent set. To obtain
G in dom(D), we must remove edges from the clique of dom(D’) to obtain H.
The above argument shows that we must do so using isolated vertices. Since an
independent set in H corresponds to a clique in H, we need at least §(H) vertices
to remove edges from the clique of dom(D’) and obtain H. Thus, dom(D) must
contain at least §(H) isolated vertices in order to contain G as a connected

component. ]
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6. Ranks of Tournament Matrices
6.1 Definitions and background

Let R denote the real numbers, Z* the non-negative integers, and B the set
{0, 1} under Boolean arithmetic (addition and multiplication as usual with the
exception that 141 =1). Let M be an m xn (0, 1)-matrix and S € {R,Z*, B}.
The Schein rank of M over S, written rg(M), is the least integer k such that M
is the product of an m x k and k x n matrix with entries from S. Equivalently,
it is the least k such that M can be written as the sum of k rank one matrices
in S. We call rg(M) the real rank of M, rz+ (M) the non-negative integer rank
of M, and rg(M) the Boolean rank of M.

A directed biclique is an orientation of a biclique with bipartition X UY so
that X = Y. A rank one matriz, M, is a matrix with rg(M) = 1. That is, M
can be written as xy ' for some vectors x and y over S. Pick X C {1,...,n}
and Y C {1,...,n}, and let x and y be (0, 1)-vectors with a 1 in the i** position
of x if and only if i € X, and a 1 in the i position of y if and only if i € Y.
Then, xy' is the adjacency matrix of the directed biclique X = Y. So the
square, rank one (0, 1)-matrices are in direct correspondence with the adjacency
matrices of directed bicliques. Thus, for a given directed graph D with adjacency
matrix M, the problem of finding rz+ (M) is equivalent to finding a minimum set
of directed bicliques which partition the arcs of D, and the problem of finding

rg(M) is equivalent to finding a minimum set of directed bicliques which cover
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the arcs of D. For example, the sum of rank one matrices below corresponds to

the directed biclique partition shown in Figure 6.1.

01001 00000 00000 01001
00000 00000 00111 00111
00000 +101010|+100000=(01010
01001 00000 00000 01001
00000 01010 00000 01010

2 2 2

N
/
\
7

Figure 6.1: A directed biclique partition

Recall, a line cover of M is a set of rows and columns of M which contain
all the non-zero entries of M. The term rank of M, t(M), is the minimum size
of a line cover of M. Note, by Konig’s theorem, the problem of finding the term
rank of M is equivalent to finding a maximum set of ones, no two of which occur
in the same row or column. Such a set of ones is called a set of independent

ones.

A set of isolated ones of a (0, 1)-matrix M is a set of independent ones, such

that no two occur in a submatrix of the form

11
11/~
We let is(M) denote the size of a largest set of isolated ones. It was observed by

Gregory, Jones, Lundgren and Pullman, [30], that is(M) < rg(M). The proof
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of this follows by noting that a rank one (0, 1)-matrix can have at most one

isolated one.

The graph theoretic interpretation of the ranks discussed in this chapter

gives the following inequalities for a (0, 1)-matrix M,
rg(M) < rge (M) < t(M).

We get the first inequality since a partition is a cover. A line of a matrix
corresponds to the outset or inset of a vertex. So, the arcs involved form the
directed biclique v = O(v) or I(v) = v respectively. By assigning an overlapped
arc arbitrarily to one of the lines which contain it, a line cover corresponds to
a specific directed biclique partition. This gives us the last inequality. Also, by

taking advantage of the fact that Z* C R, we get the following inequality,

rr(M) < 1z4 (M) < t(M).

In this chapter we examine these inequalities in tournament matrices. In
section 6.5 we examine the relationship between the real and Boolean ranks of
tournament matrices. For general (0, 1)-matrices, one can find several examples
where the Boolean rank is less than the real rank, and several examples where
the real rank is less than the Boolean rank (see [48]). It is a well known result
that the real rank of an n X n tournament matrix is either n or n — 1 (see
[19] or [57]). In appendix A we give two new proofs of this fact. In general,
singular tournament matrices tend to be rare. At the same time it is somewhat
easier to construct a tournament matrix with less than full Boolean rank. This

has lead some to believe that for tournament matrices, the Boolean rank is less
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than the real rank. This would allow us to merge the two inequalities above,
and make rank problems for tournament matrices slightly easier. However, in
section 6.5 we show that there exist singular tournament matrices with full
Boolean rank, and hence no relationship exists between the real and Boolean

ranks of tournament matrices.

In section 6.2 we show how to extend these inequalities to involve domination
parameters. In particular, we show how to use irredundance in a tournament
as a lower bound for the ranks of the corresponding tournament matrix. We
do so by looking at the minimum rank of a matrix. In section 6.3, we show
how to formulate the dual of the problem of finding the Boolean row rank of
a tournament matrix as an extension of Schiitte’s problem, and in section 6.4
we examine a dual of the problem of finding the minimum Boolean rank of a

tournament matrix.

6.2 Rank and domination

For a tournament 7', recall that a set of vertices S is called dominating if
O[S] = V(T), and S is called irredundant if for all u € S there exists v € V(T')
so that v € Olu|, and v € O[S — u]. We call this vertex, v, a private neighbor of
u, and note that we may have v = u. We denote by (T the size of a smallest
dominating set in 7', and by I'(T'), the size of a largest minimal dominating set
in T. Also, we denote the size of a smallest maximal irredundant set and the
size of a largest irredundant set by ir(7") and I R(T') respectively. In this section,
we show how an irredundant set in a tournament corresponds to a sub-identity

matrix in its adjacency matrix. We show that this submatrix gives us a lower
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bound on the minimum rank of a matrix, and so this gives us a lower bound on

both the real and Boolean ranks.

Let M be a (0,1)-matrix. Let S be the set of all matrices whose pattern is

M. Then the minimum rank of M is defined to be
mr(M) = min{rg(A) : A € S}.

Obviously, mr(M) < rg(M). We can equivalently define the Boolean rank as
rg(M) = min{rz+(A): A€ ST},

where ST is the set of all matrices with non-negative integer entries and pattern
M. This alternate definition of Boolean rank gives us that mr(M) < rg(M).
The equivalence of this definition is discussed below. The result following this
discussion gives a lower bound for the minimum rank of a matrix. For more on

the minimum rank of a matrix the reader is referred to [32].

Choose an m x n (0, 1)-matrix M, with rg(M) = k, and min{rz+(A) : A €
ST} =1, where ST is the set of all matrices with non-negative integer entries
and pattern M. To see, as claimed above, that k£ = [, let F' and G be m x k and
k x n matrices so that M = F'G under Boolean arithmetic. Let M’ = F'G using
integer arithmetic. Then M’ € S, and rz+(M') < k. So, I < k. Now, choose
A € ST with rz+(A) = [, and let B and C' be m x [ and [ x n matrices with
non-negative integer entries such that A = BC. Let B’ and C’ be the patterns
of B and C respectively. Let A = B’C’ under Boolean arithmetic. Since every
entry of B and C is non-negative, A;; > 0 if and only if A’ =1. So A" = M

Y

and so k < [. Thus k£ = [, as desired.
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Lemma 6.1 Let M be a (0,1)-matriz. Let S be a set of independent ones in

M such that every two occur together in a submatriz of the form
10 01
01) " \10)"

Proof: Let A be a matrix whose pattern is M. Permute the rows and

Then mr(M) > |S)|.

columns of A so that the entries of S form a |S| x |S| diagonal submatrix of A.
By performing elementary row operations on A, one can easily verify that the
entries of S are pivots for A. So rg(A) > |S|. Since A was chosen arbitrarily,

mr(M) > |S]|. ]

We now show how to build a set of ones of the form in Lemma 6.1 from an

irredundant set.

Lemma 6.2 Let D be a digraph with adjacency matriz M. Let S be an irre-
dundant set in D, and let W C S be the set of vertices which are not their own

private neighbors. Then M contains a set of |W| ones such that each two occur

(01) o (o).

Proof: For each u € W, let «’ be a private neighbor of u. By our choice of

in a submatriz of the form

W, we may assume that u’ # u. We claim that the ones in M which correspond
to the set of the arcs of the form (u,u’) in D is our desired set of ones. Suppose
they do not. Then there exist distinct u,v € W with private neighbors u’ and
v respectively, so that the ones corresponding to (u,u') and (v,v’) are not the

only two ones in the submatrix whose rows are indexed by u and v and columns

142



are indexed by u’ and v'. So, there must exist another arc in D of either the

form (u,v’) or (v, ).
(0

u 1%

v\ x1
Without loss of generality, suppose (u,v’) is an arc of D. Then v' € O(u) C
O[S — v], a contradiction to v' being a private neighbor of v. Thus, these arcs

correspond to the desired set of ones in M. [

Let T be a tournament. Suppose S is an irredundant set in 7', and u € S
is its own private neighbor. Then u ¢ O[S — u]. Since T is a tournament, this
implies that u = S — {u}, and w is a transmitter in 7'[S]. Since a tournament
can have at most one transmitter, u is the only vertex of S which is its own
private neighbor. So, any irredundant set in a tournament has at most one
vertex which is its own private neighbor. That is, for a tournament, the set W
in Lemma 6.2 differs from S by at most one vertex. So, Lemmas 6.1 and 6.2

give us the following theorem.
Theorem 6.3 Let T be a tournament with adjacency matriz M. Then,
IR(T)—1<mr(M)<rg(M) <rzg(M) <t(M)

and

IR(T)—1<mr(M) <rg(M) <rz+(M) <t(M).

We can also add in the inequality in Theorem 1.6 to get the inequalities
ir(T)—1<~y(T)—-1<T(T)—-1<IRT)—1<mr(M) <rg(M) <rz+(M) <
t(M) and ir(T) =1 <~y(T)—1<T'(T)—1<IR(T)—1<mr(M) <rg(M) <

rz+ (M) < t(M). One should note, that while this does give an interesting tie
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between domination, irredundance, minimum rank, and the four ranks, it does
not give the best lower bound. In [34], Hedetniemi, Hedetniemi, McRae and

Reid show that I R(T) < n/2 for an n-tournament 7.

In the following section we look at Boolean row rank. We see that almost
all tournaments have full Boolean row rank, and show how to express the dual
of the problem of finding an n-tournament with minimum Boolean row rank as

an extension of Schiitte’s problem.

6.3 Boolean row rank

In this section we explore the Boolean row ranks, and Boolean column ranks
of tournament matrices. The Boolean row rank of a (0,1)-matrix M, br(M) is
the size of a smallest set S of rows of M such that every every row of M can
be written as a Boolean sum of rows in S. The Boolean column rank is defined
analogously. Boolean row rank has been studied in many situations (see [6],
[30], [32], and [35]). Boolean row and column rank are not as well behaved as
the real rank or the Boolean rank of a matrix as defined in section 6.1. For
instance, unlike with the real rank of a matrix, the Boolean row and column
rank of a matrix are not necessarily equal. For a thorough treatment of the

algebra behind Boolean row and column rank, the reader is referred to [35].

Let D be a digraph with V(D) = {1,...,n} and M its adjacency matrix.
If there exists a row of M, say M,,, and set of row indices S, such that M;, =
> ies Mje, then in D, O(i) = U;cgO(j) = O(S). Thus, M has full Boolean
rank if and only if there does not exist a vertex v € V(D) and set S C V(D)
such that O(v) = O(S). In particular, O(v) = O(S) implies that for all u € S,
O(u) C O(v).
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A king in a tournament 7" is a vertex u such that for each v € V(T) — {u},
either u — v or there exists some w € V(T'), such that u — w and w — v. So, a
vertex u is not a king if and only if there exists some v such that O(u) C O(v).
An all kings tournament is one in which every vertex is a king. So, for no two
vertices w,v in an all kings tournament is O(u) C O(v). Hence an all kings
tournament has an adjacency matrix with full Boolean row rank.

Proposition 6.4 The adjacency matriz of an all kings tournament has full

Boolean row rank.

Kings and all kings tournaments have been studied by several people. For
a collection of results on kings in tournaments the reader is referred to [52].
The following probabilistic result is due to Maurer, which gives us the following

corollary on Boolean row rank.
Theorem 6.5 [39] Almost all tournaments are all kings tournaments.

Corollary 6.6 Almost all tournament matrices have full Boolean row rank.

We now look at the minimum possible Boolean row rank of an n x n tourna-
ment matrix, and construct our dual to this problem in Theorem 6.9. To do this
we consider the following, specific, Boolean factorization. Let M be an n x n
(0,1)-matrix with rgz(M) = k, and let F' and G be n x k and k x n matrices
so that M = FG under Boolean arithmetic. If we can permute the rows and
columns of F', so that F' contains a k X k sub-identity matrix, then the rows
of G must be rows of M. This tells us that every row of M can be written as

a Boolean sum of the rows of G (which are rows of M), and so br(M) < k.
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Further, if we know that br(M) = k, then we can write M as F'G where G are
rows of M, and F' contains a k X k identity matrix as a submatrix. Since this is

a special case of a Boolean factorization, rg(m) < br(M) for any (0, 1)-matrix

M.

Let M be an n x n tournament matrix, and suppose that br(M) = k. So we
can write M = F'G where F' and G are n X k and k x n respectively. Further,
we can permute the rows and columns of I so that the first k rows form a k x k

identity matrix. So, we can write ' and G in block form as

I
F= L’;] .G = [T}, B]
where T}, is a k X k tournament matrix, and A and B are arbitrary. We use this

interpretation of Boolean row rank to attack the following problem.

For a given n, let
br(n) = min{br(M) : M is an n X n tournament matrix}.

What are the values of br(n)?

In the following section we will look at a similar parameter, b(n), the mini-
mum Boolean rank of any n X n tournament matrix. An upper bound on b(n)
was found by Bain, Lundgren, and Maybee in [4]. They show that, asymptoti-
cally, b(n) < ns. They obtain this bound by a construction. In particular their
construction gives the (m? + m? +m) x (m® 4+ m? + m) tournament matrix 7

with factorization
Ty,
B Qn—l
T = |Q@no2 (1, Q] Q2 Q{ Q3 - Q] T} ]

o
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where I}, is the (m? +m + 1) x (m? + m + 1) identity matrix, each Q; is a sum
of permutation matrices, and Ty is an (m? +m+ 1) x (m?* 4+ m + 1) tournament
matrix. For a proof that T is in fact a tournament matrix, the reader is referred
to [4]. So, T" can be written in the form FG where the first (m? +m 4 1) rows
of F' form an identity matrix. Thus, Bain et. al.’s construction gives us the

following.

Theorem 6.7 For a given n,

win

br(n) < ns.

The only lower bound on br(n) is b(n) which has as its current best lower
bound n\/ﬁ We now show how the dual of the problem of finding br(n) is
an extension of Schiitte’s problem. While this interpretation of the dual has yet
to improve the lower bound for br(n), the nature of the problem does lead us to

1
believe that br(n) should be much larger than n vies2(m

Let T be a k-tournament, and let F be a set of subsets of V(7). We say
that F is a Schiitte family if for all S € F, |S| > 2, T[S] contains no transmitter,
and for all distinct S and S’ in F, there exists u € S such that u = S’ or there
exists v € S’ such that v = 5. We denote by Sc¢(T") the size of a largest Schiitte
family in a tournament 7', and let Sc(k) = max{Sc(T") : T is a k-tournament}.
We show that finding b(n) is equivalent to finding Sc(k), but first need the

following lemma.

Lemma 6.8 There exists an n x n tournament matrix M, with a row and col-

umn of zeros, such that br(M) = br(n).
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Proof: Note, for n > 2, the adjacency matrix of the transitive tournament
gives an example of a tournament matrix with Boolean row rank less than n,
and so for n > 2, br(n) < n. Now choose n, and let M be a tournament matrix
with br(M) = br(n). Let S be a minimum set of rows so that every row of M
is a Boolean sum of rows in S. We now show that if M does not have a row or
column of zeros, then we can replace one of its rows or columns with a row or

column of zeros.

A row of zeros would simply be an empty sum of the rows of S, so we can
append a row of zeros to M without changing br(M). If we add a column of n
ones with a zero in the new zero row, then each non-zero row will have a one
in its new entry, and the rows of S can still be used to generate the remaining
rows of M. So, we can create an (n + 1) x (n + 1) tournament matrix with a
row of zeros and Boolean row rank br(M). Now, select a row of M not in S.
Say the " row. Create M’ by removing the i*" row and column of M. Then
br(M') < br(M), since S can still be used to generate the remaining rows of M.
Now, create M” by appending a row of zeros and a column of n — 1 ones. By
the above argument, br(M") = br(M') < br(M) = br(n). Since M" is n X n we
have the br(M") = br(n), and M"” is an n X n tournament matrix with a row of

Z€eros.

Now, assume M does not contain a column of zeros. If the rows of S cannot
be used to create a row of ones, then there must be some entry in which every
row of S has a zero. Since all rows of M are sums of rows in S, this implies that
M has a column of zeros, a contradiction. So, we can append a row of ones to

M without raising the Boolean row rank. Appending a column of zeros to M
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will not change the fact that all rows of M are sums of rows of S, since this will
leave a zero in the same entry for all rows. So, we can create an (n+1) x (n+1)
tournament matrix with a column of zeros and Boolean row rank br(n). This
together with an argument similar to the one above, allows us to replace a row
and column of M with a row of n — 1 ones and a column of zeros without
changing the Boolean row rank. Thus, we can find an n X n tournament matrix

with a row and column of zeros, and Boolean row rank br(n). u

Theorem 6.9 Choose k and let n =k + Sc(k) +2. Then br(n) = k.

Proof: Let M be an n X n tournament matrix with br(M) = br(n) = k.

By Lemma 6.8, we may assume M contains a row and column of zeros. So,

M = FG for n x k and k x n matrices F' and G, with

I
F = J—lr , and G = [T, B10]. (6.1)
1T
So,

T, | B|01
B | AT,|ABJ01
M=FG= 17[17[01
o"|{o"|10

Let T be the k-tournament with V(T') = {1,2,..., k} whose adjacency matrix
isTy. Fori=1,...,n—k—2, let S; be the set with j € S; if and only if A4, ; = 1.
We claim that {S1,...,S,_x_2} is a Schiitte family, and that any Schiitte family

can be used to produce matrices F' and G of the form in (6.1).

Note that A;1}, is the Boolean sum of the rows of T}, Z{j:Aijzl}(Tk)j"
This results in a row vector with a 1 in the j position if and only if j € O(.S;).

Since M is a tournament matrix, we have that (AT;)" = B°. So, B;; = 0 if and
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only if (ATy);; = 1. Thus, B,, = 0 if and only if j € O(S;). So, B; is a column

vector with a 1 in the j position if and only if j € O(S;)°.

Since M is a tournament matrix, (AB);; = 1 if and only if (AB);; = 0.
So, AjeB; = 1 if and only if A;B; = 0. The inner product of two Boolean
vectors is 0 if and only if the sets corresponding to the vectors have an empty
intersection, so we can rewrite the above equivalence as S; N O(S;)¢ # 0 if and
only if S; N O(S;) = (. Since T is a tournament, S; N O(S;)¢ # 0 if and only
if there is some v € S; such that v = S;. If there exists v € S; so that v = 5,
then there cannot exist v € S; so that u = S; or else we would have ©v — v and
v — u. Thus, the statement “S; N O(S;)¢ # 0 if and only if S; N O(S;)¢ = 0”
is equivalent to the statement “there exists v € S; such that v = S; or there
exists u € S; such that u = S5;.” Thus “(AB);; =1 if and only if (AB);; = 0"
is equivalent to the statement “there exists v € S; such that v = S; or there

exists u € S; such that u = 5;.”

Now, since M is a tournament matrix, (AB);; = 0. Further (AB);; = 0, if
and only if A;B; = 0, if and only if S; N O(S;)¢ = 0. This is true if and only if
for all u € S; there exists v € S; such that v — wu, which is equivalent to saying
0= (T[S;]) = 1, or T'[S;] has no transmitter. Thus {S,...,S,—k—2} is a Schiitte
family in 7.

Now, suppose F is a Schiitte family of size n — k — 2 in a k-tournament
T. Construct the n x k& matrix F” so that the first k& rows of F’ form I}, the
last two rows of F’ are 0" and 17, and for k+1 < i < n — 2, F, = 1if
and only if j € S;_;. Construct G’ by letting the first & columns induce the

adjacency matrix of T, letting the last two columns of G’ be 1 and 0, and for
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kE+1<j<n-—2setting G;; = 1if and only if i € O(S;)°. By the above
equivalencies, one can easily verify that F'G is an n X n tournament matrix.
Thus each Boolean factorization of a tournament matrix of the form in equation
(6.1), is equivalent to a Schiitte family in a subtournament. So, br(n) = k if and

only if n =k + Sc(k) + 2. u

In looking for Schiitte families we have found that they tend to be somewhat
small. There are several extra, natural restrictions that occur. For instance, if F
is a Schiitte family in a tournament 7', and S; € F, then |S;| > 3. This follows,
for otherwise 7[S;] would be the 2-tournament and have a transmitter. We must
also have that S; C O(v) for some v € V(T'). This tells us that |.S;| < AT(T).
While this is not a great upper bound for |S;|, in practice we have found that
tournaments with large maximum out-degree tend to have a smaller values of
Sc(T). We find that Se(T) seems to be larger in regular tournaments, and
conjecture that Sc(k) is maximized, when k = 3 (mod 4), by a doubly-regular

tournament.

We finish this section with the following open problems. The third is moti-
vated by the fact that the construction of Bain et. al. in [4] is our current best

upper bound for both b(n) and br(n).

Open Problem 6.10 Study how the structure of a given tournament T affects
Sc(T).

Open Problem 6.11 Find values or bounds for Sc(k).

Open Problem 6.12 Is br(n) = b(n)?
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6.4 A conjecture about tournament codes

In this section we expand on some of the ideas presented in the previous
section. In particular we show how finding the Boolean rank of a tournament
matrix is related to covering a smaller digraph with a large number of directed

bicliques. Recall that we define b(n) to be
b(n) = min{rg(M) : M is an n X n tournament matrix}.

We prove our problem is in fact a dual, and give some results on the structure of
the directed biclique cover of the smaller digraph. Finally we use these to make

a conjecture about b(n), but first we discuss a different dual to this problem.

In [3], Bain, Lundgren, and Maybee show that a dual to the problem of
finding b(n) is the problem of finding a tournament code of length k& with max-
imum size. A tournament code length k is a set of codewords of length & from
the set {0, 1, %} such that if a and b are distinct codewords then exactly one of
the following is true:

1. there exists j such that (a;,b;) = (0,1),
2. there exists j such that (a;,b;) = (1,0).

Tournament codes get their name from the fact that if one defines a digraph
whose vertices are the codewords, and letting a — b if there is some j such that

(a;,b;) = (0,1) then the digraph is a tournament. For a given k we define
te(k) = max{|C| : C is a tournament code of length k}.

Tournament codes have been studied by van Lint in [60] and by Tang, Golumb

and Graham in [59]. Each have independently shown that that tc(k) > k:%, and
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that te(k) < k22 In [4], Bain et. al., also proved the lower bound using

Boolean rank and the following equivalences.

Theorem 6.13 [3]Let C' be a tournament code of length k and |C| =n. Let T'
be the tournament associated with the code C, and let M be the adjacency matrix
of T. Then M = FG where F is n x k and G is k X n, where the arithmetic is

Boolean.

Theorem 6.14 [3] Let M be an n x n tournament matriz with Boolean fac-
torization M = FG where F' is n x k and G is k x n. Then there exists a

tournament code C of length k with |C| = n.

These two theorems show that b(n) = k if and only if tc(k) = n. In this
section we give yet another dual to the problem of determining b(n). We do
so by examining the factorization of a tournament matrix M into the product
FG. In particular, we show that the product GF' is the adjacency matrix of an
oriented graph (recall that we assume all graphs are simple for this thesis). So,
if M is an n X n tournament matrix with rg(M) = k, and M = FG with F an
n X k matrix and G a k x n matrix, then M’ = GF is a k x k matrix whose

digraph can be covered with n directed bicliques.

In the following results and proofs, the equivalence between directed biclique
covers of a digraph and the Boolean rank of its adjacency matrix is a useful tool.
Due to this, we want to be able to move back and forth easily between graph
theoretic techniques and matrix theoretic techniques. To do so, we introduce
the following notation. Let M be an n x n (0, 1)-matrix. We define D(M) to

be the digraph whose adjacency matrix is M.
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Theorem 6.15 Let M be an n xn (0,1)-matriz such that D(M) is an oriented
graph, and suppose M = FG where F' is n X k with no zero columns and G is
k x n with no zero rows, and the arithmetic is Boolean. Then A = GF is the

adjacency matriz of an oriented graph. That is,
1. Ai; =0 foralli=1,... .k, and
2. Zf Ai,j = 1, then Ajﬂ' = 0.

Further, A, ; = A;; = 0 for some i # j, if and only if the corresponding directed
biclique cover of D(M) contains two directed bicliques X; = Y; and X; = Y;

such that X; NY; =0 and X; NY; = 0.

Proof: Let A = GF, and suppose A;; = 1 for some i. Then G, [F; = 1,
and so G;,, = F,; = 1 for some m. However, M = Zle F;Gj.. So, if
Foni=G;m =1, then M;;, = Z?Zl F;,Gi; = F,,:Ginm = 1, a contradiction to

the fact that M;; =0 for all <. Thus, A;; =0foralli=1,... k.

Now, assume to the contrary that A; ; = A,; = 1 for some ¢ # j. So,
Gi.F’j = Gj.FZ' == 1
Consider the product of the rank one matrices F;G,, and F;G;,. This gives

(FiGie)(FiGje) = Fi(Gia F) Ge

Since F' has no zero columns and G has no zero rows, F;G j, is not the zero matrix.

Let X; = Y; and X; = Y, be the directed bicliques defined by D(F;G;.) and
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D(F;Gj,) respectively, and let D be the digraph with vertices X; UY; U X, UY;
and whose arcs are only those appearing in these two directed bicliques. Then,
since F;Gj, is not the zero matrix, the above equation implies that there is a
directed walk of length 2 in D from some x € X, to some y € Y;. Let v be the
interior vertex of this walk. Then v € Y; and v € X;. A symmetric argument
shows that there is a directed walk of length 2 from some 2’ € X; to some
y' € Y;. Let u be the interior vertex of this walk. So, u € Y; and v € X;. Since
v E X;and u €Y, v — u Also, since u € X; and v € Y;, u — v. However,
u and v are also vertices of D(M), a contradiction to D(M) being an oriented

graph. Thus, if A;; =1, then A4;, = 0.

Now, suppose A;; = A,; = 0. Again, we consider the product of the rank

one matrices F;G;e and F;Gj,. This gives,

(FiGis) (FjGje) = Fi(Gis Fj) G
= Fi(O)Gjo

= Onxnv

and similarly,

(FjGje)(FiGie) = Onsn.
As before, let X; = Y; and X; = Y, be the directed bicliques defined by
D(F;G;.) and D(F;Gje) respectively, and let D be the digraph with vertices
X; UY; U X; UY; and whose arcs are only those appearing in these directed

bicliques. Then, these equations state that there are no walks of length 2 from

X to Yj or from X; to Y; in D. Thus, X; NY; =0, and Y; N X; = 0.
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Conversely, suppose the directed biclique cover of D(M) which is defined
by F' and G contains two directed bicliques X; = Y; and X; = Y} such that
X;NY; =0 and X; NY; = 0. Let these bicliques correspond to D(F;G;.) and
D(F;Gj,) respectively. Since, X; NY; = 0 and X; NY; = 0, there is no walk
of length 2 in the digraph D defined on the vertices and arcs of these directed
bicliques. So,

(FiGie)(FjGje) = Onscn-
Letting a = G, F; we have that

CLEG]'. = ECLG]‘. = E(GZ.F’])G]. = Onxn-

since F; and Gj, are non-empty, F;Gje 7# Oy xn, and so G F; = a = 0. Similarly,

we must have that Gj4F; = 0. |

In particular, if M in Theorem 6.15 is a tournament matrix, then A is an
oriented graph. Theorem 6.15 also gives us a dual to the problem of finding b(n).
Given k, let D be a k vertex oriented graph. Let f(D) be the size of a largest
directed biclique cover of D such that for any two directed bicliques X; = Y;
and X; = Y of C, either X;NY; # 0 or X; NY; # 0. Let f(k) = max{f(D) :
D is a k vertex oriented graph}. Then by Theorem 6.15, f(k) = n if and only
if b(n) = k.

Let M be a tournament matrix. Suppose M can be factored as M = F'G,
and M’ = GF. Let C be the directed biclique cover of M’ defined by GF. That
is,

C={D(G;F,):i=1,...,n}.

The following two results tell us more about the structure of C.
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Theorem 6.16 Let M be an n x n tournament matrix and suppose M = FG
where Fisn X k and G is k xn. Let M' = GF. Let C be the directed biclique
cover of M' defined by GF. Then, for any i # j, D(G;Fis) € D(G;Fjs).

Proof:  Suppose, to the contrary, that for some i # j, D(G;F,) C
D(G;F},). Then, since D(G;F;) and D(G;Fj,) are directed bicliques, we must
have that G; < G, and F;, < Fj,. Now, since M = FG has a zero di-
agonal, we have that F;,G; = 0. Thus, M;, = F;.G; < F;uG; = 0, and
M, ; = FisG; < FjG; = 0. This is a contradiction to M being a tournament

matrix. Thus, for all ¢ # j, D(G;Fi.) € D(G,F}s).

Theorem 6.17 Let M be an n X n tournament matrix and suppose M = FG
where F isn x k and G is k x n. Let M' = GF. Let C be the directed biclique
cover of M defined by GF. If X1 = Y, Xo = Ys,..., X, = Y, are in C, then

Uir, X; UY; is not a directed biclique.

Proof: Choose m > 2 elements of C. Without loss of generality, assume
these are D(G1F1s), D(GaFss), ..., D(GFine). Assume to the contrary that the
union of these form a directed biclique. Then it will have bipartition (|J;-, X;)U
(U™, Yi). So, the directed biclique will be D((G1+Ga+- - ++G.,) (Fre+ Faet+ - -+
Fiue)). Since C is a cover of D(M'), this implies that (G1+Ga+- -+ G,) (Fle +
Foet- -+ Fpe) < M. So, Z1gi,jgmGiFj- < M’. Choose i # j. Since M = FG
is a tournament matrix, F;,G; = 0 if and only if F;,G; = 1. Without loss of
generality, assume that Fj,G; = 1. So, G;Fj, must have a 1 on the diagonal. So,

> i<ij<m GiFje has a 1 on the diagonal. However, >° ;.. GiFje < M’ and
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M’ has a zero diagonal by Lemma 6.15, a contradiction. Thus, |J;*, X; UY; is

not a directed biclique. [

It is our current belief that if D is a directed graph, and C' a directed biclique
cover of the arcs of D subject to the conditions in Theorems 6.16 and 6.17, then
one can find a system of distinct representatives of arcs for the directed bicliques
in C. This would imply that |C| < |A(D)|. If D is an oriented graph on k
vertices, then the maximum number of arcs D could have is (g), and we would

have |C| < (;) So, we would have k? — k — 2|C| > 0. Since, as a function of

14++/148|C|

k, this is an increasing function for £ > %, and is equal to 0 for k = 5 ,

we would have that & > Vs V12+8|C|. By the dual provided by Theorem 6.15, this
would imply that b(n) > I+ V21+8". This gives us the following conjecture about

the Boolean rank of tournament matrices, and tournament codes.

Conjecture 6.18
Vvn <b(n) < ng,

and

Njw

k2 <tc(k) < k>

If Conjecture 6.18 is true, then it will be a serious improvement over the

1
previous lower bound on b(n) of nviee2( and previous upper bound on tc(k) of

klogz(k) .

6.5 A construction for a singular tournament matrix with full

Boolean rank
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In this section we answer the question of Siewert [58], “Does there exist a
singular tournament matrix with full Boolean rank?” The following 9 x 9 matrix

answers the question in the positive.

0100111
0011011
100/110/1
100001011
010100101
001010110
000100010
000010001
000001100

It is easy to see that this is a tournament matrix. Further, one can verify that

—_ = =
—_ = =

the vector (111111 —1—1—1)7 is a null vector for this matrix, so it is singular.
Finally, the bolded ones form a set of 9 isolated ones, and so the matrix has full
Boolean rank. We generalize this example by giving a method for constructing
tournament matrices with full Boolean rank in Theorem 6.22, and showing how
to choose singular matrices from this class in Theorem 6.23. The following three
lemmas will let us consider the tournament matrix in our construction in block

form to show it has a full set of isolated ones, and hence full Boolean rank.

AB
oc) If A and C

have a full set of isolated ones, then M has a full set of isolated ones.

Lemma 6.19 Let M be a matrix which has block form (

Proof: Let S4 and S¢ denote the sets of isolated ones in A and C' re-
spectively. We claim S4 U S¢ is a set of isolated ones in M. Pick two entries
M, ;, My, € SaU Sc. If M, ; and My, are both in Sy or both in S¢, then they
occur in different rows and columns, and do not appear in a submatrix of the

form (} }) by choice of S4 and Sc. So, without loss of generality, assume
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M;; € Sa and My, € Sc. Then they obviously do not occur in the same row
or column, and since the lower left block is O, they occur together in a 2 x 2
submatrix which is a submatrix of (é }) . Thus, S4US¢ forms a set of isolated
ones, and since S, and S¢ are full sets of isolated ones for A and C, S, U S¢ is

a full set of isolated ones for M. ]

Lemma 6.20 Pick k odd, and let P be the permutation matriz which corre-

Eo1
sponds to the permutation i — i+ 1 (mod k). Then the matric M = > .2 P*
has full Boolean rank. Further, the entries from P in M form a set of k isolated

ones.

Proof: Pick M, ;11 and M; 4, (arithmetic modulo k& with congruences
classes from {1,...,k}). Obviously these entries are not in the same row or
column. Now, by our construction of M, M., = 1 if and only if d # ¢ and
(d—¢) modulo k is less than or equal to £51. Since exactly one of (j +1—1i) and
(14+1—4) modulo k is less than or equal to %, we have that the 2 x 2 principal
submatrix containing M;; , and M; ;. must be (é }) or its transpose. Thus

the entries from P form a set of k isolated ones in M. ]

Lemma 6.21 Pick odd k, and let S C {1,2,...,k}. Let P be the k X k per-

mutation matriz which corresponds to the permutation i — i+ 1 (mod k). Let
k=1

2
A=0,+ ZPi, and B = ZPi. Let M be the 2k x 2k tournament matriz

€S 1=1

which has block form <fa ng) Then the entries from P in the upper left block

and from P in the lower right block form a set of 2k isolated ones in M.

Proof: By Lemma 6.20, then entries from P in B and P' in B' form a set
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of isolated ones in B and BT respectively. We now show that these together form
a set of isolated ones in M. Choose M, ;41 with 1 < ¢ < k (arithmetic modulo &
with congruence classes from {1,...,k}). If this entry appears in a submatrix
of the form <} }) with some M; ;_; with k+1 < j < 2k (arithmetic modulo k
with congruence classes from {k+1,...,2k}), then the other entries of this sub-
matrix must be M1 = A5,y and M; ;1 = A;j 1. So, A5, =1 and

i k-1 = 0. By our construction of A, A7 , ,, =0 implies that Aj ., =0
(arithmetic modulo k& with congruence classes from {1, ..., k}), a contradiction.

Thus, the entries from P in B and P' in BT form a set of 2k isolated ones. =

We now use the previous three lemmas to construct a class of tournament
matrices with full Boolean rank. Following this result, we will show, in The-
orem 6.23, how to set up a problem for finding singular matrices of the form
constructed in Theorem 6.22. We then show how this problem, in a specific
instance, is equivalent to a network flow problem. We finish the section by
showing that all of our formulations of this network flow problem have solu-
tions, and hence there exist an infinite number of singular tournament matrices

with full Boolean rank.

Theorem 6.22 Pickm € Z and odd k € Z. For1 <i < j <m, and i+ j
odd, let S;; C{1,2,...,k} (we will allow S;; to be empty). Let P be the k x k
permutation matriz which corresponds to the permutation i — i+ 1 (mod k).

For1 <i < j <m, define the matriz X;; by X;; = O + Z P'. Define the

leS;,;
%
matriz A by A = ZPj. Define the mk x mk matrix M to have the m X m
j=1
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block form M' given by,
(A ifi =7 and i is odd,

AT ifi=j and i is even,

- Ji if i+ j is even and i < j,
) Oy ifi+ 7 is even and j < i,
Xi,j ZfZ"—] 15 odd and 1 < j,
XS, ifi+ 7 is odd and j < 1.

Then M has full Boolean rank.

Proof: We show M has a set of mk isolated ones, and hence full Boolean
rank. Let S be the set of entries formed by taking the entries of P in the 4,1
block of M for i odd, and the entries of PT in the 7,7 block of M for i even.
Now, if two entries of S occur in the same block, then by Lemma 6.20, they are
not in the same row or column, and do not appear in a 2 x 2 submatrix of all
ones. For entries in different blocks we consider two cases. First suppose the two
entries come from blocks whose positions on the block diagonal have the same
parity. Then the entries are contained in the upper left and lower right blocks of
a block submatrix of the form (é 1{1) . So, by Lemma 6.19, they do not appear
in the same row or column, and do not occur together in a 2 x 2 submatrix of all
ones. Now suppose the entries come from blocks whose positions on the block
diagonal have different parity. Then they occur in the upper left and lower right
)1(402?), where X = Oy + 3. g P/
for some S C {1,...,k}. So, by Lemma 6.21, the entries do not occur in the

blocks of a block submatrix of the form (

same row or column, or in a 2 x 2 submatrix of all ones. Thus S forms a set of

mk isolated ones and M has full Boolean rank. ]

Let us construct an example of the matrix M in Theorem 6.22 when m =
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k = 7. In this case, P is the permutation matrix,

0100000
0010000
0001000
P=10000100
0000010
0000001
1000000

Choose the sets S; ; as follows. Let S1o = {1,2,4}, So3 = {1}, S14 = S34 =
11,2,3,5,7}, S16 = So5 = So7 = {1,2,3,4}, and S36 = Sa5 = Sa7 = S5 =
Se7 = 0. (Note, we have many choices for each S, ;, we just use these for the

example.) So our blocks will be

e A=P+ P?+ P3

Xio=P+ P*+ P4,

X2,3:P7

Xi4=X3,=P+P*+ P>+ P°+1,

X176:X275:X277:P+P2+P3+P4, and

X3,6 = X4,5 = X4,7 = X5,6 = XG,? = Ok7

and our matrix will have block form

A Xip J Xia J Xy J
X, AT Xy J Xo5 J Xy
O X553 A X34 J X6 J
M=|X{, O X5, A" Xy45 J Xu7|. (6.2)
O X55 O X{; A Xs6 J
X{s O XS54 O Xt AT Xgr
O X5, O X5, O X¢; A
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Note that the matrix at the beginning of this section is also an example of our
construction in which m = k = 3, and Sy = Sy 3 = {1,2}. We now show how
to use our construction to find singular tournament matrices with full Boolean

rank.

Theorem 6.23 Choose m € Z and odd k € Z. For1 <1 < j<m, i+ j odd,
let z; j be an integer between O and k. Let M be the m X m matriz defined as

follows.
L ifi =
k if i+ g is even and i < j,
M;; = 0 if i+ 7 is even and j < i,
xi; ift+71sodd andi < j,
k—x;; ifi+7 is odd and j < i.

Construct an mk x mk tournament matriz T as in Theorem 6.22 by choosing
each S; ; such that |S; ;| = x; ;. If M is singular, then T is a singular tournament

matriz with full Boolean rank.

Proof: By Theorem 6.22, T has full Boolean rank. We show T is singular
if M is singular. Suppose Mv = 0, for some v. Let vy, vs,...,v,, denote the
entries of v. Let v; be the k-vector whose every entry is v;. Let ¥V be the

mk-vector defined by v; = (v{,vy,...,v,))". Then,

A Xz J Xigeo
B Xi, AT Xog J -+
V=1 0O XS5 A Xgq--

AVl + X172V2 + JV3 + X173V4 + -
ch’2V1 + ATV2 + X2’3V2 —+ JV4 B R
- OV1 + X§’3V2 + AV3 + X3’4V4 B

Now, Av; 4+ Xj9ve + Jvg + Xi3vy + -+ is a k-vector whose every entry is

%vl + a1 2V2 +kv3 421 304+ - -, which is the first entry of Mv. Similarly, every
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entry of ch72V1+ATV2+X273V2+JV4+' - 18 (k:—xm)vpt%vg+xg73v3+kv4+- e
the second entry of Mv. Every entry of Ovy + XJ3vo + Avy + X3 4vy + - is
0vy + (k — x93)v2 + %vg + 23404 + - - -, the third entry of Mv, and so on. So,

since Mv = 0, Each of the above is 0, and so T'v = 0, and T is singular. [

We now examine a particular example of our result. Consider the 7 x 7

matrix

3375747
4317474
0635707
2023070
0307307
3070730
0307073

This fits the description of the matrix in the statement of Theorem 6.23, and one

can verify that it has a null vector of (1111 —1—1—1)T. So, from this singular
matrix we can construct a singular tournament matrix with full Boolean rank
of order 49. This matrix has z12 = 3, 223 =1, 234 =5, T45 = 5 = Ts7 = 0,
T14 =0, Toy =4, 36 = 247 = 0, and 216 = 227 = 4. So, we choose subsets
S1.2,514, 516,523 ... from {1,...,7} such that [S; ;| = z; ;. Note, that the sets
we chose in the example above meet these conditions. Thus, the matrix M in
equation (6.2) is an example of a matrix constructed by Theorem 6.23. That
is, it is a 49 x 49 tournament matrix with full Boolean rank, and a null vector
whose first 28 entries are 1 and whose last 21 entries are —1. We now show how
to set up the problem of choosing the x; ; for the construction in Theorem 6.23

as a network flows problem, but to do so we need to select a null vector.

Null vectors for tournament matrices have been studied by Maybee and

Pullman in [40] and Shader in [57]. These authors give several necessary condi-
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tions for a vector to be the null vector of a tournament matrix. One of the best
known of these is a condition of Shader [57], which states that a null vector v
must satisfy v'v = v 1. (A proof of this result can be found in appendix A.) In
[57], Shader shows that the k?-vector whose first (kgl) entries are 1 and whose

last (kgl) entries are —1 is the null vector of some tournament matrix.

Choose odd m = k, and let v be the k-vector whose first % entries are 1
and last % entries are —1. Treating the z; ; in the matrix M of Theorem 6.23
as variables, we will show how to solve the equation by Mv = 0 for each
zijin {z;; : 1 <i < j < k,i+jodd}. Then the matrix 7' constructed by

Theorem 6.23 will be a k2 x k? tournament matrix with full Boolean rank and

the k2-null vector constructed by Shader.

We outline the process of our problem by examining the case k = 5. So, with
M as constructed in Theorem 6.23, and v the 5-vector v = (111 —1 —1)7,

we are looking to solve Mv = 0, equivalently

2 T1,2 ) X1,4 ) 1 0
5 — x1,2 2 T2.3 5 T25 1 0
0 5— T2.3 2 X34 5 1 = 0 s
5 — X1,4 0 5— X34 2 T45 —1 0
0 5 — T25 0 5 — T45 2 —1 0
for the z; ;. This gives us the following system of linear equations,
2 +ZL‘1y2 +5 —T14 -5 =0
5— T2+ 2 + x93 -9 —x95 =10
0 +5—£L‘2y3—|—2 — T34 -5 =0.
5—$174—|—0 —|—5—ZE3y4—2 —l‘4y5:0
0 —|-5—ZL‘2,5—|—0 —(5—$475)—2 =0
This reduces to
1,2 —T14 =-2
—T12 +T23 —ZTg5 = —2
—T23 —T34 =—-2. (63)
—X34 —T45 —T14 =8
Ty5 —Ta5= 2
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Let D be the digraph with vertex set {1,2,3,4,5} with ¢ — j if and only if i < j
and ¢ + j is odd. The adjacency matrix of D is

01010
00101
00010
00001
00000

Note that the ones in the adjacency matrix of D are in the same positions as

the x; ; positions of M. Let E denote the incidence matrix of D. So,

=

Il
OO O = =
OO»I—*»—tO
O, OO
-0 oo
O = OO+
—o oo

Let Dy be the 5 x 5 diagonal matrix with ones in the first 3 diagonal positions
and —1s in the last 2, and Dy be the 6 x 6 diagonal matrix with ones in the
first, second and fourth positions and —1s in the third, fifth and sixth positions.
Consider the matrix

DlEDQ ==

NeNol

0

1
1

0—

0

SO~ OO
—_0 oo
SR OO

0
-1
0
0
-1
A quick inspection shows that equation (6.3) is equivalent to the matrix equation

DlEDQX =b

where x = (719, To3, T34, T4, T14,To5) and b = (=2, -2, —2, -8, 2)". Noting

that D, is its own inverse we get the following matrix equation

EDyx = Dib = (-2,-2,-2, 8 —2)". (6.4)
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Multiplying £ by D, will multiply the third, fourth and fifth columns of E by
—1. As an incidence matrix, this corresponds to reversing the orientation of
arcs (3,4), (1,4) and (2,5) in D. Let D’ be the digraph obtained from D by

reversing these arcs. Then E D, is the incidence matrix of D’

A solution to equation (6.4) will provide us with x; ; for the construction in
Theorem 6.23, provided that each z; ; is an integer between 0 and 5. So, we are

looking for a solution to the following problem,

Determine x = (212,23, .., T25)

subject to
EDQX = b,

xi; € Zand 0 < x;; < 5.

It is a well known result of network flows that a network flow with integer
constraints has an integer solution (see [1]). So, since ED, is the incidence
matrix of D’, this problem is the matrix formulation of the feasible flow problem
below. A feasible flow on a network is one which satisfies the constraints of the

network. The network N in this problem can be seen in Figure 6.2.

Find a feasible flow for the following network: N = (V(N), A(N)) with
V(N) = {1,2,3,4,5} and (i,5) € A(N) if and only if i + j is odd and one
of the following is true, 1 < 7 < 3,3 < ¢ < jorj < 3 < i Assign to
each arc (4,7) of N a capacity of u;; = 5, and the give the vertices supplies

b(1) = b(2) = b(3) = b(5) = —2 and b(4) = 8.
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5 b(5)=-2

b(3)=-2 b(2)=-2

Figure 6.2: The network in our feasible flow problem

In Theorem 6.26 we show how to set up our problem of finding {z;; : 1 <
i < j < m,i+jodd} for the construction in Theorem 6.23 as a feasible flow
problem for any odd k, and m = k. To do so, we deal with calculations for the
variables and constants separately in Lemmas 6.24 and 6.25 respectively. Once
we have shown the desired equivalence for all odd k, we present two algorithms
which solve our feasible flow problem. We use two algorithms, for as it turns out
we need to consider separate networks for £ = 1 (mod 4) and k£ = 3 (mod 4).
Lemmas 6.28 and 6.29 show that our algorithms do in fact construct feasible
flows for our two networks. This leads to our main result that there exists a

k? x k? singular tournament matrix with full Boolean rank for all odd k > 3.

We note that our method of construction lets us generalize our class quite
easily. Our two algorithms will construct an infinite class of the desired tour-

nament matrices. However, our algorithms take advantage of the equivalence of
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the feasible flow problem to a maximum flow problem on an augmented network,
and there are several algorithms which can solve a maximum flow problem. For
example, we could use the labeling algorithm, the preflow push algorithm, and
the network simplex algorithm. Each of these algorithms can be found in [1].
Since we know the desired solution exists, running any of these algorithms to
solve our feasible flow problem should result in different feasible flows. From any
of these flows we have several choices for the sets S;;, and hence this method

allows us to create several of our desired tournament matrices for a given order.

Lemma 6.24 Choose a positive odd integer k. Let X be the k x k matriz with
o 0 if i+ J is even,
Xi; = xi; ift+71sodd andi < j,

—x;; if 147 is odd and j < 1,
where each x; ; is an indeterminate. Let v be the k-vector whose first =2 entries
are 1 and whose last %% entries are —1. Let D be the digraph with V(D) =
{1,2,...,k} and (i,5) € A(D) if and only if i < j and i + j is odd. Let

n = (HYHk — (52)? and let E be the k x n incidence matriz of D. Let Dy

be the k x k diagonal matriz whose first % diagonal entries are 1 and whose
last % diagonal entries are —1. Let Dy be the n X n diagonal matriz whose
diagonal entries are £1 with the m, m entry of D equal to —1 if and only if the
m' arc of D (as listed in E) is of the form (i,j) where i < ¥2 < j. Let x be
the n-vector whose entries are x; ; listed in the same order as the arcs (i, j) are

listed in E. Then
YV = DlEDQX.

Proof: Pick i and define the sets S7, S, ..., Sg by
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e Sy ={j:24(i+j)and 1< j<i<hbH}
e So={j:24(i+j)and1<i<j<bHY
e S3={j:24(i+j)and 1 <i <t <41
o Sy={j:2¢4(i+j)and1<j<r3<i<E},
o Ss={j:21(i+j)and 22 < j <i <k}, and
e Se={j:21(i+j)and 52 <i<j <k}

We show the i** entry of Xv is equal to the i entry of Dy EDyx in two cases.
First, consider the i entry of Xv. For i < %, this is
D IEEDIEIED LR
JESL JES? JESs
and for ¢ > %, this is
D IETED DL DL
JES JESs JESe

k+1

5> 80 Dy does

Now consider the i'* entry of DiEDox. First assume i <
not affect the entry. So, this is the i entry of ED,x. Since F is an incidence
matrix, we are summing over the vertices in Op(i) and subtracting the vertices
in Ip(i). However, by our construction of Dy, we need to flip the sign of our
entries for j > 23, So, the i entry of ED)x is

Z Tij — Z Tji— Z Tij + Z Tjs
{i€0p(@):< ™4} {i€lp (i) <} {7€0p(i):> 241} {7€lp(i):>*5}
By our construction of D, j € Op(i) if i < j and i + j is odd, and j € Ip(7)

if j <7 and ¢+ 5 is odd. So, in the above equation, the last summand is
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0, and S = {j € Op(i) : j < B} S = {j € Ip(i) : j < E}, and
S3={j € Op(i):j > 2}, So, the sum is

DL ED I P

JES2 JES1 JES3

which is equal to the i** entry of Xv.

Now assume 7 > % Then the i entry of D;FEDyx is the negative of the
it" entry of EDyx. First, note that i"® entry of ED, in this case is
> Tt Y @t > Tij — >
{i€0p():i<* 57} {(jelp(i):<*$%} {7€0D(i):> 442} {(jelni)j>443)

So, the it" entry of D;ED,yx is

- E Tij — E Tji — E : Tij+ E : Lji-

{j€0p (i) <57} {(5elp(i):3<*$%} {7€0p(i):5= 452} {7elp ()= "4%}
By our construction of D and since i > %, the first sum in this equation

is 0, and Sy = {j € Ip(i) : j < X}, S = {j € Op(i) : j > 52}, and
Ss={j € Ip(i): j > =2}, Thus, the total sum is

- E T~ E Tij+ E T

JESy J€ESe JESs

Thus, Xv = D, ED,X, as desired. ]

Lemma 6.25 Choose an odd integer k > 3. Let S be the set of even integers
between 1 and k. Let T be the rotational k-tournament with symbol S, and let A
be the adjacency matriz of T. Let M’ = kA + %I. Let v be the k-vector whose

first % entries are 1 and last % entries are —1. Then, for k =1 (mod 4),

Uy [FoL k=1 k-103k+1 k-1 3k+1 k-1 !
- 2 ) 2 AR 2 2 Y 2 AR 2 Y 2 Y
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and for k =3 (mod 4)

Vo (_EFI8k—1 k41 3k—1lk+1 k+1 K+l !
- 2 7 2 U272 2 72 2

k+1
t 2

In both cases, the bar separates the firs entries from the last %

Proof: The i*" entry of M'v is

k+1
iM;J Z M. (6.5)
j=1

. k+3

To calculate these values we first count the number of ones occurring in vari-
ous blocks of A. We do so since every value of M’ off of the diagonal is a k
corresponding to a 1 in A. We make our counts by first considering the subtour-
naments W and W’ of T' whose adjacency matrices are the principle submatrices
of A induced on the first k“ rows and columns, and induced on the last 51 rows
and columns respectively. We then count the number of ones in the remaining

two blocks by counting the number of odd and even positive integers less than

k+3
2

k=1 (mod 4) and k = 3 (mod 4) separately.

k+3

5 and k. For all these counts we need to consider the cases

and between

First consider the subtournament W of T induced on the first % vertices.

If k=1 (mod 4), then £ is odd, and so j — i (mod %) is even if and only

if j — ¢ (mod k) is even. So, in this case, W is regular, and d (i) = % for

each i. When k£ =3 (mod 4), k+3 is odd, and so the subtournament induced on
the first % vertices is regular. So, the subtournament induced on the first %

k+37d

5 vertex we

vertices, W, is near regular, and by examining the inset of the

see that df, (i) = 5 if i is even and djf (i) = ! — 1 if ¢ is odd.
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By applying the vertex transitivity of 7', in particular using the automor-

phism ¢ : © — x — %, we may use a similar argument to show that the

subtournament W’ induced on the last % vertices, %, %, ..., k, is regular

when k =3 (mod 4), and dfy, (i) = %52 for each i. Also, vertex transitivity and

a similar argument will show that W' is near regular when £ =1 (mod 4), and

will have dy, (i) = 52 for i odd, and dyf, (i) = 3% — 1 for i even.

Now suppose k =1 (mod 4), and let u = %. The number of even integers

jowith 22 < j < ks [{2u+2,2u+4,... du}| = 222 4 =y - 14

l=u= %. Similarly, the number of odd integers j with % <j<kis

{2u +3,2u +5,... du+ 1} = 2B 4 9 — 141 =u =521 The

number of positive even j < £l is [{2,4,...,2u}| = u = 1, and the number

of positive odd j < % is [{1,3,...,2u+ 1} =u+1= %.

Now, suppose k = 3 (mod 4), and let u = %. The number of even integers
jwith B2 < j <kis [{2u+4,2u+6,..., 4u+2}| = 2I2ED g = gy = b3
The number of odd integers j with #2 < j < kis [{2u+3,2u+5,...,4u+3}| =
w—i—l:u—kl: %+1 = %. The number of positive even j < %
is [{2,4,...,2u+2} =u+1= %, and the number of positive odd j < % is
{1,3,...,2u+ 1} =u+1=2L

We now calculate the values in M’'v. First, assume k£ = 1 (mod 4). If
i < %, then the i*" entry of M'v, the value in equation (6.5), is

k—1 k—1 k—1 k—1
—+ Y k|- > k—TJrk:(T)—k(T)

J€0W (4) {2 <i<k:2|(j—i)}
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Ifi> % and 7 is even, then the i** entry of M'v is

k+3 E—1 kE—1
Z k— Z k k( ) (—2 +k(—4 —1))
{i<ktd o} j€0w
R +3k—K+k k-1
N 4 2
_Qk_E

+k

Ifi > % and 7 is odd, then the i** entry of M'v is

> ) () - (5)

{i<ktL2)5} Jeow'

So the result holds for £ =1 (mod 4).

Now assume that k& = 3 (mod 4). First assume i > #43. Then the " entry

of M'v, the value in equation (6.5), is

> ez )G ()

Bl f(—i)) Jeo,@

R4k +3k k-1

B 4 2
—1

_po it
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Ifi < % and 7 is even, then the i** entry of M'v is

_+ Z Y k:%ﬂf(%)_k(?)

J€0w (i (BB <j<k:2|5}

k-1
=5tk
C3k—1

2

If i < 2 and i is odd, then the i entry of M'v is

Zk: - ¥ k:k;1+k(k11—1)—k(%)

JE€OW (i {H2 <j<k:245}
k—1
=——Fk
2
 k+1
2
So, the result holds for £ =3 (mod 4). |

With the calculations made in Lemmas 6.24 and 6.25, we are now ready
to show how our problem of finding appropriate z;; for the construction in
Theorem 6.23 is equivalent to a feasible flow problem on a particular network.
For £ = 1 (mod 4) and £ = 3 (mod 4) our problem requires two different
networks defined on the same digraph. We define these networks, N; and N,

below.

Choose k > 3. Let D be the digraph with V(D) = {1,2,...,k} and A(D) =
[id) 124 (4900 < 5 < S U{G7) 24 i+ 7). 58 < i< jYU{(0)) : 21
(i+7),j < &L <}, Form the network Ny (for k = 1 (mod 4)) from D by giving
each arc of Ny a capacity of u; ; = k, and assigning the following supplies, b(¢),

to the vertices. For i = 1,...,’“—31, set b(i) = —E=1. For 4 = B3 MT L set
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b(i) = 2. For i = H5 9k — 1 set b(i) = —51. Form the network Ny

(for k =3 (mod 4)) from D by giving each arc of N, a capacity of u; ; = k, and

assigning the following supplies to the vertices. For i = %, %, ok =1k,
set b(i) = % For ¢ = 1,3,...,% set b(i) = %, and fori:2,4,...,% set
N 3k—1

Theorem 6.26 Choose odd k > 3. Let v be the k-vector whose first % entries
are 1 and whose last 22 entries are —1. There exist integers x; ; with 0 < z;; <

k, so that the k X k matriz M defined by

b ifi =
k if i+ g is even and i < j,
M;; = 0 if i+ 7 is even and j < i,
xi; ift+71sodd andi < j,
k—x;; ifi+7isodd and j <1,
has v as a null vector if and only if there is a feasible flow on Ny for k = 1

(mod 4), and a feasible flow on Ny for k=3 (mod 4).

Proof: Let X be as defined in Lemma 6.24, and let M’ be the matrix
defined in Lemma 6.25. Then M = M’ + X. Let D’ be the digraph with
V(D) ={1,2,...,k} and (i,7) € A(D') if and only if i < j and i + j is odd.
Let n = (E2)k — (£21)% and let E' be the k x n incidence matrix of D'. Let Dy
be the k x k diagonal matrix whose first % diagonal entries are 1 and whose
last % diagonal entries are —1. Let Dy be the n X n diagonal matrix whose
diagonal entries are +1 with the m, m entry of Ds equal to —1 if and only if the
m! arc of D' (as listed in E) is of the form (i, j) where i < 3 < j. Let x be

the n-vector whose entries are x; ; listed in the same order as the arcs (i, j) are

listed in E. So, by Lemmas 6.24 and 6.25, Mv = D{E'Dyx + M'v.
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Now, Mv = 0 if and only if D;E'Dyx = —M'v. We show that this sec-
ond equation, together with some added constraints, is equivalent to a fea-
sible flow problem on N; or N,. First, note D; is its own inverse, so we
can rewrite the above equation as E'Dyx = —D{M'v. Also, right multi-

plication of E’ by Dy reverses the orientation of the arcs (i,j) of D’ with

k+1

i < "3~ < j. This means that E'D; is the incidence matrix of the digraph

D in our networks N; and N,. Let E be the incidence matrix of D. So,
Mv = 0 if and only if Ex = —D;M'v. Now, assume that & = 1 (mod 4).
So, M'v = (&7, B4 EASEEL kel Sk BT So, —DIM'v =

(=, L SRk L kL BT So, when k=1 (mod 4),

(k:—l k—1 k—1'3k+1 k—1 3k 41 k:—l)T

9 ) 92 P 9 9 y 92 P 9 y 92

Similarly, when & =3 (mod 4),

k+1 3k—1 k+1_3k:—1‘k:+1 kE+1 k:+1)T

—DlM/V: s sy s s sy
2 2 2 2 2 2 2

and so Mv = 0 if and only if

By (k:+1 Bk—1 kil 3kl 'k+1 k1l k+1)T'
2 7 2 27 2 )
With the added constraint that z; ; € Z and 0 < z; ; < k for each 7, j, these are
the matrix formulations for feasible flow problems on the networks N; and N,
respectively. So, if such an M exists, we can solve these feasible flow problems.
Further, since a network flow problem with integer constraints has an integer so-

lution if and only if it has a solution, there exists such an M if the corresponding

feasible flow problem has a solution. [ ]
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A feasible flow problem on a network can be solved by solving a maximum
flow problem on a particular augmented network. Let N be the network on
which we are trying to solve the feasible flow problem and create the augmented
network N’ as follows. Set V(N') = V(N) U {s,t}. For each i € V(NN) with
b(i) > 0, add the arc (s,i) with capacity us; = b(i). For each i € V(N) with
b(i) < 0 add the arc (i,t) with capacity u;; = —b(7). Given a maximum flow on
N’ which saturates every new arc, the flow restricted to N solves the feasible flow
problem. We give two algorithms which solve the feasible flow problem on N;
and Ny by solving the maximum flow problem on the corresponding augmented

networks. First we need the following definitions.

Let N be a network, and x a flow on N. We define the residual network R of
N to be the network obtained from N by deleting an arc (7, ) if z; ; = u; ;, and
in which every arc has an updated capacity of r; ; = u; ; — «; ;. The capacities in
a residual network are called residual capacities. In the following algorithms we
begin by creating the residual network for a flow of 0, pushing a certain amount

of flow along a given path, and then updating the residual network.

Algorithm 1

o Create the augmented network Nj for N; and the residual network R of

N] with flow 0.

e Order the vertices of Ny by s, 52 &5 k123 . B¢

e Choose an s, t-path, P, of length 3 from s to ¢ with vertices chosen pref-

erentially from our ordering.
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Augment min{r; ; : (4,5) € P} units of flow along P.

Update the residual network R.

Repeat until R contains no s, t-paths of length 3.

Choose an s, t-path, P, of length 4 of the form s,z,y,(y + 1),t, where

x> % > gy and x and y are chosen preferentially from our ordering.

Augment min{r;; : (¢, j) € P} units of flow along P.

Update the residual network.

Continue until no s, t-paths of this form exist in R.

To prove Lemmas 6.28 and 6.29 we need to introduce the concept of an
s,t-cut in a network. Let N be a network and s,t distinct vertices in N. An
s,t-cut in N is a set of arcs S so that the there is no path from s to ¢ in the
network obtained from N by removing the arcs in S. The capacity of an s, t-
cut, S is defined to be Z(m)es u; ;. A minimum s,t-cut is one with minimum
capacity. One of the best known results of network flows is the “Max-flow Min-
cut” theorem, which we state below. Proofs of this result can be found in [1]

and [26].

Theorem 6.27 [26] Let N be a network, and s,t € V(N). The size of a mazi-

mum flow from s to t is equal to the size of a minimum s, t-cut.

Lemma 6.28 Algorithm 1 produces a maximum flow from s to t in the aug-

mented network Ni of Ny of value ?”“2_53#.
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Proof: We claim that algorithm 1 terminates without saturating any arcs
of the form (i,j) where 7,5 & {s,t}. So, if the algorithm terminates with this
property, then it did so by saturating every arc of the form (s, ) or every arc of

the form (i, ). Since Y7, o) Usi = 3221 and {(s,1) i € O(s)} is an s, t-cut

3k2—2k—1

for N{, this will imply we have a maximum flow of value 5

Choose an arc of the form (z,y) with z > &3, This arc is used at most
once in a path of length 3 chosen by algorithm 1, otherwise we would have
used the path s,z,y,t twice. This contradicts the fact that algorithm 1 will
augment min{rs ., r,,,7,:} along this path and saturate one of its arcs. This
arc will be used at most once in a path of length 4 chosen by the algorithm.
To see this, consider a similar argument as before. Once we have augmented
min{rs ;, sy, Fyy+1, Ty+1,4 p units of flow along the path s, z,y, (y+1),t, we must
saturate one of the arcs, and remove it from R. This is the only path of length 4
containing (z,y) that algorithm 1 will choose, and this path will not exist in the
residual network once we augment along the path. Since min{r; ,,rs,, 7y} <
k—1

2 and mln{rw, Ty Tyy+1; Ty+17t} <

k—1

5, We augment a maximum of 2% <

k = u,,, units of flow on (z,y).

k+1

5~ Any flow pushed along

Now consider an arc of the form (y, y+1) for y <
this arc by algorithm 1 will be pushed along a path of the form s, z,y, (y+ 1), t.
Since we can push at most % units of flow on (y + 1,t), we will push at most
E—L units on (y, y+1). No other arcs will be chosen by algorithm 1. This proves

our claim and hence the result. ]

Algorithm 2
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Create the augmented network N; for Ny, and the residual network R of

N} with flow 0.

Choose a path s,i, (i + 1),t where i < % and 7 is odd, and augment %

units of flow along this path.
Update the residual network R.
Repeat until R contains no paths of this form.

Choose a path s, (51 +4), 1, (i + 2),¢t, for i = 2,4, ..., %2, and augment

k+1

5~ units of flow along this path.

Update the residual network.

Continue until no paths of this form exist in R.

k+3

k+1
2 t 2

Choose a path s,i,j,t in R where 7 > and 7 odd, and augmen

units of flow along this path.
Update the residual network.

Continue until no paths of this form exist in R.

Lemma 6.29 Algorithm 2 produces a maximum flow from s to t in the aug-

mented network N of Ny of value 3k242k—1

8

Proof: We claim that algorithm 2 terminates without saturating any arcs

claim implies we will have pushed 3, o) tsi =

of the form (i, 7) where 7,5 & {s,t}. Since each arc of the form (s,7), i € O(s),

appears in some path used by algorithm 2, and u,; = % for each i € O(s), our

_ 2 _
R
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units of flow from s to ¢. Since {(s,7) : i € O(s)} is an s, t-cut in N3, this flow

will be maximum.

Since £ < k, we prove our claim by showing each arc (i, j) with 4, j & {s, t}
is used at most once by algorithm 2. Pick an arc (i,7) with 4, j, & {s,t}. First
suppose 1 < % If i > 2, and (4,7) is selected by the algorithm, then it will
appear in a path of the form s,i,(: + 1),¢. So 7 = i + 1, and it is easy to

see that for distinct ¢ we have distinct j. If ¢ = 1, then the algorithm will

k+1

select the arcs (7,7) for each even j < %2

. Fach of these are also, obviously,
distinct. So, an arc (i, ) with ¢ < % is used at most once. Now assume that
i > K3 1f i is even, the the algorithm selects the arc (i,1) in a path of the form
s,1,1, (i — % + 2),t. Such arcs are all distinct, since each i is distinct. If ¢ is
odd, then the algorithm selects exactly one arc (i, j) for each i, and these arcs
will also all be distinct, as each begins with a distinct 7. Thus algorithm 2 uses
each arc (i,7) with 4,5 & {s,t} at most once. Thus algorithm 2 never saturates
an arc (7, ) with ¢, j & {s,t}. This proves our claim and hence the result.  m

One can verify that the sum of the supplies in V; is equal to the sum of the

. . 2_9f_
demands, which is equal to %&

, and that the sum of the supplies in Ny is
equal to the sum of the demands, which is equal to 3’“2+782k_1. So, Lemma 6.28
shows that for any & = 1 (mod 4), N; has a feasible flow, and Lemma 6.29
shows that for & = 3 (mod 4), N, has a feasible flow. So, Theorems 6.23

and 6.26 together with Lemmas 6.28 and 6.29 give us our main result.

Theorem 6.30 If k > 3 is odd, then there exists a k* x k? singular tournament

matriz with full Boolean rank.
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Appendix A. Extra Proofs
A.1 Normal tournament matrices

In this section we provide a proof that a tournament matrix is normal if and
only if it is regular. We denote by M™* the complex conjugate transpose of M.
Theorem A.1 An n x n tournament matriz is normal if and only if it is a

reqular tournament matri.

Proof: Let M be and n X n regular tournament matrix, and let 7" be the
n-tournament whose adjacency matrix is M. Then (MM "), ; = |O(i)NO(j)| =
OOI+I0G) =10 VOG)| = 25 + 25+ = |0 VOG)| = (n—1) = [V(T) -
NI = (1—1)— (= TN TG = —1+(IOATG)+1) = [T6)NIG)| =
(MTM);;. So M is normal.

Now, assume M is an n X n normal tournament matrix. By the complex
spectral theorem, this is equivalent to M having an orthonormal basis B of
eigenvectors in C". Let x and y be distinct vectors in B, associated with (not
necessarily distinct) eigenvalues A and . Then 0 = 0 + 0 = ux*y + A\x*y =
xpy + (Ax)'y = x*(My) + (Mx)*'y = x*My +x*M'y = x*(M + M ")y =
x"(J -1y =x*Jy —x*ly = x*11"y — x*y = (x*1)(1*y). So, (x*1) =0, or
(1*y) = 0. Since it cannot be that all of the vectors in B are orthogonal to 1,
we must have some v € B such that v*1 # 0. By applying the above equation
to v and x for all x # v in B we see that x*1 = 0 for all x # v in B. This
implies that the span of B — {v} is the orthogonal complement of 1. So, since

v is orthogonal to every element of B — {v}, v must be a scalar multiple of 1.
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So, 1 is an eigenvector of M, which implies that the row sums of M must all be

equal, and hence M is a regular tournament matrix. [

A.2 Two new proofs of the real rank of a tournament matrix

In this section we provide two new proofs that the real rank of an n x n
tournament matrix is n or n—1. The first utilizes the Lemma A.2 of Shader [57].
The second uses a result on the rank of the complement of a matrix due to
Brualdi, Manber and Ross [13]. This together with a result on the eigenvalues
of a tournament matrix taken from Brauer and Gentry [9], give us our second
proof. We note that the second proof also gives us the result of Shader [57], that
a tournament matrix is singular if and only if 1 is not in its column space. For
completeness, we will provide proofs of cited results as well.

Lemma A.2 [57] Let M be an nxn singular tournament matriz and x a vector

in null(M). Then (x'1)* = x'x.

Proof: Since

0=0x+x'0
= (Mx)"x+x"Mx
=x"M"x +x"Mx
=x"(M" + M)x
=x'(J—1D)x
=x'Jx—x'Ix
=x'11"x—x"x

=(x"1) —x'x,
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(x"1)2=x"x |

We now give our first new proof.

Theorem A.3 Let M be an n X n tournament matriz. Then the rank of M is

at least n — 1.

Proof: Suppose, to the contrary, that the rank of M is less than n — 1.
So, the dimension of null(M) is at least 2. Choose orthonormal vectors x and

y in null(M). Then,

0=0y+x'0
—x"MTy +x My
=x"(MT + M)y
=x'(J - Dy
=x'Jy —x'Iy
:XTllTy — xTy
=x'1(y'1) -0
= (=Vx'x)(£Vyy)
= (V) (VD)

=41,

where the eighth equality comes from Lemma A.2. However, 0 = +1 is an

obvious contradiction, and so the rank of M is no less than n — 1. [

Lemma A.4 [13] Let A be an m x n (0,1)-matrix. Then rg(A) and rg(A°)

differ by at most 1, and rg(A) = rr(A°) if and only if the following condition
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holds:
1 is a linear combination of the columns of A if and only if 1 is a linear combi-

nation of the columns of A°.

Proof: Note A° = J,,,, — A, and A = J,,,, — A°. Suppose A has real
rank r. So, A can be written as A = X; + X5 + - - - X, where each X is a rank
one matrix. So, A = Jn — X1 — Xo — -+ — X,.. Thus, rg(A°) < rg(A) + 1.
Similarly, rr(A) < rr(A°) + 1. So, rr(A°) — 1 < rr(A) < rr(A°) + 1 as desired.
For equality recall that elementary row and column operations do not change
the rank of a matrix. So, if 1 is a linear combination of the columns of A and
of A¢ then by adding 1 to each column of —A we see that rg(A) = rg(—A4) =
TR(Jmn — A) = rr(A°). Similarly, if 1 is a linear combination of the columns of
A°, rr(A°) = rg(A). Now if 1 is not a linear combination of the columns of A,
then the span of the columns of A° = .J — A contains each column of A, and 1.
Since 1 is not a linear combination of the columns of A, this span has dimension
at least one greater than the column space of A. So, rg(A) < rg(A°). Similarly,

if 1 is not a linear combination of the columns of A°, then rg(A°) < rg(A4). m

For a complex number z we denote the real part of z by Re(z).

Lemma A.5 [9] Let M be a tournament matrix of order n, and let A be an

eigenvalue of M with an associated eigenvector v. Then

1 n—1
< <
2_Re()\)_ 5

1 1
with Re(\) = —3 if and only if 1*v = 0 and Re(\) = n 5 only if M is the

adjacency matrix of a regular tournament.
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Proof: Since M is a tournament matrix M + M" = J — I, so v*(M +
MT")yv =v*(J —I)v. Now,

VMV + v M v = v (Mv) + (Mv)'Vv = v Av + Av'v = 2Re(\)|v|%.
Also,
VIV — ViV =vI1l'V — viv = (I'v)*(1*v) — v'v = [I'V]* — |[v]%.

So, 2Re(\)|v|? = [1*v|? — |[v|?, and so (2Re(A\) + 1)|v|* = |1*v|?. Hence,

*v|2 1
Re(\) = - —.
‘N =5rE "3
] |1*V|2
Since T >0,
1
Re(\) > —=
o) > 7,
*y |2
as desired. Notice also that because |2| ‘L > 0, this statement holds with
v
. ‘1*V‘2 . . . 2
equality when W = 0. Thus, this holds with equality exactly when |1*v|* =
v

0, i.e. when 1*v = 0.

—1
To show that Re(\) < nT’ recall from the previous paragraph that
(2Re(\) + 1)|v|? = |1*v|%. By the Cauchy-Schwarz Inequality, [1*v| < |1||v],
with equality if and only if v is a scalar multiple of 1. So |1*v|? = [1]?|v]?.

Further, 1> =>"" | 1 =n. So,
(2Re(\) + 1)|v]* < n|v|*.

Thus,
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To see equality holds only when M is the adjacency matrix of a regular tour-
nament, recall that equality holds only when v is a scalar multiple of 1. This
implies that 1 is an eigenvector of M. Thus, M1 = al for some scalar a. Now,
the it" entry of M1 is > =1 Mi ;. So, the row sum of each row of M must be

equal, and so M must be the adjacency matrix of a regular tournament. [ ]

Lemma A.6 If M is a tournament matrixz, then M€ is non-singular.

Proof: Let M be an n x n tournament matrix. So, M + M T = J, — I,,.
Thus, M¢ = M' + I,. Now, if M¢ were singular, there would exist some x
such that (MT + I)x = 0, and hence x would be an eigenvector of M with
eigenvalue —1. Since M is a tournament matrix, this contradicts Lemma A.5.

So, M¢ is non-singular. |
Theorem A.7 Let M be an n x n tournament matriz. Then rg(M) > n — 1,

and rg(M) = n if and only if 1 is in the column space of M.

Proof: By Lemma A.4 and Lemma A.6, rg(M) > rg(M°) — 1 =n — 1.
Further, by Lemma A.4, since M€ is non-singular, rg (M) = rg(M¢) = n if and

only if 1 is in the column space of M. |
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Appendix B. C++4 Code

The following is the C++ code used for the search in chapter 3. It was
designed by the author and Carey Jenkins. It was parallelized, for use on the
departments Beowulf cluster, and implemented by Carey Jenkins.

#include <iostream.h>
#include "mpi.h"

#include <stdio.h>

int pattern[19] = {0,1,0,0,1,1,1,1,0,1,0,1,0,0,0,0,1,1,0};

// first: row, second: s, third: entry

int possible_rows[19] [5612] [19];

void sprinkle_first_row (int rows[19][512][19], int temp_row[19],

int passed_entry, int &s, int &max_ints);

void find_em (int rows[19][5612][19], int &so_far,

int partial[19]);

int main(int argc, char*x argv) {

MPI_Init(&argc, &argv);
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int rank;

MPI_Comm_rank (MPI_COMM_WORLD, &rank);

//generate all sprinkles of row 1

// a vector storing partially constructed sprinkle
int temp_row[19];

// init this vector

for (int 1 = 0; i <= 18; i++)

temp_row[i] = 0;

// to start recursive first_row sprinkle generation
int root_entry = -1;

// this corresponds to the second index of possible rows
int stew = -1;

// only 9 integers will be placed in temp_row;

// this var counts them int max_ints = 0;
sprinkle_first_row(possible_rows, temp_row,

root_entry, stew, max_ints);

/%

//output sprinkles of row 1

cout << endl << endl;

for (int s = 0; s <= 511; s++) {

cout << s << ": ",
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for (int entry = 0; entry <= 18; entry++)
cout << possible_rows[0] [s] [entry];

cout << endl;

}

*/

//cycle all sprinkles of row 1 to
//generate sprinkles of remaining rows
for (int row = 1; row <= 18; row++)

for (int s = 0; s <= 511; s++)

for (int entry = 0; entry <= 18; entry++)
possible_rows [row] [s] [entry] =

possible_rows[0] [s] [(entry + row) % 19];

/*

//for a fixed s, let’s view cyclic shifts of rows
for (int row = 0; row <= 18; row++) {

for (int entry = 0; entry <= 18; entry++)

cout << possible_rows[row] [1] [entry];

cout << endl;

}

*/

//search for desired matrices
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// the number of rows succesfully constructed

int rows_so_far;

// contains the matrix’s partial construction
//information via s only

int partial[19];

partial[0] = 0;

int dot;

//only use 32 processors

if (rank >= 0 && rank <= 31)

for (int S = rank * 16; S < (rank + 1) * 16; S++) {
partial[1l] = S;

rows_so_far = 2;

//check dot product of row 1 and row 2

dot = 0;

for (int a = 0; a <= 18; a++)

dot = dot + possible_rows[0] [0] [a] * possible_rows[1][S][a];
//a little feedback please

if (dot == 0) {

printf ("Processor J%d is now working on S = Jd.\n", rank, S);
find_em(possible_rows, rows_so_far, partial);

}

}

MPI_Finalize();

¥
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void sprinkle_first_row(int rows[19] [612] [19],

int temp_row[19], int passed_entry, int &s, int &max_ints) {

for (int entry = passed_entry + 1; entry <= 18; entry++)

if (pattern[entry] == 1) {

max_ints++;

temp_row[entry] = 1;

if (entry < 18)

sprinkle_first_row(possible_rows, temp_row, entry, s, max_ints);
if (max_ints == 9) {

S++;
for (int e = 0; e <= 18; e++)

rows[0] [s] [e] = temp_rowl[e];

}

temp_row[entry] = -1;

if (entry < 18)

sprinkle_first_row(possible_rows, temp_row, entry, s, max_ints);
if (max_ints == 9) {

S++;
for (int e = 0; e <= 18; e++)
rows [0] [s] [e] = temp_rowl[e];

¥

max_ints——;
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void find_em (int rows[19][5612][19], int &so_far,

int partiall19]) {

//the passed variable so_far represents the
//number of rows that have been appended

//to partial before entering the recursive node.
//note that if so_far = 3, then only

//entries 0, 1, and 2 of partial are current

int dot_out;

//some feedback

if (so_far > 7) {

cout << "so_far: " << so_far << endl;
for (int i = 0; i < so_far; i++) {

cout << "s: " << partialli] << ": ";

for (int j = 0; j <= 18; j++)

cout << rows[i] [partialli]l][j] << " ";
cout << endl << endl;

}

}
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//if we’ve reached 19, we’re successful and show output
if (so_far == 19) {
cout << endl << endl << "Hey we found a matrix!!!" << endl;

for (int i = 0; i <= 18; i++) { // rows correspond to i

for (int j = 0 ; j <= 18; j++) // entries correspond to j
cout << rows[i] [partialli]][j] << " ";
cout << endl;

}
}

else

//try each sprinkling of row being considered
//the row under consideration is rows[so_farl]

for (int s = 0; s <= 511; s++) {

//init dot product here so that
//if there are no rows so far, first s appended

dot_out = 0;

//check dot product to previous rows

for (int r = 0; r < so_far; r++) {

for (int a = 0; a <= 18; a++)
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dot_out = dot_out + rows[r] [partiallr]][a]l * rows[so_far][s][a];
if (dot_out != 0)
break;

}

//if dot product is zero, append successful rows and look deeper
if (dot_out == 0) {

partial[so_far] = s;

so_far++;

find_em(rows, so_far, partial);

so_far--;

}

}
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