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ABSTRACTThe subje
t of this thesis is generalized quadrangles (GQ) whose pa-rameters di�er by two. The roles of regular points, lines and ovoids are ex-amined extensively. Su
h regularities allow for 
onne
tions between variousGQ. AÆne planes asso
iated with GQ(q + 1; q � 1) are shown to be iso-morphi
 to those asso
iated with GQ(q; q). Using a new idea, the grid-likeaxiom, the aÆne planes asso
iated with 
ertain regular ovoids are shown tobe isomorphi
. While regular ovoids 
an be used to obtain numerous otherovoids, the fan 
ontaining a pivotal ovoid is shown to be unique. Moreover if afan 
ontains more than one regular ovoid it is shown to 
ontain every regularovoid of the GQ.A new 
hara
terization of the GQ(q+1; q� 1) arising from a q-ar
 isprovided. After 
onsidering the 
hara
terizations due to De Soete and Thas andiii



to Payne, the standard 
oordinatization of the GQ is introdu
ed. By examiningthe 
oordinatizing �eld permutations, Payne's sixth 
hara
terization axiom isshown to be equivalent to having desarguesian planes arise from the pivotalovoids. Collineations of the known GQ(q + 1; q� 1) are dis
ussed. The mainnew result here is that in only one 
ase are there 
ollineations whi
h are notindu
ed by semilinear maps of the underlying ve
tor spa
e.An appendix is provided as a brief introdu
tion to proje
tive geometrywith a list of the known hyperovals.
This abstra
t a

urately represents the 
ontent of the 
andidate's thesis. Ire
ommend its publi
ation. Signed Stanley E. Payne
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1. Introdu
tion and review1.1 Prefa
eWhile 
ountless arti
les have been published on the topi
 of general-ized quadrangles, relatively few self-
ontained referen
es in this area are avail-able. One notable ex
eption is Finite generalized quadrangles by Payne andThas whi
h was published in 1984. Sin
e then there has been somewhat of anexplosion of interest in GQ. It now appears that due to the great proliferationof work in this �eld no suitable sequel would be fathomable. So it seems thata better task might be 
olle
ting mu
h of what is known about a parti
ulartype of GQ and providing a sort of spe
ialized referen
e manual. This is themotivation for what follows with the fo
us on generalized quadrangles whoseparameters di�er by 2. The purpose of this thesis is to gather together inone pla
e mu
h of the relevant work to date involving these GQ, in
ludingwork whi
h originated with this author. Portions of the material here werepreviously reported with Payne in [PM98℄.Chapter one provides an introdu
tion to generalized quadrangles with
1



some basi
 de�nitions and small examples. In 
hapter two the known exam-ples are presented as are properties of spreads/ovoids in these examples. Inparti
ular the hyperboli
 lines in the pivotal ovoids are seen to be related toaÆne lines and planar ar
s.Chapter three deals primarily with regular ovoids of GQ(q+1; q� 1)and the 
orresponding aÆne planes. In addition to the known result thatpivotal ovoids 
orrespond to regular points, the following material is new:(1) The planes 
orresponding to ovoids are shown to be isomorphi
, andsometimes identi
al, to planes asso
iated with GQ of order q in theo-rems 3.4.4 and 3.4.5.(2) The Grid-like Axiom is introdu
ed in se
tion 3.5.(3) Every regular ovoid is shown to be pivotal for exa
tly one fan in theo-rem 3.5.4.(4) Planes asso
iated with ovoids of a grid-like fan are shown to be iso-morphi
 in theorem 3.5.5.Chapter four begins with an elaboration of the proof by Thas andvan Maldeghem showing that no non-
lassi
al GQ(q + 1; q � 1) 
an have allpoints regular. Next regular pairs of points are examined leading to a new
lassi�
ation of regular ovoids.In 
hapter �ve, a new 
hara
terization of the GQ(q+1; q� 1) arising
2



from a q-ar
 is provided. After 
onsidering the 
hara
terizations due to DeSoete and Thas and to Payne, the standard 
oordinatization of the GQ isintrodu
ed. By examining the 
oordinatizing �eld permutations, Payne's sixth
hara
terization axiom is shown to be equivalent to having desarguesian planesarise from the pivotal ovoids.Collineations of the known GQ(q+1; q�1) are dis
ussed in 
hapter six.The main new result here is that in only one 
ase are there 
ollineations of thequadrangle whi
h are not 
ollineations of proje
tive three-spa
e. The 
hapter
on
ludes with a 
lari�
ation of remarks made in [PM98℄ regarding �ndingsof [GJS94℄. In Chapter Seven, two previously known alternative 
onstru
tionsare provided: one due to Payne and the other to De Bruyn.An appendix is provided as a brief introdu
tion to proje
tive geometrywith a list of the known hyperovals.While no work 
an be 
ompletely self-
ontained, an attempt has beenmade to keep the reader from having to 
onsult an unwieldy number of refer-en
es to understand the material here. Most terms not de�ned in this thesis 
anbe found in either [Dem68℄ or [PT84℄. A ni
e overview of generalized quad-rangles is given in [Tha95℄ as well as [Pay96℄, the former of whi
h 
on
ernsgeneralized n-gons with n not ne
essarily equal to 4.
3



1.2 Histori
al ba
kgroundThe study of �nite generalized quadrangles (GQ) is a relatively youngbran
h of dis
rete mathemati
s. J. Tits �rst introdu
ed the notion of a gener-alized polygon in 1959 [Tit59℄. For the next de
ade some progress was made inthis �eld, parti
ularly in the study of what are now termed the 
lassi
al gener-alized quadrangles (see for example [Dem68℄ and [FH64℄); then from the late1960's through the early 1980's many geometers and algebraists began lookingmore deeply at this subje
t. A plethora of new results and a good number ofnew examples were dis
overed.As the fo
us of this thesis is on GQ(s; t) where s and t di�er bytwo, some ba
kground on these GQ may be in order. (The roles of s and tare des
ribed in the next se
tion.) In the late 1960's and early 1970's new
onstru
tions for GQ(s; s + 2) were given by Ahrens and Szekeres in [AS69℄and independently by Hall in [Hal71℄. This inspired Payne's work in [Pay71b℄whi
h gave new GQ(s; s� 2).With these 
onstru
tions in hand, two questions naturally arise: Whatare the 
ollineations of these GQ, and what are the de�ning 
hara
teristi
s ofthese GQ? Mu
h work has been done in an attempt to answer these questions.These two questions serve as a motivation for mu
h of this thesis.
4



1.3 De�nitions, examples, and observationsWe begin with some basi
 de�nitions and then look at a few smallexamples. Let P and B be two non-empty sets, 
alled points and lines, withan in
iden
e relation I su
h that there are positive integers s and t satisfyingG1) Ea
h point is in
ident with t+1 lines; any two points are mutuallyin
ident with at most one line.G2) Ea
h line is in
ident with s+1 points; any two lines are mutuallyin
ident with at most one point.G3) Given a line L and a point x not in
ident with L there is a uniquepoint y and a unique line M su
h that x I M I y I L.Su
h a 
olle
tion S = (P;B; I) is 
alled a generalized quadrangleof order (s; t) written GQ(s; t); when s = t the GQ is said to have order s.The dual of a GQ(s; t) is the GQ(t; s) obtained by inter
hanging the roles ofpoints and lines. Any theorem or de�nition given for a GQ 
an be dualized byinter
hanging points and lines. It will be assumed that whenever a de�nitionor theorem is given, its dual has also been given.Two points in
ident with a 
ommon line are 
ollinear and two linesin
ident with a 
ommon point are 
on
urrent. x � y means that x and y areeither 
ollinear if x and y are points or 
on
urrent if x and y are lines.If X is a set of points (respe
tively, lines) of S, then X? denotes the
5



set of all points 
ollinear (resp., lines 
on
urrent) with everything in X; X? is
alled the tra
e of X. If X = fxg is a singleton set, it is 
ommon to write X?as x?. The span of X, written X??; is the set of all points 
ollinear (resp.,lines 
on
urrent) with all of X?. By 
onvention, x 2 x?. It is worth notingthat (X??)? = X?:Given any two non
ollinear points x and y, fx; yg?? is 
alled thehyperboli
 line through x and y. Dually the hyperboli
 point on twonon
on
urrent lines L and M is the span fL;Mg??.Often GQ under examination here will be related to proje
tive geome-tries. To avoid 
onfusion, the symbol < x; y > will be used for the proje
tivespa
e spanned by x and y whereas xy will indi
ate the line of the GQ 
on-taining x and y. Sometimes the term S-line will be used to refer to a line ofS. Straightforward arguments demonstrate the following:� For x 2 P; jx?j = st+ s + 1.� For L 2 B; jL?j = st+ t + 1.� jPj = (s+ 1)(st+ 1).� jBj = (t + 1)(st+ 1).� For two non
ollinear points x; y; jfx; yg?j = t+ 1and 2 � jfx; yg??j � t + 1.
6



� For two non
on
urrent lines L;M; jfL;Mg?j = s+ 1and 2 � jfL;Mg??j � s+ 1.Two non
ollinear points form a regular pair provided their spanattains the upper bound, t + 1; two 
ollinear points are de�ned to form aregular pair. An individual point is a regular point provided it forms aregular pair with every other point. Dually, fL;Mg is a regular pair of linesprovided either fL;Mg?? = s+ 1 or L and M are 
on
urrent; a regular lineis one whi
h forms a regular pair with every other line. A point is 
oregularprovided all lines in
ident with it are regular.The following three observations will be useful when working withregularity.Observation 1.3.1 fx1; x2g is regular if and only if whenever fy1; y2g �fx1; x2g?; then fy1; y2g? = fx1; x2g??:Proof: If x1 � x2, then 
learly the observation holds as fx1; x2g? =fx1; x2g??. Now assume x1 and x2 are not 
ollinear. Suppose fx1; x2g isregular and let fx1; x2g?? = fx1; : : : ; xt+1g: If fy1; y2g � fx1; x2g?; then ea
hxi is in fy1; y2g?. Be
ause jfy1; y2g?j = t+ 1; fy1; y2g? = fx1; x2g??:Now suppose fy1; y2g? = fx1; x2g?? whenever fy1; y2g � fx1; x2g?:This for
es jfx1; x2g??j = t + 1 in whi
h 
ase fx1; x2g is regular.
7



Observation 1.3.2 If fx1; x2g is regular then z1; z2 2 fx1; x2g?? if and onlyif fz1; z2g?? = fx1; x2g??.Proof: The proof is similar to that of observation 1.3.1 and is leftto the reader.Observation 1.3.3 A point x1 is regular if and only if every pair of points inx?1 is regular.Proof: Assume x1 is regular. Let y1; y2 2 x?1 ; x2 2 fy1; y2g?nfx1g.By Observation 1.3.1, fy1; y2g? = fx1; x2g?. Hen
e fy1; y2g?? = fx1; x2g?.Therefore fy1; y2g is regular.Conversely, assume every pair of points in x?1 is regular. Let x2 besome point other than x1 and let fy1; y2g � fx1; x2g?. By Observation 1.3.1,as fx1; x2g � fy1; y2g?; fx1; x2g is regular. Therefore x1 is regular.In the future, the proofs of numbered observations will be left to thereader. An ovoid is a 
olle
tion of st + 1 pairwise non
ollinear points. Fork � st + 1, a k-
ap is a set of k pairwise non-
ollinear points. A spread is a
olle
tion of st+ 1 pairwise non
on
urrent lines.A set of ovoids whi
h partitions the point-set is a fan. A set of spreads
8



whi
h partitions the line-set is 
alled a pa
king. An ovoid (resp. spread) issaid to be regular if the span of any pair of its points (resp. lines) is ofmaximum size and is 
ontained in the ovoid (resp. spread).A GQ(s; t) with s or t equal to 1 is 
alled thin; otherwise the GQ isthi
k. A smallest thi
k GQ would have parameters s = t = 2. Su
h a GQ is
onstru
ted below. For the most part, the GQ examined in this thesis will bethi
k. However, it is sometimes instru
tive to begin with small, thin examples.Example 1.3.4 The 4� 4 Grid:Let B be the lines of a 4� 4 grid and let P be the points of interse
tion on thegrid. Observe that this gives a GQ(3; 1).The next example is the dual of the �rst.Example 1.3.5 K4;4 (The Complete Balan
ed Bipartite Graph on 8 Nodes):Let P be the node set of K4;4 and let B be the edge set. This gives a GQ(1; 3).In general for n > 1, any n� n grid is a GQ(n � 1; 1) whose dual isKn;n (sometimes 
alled a dual grid) whi
h is a GQ(1; n � 1). However the
ase n = 4 is of parti
ular interest here. To see why, �rst 
onsider the smallestthi
k GQ.Example 1.3.6 GQ(2; 2):Let S = f1; 2; : : : ; 6g and let P = f fi; jgji; j 2 S; i 6= jg be the set of duads,i.e. subsets of size 2, from S . A syntheme is a triple of disjoint members
9



of P. For example ff1; 2g; f3; 4g; f5; 6gg is a syntheme. Let B be the set ofall synthemes formed from the duads in P. Straightforward veri�
ation showsthat S = (P;B;2) is a GQ of order 2.Sometimes it is helpful to view a parti
ularly GQ from more than onepoint of view.The GQ(2; 2) may also be viewed di�erently using algebra. Let Z2 bethe group of order 2 and set G = Z2 � Z2 � Z2: For i 2 f1; 2; 3g let ei be theelement with a 1 in the ith position and zeros elsewhere, let e be the identityelement, and let j = P ei. Constru
t the following subgroups of G: Ai =fe; eig; A�i = fe; ei; j; ei + jg. Write F = fA1; A2; A3g and F� = fA�1; A�2; A�3g.Let the points of S be the elements of G, 
osets of subgroups in F�,and the set F . Let the lines of S be the subgroups in F together with their
osets. If in
iden
e is given by 
ontainment and in
lusion, then S is isomorphi
to example 1.3.6.Similarly, examples 1.3.4 and 1.3.5 may be viewed from an algebrai
point of view. Before this is done a relationship between the three examplesis established. At �rst glan
e examples 1.3.4 and 1.3.5 may seem unrelated to1.3.6. However, there is a very elegant 
onne
tion. Let S be a GQ(2; 2) witha point x, and let Px be the points of S whi
h are not in x?. Let B1 be thelines of S whi
h do not 
ontain x (note that ea
h of these lines has a point
10



removed from it). For ea
h y 2 Px; let Ly be a new line whi
h joins y to theunique remaining point of fx; yg??, and let B2 be the set of all su
h Ly. LetBx = B1 [ B2. Then Px and Bx form the point and line sets (respe
tively) ofa GQ(1; 3).Now return to S and let L be any line of S. We 
reate a similarlyderived stru
ture as follows. Let BL be the lines of S whi
h are not in L?; letP1 be the points of S whi
h are not on L. For ea
h M 2 BL, let xM be a newpoint in
ident with the unique remaining line of fL;Mg??. De�ne P2 to bethe set of all su
h xM with PL = P1 [ P2. The resulting stru
ture with pointset PL and line set BL is a GQ(3; 1).This relationship between the three GQ is not 
oin
idental; in fa
tit lies at the heart of this thesis. For this reason this pro
ess is explained inmore detail here. Let S = (P;B; I) be any GQ(q; q) with a regular point x.Let Px = P � x?. Let Bx = B1x [ B2x where B1x is the set of lines whi
h arenot in
ident with x; and B2x = f fx; yg??jy 2 P � x?g, i.e. B2x is the set ofhyperboli
 lines through x. If the in
iden
e Ix is given by that of I and by
ontainment, it is easy to verify that the resulting stru
ture Sx = (Px;Bx; Ix)has q points on ea
h line, and ea
h point of Sx is on q + 2 points. That G3holds is shown below in 
ases.(1) Let L 2 B1x and let p be a point of Px not on L. In this 
ase p and L
11



are also elements of S. There is a unique line M 2 B in
ident with pand a point z of L:(a) If z 2 Px, then M is the unique line of B1x 
ollinear in Sx withp and a point of L. If some hyperboli
 line of B2x 
ontined p anda point w of L, then w and p would both be 
ollinear in S witha point of x? whi
h would give a triangle in S. Hen
e M is theunique line of Bx through p and a point of L.(b) If z 62 Px, then z 2 fx; pg?: As x is regular, every line throughz 
ontains a unique point of fx; pg??. Spe
i�
ally, L 
ontains aunique point w of fx; pg??. The hyperboli
 line fx; pg?? is theunique line of Bx 
ontaining p and a point of L.(2) Let L 2 B2x and let p be a point of Px not on L. Counting the number ofpoints in Sx gives jPxj = jPj�jx?j = (q+1)(q2+1)�(q+1)q�1 = q3:In S there are q points in Lnfxg. Ea
h of these points is on q+1 lines.As no point of Px 
an be on more than one su
h line, these lines 
overq(q+1)(q�1) = q3 points of PxnL; i.e. these lines partition the pointsof PxnL. Hen
e there is a unique line M 2 B1x whi
h is in
ident withp and a point of L.Be
ause p 62 L, the regularity of x implies fx; pg?? has no point ofPx in 
ommon with L. Therefore M is the unique line of Bx whi
h is
12



in
ident with p and a point of L.This shows that Sx is a GQ(q � 1; q + 1). Most GQ 
onstru
tionspresented here are similarly straightforward to verify. For this reason it will beoften left to the reader to 
he
k that a given in
iden
e stru
ture satis�es G1,G2, and G3.The pro
ess of forming Sx from S is 
alled expanding about theregular point x. Sx is sometimes written P (S; x).Dually, if L is a regular line of S, repla
ing x with L and inter
hangingthe roles of points and lines gives a GQ(q + 1; q � 1) written either as SL orP (S; L). Naturally this pro
ess is 
alled expanding about the regular lineL. If these ideas are interpreted algebrai
ly, observe that the 4� 4 dualgrid 
an be 
onstru
ted using groups. Let F+ = F [ fA4g where A4 = fe; jg.The points of the dual grid 
an be viewed as points of G; the lines 
an beviewed as 
osets of subgroups in F+.The 4�4 grid 
an be 
onstru
ted similarly. Let F 0 = fA1; A2; A3A1; A3A2g:The points of the grid are the elements of G and the 
osets of subgroups in F 0.Se
tion 7.1 of this thesis explores this interpretation further.In some respe
ts expansion about regular points and lines is the GQ-analogue to the relationship between proje
tive and aÆne planes. If � is a13



proje
tive plane, a line L and all of the points on L 
an be removed from � toform the 
orresponding aÆne plane. Similarly, a point p and all of the linesthrough p 
an be removed from � to form the 
orresponding dual aÆne plane.We know that to every proje
tive plane of order n there 
orrespondsan aÆne plane of order n. Every known GQ(q; q) has at least one regularpoint or one regular line, and hen
e gives 
onstru
tions of GQ(q � 1; q + 1)or GQ(q + 1; q � 1). Moreover, every known GQ whose parameters di�er by2 arise by the method of expansion. However, expanding about two di�erentregular points may produ
e to two non-isomorphi
 GQ.Re
all that every known proje
tive plane has prime power order. Sim-ilarly in every known example of GQ with parameters (s; s); (s� 1; s + 1); or(s+1; s� 1); s is a power of a prime. This may seem unusual at �rst reading,however further examination shows a strong relationship between proje
tivegeometries and GQ.We 
lose this 
hapter with some spe
ial 
onstru
tions of planes relat-ing to GQ. Readers unfamiliar with proje
tive and aÆne planes are dire
ted tothe appendix. Let S = (P;B; I) be a GQ(q; q) with a regular point p in
identwith a regular line L.Constru
tion 1.3.7 The proje
tive plane ��(p) = ( P�(p);L�(p) ):Let P�(p) = p?: Let L�(p) = ffx; yg??jx; y 2 p?g, i.e. L�(p) 
onsists of the
14



S-lines and hyperboli
 lines determined by pairs of points in p?. In
iden
e isgiven by 
ontainment. Clearly jP�(p)j = q2 + q + 1 and ea
h member of L�(p)
ontains q+1 points. Be
ause any pair of points in P�(p) determines a uniquemember of L�(p); ��(p) is a proje
tive plane of order q.Constru
tion 1.3.8 The aÆne plane �(p) = ( P(p);L(p) ):Let L(p) = L�(p)nfLg, and let P(p) be the points of P(p) with the points ofL removed. This makes �(p) an aÆne plane of order q.Constru
tion 1.3.9 The proje
tive plane ��(L) = ( P�(L);L�(L) ):Let P�(L) = f fM;Ng??jM;N 2 L?g and L�(L) = L?. In
iden
e is given by
ontainment. This is a proje
tive plane of order q.Constru
tion 1.3.10 The aÆne plane ��(L) = ( P�(L);L�(L) ):Remove L and all of its points to form the aÆne plane ��(L) = ( P�(L);L�(L) ).The proje
tive planes 
onstru
ted in 1.3.7 and 1.3.9 are well known.The related aÆne planes of 
onstru
tions 1.3.8 and 1.3.10 will be revisited inse
tion 3.4.
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2. Known examplesIn this 
hapter a number of GQ will be 
onstru
ted from obje
ts inproje
tive 3-spa
e. For these 
onstru
tions some notation for the proje
tiveobje
ts is �rst established. See the appendix for more on proje
tive planes,proje
tive 3-spa
e, ovals, and oval permutations. Let F = GF (q) and let �be an oval permutation of F . Let A = (0; 1; 0; 0); B = (0; 0; 1; 0);
 = fws =(1; s; s�; 0)js 2 Fg [ fAg; thus 
 is an oval in the plane �1 = [0; 0; 0; 1℄Tembedded in PG(3; q) = G. Let 
+ = 
 [ fBg and let 
� = 
nfAg. If q iseven then B is the nu
leus of 
.2.1 Two 
lassi
al examples: W (q) and Q(4; q)For two 
lassi
al examples we visit polar spa
es. Let � be a symple
ti
polarity of G. Hen
e for a point x 2 G; x� is a plane 
ontaining x. For examplelet � be given by the alternating form g(u; v) = uMvT where M is the skew-
symmetri
 matrix: 266666666666664

0 0 0 10 0 1 00 �1 0 0�1 0 0 0
377777777777775. The lines of G whi
h are �xed by �

are 
alled totally isotropi
 lines. The points of G together with the totally16



isotropi
 lines of G under � form a GQ(q; q) written W (q) in whi
h every pointis regular. (The polarity � is suppressed in the notation be
ause all su
h GQare isomorphi
.)Now let f : F 5 ! F be some non-degenerate quadrati
 form and letQ be the asso
iated quadri
. This means b(x; y) = f(x + y) � f(x) � f(y)is a symmetri
 bilinear form, and Q = fx 2 PG(4; q)jf(x) = 0g. That fis non-degenerate means that for ea
h x there is at least one y su
h thatf(x + y) 6= f(x) + f(y). The points of Q together with the proje
tive lineswhose points are all in Q also form a GQ(q; q), written Q(4; q). The twoGQ; W (q) and Q(4; q); are point-line duals of one another. They are self-dualexa
tly when q is even [PT84℄.2.2 A 
onstru
tion by TitsThe �rst non-
lassi
al example we will examine is one due to Tits.It was �rst reported in [Dem68℄. In [Pay85a℄ Payne modi�ed Tit's des
riptionslightly. It is this modi�ed des
ription whi
h is presented here.De�ne an in
iden
e stru
ture S = (P;B; I) where points are of thefollowing two types:i) Points of Gn�1 andii) Planes of G whi
h 
ontain either exa
tly 1 or q + 1 points of 
.
17



The lines of S are the lines of G whi
h meet 
 in exa
tly one point.In
iden
e is given by that of G. Let w0; : : : ; wq be the points of 
 with therespe
tive tangent lines labeled L0; : : : ; Lq. Veri�
ation that G1, G2, and G3hold follows from well known 
ounts from proje
tive geometry. These areoutlined below.If p is a type i) point of P, then the lines of B through p are exa
tlythe q + 1 proje
tive lines < p;wk >; 0 � k � q + 1. If p is the plane �1, thenthe lines of B in
ident with p are the q + 1 tangents to 
. Finally if p is anyother type ii) point, then in G; p 
ontains exa
tly one point of 
; say wj. Thelines of B in
ident with p are the q+1 proje
tive lines through wj in the planep. If L = Lk is a tangent to 
 in �1, then the points of P in
ident with�1 are the q + 1 proje
tive planes through Lk. If L is a line whi
h meets �1in the point wj, then the type i) points in
ident with L are the q proje
tivepoints of Lnfwjg, and the unique type ii) point in
ident with L is the planethrough L and Lj.Let L be a line of B, let p1 be a type i) point not in
ident with L,and let p2 be a type ii) point not in
ident with L. Proje
tively, let L meet 
at wj; and let M =< p1; wj >. As M and L meet in S at the type ii) point< L;M >; M is the unique line of B in
ident with p1 and a point of L. If L is
18



a tangent line to 
, let M be the line of p2 whi
h is also tangent to 
; in this
ase L and M are both in
ident in S with the point �1. If L is not a tangentline then in G; L meets �1 at a point wj. If p2 = �1 then let M = Lj;otherwise if p2 \ 
 = Lk, let y be the proje
tive point 
ommon to L and p2and let M =< y;wk >. In either 
ase M is the unique line of B in
ident withp2 and a point of L.With G1, G2, and G3 satis�ed, this 
onstru
tion is shown to yield aGQ(q; q) whi
h is often written T2(
) or S(
). When q is odd, this 
onstru
tiondoes not provide new quadrangles; however when q even and with 2 6= � 6= 2�1,T (
) is di�erent from W (q) and Q(4; q). Assume for the remainder of thisse
tion that q is even. In this 
ase B is the nu
leus of 
.Proposition 2.2.1 �1 is a regular point of T2(
).Proof: Let x be a point of T2(
) not S-
ollinear with �1, in whi
h
ase x is a proje
tive point. Observe that f�1; xg? is the set of planes through< x;B >, and f�1; xg?? is the set of q proje
tive points on < x;B > otherthan B together with �1. Thus f�1; xg?? is as large as possible.Proposition 2.2.2 The lines of �1 whi
h are tangent to 
 are regular linesof T2(
).Proof: Let L a line of �1 tangent to 
 at p and let M be a line
19



not 
oin
ident in T2(
) with L; this means M is a proje
tive line meeting 
at some point r 6= p. Observe that fL;Mg? is the set of q lines spanned by pand a point of M other than r together with the line < B; r >; and fL;Mg??is the q lines through r in < M; p > other than < r; p > together with L.
2.3 Constru
tions by Ahrens and SzekeresAhrens and Szekeres provided two examples of non-
lassi
alGQ whi
hwe des
ribe here. For q odd the original des
ription of AS(q) is as follows:Points of AS(q) are the points of aÆne three-spa
e AG(3; q). Lines of AS(q)are the following 
urves of AG(3; q):(i) x = �; y = a; z = b,(ii) x = a; y = �; z = b,(iii) x = 
�2 � b� + a; y = �2
� + b; z = �.Payne has given the following alternative 
onstru
tion of this GQ(q�1; q + 1): Choose any point x of W (q) (re
all x is regular in W (q)). Let Px bethe points of W (q) whi
h are not 
ontained in a totally isotropi
 line throughx. Let Bx = B1 [ B2 where B1 is the set of totally isotropi
 lines of W (q) andB2 = ffx; yg??jy 2 Pxg. In
iden
e is given by 
ontainment. Noti
e that thisis the pro
ess of expanding W (q) about x whi
h gives the GQ(q � 1; q + 1)

20



written P (W (q); x): This 
onstru
tion works regardless of the parity of q. Forthe remainder of this thesis the 
ase where q is even will be of parti
ularinterest. For q even this next 
onstru
tion also yields a GQ(q � 1; q + 1). Itis a variation on the 
onstru
tion of T2(
) due to Ahrens and Szekeres [AS69℄and independently to Hall [Hal71℄. Let S+ = (P+;B+; I+) be the in
iden
estru
ture in whi
h P+ 
onsists of the type i) points of P; and B+ is the setof lines of G whi
h meet �1 in a unique point of 
+. It follows that S+ isa GQ(q � 1; q + 1) using the in
iden
e of G. Su
h a 
onstru
tion is writtenT �2 (
+) or sometimes simply S(
+). Noti
e that T �2 (
+) = P (T2(
);�1).The following observations are immediate.Observation 2.3.1 For ea
h x 2 
+, the lines of Gn�1 through x form aspread.Observation 2.3.2 The set of all su
h spreads formed above is a pa
kingM.Further examination revealsProposition 2.3.3 If L1; L2 are in a spread of M, then fL1; L2g is regular.Proof: Let L1 \L2 = y. L1; L2 determine a plane � meeting �1 ina line L through y. This line meets some other point x 6= y of 
+. fL1; L2g?is then the set of q lines of �nfLg through x. Hen
e fL1; L2g?? is the set of qlines in �nfLg through y.
21



This pa
king in fa
t has a stronger property than just having regularpairs within spreads. Observe that every pair of lines from a spread S of Mhas its tra
e 
ontained in some other spread ofM and has its span ba
k in S.Su
h a spread S is said to be pivotal for the pa
king M.Proposition 2.3.4 If L1; L2 are in di�erent spreads ofM, then fL1; L2g?? =fL1; L2g Proof: Assume S1 is a spread ofM 
ontaining L1 and assume S2 is adi�erent spread of M 
ontaining L2. Let L 2 fL1; L2g??nfL1; L2g. First sup-pose fL1; L2g? 
ontained two lines M1;M2 from some spread S in M. Thenas S is pivotal L1; L2 are 
ontained in a spread of M, a 
ontradi
tion. SofL1; L2g? has one member in ea
h spread of MnfS1; S2g. As spreads 
ontainonly non-
on
urrent lines, L is in either S1 or S2. But as fL1; L2g is regular,fL1; L2g?? = fL1; Lg?? = fL2; Lg??. Hen
e fL1; L2g is 
ontained in eitherS1 or S2, a 
ontradi
tion.Observe that nothing in the proof above relied on the spe
i�
 
on-stru
tion of the quadrangle, rather it relied only on having aGQ with a pa
kingof pivotal spreads.
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2.4 A 
onstru
tion by PayneThis se
tion provides a 
onstru
tion of GQ(q+1; q�1) for q even dueto Payne [Pay71b, Pay72b, Pay85a℄ whi
h also uses the hyperoval 
+. When
+ does not 
ontain a 
oni
, the GQ 
onstru
ted here are a
tually di�erentfrom the duals of those 
onstru
ted by Ahrens and Szekeres.Let OAB (respe
tively OBA) be the set of planes in G whi
h meet Abut not B (respe
tively B but not A). Finally let P� = P+[OAB[OBA and B�be the set of lines in Gn�1 whi
h 
ontain a point of 
�. Again in
iden
e is thatof G. This GQ is often denoted S(
�). Observe that S(
�) = P (T2(
); <A;B >). Any two planes of OAB meet in a proje
tive line. Su
h a line 
annotbe a line of S(
�). Sin
e OAB 
ontains q2 planes, OAB is an ovoid. SimilarlyOBA is an ovoid.If L is a line of PG(3; q) the set of planes through L is 
alled thedual line in PG(3; q). If one of these planes is removed, the result is 
alleda dual line in AG(3; q). For any two points x0; y0 2 �1; let Px0;y0 be thedual line in AG(3; q) 
onsisting of the q planes other than �1 whi
h 
ontainthe line < x0; y0 >. In parti
ular observe that PAB = f�i = [1; 0; 0; i℄T ji 2 Fg.Observe that no proje
tive line of �i is a line of S(
�). Hen
e ea
h �i 
ontainsq2 points of S(
�) whi
h are pairwise non
ollinear. Thus ea
h �i is an ovoid
23



of S(
�).Observation 2.4.1 M = fOAB;OBAg [ PA;B is a fan of ovoids.Ea
h �i has q2+ q+1 proje
tive points. q2 of these are pairwise non-
ollinear points of the quadrangle, and the remaining q + 1 proje
tive pointsare not part of the GQ: Furthermore ea
h �i has q2+ q+1 proje
tive lines andno quadrangle lines. Consequently, the �i will be viewed both as proje
tiveand quadrangle obje
ts, where the 
ontext will di
tate meaning.The dual notion of a pivotal spread is a pivotal ovoid; i.e. an ovoidO is pivotal for a fan M provided every pair of points in O is regular, everypair in O has its tra
e in some other ovoid of M, and every pair in O has itsspan in O. This leads to the next proposition.Proposition 2.4.2 The ovoids OAB;OBA are pivotal for M. Moreover thetra
e and span of any pair within one of these ovoids are aÆne lines or duallines in AG(3; q).Proof: Choose ws to be a proje
tive point of 
�; and let P1; P2 2PA;ws: As points of S; P1 and P2 are in the ovoid OAB. Now if Q is any of the qplanes of PB;ws, then Q meets P1 in a proje
tive line through ws; i.e., as pointsof S; Q and P1 are 
ollinear by a line of S. Likewise Q and P2 are 
ollinearby a line of S. Thus Q 2 fP1; P2g?. Hen
e fP1; P2g? = PB;ws � OBA; andfP1; P2g?? = PA;ws � OAB.
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Now let P1; P2 2 OAB su
h that P1 \ �1 =< A;ws >6= P2 \�1 =< A;wt >. Let P1 \ P2 = �1;2 = fA; x1; : : : ; xqg. Then fP1; P2g? =fx1; : : : ; xqg �< �1;2; B >2 PAB and fP1; P2g?? = f< �1;2; wi > jwi 2 
�g �OAB. Thus we see that OAB (and by a similar argument, OBA) is a pivotalovoid. One might be tempted to think that just as the pa
king 
onstru
tedin the previous se
tion 
onsisted of pivotal spreads, the fan 
onstru
ted here
onsists entirely of pivotal ovoids. However this is not always the 
ase. Up untilnow, no 
onditions on the oval permutation � were made. At this point, thetype of oval we start with will determine 
ertain properties of the asso
iatedGQ.Proposition 2.4.3 If < � >= Aut(F ), then all ovoids of M are pivotal.Moreover the tra
e and span of pairs within one of these ovoids are either aÆnelines, dual lines in AG(3; q), or planar ar
s isomorphi
 to 
� whi
h 
ompleteto hyperovals with A and B.Proof: OAB;OBA were 
onsidered in the previous proposition. Now
onsider ea
h of the �i. Let x1; x2 2 �a 2 PAB; let x0 =< x1; x2 > \�1.If x0 = A, then fx1; x2g? = f< A; x1; wi > jwi 2 
�g � OAB andfx1; x2g?? =< x1; x2 > nfAg � �a. Similar results hold when x0 = B.
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Now 
onsider the situation where x0 2< x1; x2 > nfA;Bg. Let x1 =(a; b; 
; 1); x2 = (a; e; f; 1). In this 
ase x0 = (0; y; 1; 0) where y = (b + e)(
 +f)�1 6= 0 and hen
e b 6= e. For ea
h ws 2 
� there is a unique other point wŝof 
� on < x0; ws >. Let �1 =< x1; ws >; let �2 =< x2; wŝ > and observe�1\�2 = (a+k; b+ks; 
+ks�; 1) = (a+h; e+hŝ; f+hŝ�; 1) for some h; k 6= 0.Mat
hing up �rst 
oordinates gives h = k. Mat
hing se
ond 
oordinates givesk = (b+e)(s+ ŝ)�1, and mat
hing third 
oordinates gives k = (
+f)(s+ ŝ)��.From this we have (b+e)(s+ŝ)�1 = (
+f)(s+ŝ)�� implies (s+ŝ) = [(b+e)(
+f)�1℄ 11�� (we use the fa
t that � generates Aut(F )). Plugging this in above weget k = (b+e)(s+ ŝ)�1 = (b+e)([(b+e)(
+f)�1℄ 11�� )�1 = (b+e) ���1 (
+f) 11�� .Now k is written in terms of the 
oordinates of x1 and x2; hen
e we
an write fx1; x2g? = f(a+k; b+ks; 
+ks�; 1)js 2 Fg = 	� where k is as givenabove. It is easy to see that 	� is a q-ar
 in �a+k (note that k is ne
essarilydi�erent from zero). Moreover if we let 	+ = 	� [ fA;Bg we have 	+ isproje
tively equivalent to 
+. To see this let  be the transformation given
by (t; u; v; w) = (t; u; v; w) 266666666666664

a + k b 
 10 k 0 00 0 k 01 0 0 0
377777777777775. Spe
i�
ally A = A;B = B;

and (1; s; s�; 0) = (a + k; b+ ks; 
+ ks�; 1).
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Now let �� = fpr = (a; b+(b+e)r; 
+(
+f)r�; 1)jr 2 Fg. For a �xedpr, 
onsider the line formed by pr and some (a+k; b+ks; 
+ks�; 1) 2 fx1; x2g?.Su
h a line would interse
t �1 in (1; (b+ e) 11�� (
+ f) 1��1 r+ s; k�1(
+ f)r� +s�; 0). But [(b + e) 11�� (
 + f) 1��1 r + s℄� = k�1(
 + f)r� + s�. This point ison 
� and hen
e this line is a GQ line. In other words ea
h point of �� is
ollinear in the quadrangle with ea
h point of fx1; x2g?. Sin
e �� has size qwe see that in fa
t �� = fx1; x2g??. It is easy to see that � is a q-ar
 in �awhi
h for
es �a to be a pivotal ovoid.Note also that �+ = �� [ fA;Bg is proje
tively equivalent to 
+.This equivalen
e is given by � where
(t; u; v; w)� = (t; u; v; w) 266666666666664

a b 
 10 b + e 0 00 0 
+ f 01 0 0 0
377777777777775. Clearly � maps 
+ to �+ with A and B �xed.Therefore ea
h �i 2 PA;B is pivotal. Hen
e M is a fan with everyovoid pivotal.Examining pairs of points from di�erent ovoids gives the following.Proposition 2.4.4 If all ovoids of M are pivotal then for x1; x2 in di�erent27



ovoids, fx1; x2g?? = fx1; x2g.Proof: The proof is similar to that of proposition 2.3.4, with \line"and \spread" repla
ed by \point" and \ovoid".As with proposition 2.3.4, note that the proof depends not on the par-ti
ular 
onstru
tion but only on the existen
e of a fan with all members pivotal.This idea of re
ognizing properties of GQ independent of their 
onstru
tionswill be useful in their 
lassi�
ation and 
hara
terization.
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3. Regular ovoids in SIn this 
hapter regular ovoids are examined extensively. The maintheme in this 
hapter is the relationship between regular ovoids and aÆneplanes. Along the way, a method of deriving a GQ of order q from one of order(q + 1; q � 1) is presented.Let S = (P;B; I) be a GQ(q + 1; q � 1) with q even. Let O1 be anovoid of S, i.e. O1 is a set of 1 + (q + 1)(q � 1) = q2 points of S, no twoon a line. This means that ea
h line of S 
ontains exa
tly one point of O1.Also assume that O1 is regular: for all x; y 2 O1; fx; yg is a regular pair andfx; yg?? is a set of q points all in O1.3.1 AÆne planes and ovoidsThis se
tion begins by noting that the points and hyperboli
 lines ofthe regular ovoid O1 
an be viewed as the points and lines of an aÆne plane.The parallel 
lasses of this aÆne plane are used to 
onstru
t the remainingovoids of a fan. Examining these ovoids from the aÆne point of view will helpin determining other 
hara
teristi
s of the GQ.Constru
t an aÆne plane �(O1) as follows. Take the q2 points of
29



O1 to be the points of the �(O1). For x and y in O1; let the hyperboli
 linefx; yg?? be a line of �(O1). Let in
idn
e be given by 
ontainment. Be
auseO1 is regular, jfx; yg??j = q: Furthermore by observation 1.3.2, ea
h pair ofpoints in �(O1) is 
ontained in a unique line of �(O1). This makes �(O1)an aÆne plane (see the appendix).Let T1; T2; : : : ; Tq be the pairwise disjoint lines of one parallel 
lass of�(O1). The points of these lines a

ount for all the points of the ovoid. Hen
eT1 [T2 [ � � � [Tq = O1. The proposition below shows how a related ovoid 
anbe 
onstru
ted from parallel 
lasses of �(O1).Proposition 3.1.1 T?1 [ T?2 [ � � � [ T?q is an ovoid of S.Proof: Let Ti = fxi; yig??: Re
all that T?i is the set of points
ollinear with everything in Ti.Let z1 2 T?1 = fx1; y1g? and z2 2 T?2 = fx2; y2g?. If z2 2 T?1 theny1 2 T2. (To see this observe that the q points of z?2 \ O1 are exa
tly the qpoints of T2.) This is a 
ontradi
tion be
ause T1 is parallel to T2. Thus for alli 6= j; T?i \ T?j = � whi
h implies jT?1 [ � � � [ T?q j = q2.If z01 2 T?1 ; then z1 6� z01, otherwise a triangle in S is formed. Nowsuppose z1 � z2; then z1 2 fx1; z2g?. Sin
e z1 is 
ollinear with ea
h of the qnon-
ollinear points of T1; z2 must be on one of the lines from z1 to a point ofT1, say z2 2 y1z1. Sin
e ea
h of the q lines through z2 
ontains exa
tly one
30



point of T2 = fx2; y2g?, the line y1z1 must be su
h a line. This means thereis a ~z 2 y1z1 su
h that ~z 2 T2, giving two points of O1; y1 and ~z; whi
h are
ollinear in S. But this 
annot be as O1 is an ovoid.This shows that no two points of T?1 [ � � � [ T?q are 
ollinear in S.Therefore T?1 [ � � � [ T?q is an ovoid of S.This shows that for ea
h parallel 
lass of �(O1) there is a 
orre-sponding ovoid. These ovoids will be of primary interest. However as an asideobserve that in fa
t, many more ovoids 
an be 
onstru
ted.Proposition 3.1.2 If T 0i 2 fTi; T?i g; 1 � i � q, then Sqi=1 T 0i is an ovoid.Proof: For distin
t i and j, no point of Ti is 
ollinear with a pointof Tj. Likewise by proposition 3.1.1, no point of T?i is 
ollinear with a point ofT?j . Assume T 01 = T1 and T 02 = T?2 . Let y1 2 T1; z1 2 T?1 ; z2 2 T?2 . If z2 2 T1;then z2 � z1: As shown above, this 
annot happen. Hen
e T1 \T?2 = �; whi
himplies jT 01 [ � � � [ T 0qj = q2.We need to show that no point of T1 is 
ollinear with a point of T?2 .For 
ontradi
tion, suppose y1 � z2. As above, sin
e every line through z2 
on-tains a point of T2, there is some ~z 2 y1z2 with ~z 2 T2. But then ~z and y1 aretwo points of O1 whi
h are 
ollinear in S. This 
ontradi
ts O1 is an ovoid ofS. Therefore no two points of Sqi=1 T 0i are 
ollinear.
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Let E0; E1; : : : Eq be the q+1 parallel 
lasses of lines of �(O1). Thenfor 0 � i � q, Oi = SfT? : T 2 Eig is an ovoid as shown above, andM = fO1;O0;O1; : : : ;Oqg is a fan of ovoids. As O1 is regular, it follows thatO1 is pivotal for M. By 
onstru
tion ea
h Oi is partitioned into hyperboli
lines of size q whose tra
es partition O1, 0 � i � q. These ovoids may or maynot also be regular; in some 
ases they are all regular. The �nal theorem of
hapter 4 will help to 
lassify the regular ovoids.3.2 Interse
tion of tra
es with ovoids of MIn this se
tion two propositions from [Pay85a℄ are reviewed. Thesepropositions indi
ate how the tra
es of point pairs interse
t the ovoids of M.They will be used in examing regular pairs in Chapter 4 and in 
hara
terizingGQ in Chapter 5.Put I = f0; 1; : : : ; qg; ~I = I [ f1g:Proposition 3.2.1 Let b; d 2 Oj, with j 2 I; b 6= d. If fb; dg?\O1 6= � thenfb; dg? � O1:Proof: Let b; d 2 Oj; b 6= d. Suppose a 2 fb; dg? \ O1 and
 2 fb; dg? with 
 62 O1. As ea
h line meets ea
h ovoid of M exa
tly on
e,let a0 = b
 \ O1 and let f be the unique point of ad 
ollinear with a0. As
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a; a0 2 O1 (whi
h is pivotal) and b 2 fa; a0g? then all of fa; a0g? is 
ontainedin Oj; spe
i�
ally f 2 Oj. But d is assumed to be in Oj, a 
ontradi
tion asd � f .
Proposition 3.2.2 Let O1;Oi;Oj be distin
t ovoids of M.i) x 2 Oi, y 2 Oj, and x 6� y implies jfx; yg? \ O1j = 1.ii) a 2 O1, b 2 Oi, and a 6� b implies jfa; bg? \ Ojj = 1;Proof: For ea
h a 2 O1; a? 
ontains q(q � 1) non
ollinear pairs(z; w) 2 Oi�Oj. As O1 is pivotal, if a and a0 are distin
t points in O1; thena? and a0? 
an never 
ontain the same non
ollinear pair (z; w) 2 Oi�Oj . Thusthere are (jO1j)q(q � 1) = q3(q � 1) su
h pairs as a runs over the elements ofO1. On the other hand, 
ounting the number of su
h pairs shows thatthere are q2 
hoi
es for z 2 Oi and q2� q 
hoi
es for w 2 Oj with z 6� w. Thisgives q3(q � 1) non
ollinear pairs (z; w) 2 Oi �Oj, whi
h proves part i).For a �xed a 2 O1; x 2 Oi; fa; xg? has exa
tly q points. If any twoof these were in the same ovoid of M then the previous proposition would be
ontradi
ted. This proves ii).
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3.3 Constri
ting about a regular ovoidAt this point additional GQ 
an be 
onstru
ted. Having a regularovoid O1 in S allows us to form a new GQ; S1; of order q via a method
alled 
onstri
tion about O1. This is done by de�ning the points, lines andin
iden
e of S1 as follows:Points of S1: P1 = PnO1 together with the symbols (O0); : : : ; (Oq)Lines of S1: B1 = B [ fT? : T is a line of �(O1)g [ fL1gIn
iden
e of S1: A line of B is in
ident with a point of P1 providedthe two were in
ident in S. If T is a hyperboli
 line of O1; then T? is in
identwith the q points it 
ontains in S and T? � (Oi) provided Oi is the (unique)ovoid from M 
ontaining T?. Finally L1 is in
ident with ea
h of the q + 1points (Oi), 0 � i � q.In 
hapter 1, it is was noted that the pro
ess of expanding about aregular line to form a GQ(q+1; q�1) from a GQ(q; q) was analogous to formingan aÆne plane from a proje
tive plane. Similarly, the pro
ess of 
onstri
tingabout a regular ovoid in a GQ(q + 1; q� 1) to form a GQ(q; q) is analogous toforming a proje
tive plane by adding in a line to an aÆne plane.
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3.4 Regularity in S1 and planar isomorphismsHere the regularity of lines and points of S1 is examined. First aregular line is found; next regular points are found in terms of pivotal ovoidsfrom S.Proposition 3.4.1 L1 is a regular line of S1.Proof: For this proof, in
iden
es from both GQ;S and S1; are
onsidered. Let Li; Lj; Lk be distin
t lines of S1 meeting L1 at distin
t points(Oi); (Oj); (Ok) respe
tively. In S; Li = T?i ; Lj = T?j where Ti and Tj areaÆne lines in distin
t parallel 
lasses of �(O1). By the dual of observation1.3.3 it suÆ
es to show that fLi; Ljg is a regular pair.Let L 2 fLi; Ljg?; in S; L interse
ts O1 in some point x. Hen
ex is 
ollinear with all of T?i and with all of T?j . Let Rx be the set of linesthrough x thought of as lines of S1; then Rx � fLi; Ljg?. In fa
t as jRxj =q = jfLi; Ljg? � fL1gj; fLi; Ljg? = Rx [ fL1g. If Lk � L then by similarargument L is 
on
urrent everything in Rx; i.e. any line 
on
urrent with thepair fL1; Lg � fLi; Ljg? is 
on
urrent with all of fLi; Ljg?. From the dualof observation 1.3.1, this means that fLi; Ljg is a regular pair and hen
e L1is regular.For the next proposition the following lemma is needed.
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Lemma 3.4.2 In any GQ(s; t), let L and M be distin
t lines through z su
hthat ea
h point on L � fzg forms a regular pair with ea
h point on M � fzg.In this 
ase z is itself a regular point.Proof: For any x 2 L� fzg; y 2 M � fzg observe that jfx; yg? �fzgj = t. There are s 
hoi
es for x and s 
hoi
es for y, and hen
e there ares2 tra
es fx; yg? 
ontaining z. This a

ounts for s2t points not 
ollinear withz. On the other hand, the total number of points of the GQ outside of z? is(s + 1)(st + 1)� s(t + 1)� 1 = s2t. Now every point not 
ollinear with z hasbeen a

ounted for in these tra
es. As fx; yg is assumed to be regular, everypair from fx; yg? must be regular. Spe
i�
ally z forms a regular pair withevery point it is not 
ollinear with, i.e. z is regular. Thus any non
ollinear pairin z? is regular.We will now 
onsider the relationship between regular points in S1and pivotal ovoids in S.Proposition 3.4.3 (Oi) is a regular point of S1 if and only if Oi is pivotalfor the fan M.Proof: 1) ((Oi) is regular implies Oi is pivotal for M.)In what follows assume that x and y are points of S1 whi
h were alsopoints of S; i.e. they are not points of the form (Oj).
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fx; yg is a set of non-
ollinear points of (Oi)? in S1 if and only ifx; y 2 Oi and x and y are in distin
t tra
es, T?1 ; T?2 of the hyperboli
 lines, sayT1 and T2, of O1 su
h that T?1 ; T?2 � Oi and T1 \ T2 = �.(Oi) is a regular point of S1 implies fx; yg is a regular pair in S1; andhen
e fx; y; g?? = fx1 = x; x2 = y; x3; x4; : : : ; xq+1g. Ea
h point of fx; yg??is 
ollinear with ea
h point of fx; yg?. Ea
h line through (Oi) of the formT?j 
ontains a unique point of fx; yg??. As there are only q su
h lines, theremaining point must be some (Oj): This gives fx; yg? = fy1; y2; : : : ; yq; yq+1 =(Oi)g and fx; yg?? = fx1; x2; : : : ; xq; xq+1g:Thus y1; y2; : : : ; yq are all 
ollinear with (Oj) in S1 whi
h means theyare all 
ontained in the ovoid Oj in S. This shows that if (Oi) is a regularpoint of S1, any two points 
ontained in Oi (in S) have their tra
e in an ovoidOj of M and have their span 
ompletely 
ontained in Oi. This means Oi ispivotal for M.2) (Oi is pivotal for M in S implies (Oi) is a regular point of S1.)Assume Oi is pivotal for M. Let x1; x2 be 
ollinear with (Oi) su
hthat x1 6� x2 and x1; x2 not on L1. Then x1; x2 2 Oi; and if Oi = T?1 [� � �[T?qwith O1 = T1 [ � � � [ Tq, without loss of generality assume x1 2 T1; x2 2 T2.In S, sin
e Oi is pivotal, fx1; x2g?? = fx1; : : : ; xqg � Oi and fx1; x2g? =fy1; : : : ; yqg � Oj for some Oj 2 M. Then for 1 � i; j � q, xi � yj
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in S and hen
e also in S1. Ba
k in S1; fx1; x2g? = fy1; : : : ; yq; (Oi)g andfx1; x2g?? = fx1; : : : ; xq; (Oj)g. Therefore fx1; x2g is a regular pair of pointsin S1. By lemma 3.4.2, fx1; (Ok)g is regular for all (Ok) on L1. Therefore(Oi) is a regular point of S1:In addition to the relationship between regular points of S1 and piv-otal ovoids in S, there is also an interesting relationship between planes asso-
iated with S1 and planes asso
iated with S. Here, too, regularity plays a keyrole. For the moment, 
onsider the plane �(O1). Let E0 = fT1; T2; : : : ; Tqgand E1 = fR1; R2; : : : ; Rqg be two distin
t parallel 
lasses of lines in �(O1).Ea
h point of �(O1) is on a unique hyperboli
 line Ti and a uniquehyperboli
 line Rj, hen
e these points may be labeled as xi;j = Ti \ Rj.T?i = fxi;j; xi;hg? for any h 6= j, and R?j = fxi;j; xk;jg? for any k 6= i:In what follows the notation is abused somewhat, with the \?" notation usedfor whi
hever GQ is 
onvenient. The 
ontext should make it 
lear what thenotation means. To aid in this, when T?i and R?j are viewed as lines of S1,we will write Li = T?i and Mj = R?j .Tra
es and spans of lines in S1 
an be determined as follows. In theGQ S1, fLi;Mjg? is the set of lines of S whi
h 
ontain xi;j, together with
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the line L1. Every line of fLi;Mjg?? 
an be viewed as the tra
e in S of ahyperboli
 line of O1 whi
h 
ontains xi;j.From the regularity of L1 in S1; there is an aÆne plane �(L1)whi
h arises as in 
onstru
tion 1.3.10. The point set here 
an be viewed asffLi;Mjg?? : 1 � i; j � qg; L(L1) = fH? : H is a hyperboli
 line of O1g.In this setting, if H? is an aÆne line of �(L1), the aÆne points in
ident withH? are the hyperboli
 points in S1 formed by the line H? and some line ofS1 
on
urrent with L1 and disjoint from H?.Theorem 3.4.4 The aÆne planes �(O1) and �(L1) are isomorphi
.Proof: De�ne  from P(O1) to P(L1) by  (xi;j) = fT?i ; R?j g??.To see that  preserves 
ollinearity, �rst suppose that l = Ti = fxi;1; : : : ; xi;qg.In whi
h 
ase  (l) = ffT?i ; R?1 g??; fT?i ; R?2 g??; : : : ; fT?i ; R?q g??g, i.e., ex-a
tly the set of points in P(L1) on the line T?i . Now suppose that l 62 E0, sayl = fx1;r1 ; x2;r2; : : : ; xq;rqg.  (l) is then f (x1;r1);  (x2;r2); : : : ;  (xq;rq)g whi
hequals ffT?1 ; R?r1g??; fT?2 ; R?r2g??; : : : ; fT?q ; R?rqg??g whi
h in turn is equal toffT?1 ; l?g??; fT?2 ; l?g??; : : : ; fT?q ; l?g??g. But this is exa
tly the set of pointsin P(L1) on the line l? 2 L(L1). Thus  maps lines to lines. Thus  is anisomorphism between �(O1) and �(L1).
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Now suppose that the ovoid O0 is also pivotal for the fanM, so thatthe point (O0) of L1 is regular in S1.From the regularity of the point (O0) in S1 there is an aÆne plane�( (O0) ) whi
h arises as in 
onstru
tion 1.3.8. This new aÆne plane has pointset P( (O0) ) = fx : x 2 O0g and line set L( (O0) ) = ffx; yg?? : x; y 2 O0g.But these are exa
tly the point{ and line sets of �(O0), and the in
iden
es arethe same. This proves the following theorem.Theorem 3.4.5 The two aÆne planes �( (O0) ) and �(O0) are identi
al (notmerely isomorphi
).In the 
ase under 
onsideration here, i.e., that both O1 and O0 arepivotal for M in S, Payne has shown in [Pay72a℄, [Pay77℄ and Chapter 12of [PT84℄ that S1 is an amalgamation of planes (see referen
es for moredetails). In light of theorems 3.4.4 and 3.4.5 the following is an immediate
onsequen
eTheorem 3.4.6 S1 is the amalgamation of two desarguesian proje
tive planesif and only if the two aÆne planes �(O1) and �(O0) are desarguesian.This theorem will be utilized in a 
hara
terization given later.
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3.5 Grid-like FansNext 
onsider the asso
iated planes in the 
ase where at least threeof the ovoids of M are pivotal. To answer the question, \Are these planesisomorphi
", a new axiom is introdu
ed and examined. Let S be a GQ(q +1; q � 1) with a fan M.Grid-Like Axiom: Let Oi;Oj;Ok be any triple of distin
t pivotal ovoids forM with x1; x2 2 Oi; y1; y2 2 Oj; z1; z2 2 Ok su
h that fx1; x2g? 6� Oj [ Okand fy1; y2g? 6� Oi [ Ok. If x1; y1; z1 lie on a line and if x2; y2; z2 lie on a line,then every line meeting fx1; x2g?? and fy1; y2g?? also meets fz1; z2g??.Any fan with at least pivotal ovoids satisfying this axiom will be 
alleda grid-like fan. In se
tion 2.4, P (T2(
); < A;B >) was shown to have a fanM = fOAB;OBAg[PA;B with every ovoid pivotal provided 
 was a translationoval, i.e. < � >= Aut(F ). Additionally, the following theorem holds.Theorem 3.5.1 M = fOAB;OBAg [ PA;B is a grid-like fan.Proof: Let P1; P2 2 OAB, and let Q1; Q2 2 OBA. Let x1; x2 2�a; y1; y2 2 �a+m; z1; z2 2 �a+n withm;n; 0 all distin
t su
h that x1; y1; z1; P1,and Q1 are all 
ollinear in S by �1; and x2; y2; z2; P2; Q2 are all 
ollinear in Sby �2. P1 =< A; �1 >;Q1 =< B; �1 >;P2 =< A; �2 >, and Q2 =< B; �2 >.Let x0 =< x1; x2 > \�1; y0 =< y1; y2 > \�1; z0 =< z1; z2 > \�1. Let41



ws = �1 \ �1; wt = �2 \ �1.Constru
t the hyperbolix linesH1 = fx1; x2g??; H2 = fy1; y2g??; H3 =fz1; z2g??; H4 = fP1; P2g??; and H5 = fQ1; Q2g??: Let H = fH1; : : : ; H5g;To show that M is grid-like, we need to show that any line interse
ting twohyperboli
 lines of H must interse
t every line of H: To do this, we must 
on-sider the various ways x0; y0; and z0 
ould be related to ea
h other and to Aand B. The following lemma will assist in this.Lemma 3.5.2 If x0 6= y0, then in fa
t x0 6= z0 6= y0.Proof of lemma: Suppose for 
ontradi
tion that y0 = z0. Let �� bethe plane < y0; y1; z1 >. Observe the following impli
ations. z1; y1 2 �� impliesx1; ws 2 ��; z1; z0 2 �� implies z2 2 ��; z2; y2 2 �� implies x2; wt 2 ��; x1; x2 2�� implies x0 2 ��. Finally x0; y0 2 �� implies A;B 2 ��. Thus �1 \ ��is line 
ontaining A;B;ws; wt, a 
ontradi
tion. Hen
e y0 6= z0, and similarlyx0 6= z0. This proves the lemma, and return now to the proof of the theorem.Consider the following 
ases and sub
ases for x0; y0; and z0:(1) x0 = A with(a) x0 = y0 = z0, or(b) x0; y0; z0 are distin
t members of < A;B >.
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(2) x0 = B (But results here will be like those above with A and B inter-
hanged.)(3) x0 = y0 = z0 2< A;B > nfA;Bg with(a) ws = wt, or(b) ws 6= wt.Case 1: x0 = A. Let x1 = (a; b; 
; 1); x2 = (a; b + e; 
; 1); y1 =(a+m; b+ms; 
+ms�; 1); y2 = (a+m; b+ e+mt; 
+mt�; 1); z1 = (a+n; b+ns; 
+ ns�; 1); y2 = (a+ n; b + e+ nt; 
+ nt�; 1).First 
onsider A = x0 = y0 = z0 (this is true if and only if s = t). Ifx3 2 fx1; x2g??; y3 2 fy1; y2g?? with x3 � y3, then there exists some d 2 Fsu
h that x3 = (a; b + d; 
; 1) and y3 = (a + m; b + d + ms; 
 + ms�; 1). Letz3 = (a + n; b + d + ns; 
 + ns�; 1). Observe that z3 2 fz1; z2g?? and z3 2<x3; ws >=< x3; y3 >. This means that any S � line meeting fx1; x2g?? andfy1; y2g?? must also meet fz1; z2g??. Also, observe that P1 = P2 2 fx1; x2g?,and that < B; x3; y3 >2 fQ1; Q2g??.Now 
onsider x0 = A; y0; z0 as three distin
t members of < A;B >,and let x1; x2; y1; y2; z1; z2 be as above. Without loss of generality, 
onsidery0 = B, Then y2 = (a + m; b + ms; 
 + ms� + h; 1) for some h. Comparingthis to y2 as written above observe t = em�1 + s and h = m1��e�. So in fa
ty2 = (a+m; b+ms; 
+ms�+m1��e�; 1), and also z2 = (a+n; b+e; n(em�1+
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s); 
+ n(em�1 + s)�; 1).Again 
hoose x3 2 fx1; x2g??; y3 2 fy1; y2g?? with x3 � y3. Thusx3 = (a; b + d; 
; 1); y3 = (a +m; b +ms; 
 +ms� + ĥ; 1) su
h that < x3; y3 >interse
ts �1 at a point (m; d+ms; ĥ+ms�; 0) 2 
�. Dividing through by mgives (dm�1+s)� = s�+ĥm�1 whi
h for
es ĥ = d�m1��. In fa
t y3 = (a+m; b+ms; 
+ms�+d�m1��; 1), and < x3; y3 > \�1 = (1; s+dm�1; s�+d�m��; 0).From this it follows that < x3; y3 > \�a+n = (a+ n; b + d+ n(s + dm�1); 
+n(s� + d�m��); 1). Call this point z3.Now observe that z3 2 fz1; z2g?? = f(a + n; b + ns; 
 + ns�; 1); (a +n; b + ns + (1 + nm�1)e; 
 + ns� + nm��e�; 1)g?? = f(a + n; b + ns + (1 +nm�1)er; 
 + ns� + nm��e�r�; 1)jr 2 Fg (to see this let r = de�1). AnyS�line meeting fx1; x2g?? and fy1; y2g?? must also meet fz1; z2g??. Observethat < A; x3; y3 >2 fP1; P2g?? and < B; x3; y3 >2 fQ1; Q2g??.As was noted above, 
ase 2 is similar to 
ase 1.Case 3: x0 = y0 = z0 = (0; y; 1; 0); y 6= 0. Let x1 = (a; b; 
; 1); x2 =(a; e; f; 1) whi
h for
es y = (b+e)(
+f)�1. Let y1 = (a+m; b+ms; 
+ms�; 1).Consider ws = wt; thus y2 = (a+m; e+ms; f +ms�; 1); z1 = (a+n; b+ns; 
+ns�; 1); and z2 = (a + n; e + ns; f + ns�; 1). Again let x3 2 fx1; x2g??; y3 2fy1; y2g?? with x3 � y3. x3 = (a; b + (b + e)r; 
 + (
 + f)r�; 1); r 6= 0; 1; y3 =(a+m; b +ms+ (b + e)v; 
+ms� + (
 + f)v�; 1) for some v.
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x3 � y3 implies (1; s+m�1(b+e)(r+v); s�+m�1(
+f)(r+v)�; 0) 2 
�whi
h in turn implies that [s+m�1(b+ e)(r+ v)℄� = s� +m�1(
+ f)(r+ v)�.Note that if r 6= v then m = (
 + f)y ���1 in whi
h 
ase < x2; y1 > \�1 =(1; y 11�� + s; y �1�� + s�; 0) 2 
�. But this means that x2 � y1 and thereforey1 2 fx1; x2g?.The only 
ase needing to be 
onsidered is when r = v. But in this 
ase< x3; y3 > \�1 = ws, and hen
e < x3; y3 > \�3 = (a+n; b+ns+(b+ e)r; 
+ns� + (
+ f)r�; 1) 2 fz1; z2g??. On
e again, any S � line meeting fx1; x2g??and fy1; y2g?? must also meet fz1; z2g??. Also note that < A; x3; y3 > = <A; x3; ws >2 fP1; P2g?? and likewise < B; x3; y3 >2 fQ1; Q2g??.Finally 
onsider ws 6= wt. Sin
e wt 2< x0; x1; y1 > \�1; thenwt 2< ws; x0 >. Thus wt = (1; s + y 11�� ; s� + y �1�� ; 0), i.e, t = s + y 11�� .From this we see thaty2 = (a+m; e+ms+my 11�� ; f +ms� +my �1�� ; 1); z1 =(a + n; b + ns; 
 + ns�; 1); z2 = (a + n; e + ns + ny 11�� ; f + ns� + ny �1�� ; 1).As before, let x3 = (a; b + (b + e)r; 
 + (
 + f)r�; 1); r 6= 0; 1. If y3 is again
hosen to be the point of fy1; y2g?? whi
h is on an S � line with x3 theny3 = (a + m; b + ms + (b + e + my 11�� )r; 
 + ms�(
 + f + my �1�� )r�; 1) and< x3; y3 > interse
ts �1 at the point wu where u = s+ y 11�� r.Thus z3 = (a+n; b+ns+(b+e+ny 11�� )r; 
+ns�(
+f+ny �1�� )r�; 1) =<x3; y3 > \fz1; z2g. Yet again (as has been the refrain) any S � line meeting
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fx1; x2g?? and fy1; y2g?? must also meet fz1; z2g??. To see that < x3; y3 >interse
ts fP1; P2g??, �rst observe that the point v3 = (a + (
 + f)y ���1 ; (
 +f)y ���1 s; 
+(
+ f)y ���1 s�; 1) is a point of P1 \P2, and thus P1 =< A; v3; ws >;P2 =< A; v3; wt >. From this we see that fP1; P2g?? is the set of planesthrough the line < A; v3 >. Finally observe that v3 2 P3 =< A; x3; wu > andP3 2 fP1; P2g??. Similarly, < x3; y3 > is 
ontained in a plane of fQ1; Q2g??.Hen
e M is grid-like.Now that the 
on
ept of grid-like is seen to be non-va
uous, the axiomis used to prove a theorem about the asso
iated aÆne planes. Return to thenotation of letting S be any GQ(q + 1; q � 1) with a fan M. If any ovoid ofM is pivotal then in fa
t M must have been 
onstru
ted as in se
tion 3.1. Tosee this �rst note the following lemma.Lemma 3.5.3 If O1 is pivotal forM and E0 = fT1; : : : ; Tqg is a parallel 
lassof the asso
iated aÆne plane �(O1), then T?1 [ : : : [ T?q is an ovoid of M.Proof: O1 is pivotal implies T?1 � Oi for some Oi 2 M. Letx 2 Tj 6= T1. Choose y 2 x? \ Oi and 
hoose x0 2 y? \ O1nfxg. Supposez 2 fx; x0g?? \ T1. Then z � y implies y is in T?1 and x is in T1, a 
ontradi
-tion. Therefore fx; x0g?? 2 E0, i.e. fx; x0g?? = Tj. As T?j \ Oi is not empty,T?j must be 
ontained in Oi.
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With this proved, it follows that given any parallel 
lass of �(O1)the tra
es of the lines in the parallel 
lass partition the points of an ovoid ofM. Be
ause the number of ovoids in MnfO1g equals the number of parallel
lasses in �(O1), ea
h ovoid ofMnfO1g 
an be viewed as the union of tra
esof hyperboli
 lines in a given parallel 
lass of �(O1). This proves the followingtheorem.Theorem 3.5.4 Every regular ovoid of S is pivotal for exa
tly one fan, namelythe fan 
onstru
ted in the manner of Se
tion 3.1.We are now in a position to use the Grid-like Axiom to identify iso-morphi
 planes.Theorem 3.5.5 IfM is a grid-like fan, then the aÆne planes asso
iated withthe pivotal ovoids of M are all isomorphi
.Proof: Assume that M is grid-like. Let O1;O0;O1 be distin
tpivotal ovoids in M. Let E0; E1 be parallel 
lasses of �(O1) su
h that ea
hhyperboli
 line of E0 has its tra
e in O0 and ea
h hyperboli
 line of E1 has itstra
e in O1. Furthermore let F0 = fT?jT 2 E0g and F1 = fR?jR 2 E1g. Labelthe members of E0 by E0 = fT1; T2; : : : ; Tqg and let R1; R2 be distin
t membersof E1. Identify parti
ular points of O1. For i = 1; 2 let xi = Ti \ Ri.
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fx1; x2g?? meets ea
h member of E0 and ea
h member of E1. For i = 3; : : : ; qlet xi = Ti \ fx1; x2g?? and let Ri be the unique line of E1 
ontaining xi. Forea
h i = 1; : : : ; q let f�i;1; : : : �i;qg be the set of lines from S whi
h are in
identwith xi and let ai;j = �i;j \ O0; bi;j = �i;j \ O1.De�ne the map � by �(ai;j) = bi;j. The 
laim is that � is an iso-morphism from �(O0) to �(O1). Clearly � maps lines of F0 to lines of F1.It remains to be shown that � maps the remaining lines of �(O0) to lines of�(O1). Let y1 2 T?1 ; y2 2 T?2 ; z1 = �(y1); z2 = �(y2). Let F be the parallel
lass of �(O0) 
ontaining the aÆne line fy1; y2g??. For ea
h xi 2 fx1; x2g??,ea
h line through xi must meet a unique aÆne line of F . Let mi be the lineof S through xi and in
ident with a point of fy1; y2g??. Obviously y1; z1 areon m1; and y2; z2 are on m2. By the grid-like axiom, sin
e ea
h mi 
ontains xiand some point of fy1; y2g??, it follows that mi must also 
ontain a point offz1; z2g??.By the 
onstru
tion if yi = mi \ fy1; y2g??, then �(yi) = mi \fz1; z2g??. �maps the aÆne line fy1; y2g?? to the aÆne line fz1; z2g??. There-fore � is an isomorphism.Corollary 3.5.6 If M is a grid-like fan, then either all or none of the aÆne
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planes asso
iated with the ovoids of M are desarguesian.Revisiting P (T2(
); < A;B >), observe that the aÆne plane �(OAB)has the following stru
ture. The aÆne points are q2 planes of G whi
h 
ontainA but not B. The aÆne lines 
an be viewed as the q2 + q lines of G whi
h
ontain A but not B with in
iden
e inherited from G.For ea
h i 2 F [f1g, the pen
il of lines through A in �i is a parallel
lass. �(OAB) 
ompletes to a proje
tive plane �̂(OAB) by in
luding the lineL1 =< A;B > in the line set and all of the planes of G through L1 in thepoint set. Let � be the polarity of G de�ned by � : (a; b; 
; d) 7! [
; d; a; b℄T .�̂(OAB) is a plane of G�; hen
e �̂(OAB) is desarguesian.Corollary 3.5.7 All of the planes asso
iated with the fanM = fOAB;OBAg[PA;B of P (T2(
); < A;B >) are desarguesian.
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4. Regularity in SAs has been shown, GQ(q+1; q�1) with regular ovoids yield GQ(q; q)with regular points. In this 
hapter we will 
onsider regularity of points andlines in any GQ(q+1; q�1). For q > 3 no known su
h GQ has a regular point.In [TvM97℄ Thas and van Maldeghem give an interesting theorem greatly re-stri
ting the existen
e of regular points. In the �rst se
tion this theorem ispresented. While regular points are absent, regular pairs of points abound. Inthe subsequent se
tions, these regular pairs and the regular ovoids are exam-ined.4.1 A theorem of Thas and van MaldeghemThe only known example of a GQ(q + 1; q � 1) with a regular pointis S(
�) where 
� is embedded in a 
oni
 in PG(2; 3). In this 
ase all pointsare regular. What follows is an elaboration of a proof �rst given in [TvM97℄showing that this is in fa
t the only GQ(q + 1; q � 1) with all points regular.Be
ause the proof is rather lengthy, the main steps in the proof areoutlined �rst.(1) Constru
t a hyperboli
 line L and its tra
e, L?.
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(2) Constru
t VL, the set of points not 
ollinear with L or L?, and 
onsidersome of its subsets.(3) Partition VL [ L [ L? into two ovoids.(4) Partition these ovoids into hyperboli
 lines.(5) Find a hyperboli
 line and its perp in one ovoid.(6) Observe the 
ontradi
tion as su
h an ovoid would then 
ontain 
ollinearpoints and 
on
lude that no su
h GQ(q + 1; q � 1); q > 3; exists withall points regular.Start with a GQ(q + 1; q � 1); say S = (P;B; I), with all pointsregular. Let y; z 2 P with y and z not 
ollinear. Then fy; zg?? = L has sizeq as y is regular. Also L? = fy; zg? has size q. Sin
e every point of S is onq lines, ea
h line in
ident with a point of L is also in
ident with a point ofL?. Put another way: ea
h point 
ollinear with a point of L is 
ollinear witha point of L?.Let VL be the set of points of P not 
ollinear with any point of L.(Then observe VL? = VL.) Ea
h of the q points of L is on q lines, and ea
hof these lines has q + 1 + 1 � 2 = q points not in L [ L?. Other than pointsof L [ L?, there are qqq = q3 points whi
h are 
ollinear with points of L. Alltogether there are jLj+ jL?j+ q3 = 2q+ q3 points of P 
ollinear with points ofL. This means jVLj = (q + 1 + 1) ((q + 1)(q � 1) + 1)� (2q + q3) = 2q(q � 1).
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Now pi
k x 2 VL. For ea
h u 2 L; fx; ug?? is a hyperboli
 line. Asu ranges over L this gives q hyperboli
 lines. For u0 2 Lnfug, suppose p 2fx; ug??\fx; u0g??. Then as x is regular, fx; ug?? = fx; pg?? = fx; u0g?? =fu; u0g?? = L. This is a 
ontradi
tion as x 62 L. This proves the �rst lemma:Lemma 4.1.1 Every pair of hyperboli
 lines through x and a point of L hasonly x in 
ommon.LetW be the union of the hyperboli
 lines through x and points of L,with the points of L removed: W = [u2Lfx; ug??nL. Then jW j = q(q�2)+1 =(q � 1)2. Similarly let ~W = [u2L?fx; ug??nL?, and j ~W j = (q � 1)2. W and~W will later be shown to be 
ontained in ovoids of S.Lemma 4.1.2 (W [ ~W ) � VL.Proof: Now let v 2 W; v 6= x. For 
ontradi
tion, assume there issome u0 2 L where v is 
ollinear with u0. Observe that v 2 W implies there issome u 2 L su
h that v 2 fx; ug??. Let w be the unique point of vu0 
ollinearwith u. Then the regularity of v (or u) implies that w is 
ollinear with every-thing in fv; ug?? = fx; ug??. Spe
i�
ally w and x are 
ollinear. But sin
e wis 
ollinear with two points of L, it is 
ollinear with all points of L, and everyline through w has a point of L. This means x is 
ollinear with a point of L.This 
ontradi
ts x 2 VL. The 
ontradi
tion 
ame from assuming a point of Wwas 
ollinear with a point of L. Therefore W � VL. Similarly ~W � VL.
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Lemma 4.1.3 W \ ~W = fxg, and hen
e jW [ ~W j = 2(q � 1)2 � 1.Proof: Suppose there is some v0 2 W \ ~W with v0 6= x. Thenfx; v0g?? has a point a 2 L and a point b 2 L?. By de�nition of L?; a and bare 
ollinear. But this is a 
ontradi
tion as no two points of fx; v0g?? 
an be
ollinear. Therefore jW [ ~W j = (q � 1)2 + (q � 1)2 � 1 = 2(q � 1)2 � 1By 
onstru
tion no point ofW is 
ollinear with x. Suppose there weretwo 
ollinear points, v and v0 2 W , distin
t from one another (and from x).Then fv; xg?? 6= fv0; xg??. The line vv0 has a point v00 
ollinear with x. LetL \ fv; xg?? = fug and let L \ fv0; xg?? = fu0g. Sin
e v00 is 
ollinear with vand x, it is 
ollinear with everything in their span; parti
ularly, v00 is 
ollinearwith u. Likewise, v00 is 
ollinear with u0. But any point 
ollinear with twopoints of L is 
ollinear with all of L and hen
e is in L?; i.e. v00 2 L?. This isa 
ontradi
tion as x is 
ollinear with v00 and x 2 VL = VL?. Observe then thatno two points of W are 
ollinear. Similarly, no two points of ~W are 
ollinear;i.e. W and ~W are (q � 1)2-
aps of S.By 
onstru
tion,W\L is empty, whi
h means jW[Lj = (q�1)2+q =q2 � q + 1. Note that no two points of L 
an be 
ollinear. Sin
e W � VL, nopoint of W is 
ollinear with a point of L. As above no two points of W are
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ollinear, in fa
t W [ L (and similarly ~W [ L) is a (q2 � q + 1)-
ap of S.Now examine the points of VL outside of W [ ~W . Let I = f1; 2; : : : qgand let M̂ = fMjjj 2 Ig be the set of lines whi
h 
ontain x. Now �x somei 2 I. Assume for 
ontradi
tion that Mi has some point p 
ollinear with twopoints of L. Then p is 
ollinear with all points of L and hen
e p 2 L?. This
ontradi
ts x 2 VL = VL?. So di�erent points of L are 
ollinear with di�erentpoints of Mi.There are q + 1 + 1 = q + 2 points of Mi and only q points of L.This leaves exa
tly 2 points of Mi whi
h are not 
ollinear with anything inL, i.e. jMi \ VLj = 2. One su
h point is x; 
all the other su
h point ti. By
onstru
tion ti 
annot be in W [ ~W , as both W and ~W are 
aps 
ontainingx. For ea
h j 2 I 
onstru
t tj from Mj as above. Let T = ftjj j 2 Ig and letX = VLn(W [ ~W [T ) in whi
h 
ase jXj = 2q(q�1)�(2(q�1)2�1)�q = q�1.Again think of i as �xed in I. Let x0 be a point of VL 
ollinear with tisu
h that x0 6= x. Then x0 
annot be on any Mj 2 M̂ , else a triangle is formed.Thus for every tj 2 T; x0 6= tj. Suppose for 
ontradi
tion that x0 2 W and letfx; x0g?? \ L = fug. As ti is 
ollinear with x and x0; ti must be 
ollinear withu. This 
ontradi
ts ti 2 VL. Hen
e x0 62 W . Similarly x0 62 ~W . Therefore x0must be in X.It has been shown that on ea
h line through a point of VL there is
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a unique other point also in VL; this is how tj was 
onstru
ted. And observethat x? \ VL = T [ fxg. Now apply this argument to a �xed ti. Through tithere are q lines all together. One line, Mi, 
ontains x. The remaining q � 1lines, M1i ;M2i ; : : : ;M q�1i ; ea
h have a unique point other than ti in VL, sayx1i ; x2i ; : : : ; xq�1i , and ea
h of these xki are in X, k = 1; : : : ; q � 1.This argument 
ould be applied to any of the q di�erent from tj 2 T toget x11; : : : ; xq�11 ; x12; : : : ; xq�12 ; : : : x1q; : : : xq�1q , all in X. But as was seen earlier,jXj = q�1. This means that for all j 2 I; fx1j ; : : : ; xq�1j g = fx1i ; : : : ; xq�1i g = X.The set X [fxg is a set of q points, all 
ollinear with everything in T . In otherwords, T? = X [ fxg and T?? = T . T and X [ fxg are then hyperboli
lines. Writing VL = W [ ~W [ T [ X almost gives a partition for VL. In fa
tVL = (Wnfxg) [ ( ~Wnfxg) [ T [X [ fxg is a partition.Lemma 4.1.4 OL;x =W [ L [X and OL?;x = ~W [ L? [X are ovoids of S.Proof: jOL;xj = (q � 1)2 + q + (q � 1) = q2 = ((q � 1) + 1)2. Re
allthat X [ fxg is a hyperboli
 line and that W [ L is a (q2 � q + 1)-
ap. Sin
eX � VL, no point of X is 
ollinear with a point of L. It needs only to be shownthat no point of X is 
ollinear with a point ofWnfxg. Let x0 2 X; v 2 Wnfxg,and suppose x0 is 
ollinear with v. Let fv; xg??\L = fug. Every line throughx0 
ontains a point of T , say tj 2 vx0; then tj is 
ollinear with all of fv; xg??.Parti
ularly, tj is 
ollinear with u. This 
ontradi
ts tj 2 VL. Hen
e OL;x is an
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ovoid of S: Likewise OL?;x = ~W [ L? [X is an ovoid of S:Let UL = VL [ L [ L?. Then jULj = 2q(q � 1) + q + q = 2q2, i.e.,UL is the size of two disjoint ovoids. In fa
t if ~OL;x = ( ~W [ L? [ T )nfxg =(OL?;xnX[fxg)[(X[fxg)?, then ~OL;x is an ovoid having no point in 
ommonwith OL;x. UL 
an be partitioned into two disjoint ovoids as OL;x [ ~OL;x.We now pro
eed to partition the ovoids OL;x and ~OL;x into hyperboli
lines. Noti
e that the 
onstru
tion of VL was independent of x, so one 
ould
onstru
t analogues of W; ~W;T and X using any point of VL. For any pointm 2 VL; (m? \ UL)nfmg is a hyperboli
 line S. Here S is to m as T isto x. Also for any point m 2 L; (m? \ UL)nfmg = L?. Finally for anym 2 L?; (m? \ UL)nfmg = L. Hen
e for any point m 2 UL; (m? \ UL)nfmgis a hyperboli
 line. Call su
h a hyperboli
 line the 
orresponding hyperboli
line to m.Lemma 4.1.5 Let m;m0 be a pair of distin
t points of UL 
ontained in eitherOL;x or ~OL;x. The two hyperboli
 lines 
orresponding to m and m0 are eitherdisjoint or identi
al.Proof: Without loss of generality, assume m;m0 2 OL;x. Let N; N 0be the hyperboli
 lines 
orresponding respe
tively to m and m0; observe N [N 0 � ~OL;x. Let n 2 N \ N 0. If n 2 L?, then m;m0 2 L, whi
h means
56



N = N 0 = L?.Now 
onsider n 62 L? whi
h means n 2 VL. Perform analogous 
on-stru
tions for n as were done for x above, in whi
h 
ase VL 
onsists of thefollowing:(1) The union of hyperboli
 lines 
ontaining n and one point of L [ L?(the analogue of W [ ~W ),(2) The hyperboli
 line S = n? \ VL (the analogue of T ), and(3) The hyperboli
 line S? = (N? \ VL)? (the analogue of X [ fxg).Sin
e N;N 0 are hyperboli
 lines through n; (N [N 0) \ S is empty. If N [N 0
ontains a point of L?, either m or m0 is 
ollinear with a point of L?. Butthe only points of UL 
ollinear with points of L? are points of L; this gives a
ontradi
tion as N [N 0 � ~OL;x.This says that N and N 0 are hyperboli
 lines 
orresponding to pointsof UL and 
ontaining no point of L[L?. But there is only one su
h hyperboli
line, namely S? = N = N 0. Thus in any 
ase if n 2 N \ N 0 exists, thenN = N 0. This proves the 
laim.It has been shown that for any pair of points in one of the partitioningovoids, the 
orresponding hyperboli
 lines are 
ontained in the other partioningovoid and are either identi
al or pairwise disjoint. Sin
e ea
h partitioning
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ovoid has q2 points and ea
h hyperboli
 line has q points, ea
h partitioningovoid 
ontains q2q = q disjoint hyperboli
 lines 
orresponding to points fromthe other partitioning ovoid.Let L; L1; : : : ; Lq�1 be the q disjoint hyperboli
 lines of OL;x 
orre-sponding to the points of ~OL;x as formed above. Likewise let L?; ~L1; : : : ; ~Lq�1be the q disjoint hyperboli
 lines of ~OL;x. Sin
e the tra
e of a hyperboli
 lineis itself a hyperboli
 line, for any j < q there is some k < q with L?j = ~Lk.Indi
es 
an be 
hosen su
h that L?j = ~Lj for ea
h j < q. Therefore formingthe set L 
onsisting of the hyperboli
 lines fL; L1; : : : ; Lq�1; L?; L?1 ; : : : ; L?q�1gis independent of the 
hoi
e of x 2 VL. Choosing some v 2 OL;xnfL [ fxggwould yield the same L. There is an ovoid OL;v similarly determined by l andv:Lemma 4.1.6 OL;v = OL;x:Proof: Consider the hyperboli
 line fx; vg??. First suppose fx; vg??62 fL1; : : : ; Lq�1g. In this 
ase fx; vg?? has a point in 
ommon with ea
h ofL; L1; : : : Lq�1: Let u0 = fx; vg?? \ L. OL;x 
an be viewed as the union of theq hyperboli
 lines in L whi
h have exa
tly one point in 
ommon with fx; ug??where u is any point of L.OL;v 
an now be viewed as the union of hyperboli
 lines of L whi
hhave exa
tly one point in 
ommon with fv; ug?? where u is any point of
58



L. For the spe
i�
 
ase u = u0 observe fv; ug?? = fx; ug??. So OL;v =L [ L1 [ : : : [ Lq�1 = OL;x. Now suppose fx; vg?? 2 fL1; : : : ; Lq�1g, sayfx; vg?? = L1. Let v0 2 L2. Then as above OL;x = OL;v0 ; and OL;v = OL;v0 , i.e.,OL;v = OL;x. In either 
ase, we have for any v 2 OL;xnfL[fxgg;OL;v = OL;x.Choose indi
es su
h that x 2 L1. Note that as above, OL?;x is theunion of the q hyperboli
 lines from L whi
h have exa
tly one point in 
ommonwith fx; ~ug?? for any ~u 2 L?. Hen
e OL?;x = L? [ L1 [ L?2 [ : : : [ L?q�1 This
an be generalized.Lemma 4.1.7 If u 2 Li; OL?;u 
an be partitioned as L?[L?1 [ : : : L?i�1[�i[L?i+1; : : : ; L?q�1.Lemma 4.1.8 q � 3.Proof: Suppose q > 3 and 
hoose a point w 2 OL?;x su
h thatw 62 L? [ L1 [ L?2 , say w 2 L?3 . By lemma 4.1.6, OL?;x = OL?;w. Let u 2 L2;applyingLemma 4.1.7 shows that OL?;u = L? [ L?1 [ L2 [ L?3 [ : : : L?q�1 andw 2 OL?;u. Again by lemma 4.1.6 OL?;u = OL?;w and transitivly, OL?;x =OL?;u. This means that L2 � OL?;x.OL?;x 
ontains a hyperboli
 line, L2, as well as its perp, L?2 . This is a
ontradi
tion as all points of L2 are 
ollinear with all points of L?2 but no twopoints of an ovoid, OL?;x, may be 
ollinear.
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The 
ontradi
tion above arose from the existen
e of a w 2 L?3 : Of
ourse su
h a w is available only if q > 3. In [PT84℄ it is shown that the onlyGQ(4; 2) is 
lassi
al and has all points regular. Hen
e the main theorem of thisse
tion has now been proved:Theorem 4.1.9 S is a thi
k GQ(q + 1; q � 1) with all points regular if andonly if q = 3.4.2 Regular pairsIn this se
tion, pairs of regular points are examined. The goal of theremainder of this 
hapter is to show that if a GQ(q+1; q� 1) has at least tworegular ovoids pivotal for the same fan, then every regular ovoid of the GQ ispivotal for that fan.Let I be the index set f0; 1; : : : ; qg,and ~I = I[f1g. Let S be a thi
kGQ(q + 1; q � 1) with a fan M = fOiji 2 ~Ig for whi
h O1 is pivotal. Re
allfrom se
tion 3.3 that 
onstri
ting about O1 yields a GQ(q; q); S1; and thatL1 is a regular line of S1.Theorem 4.2.1 Suppose that fx1; x2g is a regular pair of points in S withx1 6� x2. Put T = fx1; x2g?? = fx1; : : : ; xqg, and T? = fy1; : : : ; yqg. Thenexa
tly one of the following must o

ur:
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(i) There are distin
t i; j 2 ~I su
h that T � Oi and T? � Oj.(ii) Exa
tly one of T , T? has a unique point in 
ommon with O1. Withoutloss of generality, assume T? \ O1 = fy1g and T \ O1 = ;. In this 
asethere is a unique Oi 2 M for whi
h T? nfy1g � Oi. jT \Ojj = 1 for ea
hj 2 Infig.Proof: Sin
e O1 is pivotal, if either T or T? has two points in
ommon with O1, then it is 
ontained in O1 and its perp is 
ontained insome Oi. If T \ O1 = ; = T? \ O1, then by proposition 3.2.2 there mustbe distin
t i; j 2 I for whi
h T � Oi and T? � Oj. In the remaining 
ase,exa
tly one of T , T? has a unique point in 
ommon with O1. Without loss ofgenerality assume that T? \ O1 = fy1g.There is some i 2 I for whi
h T? n fy1g � Oi, sin
e otherwise byproposition 3.2.2 T would have to meet O1, 
learly an impossibility. Alsoy2; : : : ; yq must be in tra
es of distin
t hyperboli
 lines of O1, whi
h meansthey are on distin
t lines (6= L1) through (Oi) in S1. By proposition 3.2.2jT \ Ojj = 1 for ea
h j 2 Infig.Hen
e, using the notation above, in S1, fy2; : : : ; yqg � f(Oi); x1; : : : ; xqg?and fy2; : : : ; yqg? = f(Oi); x1; : : : ; xqg. Let T0 be the line of S1 through (Oi)
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di�erent from L1, and missing fy2; : : : ; yqg. The lines of S through y1 to-gether with L1 form one ruling of a grid G. For ease of notation, suppose thatOi = O0, and xj 2 Oj, 1 � j � q. Then the other ruling of G 
onsists ofy?1 \ Ok = Tk, 0 � k � q, and xj 2 Oj \ y?1 .Observation 4.2.2 If y1 2 O1 and y2 2 Oi and if fy1; y2g is regular in S,then fy1; y2g?? n fy1g � Oi.Corollary 4.2.3 With the notation adopted above, if for some i 2 I; Oi isregular, then it is pivotal for M.Proof: If Oi is regular for some i 2 I, and x; y are distin
t points of Oi, thenfx; yg is regular and fx; yg?? � Oi. This does not permit the se
ond 
ase ofthe above theorem to hold, hen
e the �rst 
ase must hold.Now suppose that O is a regular ovoid of S possibly di�erent fromO1. Re
all that �(O1) and �(O) are aÆne planes whose \lines" are thehyperboli
 lines 
ontained in them. Clearly �(O1) \ �(O) is a subspa
e of�(O1) and of �(O). This proves the following lemma.Lemma 4.2.4 Any regular ovoid of S di�erent from O1 meets O1 in exa
tly0; 1 or q points.The three possibilities for a regular ovoid meeting O1 are 
onsideredseparately in the next three lemmas.
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Lemma 4.2.5 If O is a regular ovoid with jO \ O1j = q, then O = T1 [T?2 [ � � � [ T?q , where O \O1 = T1, and O1 = T1 [ T2 [ � � � [ Tq is aparallel 
lass partition of the points of �(O1). Hen
e Ok = T?1 [ T?2 [ T?q forsome k 2 I.Proof: Suppose thatO1 = fz1; : : : ; zq; xq+1; : : : ; x2q; : : : ; xq2g, whereT1 = fz1; : : : ; zqg, T2 = fxq+1; : : : ; x2qg, : : : ; Tq = fx(q�1)q+1; : : : ; xq2g are thedisjoint hyperboli
 lines of one parallel 
lass of �(O1), andO = fz1; : : : ; zq; yq+1; : : : ; yq2g, with O \ O1 = T1. Let y 2 O \ Ok for some k 2 I. Then for ea
hzi 2 O; fzi; yg??nfzig � Ok by theorem 4.2.1, so [qi=1 �fzi; yg?? n fzig� gives1 + q(q � 2) = q2 � 2q + 1 points of O \Ok.Sin
e 2(q2� 2q+1) > q2� q for q � 3, O nO1 must be 
ontained injust one Ok, i.e., jO\Okj = q2�q, and hen
e O\Ok = fyq+1; : : : ; yq2g. Clearlyno yj is 
ollinear with any zi. From this, y?j \ O1 = fxn(q+1); : : : ; x(n+1)qg isdisjoint from T1. thus the parallel 
lass of O1 
ontaining T1 must 
ontain q�1hyperboli
 lines T2; : : : ; Tq whose tra
es 
over O\Ok. So O\Ok = T?2 [� � �T?q ;O was 
onstru
ted to 
ontain T1. Finally Ok 2 M implies Ok 
onsists of thetra
es of the hyperboli
 lines 
ontained in some spe
i�
 parallel 
lass of �(O1).Hen
e:
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O1 = T1 [ � � � [ Tq;Ok = T?1 [ � � � [ T?q ;O = T1 [ T?2 [ � � � [ T?q :This 
ompletes the proof of the theorem.
Corollary 4.2.6 Continuing with the notation of the above proof, let x1 2 T1,x2 2 T?2 ; fx1; x2g?? = T . Then for j 2 Infkg; jT? \ Ojj = 1.Proof: By hypothesis fx1; x2g?? � O. If two points of fx1; x2g??belong to the same T?j , then of 
ourse fx1; x2g?? would have to equal T?j .Hen
e T = fx1; x2g?? has one point in ea
h of T1; T?2 ; : : : ; T?q . Now letfx1; x2g? = fw1; : : : ; wqg = T?. Clearly T? \ O1 = T? \ Ok = ;, sin
eboth O1 and Ok are ovoids. If two points of T? belong to the same Oj, thensin
e T \O1 6= ;, it would have to be that T � O1. Hen
e jT? \Ojj = 1 forea
h j 2 Infkg.Theorem 4.2.7 IfO is a regular ovoid with jO\O1j = 1, then jO\Oij = q�1for 0 � i � q. If O\O1 = fzg and x 2 O\Oi, then fz; xg?? n fzg = O\Oi.Proof: Suppose O \ O1 = fzg. From the observation following64



theorem 4.2.1 we see that if x 2 OnO1, say x 2 Oi, then fz; xg?? nfzg � Oi.First suppose that fz; xg?? n fzg � O \ Oi, fz; yg?? n fzg � O \ Oi, andz 62 fx; yg??, hen
e fx; yg?? \ O1 = ;. Say:fz; xg?? = fz; x = x2; : : : ; xqg; fz; yg?? = fz; y = y2; : : : ; yqg:Sin
e fx; yg??\O1 = ;, if fx; yg?\O1 = ; also, then fx; yg? � Ojfor some j 2 Infig, and fx; yg?? � Oi. On the other hand, if fx; yg?\O1 6= ;,then fx; yg � Oi implies fx; yg? � O1 and fx; yg?? � Oi. In any 
ase thefollowing holds : For x; y 2 O \ Oi, fx; yg?? � (O \ Oi) [ fzg. Thus(O \ Oi) [ fzg is a subspa
e of �(O). Hen
e if jO \ Oij � q, then O =(O \ Oi) [ fzg.Suppose Oi = T?1 [ � � � [ T?q , where O1 = T1 [ � � � [ Tq. SayT1 = fz1; : : : ; zqg; and z1 is the point ofOi for whi
h (Oinfz1g)[fzg = O. Thenthe lines of S 
overed by z1 are the same lines as those 
overed by z, an obviousimpossibility as fz; z1g determines at most one line. Hen
e it must be that forea
h i 2 I; j(O\Oi)j = q�1, and if x 2 O\Oi, then fz; xg??nfzg = O\Oi.Theorem 4.2.8 Let O be a regular ovoid with jO \ O1j = 0. Then exa
tlyone of the following two possibilities must hold:
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(i) O is some Oi 2 M; in whi
h 
aseOi is pivotal for the fan M;(ii) There is a unique Oi; i 2 I; for whi
hjO \ O1j = jO \ Oij = 0; and jO \ Ojj = qfor all j 2 Infig: In this 
ase O [ f(Oi)gis an ovoid of S1:Proof: Suppose O \O1 = ;. Let x; y be distin
t points of O, thusT = fx; yg?? � O, and T \ O1 = ;. If T? \ O1 = ;, then T � Oi for somei 2 I, and T? � Ok for some k 2 Infig. If T?\O1 6= ;, then either T? � O1and T � Oi for some i, or jT? \ O1j = 1 and T? n O1 � Oi for some i 2 Iwhile jT \ Ojj = 1 for ea
h j 2 Infig. In all 
ases, if x; y are distin
t pointsof O \ Oi for some i, then fx; yg?? � O \ Oi. Hen
e O \ Oi is a subspa
e of�(O), and must have size 0; 1; q or q2. One possibility is that O = Oi 2 M.Suppose that O 62 M; jO \ Oij = 0; 1 or q, for ea
h i 2 I. Let an bethe number of Oj with jO\Ojj = n 2 f0; 1; qg, for j 2 I. Clearly ea
h an � 0,and (i) a0 + a1 + aq = q + 1;(ii) 0 � a0 + 1 � a1 + q � aq = q2;
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from whi
h a1 = q(q � aq). Put m = q � aq, so a1 = mq. It follows thatq � m = aq = q + 1 � a0 � a1, implying a1 + a0 = m + 1 = a0 + mq, ork(q�1) = 1�a0, whi
h must be nonnegative. This allows only two possibilities:a0 = 1 or 0.If a0 = 1, then m = 0 = a1 and aq = q. In this 
ase O is disjoint fromO1 and from one other member of M, say Oi, and meets ea
h of the othersO1; : : : ;Oq in q points, i.e. in an aÆne line of �(O). It is straightforward to
he
k that O [ f(Oi)g is an ovoid of S1. For the other 
ase, suppose a0 = 0.Here m = 1 and q = 2. But as only thi
k GQ are under 
onsideration, q > 2.So in fa
t this 
ase not o

ur.Suppose now that in addition to having O1 pivotal for the fan M,the ovoid O0 is regular and hen
e also pivotal for M.Theorem 4.2.9 Suppose fx; yg is a regular pair of points with x 6� y. PutT = fx; yg??, T? = fx; yg?. Then there must exist distin
t i; j 2 ~I for whi
hT � Oi, T? 2 Oj.Proof: Suppose not. Then one of T?, T has a unique point in
ommon with O1, say jT? \ O1j = 1. Then there is some i 2 I for whi
hjT? \ Oij = q � 1. Clearly Oi is not regular, so i 6= 0. Then jT \ Ojj = 1 forea
h j 2 Infig, in
luding j = 0. But jT \ O0j = 1 says there must be some
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k 2 Inf0g with jT \ Okj = q � 1, an impossibility for q > 2.This leads to the main theorem of this se
tion.Theorem 4.2.10 Let O1 and O0 be distin
t pivotal ovoids of M; if O is aregular ovoid of S, then in fa
t O is a pivotal member of M.Proof: Suppose O is a regular ovoid with O 62 M. Then jO\O1j =0; 1 or q, and jO \ O0j = 0; 1, or q.Case (i) jO \ O1j = q. In this 
ase there is a k 2 I with jO \ Okj =q2 � q; k 6= 0 and jO \ O0j = 0. But theorem 4.2.8 applied to O0 in pla
e ofO1 says there is some j 2 ~Inf0g with jO \ Ojj = 0 and jO \ Omj = q form 2 ~Inf0; jg. Hen
e this 
ase 
annot arise.Case (ii) jO \ O1j = 1. Here jO \ Oij = q � 1 for 0 � i � q. But asjO \ O0j 6= q � 1 if q > 2, this 
ase 
annot arise.Case (iii) jO \ O1j = 0. Then also it follows that jO \ O0j = 0.If O 62 M then jO \ Ojj = q for all j 2 Inf0g. But suppose x 2 O \ Oj,y 2 O \Ok, with j and k distin
t members of Inf0g. Then fx; yg?? does notbelong to a single member ofM, 
ontradi
ting theorem 4.2.9. Hen
e this 
asedoes not arise, 
ompleting the proof.
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5. Chara
terizationsIn [ST84℄, De Soete and Thas gave 
hara
terization axioms forGQ(q�1; q + 1) (with no restri
tion on q). This inspired Payne to formulate axiomsA1�A7 
hara
terizing the known GQ(q+1; q� 1). Namely the GQ satisfyingA1�A7 are exa
tly the known GQ(q+1; q�1) arising from a q-ar
 as des
ribedin se
tion 2.4. De Soete and Thas then revised their approa
h [ST86℄ and
onsequently Payne's A7 was made redundant. In [PM98℄ a relationship wasdis
overed between Payne's axioms and 
onditions on admissible permutationsgiving plane amalgamations. In this 
hapter, these axiom systems are reviewed.5.1 (0; 2)-setsThe motivation for this and the next se
tion is the desire to embedan abstra
t GQ into aÆne or proje
tive spa
e. One of the main hurdles indoing this is determining how to represent sets of non-
ollinear points of theGQ as aÆne/proje
tive lines. If the points in question form regular pairs,then the hyperboli
 line they determine may suÆ
e. However as seen in theprevious 
hapter, not all pairs will be regular; hen
e a new notion is needed: anabstra
tion of a hyperboli
 line. De Soete and Thas give one su
h notion with
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their interesting 
on
ept of a (0; 2)-set. What follows here is a 
ompilation ofsome of their ideas from [ST84℄ and [ST86℄.If S = (P;B; I) is a GQ(s; t), then a nonempty subset K of P is saidto be a (0; 2)-set of S provided the points of K are pairwise non
ollinear andjx? \Kj 2 f0; 2g for all x 2 PnK. Observe that in the GQ T �2 (
+), if L is aline of G whi
h meets �1 in a point outside of 
+ then the points of Ln�1form a (0; 2)-set.Lemma 5.1.1 If K is a (0,2)-set of S then jKj = s + 1.Proof: Let x 2 K, and let L be a line through x. For x 6= k 2 K, kis 
ollinear with a unique point p of L. As K is a (0; 2)-set, p is 
ollinear withno point of Knfx; kg. As there is a bije
tion between points of K and pointsof L, jKj = jLj = s+ 1Observe that if L is a line whi
h 
ompletely misses K then ea
h pointof K is 
ollinear with some point p of L. Sin
e K is a (0; 2)-set, p is 
ollinearwith exa
tly one other point of K. Thus as the points of K arise in disjointpairs, s+ 1 must be even. This gives the following lemma.Lemma 5.1.2 If K is a (0; 2)-set of S with t > 1 then s is odd. (Having t > 1allows the existen
e of su
h an L mentioned above).The �rst axiom used ensures a 
olle
tion of (0; 2)-sets partitioning the
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non
ollinear point pairs in S:Basi
 Axiom: S 
ontains a 
olle
tion B1 of (0; 2)-sets su
h that ea
hpair of non
ollinear points of S is in a unique member of B1.Observation 5.1.3 Let P 0 = P;B0 = B [ B1. S 0 = (P 0;B0;2) is a 2 � ((s +1)(st+1); s+1; 1) design with s odd. In the 
ase where s = q�1 and t = q+1observe that su
h a design has the parameters of aÆne 3-spa
e (and that q iseven). Members of B1 will be referred to as blo
ks.The goal of the remaining part of this se
tion is to see that S 0 reallyis aÆne 3-spa
e. By the Basi
 Axiom if x 2 P and L 2 B with x 62 L thenthere exists a subset of s (0; 2)-sets in B1, say Lx;L = L1; : : : Ls, 
ontaining xand a point of L. The next axiom relates lines skew to L with these (0; 2)-sets(Observe that if L0 is a line skew to L and meeting ea
h member of L, thenLx;L = Lx;L0).Axiom T : Let x 62M 2 B with M \L = ;. If there are two distin
t(0; 2)-sets in Lx;L whi
h are disjoint from M then for every Li 2 Lx;L, Li isdisjoint from M .Let i; j be distin
t indi
es in f1; : : : sg with yi = Li \ L; yj = Lj \ L.As Lj is a (0; 2)-set, y?i 
ontains yj and some other point (not on L) y0j of Lj.Likewise as Li is a (0; 2)-set, y0?j 
ontains yi and some other point y0i of Li.
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Let M be the line of S determined by y0i and y0j and observe that L \M = ;,otherwise a triangle is formed. This proves the following:Lemma 5.1.4 For x 2 P; L 2 B with x 62 L and for ea
h pair of distin
tindi
es i; j 2 f1; : : : ; sg there is a line M 2 B whi
h misses L and whi
h meetsboth Li and Lj.The next lemma 
an be used to weaken the hypothesis of Axiom T .Unless stated otherwise, for 1 � i � s; yi is de�ned as the interse
tion of Lwith Li.Lemma 5.1.5 If M 2 B and if at least two di�erent i and j give M \ Li 6=; 6=M \ Lj then for ea
h h 2 f1; : : : ; sg; M \ Lh 6= ;.Proof: If M misses L, then the 
on
lusion follows from Axiom T .Consider the 
ase where M and L have a 
ommon point, say yj 2 Lj. SupposeM misses some (0; 2)-set Lr 2 L. Let yr = Lr \ L. Sin
e yj is 
ollinear withyr; Lr must have some other point y0r in y?j . Likewise y0r must be 
ollinear withsome other point y0j of Lj. Let L0 be the line of S determined by y0j and y0r. ByAxiom T; L0 must meet every member of L. Observing that L0 \M = ; andapplying Axiom T to L0 for
esM to meet every member of L. This 
ontradi
tsM \ Lr = ;. Thus M must in fa
t meet all of the members of L.With the above lemma proved, it makes sense to repla
e Axiom T
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with the above lemma taken as an axiom referred to as Axiom T �. Nowobserve that this axiom for
es regularity of lines.Lemma 5.1.6 If M and L are as in Axiom T �, then they form a regular pair.Proof: If M meets L then by de�nition they form a regular pair.Assume M misses L. For distin
t k; r 2 f1; : : : ; sg there is a unique pointykr = y?k \ Lr; ykr 6= yr. By Axiom T � for a �xed k; fykrjr 6= kg [ fykg isa set of s mutually 
ollinear points. Call the line they determine Nk. In thisway there arise s lines, N1; : : : ; Ns ea
h of whi
h have a point in 
ommon withea
h Li. The lines N1; : : : Ns then 
ompletely 
over the points of the variousLi, and the points of M are likewise 
overed by the lines Ni.Let z = L \ x?; for 1 � i � s+ 1 let zi = Ni \M where Ns+1 is theline of S determined by x and z. To see that Ns+1 really does meetM , observethat for 1 � i � s; zi 
annot be 
ollinear with z (as zi is already 
ollinear withthe point yi on L). x and z must both be 
ollinear with the unique point ofM whi
h is not a zi for 1 � i � s. This unique point is exa
tly the point zs+1.ForNk 2 fL;Mg? di�erent fromNs+1 observe that ykr = Nk\Lr; k 6=r; and yk = Nk \ Lk \ L. As ea
h Lk is a (0; 2)-set, there exists some y0kr 2 Lkdi�erent from yk su
h that ykr is 
ollinear with y0kr. By Axiom T , the linedetermined by ykr and y0kr has one point in 
ommon with ea
h of the Linfxg.For a �xed k as r varies over f1; : : : ; sgnfkg, this gives s� 1 disjoint lines Kr.
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Let K denote this set of lines.Note that as these lines together with L form a set of s disjoint lineswhi
h 
over the s2 points of the various Li; M must be in K. It follows thatK [ fLg form one ruling of an (s � s) grid G with the other ruling given byN1; : : : ; Ns. As L and M both meet Ns+1, ea
h line of K must also meet Ns+1.Let w be the unique point of N1 
ollinear with x (i.e. W is the onlypoint of N1 not on some Li. Let K be the line of S determined by x and w,then in fa
t K 
ontains the unique point on ea
h Nk whi
h is not on someLi. Observe now that Ns+1 and K extend G to an (s + 1 � s + 1) gridG(x; L) = fL;Mg? [ fL;Mg?? with fL;Mg?? = K [ fL;Kg (where M is infa
t one of the s� 1 lines of K). Hen
e the pair fL;Mg is regular.With this proved, now an aÆne plane 
an be 
onstru
ted.Lemma 5.1.7 In the notation of the previous lemma, let P� = fy 2 Pjy is ona line of fL;Mg?g and let B� = G(x; L)[B�1 where B�1 
onsists of all (0; 2)-setsof B1 whi
h 
ontain at least two points of P�. The in
iden
e stru
ture givenby (P�;B�;2) is a 2� ((s+ 1)2; (s+ 1); 1) design, i.e. an aÆne plane of orders+ 1 with s odd.Proof: It is straightforward to see that jP�j = (s + 1)2 and thatea
h blo
k of B� 
ontains s + 1 points. It remains to be seen that any two
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points P� are 
ontained in a unique blo
k of B�.Let u; v 2 P�. If u is 
ollinear with v in S, then the line they determinein S is pre
isely the blo
k of B� that 
ontains them. Suppose now that u andv are not 
ollinear in S, by the Basi
 Axiom, there is a unique (0; 2)-set in B1whi
h 
ontains u and v. This (0; 2)-set is then ne
essarily in B�1. What followsdemonstrates that this (0; 2)-set has all of its points 
ontained in P�.Without loss of generality say u 62 L. If either u or v is x, the blo
k
ontaining u and v is obvious. Assume u 6= x 6= v. In what follows, we see thatthe grids G(x; L); G(u; L); and G(v; L) are all the same.Case 1: u and x are not 
ollinear in S. Let Lk be the (0; 2)-set ofB1 
ontaining both u and x; observe that the points of Lk are in both gridsG(x; L) and G(u; L). Let Nr be the line through u meeting L and M ; then Nris a member of both grids G(x; L) and G(u; L). Let y0r be a point of Nr distin
tfrom u and yr. As y0r is 
ollinear with the point u of Lk, it is also 
ollinear withsome other point u0 of Lk. This puts L;Nr; y0r; and u0 in both grids. Hen
e thetwo grids G(x; L) and G(u; L) are a
tually identi
al.Case 2: u and x lie on the line K. Pi
k w 2 G(x; L)nfLg su
h thatw is not 
ollinear with x nor with u. As seen above G(x; L) = G(w;L); hen
eu 2 G(w;L):
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Observation 5.1.8 The aÆne plane above is a substru
ture of the design S 0;for any non-in
ident pair (x; L) 2 P�B su
h an aÆne plane 
an be 
onstru
ted.Furthermore, the following 
orollary arises.Corollary 5.1.9 If x 2 P; L 2 B1; x 62 L with jx?\Lj = 2 then the substru
-ture of S 0 generated by x and L is an aÆne plane of order s+ 1.Proof: Let x? \ L = fy1; y2g and let L0 be the line of S throughx and y2. The substru
ture of S 0 generated by y1 and L0 is 
ontained in thesubstru
ture of S 0 generated by x and L; and vi
e-versa. But the �rst of theseis an aÆne plane of order s+ 1 as indi
ated above.The term Type 1 will be used to des
ribe the aÆne planes of orders+ 1 as 
onstru
ted in the pre
eding lemma, observation, and 
orollary. Ea
hpoint in su
h a plane is in
ident with two aÆne lines 
oming from P and saÆne lines 
oming from B1. Moreover for a non-in
ident point-line pair (x; L0)in su
h a plane, if L0 is a blo
k, then x is 
ollinear in S with two points of L0.Lemma 5.1.10 Let � be a Type 1 aÆne plane in S 0 whose point set is denotedP� with �� the proje
tive 
ompletion of �. If u 2 P 0nP� and u? \ P� =fx1; : : : xs+1g and if x0 and x00 are the two proje
tive points of �� de�ned by thetwo parallel 
lasses of lines from B in �, then the set O = fx1; : : : xs+1; x0; x00gis a hyperoval in ��
76



Proof: First note that as x0 and x00 are both o� of �, no line of ��through x0 and x00 
an also 
ontain any of the xi. Let R be a line of �. If R 2 Bthen there is a unique xi on R 
ollinear with u; furthermore exa
tly one of x0and x00 is in
ident with R in ��. On the other hand if R 2 B1 then as R is a(0; 2)-set, ju? \ Rj 2 f0; 2g, i.e. R meets Onfx0; x00g in 0 or 2 points; further-more as R is in not a line of B, its proje
tive 
ompletion 
ontains neither x0nor x00. Thus every line of �� meets O in 0 or 2 points.Up to this point it has been assumed that S is aGQ(s; t) with the onlyrestri
tion being s is odd. For the remainder of this se
tion, further assumethat t = s + 2. For L;M 2 B, L and M will be said to be Type 1 parallel,written L k M provided there is some Type 1 aÆne plane � in whi
h L andM are parallel, written L k� M .Lemma 5.1.11 For any point x and any L 2 B there is a unique M 2 P su
hthat x 2M and L kM .Proof: Re
all that jPj = (1 + s)(1 + s(s+ 2)) = (1 + s)3; this gives(1 + s)(s(s + 2)) points of P not on L. Ea
h Type 1 aÆne plane 
ontainingL has s(s + 1) points not on L. Any two of these planes meet exa
tly at L.This gives (1+s)s(s+2)s(s+1) = s + 2 Type 1 aÆne planes through L. In ea
h of theseplanes, there are s lines other than L in a parallel 
lass with L. In
luding L
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itself, there are 1+ s(s+2) = (1+ s)2 linesM in P su
h that M k� L for some�. As these lines are disjoint, they 
over all (1+s)3 points of P exa
tly on
e.Lemma 5.1.12 The parallelism given by k is in fa
t an equivalen
e relationon the lines of B.Proof: That k is both re
exive and symmetri
 is straightforward.To see that k is transitive requires e�ort. Let �; � be two aÆne planes of Type1 and let L;M;N 2 B su
h that L k� M and M k� N . If L;M;N; �; � are notall distin
t, transitivity follows immediately. Assume instead they are in fa
tall distin
t. What is now needed is the demonstration of a Type 1 aÆne plane
 in whi
h L k
 M .Let x 2 N , and let 
 be the Type 1 aÆne plane generated by x and L.Let N 0 be the unique line 
 through x whi
h is parallel (in 
) to L as ensuredby the previous lemma. If N = N 0, transitivity is demonstrated.Assume for 
ontradi
tion that N 6= N 0; and let K be a line of � infL;Mg?. As was demonstrated above, x?\� is an (s+1)-ar
. Let R be a linethrough x meeting � at a point y. In �; y is in
ident with just one line parallelto K, say K 0. If R k K, this would give two lines of B through y parallelto K, a 
ontradi
tion. Hen
e none of the s + 1 lines joining x to a point of� are parallel to K. As K 
ontains a point of L and as L is the unique line
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through that point and parallel to N 0; N 0 
annot be parallel to K. Similarlyas K 
ontains a point of M , N 
annot be parallel to K. This gives s+ 3 linesthrough x, none of whi
h are parallel to K, 
ontradi
ting the previous lemma.Hen
e N = N 0; i.e. L k N .As S is a GQ(s; s + 2), there are s + 3 parallel 
lasses with (s + 1)2lines in ea
h parallel 
lass. Let M = fR;R1; : : : ;Rs+2g be the 
olle
tion ofparallel 
lasses. Observe that M is a pa
king of spreads for S. To see thatin fa
t R is pivotal for this pa
king note the following. If L;M 2 R then bythe de�nition of parallel 
lass, fL;Mg is a regular pair and fL;Mg?? � R.Furthermore fL;Mg? is a set of mutually parallel lines; i.e. fL;Mg? � Ri forsome i 2 f1; : : : s+2g. Now 
onstri
t S about R to get a new GQ(s+1; s+1),say S� with a regular point (1) su
h that S = P ( S�; (1) ). Let x be a pointof S not in a given Type 1 aÆne plane �; then jx? \ �j = s + 1. Note that xis on some line L of R1; likewise x is on some line M of R. In S the lines Land M generate a Type 1 aÆne plane �.With this parallelism of lines shown to be an equivalen
e relation, asimilar relation 
an be de�ned on Type 1 aÆne planes. Two Type 1 aÆneplanes �; � are said to be parallel provided there exist distin
t 
on
urrentaÆne lines L;M in � and distin
t 
on
urrent aÆne lines L0;M 0 in � with
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L k L0 and M kM 0.The symbol k is again used to denote this parallelism as well as paral-lelism of lines. The 
ontext should make 
lear whi
h sense is intended. Let �; �be parallel Type 1 aÆne planes with L; L0;M;M 0 as in the above de�nition.� and � have no 
ommon points. If they shared some point x, then Lwould be parallel to some N in � through x and L0 would be parallel to someN 0 through x. Hen
e N k N 0 with x 2 N \N 0, a 
ontradi
tion.If J;K are distin
t 
on
urrent lines in � then there exist a pair ofdistin
t 
on
urrent lines J 0; K 0 in � su
h that J k J 0; K k K 0. To see this lety 2 � and 
onsider the Type 1 aÆne plane generated by y and J and thatgenerated by y and K; let J 0; K 0 be the respe
tive interse
tions of these planeswith �. The relation k is an equivalen
e relation on Type 1 aÆne planes inS. Re
exivity and symmetry are immediate. Transitivity follows from theprevious paragraph.The Type 1 aÆne planes in a parallel 
lass partition the points of S.Hen
e ea
h parallel 
lass 
onsists of (s+1)3(s+1)2 = s+ 1 planes.Let �; � be distin
t parallel planes with x a point of �. Of the s+ 3lines (in S) through x, s+1meet lines of �. This gives (1+s)2�(1+s) = s(s+1)points of � whi
h are 
oin
ident with x from blo
ks of B1, i.e. (0; 2)-sets, no
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two of whi
h have points other than x in 
ommon.If N is a line of � whi
h misses x, there are s points of N not 
ollinearin S with x. These s points determine s (0; 2)-sets with x. This a

ounts fors(s+ 1) + s = s2 + 2s (0; 2)-sets through x, i.e. this a

ounts for all (0; 2)-setsthrough x. To see that ea
h point is on s2 + 2s (0; 2)-sets, re
all that S 0 is a2� ((s+1)3; s+1; 1) design, and hen
e ea
h point is on s2+3s+3 blo
ks. Ofthese, s+ 3 are lines of B, and the remaining s2 + 2s are (0; 2)-sets.Now let �; � be non-parallel aÆne planes of Type 1 with T = f� =�1; �2; : : : ; �s+1g the parallel 
lass 
ontaining �. For �i 2 T ; any points of�\�i must all lie in a 
ommon blo
k of B0: For suppose x; y; z are three pointsof �\�i not 
ontained in a blo
k of B0. The blo
ks [xy℄ and [xz℄ 
an be thoughtof as aÆne lines in both aÆne planes having a 
ommon point, for
ing �i k �,a 
ontradi
tion. This means that � \ �i has at most s + 1 points. On theother hand as T partitions P 0 and as � has (s+1)2 points. Ea
h �i must haveexa
tly s+ 1 points of �. Thus � \ �i 2 B0, and in fa
t � and � must meet ina 
ommon blo
k of B0.The 
ontrapositive of this is stated as the following observation.Observation 5.1.13 If two Type 1 aÆne planes in S do not have a 
ommonblo
k then they are parallel.Let �0 2 T nf�g with L = � \ � and L� = � \ �0. As L and L� are
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disjoint lines in �, they are parallel and hen
e are either both in B or both inB1. Further let � 0 be a Type 1 aÆne plane parallel to � with L0 = �0 \ � 0. Bythe previous argument L� and L0 are parallel lines from either B or B1. Thisfor
es L and L0 to be parallel lines from either B or B1.Lemma 5.1.14 Let 
 be a Type 1 aÆne plane distin
t from � and � whi
h
ontains L. L0 is in some plane 
0 parallel to 
.Proof: Let x 2 L0 and let 
0 be the unique plane through x parallelto 
. Put M = 
0 \ � and N = 
0 \ �. This for
es L k� N and L k� M . If
 = 
0 then M = L = N . If 
 6= 
0 suppose M \ N = z. Be
ause z 2 � andz 2 �, z must be a point of L, but L k� M (and L k� N), a 
ontradi
tion.M \ N is then empty, and hen
e M k
0 N . Let M 0 = 
0 \ �0; N 0 = 
0 \ � 0,in whi
h 
ase M k
0 M 0; N k
0 N 0. Thus M 0 k
0 N 0; x 2 M 0; x 2 N 0 for
esM 0 = N 0 � �0 \ � 0 = L0. Hen
e L0 is in 
0.At this point de�ne a parallelism on B1 as follows. For L;M 2 B1, LandM are said to be parallel (again written L kM) provided there exist Type1 aÆne planes �; �0; �; � 0 with � k �0; � k � 0 su
h that �\ � = L; �0 \ � 0 =M .Lemma 5.1.15 The parallelism given by k is an equivalen
e relation on B1.Proof: Re
exivity follows by letting � = �0; � = � 0; symmetry isimmediate. For transitivity let L;M;N 2 B1 with L k M;M k N in whi
h
82




ase there are Type 1 aÆne planes �; �0; �; � 0; �; �0; �; � 0 with � k �0; � k � 0; � k�0; � k � 0 su
h that �\� = L; �0\� 0 =M = �\ �;N = �0\ � 0. Letting �; �; �0play the respe
tive roles of �; �; 
 in the previous lemma for
es the existen
eof some Type 1 aÆne plane �00 whi
h is parallel to �0 and whi
h 
ontains N .Likewise, letting � 0 play the role of 
 for
es the existen
e of some Type 1 aÆneplane � 00 whi
h is parallel to � 0 and whi
h 
ontains N . In fa
t N = �00\� 00 andby the transitivity of k on Type 1 aÆne planes � k �00; � k � 00. Hen
e L k N .Corollary 5.1.16 Ea
h parallel 
lass of B1 partitions the points of P 0.Proof: Let L 2 B1; x 2 P 0, and let �; � be distin
t Type 1 aÆneplanes whi
h meet at L. Furthermore let �0; � 0 be distin
t Type 1 aÆne planes
ontaining x su
h that � k �0; � k � 0. Put L0 = �0 \ � 0; so x 2 L0 and L k L0.Suppose there is some L00 2 B1 whi
h 
ontains x and whi
h is parallel to L.This for
es the existen
e of planes 
 and Æ through L00 with 
 k �; Æ k �. Butas 
lasses of parallel planes partition P 0; 
 = �0; Æ = � 0. Hen
e L00 = L0; i.e.there is exa
tly one member of B1 parallel to L whi
h 
ontains x (namely L0).Observe that if x 2 L then L = L0.Corollary 5.1.17 If two members of B1 are parallel as lines in a Type 1 aÆneplane then they are parallel under k as de�ned above.
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Proof: Let L;M 2 B1 with L k� M for some Type 1 aÆne plane �.Let � be some other Type 1 aÆne plane through L, let y be a point of M , let� 0 be the Type 1 aÆne plane through y and parallel to �, and let M 0 be the
ommon blo
k on � and � 0. Observe then that M 0 k L, and hen
e M 0 k� L.This for
es M 0 =M , and therefore L kM .The following lemmas and 
orollaries relate parallel blo
ks and planes.Lemma 5.1.18 Let � be a Type 1 aÆne plane whi
h does not 
ontain theblo
k L. � and L have no 
ommon point if and only if L belongs to one of theparallel 
lasses de�ned by the blo
ks of �.Proof: First assume that L is parallel to some blo
k M 2 �. IfL;M 2 B then they are parallel in an aÆne plane whi
h meets � exa
tly atM and hen
e L has no point of �. If L;M 2 B1 then there are type 1 aÆneplanes 
; 
0; ÆÆ0 with 
 k 
0; Æ k Æ0; L = 
 \ Æ;M = 
0 \ Æ0. Suppose L met � ina point x. This would for
e 
 to meet � in a blo
k N through x If N met Mthen 
 
ould not be parallel to 
0, but N k� M implies N k M whi
h impliesN k L, a 
ontradi
tion. Hen
e L must miss �.On the other hand, assume now that � and L have no 
ommon points.Then L is in a parallel 
lass 
ontaining a blo
k of � as follows. If L 2 B 
hoosex to be any point of �. If L 2 B1, 
hoose x to be a point of � 
ollinear in S
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with two points of L. Let � be the Type 1 aÆne plane generated by L and x;let M = � \ �. Be
ause L misses �; L k� M , and hen
e L kM .Corollary 5.1.19 Parallel aÆne planes of Type 1 de�ne the same s+2 parallel
lasses of blo
ks.Proof: This is immediate from the lemma.Corollary 5.1.20 If � and � are Type 1 aÆne planes su
h that two distin
tinterse
ting blo
ks, L;M , of � are parallel respe
tively to two distin
t inter-se
ting blo
ks, L0;M 0, of � then � k �.Proof: Suppose � and � are not parallel and hen
e they have a
ommon blo
k N . If jL\N j = 1, then jL0\N j = 1. As L k L0, there is a Type1 aÆne plane 
 
ontaining L; L0, and N . But this is a 
ontradi
tion as L andN determine the Type 1 aÆne plane �. Hen
e L k� N . This for
es M to meetN in exa
tly one point. A similar 
ontradi
tion arises. Thus � and � 
annothave a 
ommon blo
k; i.e. � k �.For the remainder of this se
tion assume s > 3.Lemma 5.1.21 Let y1z1u1 and y2z2u2 be two triangles of a Type 1 aÆneplane � whi
h are perspe
tive from the point w with w; y1; z1; u1; y2; z2; and u2
85



distin
t points and y1z1; y1u1; z1u1; y2z2; y2u2; z2u2; wy1; wz1; and wu1 distin
tlines. If y1z1 k� y2z2 2 B and z1u1 k� z2u2 2 B then u1y1 k� u2y2.Proof: Note that sin
e members of B are lines of S no three of them
an form a triangle; i.e. u1y1; u2y2 2 B1. Let L 2 B be a line meeting � at thepoint w and 
onstru
t a Type 1 aÆne plane �1 from u1y1 whi
h meets L insome point w1 di�erent from w.Count the number of di�erent planes whi
h 
ould be 
onstru
ted inthis manner: For p1 2 u1y1 there is a unique point w1 of L whi
h is 
ollinearin S with p1. As u1y1 is a (0; 2)-set, there is a unique other point p2 2 u1y1whi
h is also 
ollinear with w1. If w is 
ollinear in S with both u1 and y1, thisleaves s�12 pairs of points in u1y1 whi
h are 
ollinear with a point of Lnw; ifw is not 
ollinear in S with both u1 and y1, this leaves s+12 pairs of points inu1y1 whi
h are 
ollinear with a point of Lnw. This means there are at least s�12di�erent �1 whi
h 
an be 
onstru
ted in this manner. Similarly there are atleast s�32 ways to 
onstru
t a Type 1 aÆne plane �2 through u2y2 whi
h meetsLnfw;w1g in a point w2.If �1 k �2 then u1y1 k u2y2. Assume �1 and �2 are not parallel.Suppose for 
ontradi
tion that w2z2 k w1z1; this would for
e w2z2y2 k w1z1y1and w2z2u2 k w1z1u1. It has been shown that when two parallel planes areinterse
ted with a third plane, the resulting lines of interse
tion are parallel.
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Spe
i�
ally, (Ly1 \ w1z1y1) k (Ly1 \ w2z2y2), i.e. y1w1 k y2w2. Similarly,u1w1 k u2w2. By the previous 
orollary, �1 k �2, a 
ontradi
tion. Hen
e w2z2and w1z1 
annot be parallel. As w; z1; z2 are all 
ollinear in the plane �, thisargument shows also that w1y1 6k w2y2 and w1u1 6k w2u2 be
ause either of theseparallelism would imply w1z1 k w2z2.Label these points of interse
tion: z3 = w1z1 \ w2z2; u3 = w1u1 \w2u2; y3 = w1y1 \ w2y2. Re
all that by hypothesis u1z1 k u2z2 and observethat u3z3 is the line of interse
tion of the planes u1z1w1 and u2z2w2. From thisu3z3\u1z1 = ; = u3z3\u2z2; i.e. u3z3 ku1z1w1 u1z1 and u3z3 ku2z2w2 u2z2. Thusu1z1 k u3z3 and similarly y1z1 k y3z3.This for
es u3z3 and y3z3 to be members of B, and hen
e by the pre-vious 
orollary � k u3z3y3. Finally observe that the plane u1y1w1 hits theparallel planes � and u3z3y3 in the respe
tive parallel lines y1u1 and y3u3, andlikewise u2y2w2 hits the parallel planes � and u3z3y3 in the respe
tive parallellines y2u2 and y3u3. By transitivity y1u1 k y2u2.One �nal lemma is needed before the main theorem of this se
tionwill emerge.Lemma 5.1.22 Let � and � be distin
t parallel Type 1 aÆne planes. Let ube a point not in � or �, and let L1; L2 be distin
t blo
ks through u whi
h do
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not belong to to the parallel 
lasses of blo
ks de�ned by � (or �). If yi is the
ommon point of � and Li, and if zi be the 
ommon point of � and Li; i = 1; 2,then y1y2 k z1z2.Proof: Sin
e � k �; y1y2 \ z1z2 = ;. If y1y2 2 B then the pointsu; y1; y2; z1; z2 all belong to a Type 1 aÆne plane, in whi
h 
ase y1y2 k z1z2.Similarly z1z2 2 B implies y1y2 k z1z2. Assume that neither y1y2 nor z1z2are in B. For i = 1; 2 let Mi 2 B be a line through y1 su
h that M1 meetsM2 at some point w. Let w0 be the point of � on uw, and observe thatM1u \ � = z1w0; M2u \ � = z2w0. As � k �; M1 kM1u z1w0 and M2 kM2u z2w0.Sin
e M1;M2 2 B it follows that z1w0; z2w0 2 B.Now 
hoose a line L 2 B through u whi
h meets both � and � butmisses both z1w0 and z2w0. If L meets z1z2 then the Type 1 aÆne plane
ontaining L and z1z2 must meet � at exa
tly the line y1y2 (as � k �); in this
ase y1y2 k z1z2 and the proof is 
ompleted. So now assume that L misses z1z2and let u0 = L \ �. As shown with �2 in the previous lemma, there are s�32planes di�erent from � whi
h 
ontain y1y2 and a point of Lnfu0g. Let 
 besu
h a plane.If u 2 
 then as above u; y1; y2; z1; z2 are all 
oplanar (here in 
) andhen
e y1y2 k z1z2; so further assume u is not in 
 and let u00 = L \ 
. Letv1 = y1u00 \ �; v2 = y2u00 \ �; w00 = wu00 \ �. To see that su
h points a
tually
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exists use lemma 5.1.18 applied to � and observe that the parallel 
lasses of �are the same as those of �. The plane u00wy1 
ontains the lines M1 of � andv1w00 of �; hen
e M1 k v1w00 and likewise M2 k v2w00, for
ing v1w00; v2w00 2 B.By transitivity observe that z1w0 k v1w00 and z2w0 k v2w00.y1 2 z1u implies y1 2 Lz1 whi
h implies y1u00 � Lz1 and hen
e v1 2Lz1. Clearly u0 and z1 are in Lz1. But as these three points (v1; z1, and u0)are also in �, they must lie in a 
ommon blo
k. Similarly v2; z2; u0; are on a
ommon blo
k, as are w00; w0; u0.The two triangles formed by v1; v2; w00 and z1; z2; w0 are perspe
tivefrom the point u0. Sin
e z1w0 k v1w00 and z2w0 k v2w00, lemma 5.1.21 indi
atesthat z1z2 k v1v2. As 
 meets � and � in parallel lines, y1y2 k v1v2. Thereforey1y2 k z1z2.This leads to the main theorem of this se
tion:Theorem 5.1.23 Let S be a GQ(s; s + 2); s 6= 1 whi
h 
ontains a set B1 of(0; 2)-sets su
h that every pair of non-
ollinear points is 
ontained in a uniquemember of B1 and su
h that Axiom (T) holds. It follows that S is isomorphi
to T �2 (O) (the GQ obtained by expanding T2(O) about a regular point) forsome oval O.Proof: As was shown early on, under these hypotheses, s must be
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odd. If s = 3 then by [PT84℄ the result follows. Assume that s > 3. S 0 asderived above is shown to be aÆne three-spa
e as follows (let P = P 0;B;B1;B0be as de�ned above):From the 
onstru
tion, two points are either in a unique member ofB or a unique member of B1.The two blo
k parallelisms have been shown to be equivalen
e rela-tions on B and B1 respe
tively; jointly they form an equivalen
e relation onP 0. Let x 2 P 0; L 2 B0. From lemma 5.1.11 and 
orollary 5.1.16 there exists aunique M 2 B0 through x whi
h is parallel to L.Let L and M be parallel blo
ks with x1 2 L; x2 2 M . Let w 2x1x2nfx1; x2g; x01 2 Lnfx1g. Let � be a Type 1 aÆne plane through x1x01 butnot through w; let � be the Type 1 aÆne plane through x2 and parallel to �.From lemma 5.1.18 M � �. Let x02 = wx0 \ �. Su
h a point is also ensured bylemma 5.1.18. Sin
e M is the unique line of � whi
h is parallel to L and whi
h
ontains x2 it follows that M = x2x02; i.e. it is shown that for any x0 2 Lnfx1gand w 2 x1x2nfx1; x2g the blo
k wx0 meets M (the Axiom of Veblen).By 
onstru
tion ea
h blo
k 
ontains s + 1 (i.e. more than 2) points.By [Len54℄ S 0 is the design of an aÆne spa
e. As the point set hassize (s + 1)3, in fa
t this is AG(3; s + 1); thus S is embedded in AG(3; s + 1)with s odd. By [Tha78℄ it follows that S is in fa
t isomorphi
 to T �2 (O) as s+1
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is even.
5.2 Axioms of PayneWhereas De Soete and Thas 
on
erned themselves with 
hara
terizingT �2 (O), i.e. the quadrangles obtained by expanding T2(O) about a regularpoint, Payne gave seven axioms 
hara
terizing the quadrangles obtained byexpanding T2(O) about a regular line. The last of these was latter shown tobe redundant. In this se
tion results from [Pay85a℄ 
on
erning the remainingsix axioms are presented.Axioms A1; A2, and A4 imply the existen
e of a GQ(q+1; q� 1), sayS = (P;B; I), with q even and having a fan of ovoidsM = fO1;O0;O1; : : : ;Oqgfor whi
h O1 is pivotal. Furthermore propositions 3.2.1 and 3.2.2 hold in this
ontext and S 
an be 
onstri
ted about the pivotal ovoid O1 to form S1 aGQ(q; q) as in se
tion 3.3 with L1 regular.Let O1 = T1 [ T2 [ � � � [ Tq and O0 = T?1 [ T?2 [ � � � [ T?q . Fora1; a2 2 O1 we write a1 � a2 provided a?1 \ O0 \ a?2 6= �; in fa
t this is trueif and only if a?1 \ O0 = a?2 \ O0. It is straightforward to 
he
k that � is anequivalen
e relation. Let [a℄ be the equivalen
e 
lass of a. Thus for a 2 O1; [a℄is the hyperboli
 line whose perp is in O0. If [b℄ = fb1; : : : bqg = a? \ O0 then
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the q2 lines joining points of the 
lass of [a℄ with points of [b℄ form a set oflines 
alled a quiver. Note that a quiver together with its endpoints forms aregular bipartite graph of degree q.Two lines of a quiver are 
on
urrent if and only if they meet at apoint of O0 or O1. Two non
on
urrent lines L;M are in the same quiver ifand only if the point of O1 on L is 
ollinear with the point of O0 on M if andonly if the point of O0 on L is 
ollinear with the point of O1 on M .Ea
h point of O1 [ O0 determines a unique quiver. There are qquivers, ea
h 
ontaining q2 lines. This a

ounts for all q3 lines of S. Also, ea
hline is in a unique quiver determined by its 2 points of O0 [ O1.There are q3 points of of Pn(O1[O0 ) 
overed by the lines of a quiver.Thus ea
h point of Pn( O1[O0 ) is on a unique line of ea
h quiver. Ea
h linenot in a given quiver Q is 
on
urrent with exa
tly q pairwise non-
on
urrentlines of Q.Now assume Payne's axiom A3, whi
h is given below.A3. Let L1;M1 be non
on
urrent lines of S meeting lines L2;M2 atfour distin
t points of P n (O1[O0). Let aj be the point of Lj in O1, j = 1; 2.Let bj be the point of Mj in a?j , j = 1; 2. Then b1 2 O0 if only if b2 2 O0.Let L;M be non-
on
urrent lines of some quiver Q, i.e. L;M join aspan T � O1 with T? � O0. Consider the following three results:92



Observation 5.2.1 A3 implies that lines of fL;Mg? not in Q (i.e. not in
i-dent with points of O1 [ O0) are all in a 
ommon quiver Q0.Proposition 5.2.2 L;M belong to a q � q grid G having q lines in Q0 (thelines of fL;Mg?) and q lines in Q. The points of G are pre
isely those pointson the lines of fL;Mg? not in O1 [ O0.Proof:Let K1; K2; K3 be lines in fL;Mg?. Let Let x 2 K2; x 62 L; x 62M; x 62 O1 [ O0. For j = 1; 2; 3; Nj is the line through x meeting Kj.From the last observation (applied to K1; K2), L and N1 must be in the samequiver, and L and N3 must be in the same quiver. Be
ause L is in exa
tly onequiver (namely Q) N1; N3 2 Q. But as x 
annot be on 2 lines of Q, N1 = N3.A triad of lines is a set of three pairwise disjoint lines. A triad is saidto be 
entri
 provided there is some fourth line whi
h interse
ts ea
h of thelines of the triad.Proposition 5.2.3 If L;M;K is a triad of lines in Q then K belongs to theq � q grid G 
ontaining L;M if and only if (L;M;K) is 
entri
.Proof: If K is in G then ea
h line in the other ruling is a 
enter forL;M;K. If K is not in G, then let a = K \ O1; b = \O0. Observe that inG there must be lines L1 and L2 through a and b respe
tively. Any 
enter of
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K;L;M would form a triangle with two of L;M;L1; L2.Re
all that L1 is a regular line of S1. Let K be some other linethrough (O0), say K = fa1; a2g? � O0 where a1; a2 2 O1. Let O1 have assome of its points a1; a2; : : : ; aq, where fai; ajg? = fb1; : : : ; bqg = K � O0. Kthen determines a quiver Q for whi
h a line L of S is in Q ifand only if L isnot 
on
urrent with K in S1.Let M be a line of S1 not 
on
urrent with K. The regularity of L1implies the regularity of fK;Mg provided M is 
on
urrent with L1.Now 
onsider the 
ase M is not 
on
urrent with L1. In this 
ase Mis a line of S not 
on
urrent with K: M belongs to some quiver Q0, as thequivers partition the lines of S. For ea
h i � 0; let mi be the point of M onOi. Through ea
h mi; i � 1 there is a unique line Li from Q. Note that everyLi meets every line of Q0. This gives a q � q grid ; G; of lines in S.Ea
h line of Q0 is on a unique point of the ovoid O0. These q pointstogether with the point (O0) form a line T? in S1. Now note that G 
an beextended to a (q + 1)� (q + 1) grid ; G1 = G [ fK; T?g; of lines in S1. Thismeans that fK;Mg is a regular pair of lines in S1. Hen
e K is a regular lineof S1. This proves the following:Proposition 5.2.4 (O0) is a 
oregular point of S1
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From [PT84℄, having q even is enough to for
e all 
oregular points tobe regular. Spe
i�
ally applied to the 
ase at hand, this means that (O0) is aregular point of S1. proposition 3.4.3 then for
es the ovoid O0 to be a pivotalmember of M: Hen
e the two ovoids O1 and O0 play inter
hangeable roles.Sin
e (O0) is regular, S1 
an be expanded about (O0) to form a newGQ; S01 = (P01;B01; I01); of order (q � 1; q + 1) in the following way.P01 = O1 [ � � � [ Oq.B01 = B [ fT? j T is a hyperboli
 line of O1 or O0 for whi
h T? \(O1 [ O0) = �g.In
iden
e I01 is that of S1 restri
ted to S01 with the additional state-ment that tra
es of hyperboli
 lines from O0 are in
ident with the points they
ontain in S. Note that if the roles of O1 and O0 are inter
hanged one 
ould�rst 
onstru
t the GQ(q; q); S0 = (P0;B0; I0); by 
onstri
ting about the piv-otal ovoid O0 and then expand about the regular point (O1) of S0 to getS10 = (P10 ;B10 ; I10 ), a GQ(q � 1; q + 1). After having done so, the resultingS10 is identi
al (not just isomorphi
) to S01. With so many in
iden
e stru
-tures, 
onfusion 
an arise with rese
t to the symbols ? and �. Unless otherwiseindi
ated these symbols will be used with regard to S. To indi
ate 
ollinearityor 
on
urren
e in S01 the symbol � will be used.We now assume the �fth and sixth axioms of Payne:
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A5: Let (L1; L2; L3) be a 
entri
 triad of lines with the property thatthe points of O1 on L1; L2; L3 are all 
ollinear with all three points of O0 onL1; L2; L3. Then, if for some (a; b) 2 O1�O0 with a and b non
ollinear, bothL1 and L2 are in
ident with points of fa; bg?, then L3 is also in
ident with apoint of fa; bg?.A6: Let x1; x2; x3 be distin
t points of some Oj, 1 � j � q. Let(L1; L2; L3) and (M1;M2;M3) be two triads of lines su
h that Li meets Miat xi, 1 � i � 3. Suppose that the three points of O1 on L1; L2; L3 (resp.,M1;M2;M3) are ea
h 
ollinear with the three points of O0 on L1; L2; L3 (resp.,M1;M2;M3). Then (L1; L2; L3) is 
entri
 if and only if (M1;M2;M3) is 
entri
.Whereas De Soete and Thas 
onstru
ted (0; 2)-sets, Payne 
onstru
tspseudolines. Let x and y be non
ollinear with x 2 Oi; y 2 Oj; 1 � i < j � q(so x; y 2 P01). From part ii) of proposition 3.2.2 fx; yg? 
ontains a uniquepoint of O1, say a and a unique point of O0, say b. De�ne the pseudolinethrough x and y, written [[xy℄℄ to be fa; bg?. From part i) of proposition 3.2.2[[xy℄℄ 
ontains a unique point of ea
h Ok; 1 � k � q; observe that any two su
hpoints determine the same [[xy℄℄. Ea
h x 2 P01 is 
ollinear with q points ofO1 and with q points of O0Observation 5.2.5 For x and y non
ollinear with x 2 Oi; y 2 Oj; 1 � i <j � q, if G is any grid 
ontaining x and y then G 
ontains all q points of [[xy℄℄.96



It follows that if Q is a quiver 
ontaining half of the lines of G, ea
h line of Q
ontains a unique member of [[xy℄℄.(This is just axiom A5 restated.)Observation 5.2.6 For i = 1; 2 let Gi be a q � q grid with lines from quiversQi and Q0i su
h that both Gi have lines in
ident with distin
t points x; y 2Oj; 1 � j � q. The set of q points of Oj in
ident with lines of G1 is the sameset of q points of Oj in
ident with lines of G2. (This is a restatement of axiomA6). The term pseudoline was de�ned for pairs of points in di�erent ovoidsof fO1; : : : ;Oqg. Here the de�nition is extended to 
ertain point pairs withinthe same ovoid Oj 2 fO1; : : : ;Oqg: Let x; y 2 Oj; 1 � j � q su
h that fx; yg?
ontains no point of O1 [ O0 and let Lx; and Ly be the lines through x andy respe
tively in some quiver Q. Hen
e Lx; Ly are in some grid G. De�ne thepseudoline [[x; y℄℄ to be be the set of q points in G \ Oj. [[xy℄℄ 
ontains aunique point of ea
h line in Q:From the previous observation, 
hoosing di�erent quivers for Q stillyields the same pseudoline [[x; y℄℄. Clearly [[x; y℄℄ is determined by any twoof its points. Observe now that point pairs (x; y) 2 P01 
an be 
lassi�ed asfollows:(1) x � y and hen
e x � y.(2) x 6� y and x and y are in di�erent ovoids of M; [[xy℄℄ is a pseudoline.
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(3) x; y are in the same ovoid with fx; yg? \ (O1 [ O0) = �; [[xy℄℄ is apseudoline.(4) x; y are in the same ovoid Oj with fx; yg? � O1 (resp. O0); fx; yg??is line of B1 (resp. B0) 
ompletely 
ontained in Oj in S. (This last
ase 
orre
ts errata from VII.2(i),(ii) in [Pay85a℄.)Now 
onsider the two 
ases where [[xy℄℄ is de�ned. De�ne the slopeof the pseudoline [[xy℄℄ as follows. If [[xy℄℄ is as in 
ase 2 above with [[xy℄℄ =fa; bg? where a 2 O1; b 2 O0 then [[xy℄℄ is said to have slope s[[xy℄℄ = [a℄. If[[xy℄℄ is as in 
ase 3 above then [[xy℄℄ is said to have slope s[[xy℄℄ =1. Thisgives q + 1 di�erent slopes.Proposition 5.2.7 Let x; y 2 P01 be in distin
t ovoids of M with x 6� y; sothe pseudoline [[x; y℄℄ = fa; bg? = fx1; : : : xqg where a 2 O1; b 2 O0; xi 2 Oi.For ea
h a0 2 O1�[a℄ (respe
tively, b0 2 O0�[b℄) there is a unique i 2 f1; : : : qgwith a0 2 x?i (respe
tively, b0 2 x?j ).Proof: For 1 � i < k �; (x?i \ O1) \ (x?k \ O1) = fag; thusSqi=1(x?i \ O1) is a set of q(q � 1) points of O1 � fag. If any of the x?i 
on-tained a point a0 (di�erent from a) of [a℄ then fa; a0g? � Oi; this 
ontradi
ts[a℄? 2 O0. So Sqi=1(x?i \O1) = O1� [a℄. Hen
e for ea
h a0 2 O1� [a℄ there isa unique i with a0 2 x?i . Be
ause the roles of O1 and O0 are inter
hangeable,this 
ompletes the proof.
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Proposition 5.2.8 Let x; y 2 P01 be in the same ovoid Oj 2 M and hen
e[[xy℄℄ = fx1; : : : xqg 2 Oj. For ea
h a0 2 O1 (respe
tively, b0 2 O0) there is aunique xi (respe
tively xj) 2 [[xy℄℄ su
h that a0 2 xi ? (respe
tively b0 2 x?j ).Proof: For x1; x2 distin
t members of [[xy℄℄ observe that (x?1 \O1)\(x2\O1) = � sin
e otherwise [[x1x2℄℄ would not be de�ned (but [[x1x2℄℄ = [xy℄.This for
es jSqi=1(x?i \O1)j = q2 in whi
h 
ase Sqi=1(x?i \O1) = O1. Similararguments hold repla
ing O1 with O0.Corollary 5.2.9 Let z 2 P01 � [[xy℄℄ where [[xy℄℄ is a pseudoline with slopem, and suppose that z 6� w for ea
h w 2 [[xy℄℄. For ea
h slope m0 6= m thereis a unique w 2 [[xy℄℄ for whi
h s[[zw℄℄ = m0.The following lemma demonstrates the 
onne
tion between pseudo-lines of S and (0; 2)-sets of S01. This is the �rst step in proving the maintheorem of this se
tion whi
h relates Payne's axioms to those of De Soete andThas.Lemma 5.2.10 Let x; y 2 P01 with x 6� y; [[xy℄℄ is a (0; 2)-set in S01.Proof: First 
onsider the 
ase where [[xy℄℄ is as in (iii) above, i.e.,x; y 2 Oi 2 M. Let z be a point of P01 � [[xy℄℄ and 
ollinear in S01 with somepoint of [[xy℄℄. As [[xy℄℄ is determined by any two of its points, assume this
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point to be x. Here there are two sub
ases.Begin by assuming z 2 Oi and hen
e fx; zg? � O1 or fx; zg? � O0.Without loss of generality suppose fx; zg? � O1. As w ranges over [[xy℄℄, thevarious w? \ O0 partition O0. There is a parti
ular w whi
h is 
ollinear withat least one point of z? \ O0. But as z and w are both in Oi it follows thatfz; wg? � O0 and hen
e z � w (and also w 6= x). Furthermore w is uniquelydetermined this way. If there were some u 2 [[x; y℄℄ with z � u this would for
ez � u, a 
ontradi
tion as z; u 2 Oi.Next assume z 2 Oj 6= Oi. In this 
ase z � x implies z � x in whi
h
ase there is a line L 2 B through x and z. Let Q be the quiver 
ontainingL, and let M be the line of Q through y. If G is the grid 
ontaining Q, thereis another quiver Q0 in G; let K be the unique line of Q0 through z in G.Observe that K 
ontains a unique point of w of [[xy℄℄. On the other hand ifx I L I z I K I w with w 2 [[xy℄℄; L 6= K then L and K are in the uniquegrid determined by L and y. Hen
e [[xy℄℄ is a (0; 2)-set of S01.Now 
onsider the 
ase where [[xy℄℄ is as in (ii) above, i.e. there aredistin
t Oj;Ok 2 M with x 2 Oj; y 2 Ok where x 6� y. Write [[xy℄℄ = fa; bg?with a 2 O1; b 2 O0. Choose z 2 P01 � [[xy℄℄ with z � x. Begin by assumingz 62 Oj; whi
h would mean that x � z by some line L 2 B with L in thequiver Q. Let M be the line through y in Q; let Q0 be the other quiver in
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the grid determined by L and M . Let K be the unique line of Q0 through z.By observation 5.2.5 K has a unique point w of [[xy℄℄. Observe that w is theunique other point of [[xy℄℄ 
ollinear in S01 with z.Finally assume z � x with z 2 Oj. On
e again assume fx; zg? � O1;thus a 2 fx; zg?. Sin
e x is the unique point of Oj on [[xy℄℄, is w is a point dif-ferent from x with z � w it follows that z � w. Let K be the line of B througha and z. The point b is 
ollinear with a unique point w on K. This for
esw 2 fa; bg?, i.e. w 2 [[xy℄℄. Observe that this makes w the unique point of[[xy℄℄ other than x with whi
h z is 
ollinear in S01. Hen
e [[xy℄℄ is a (0; 2)-set.If � is a set of q2 points of P01, � will be 
alled a spe
ial planeprovided for x; y 2 �; x � y implies fx; yg?? \ P01 � � and x 6� y implies[[xy℄℄ � �. Observe that a spe
ial plane � together with the lines and pseudo-lines it 
ontains is a
tually an aÆne plane of order q. Moreover two distin
tspe
ial planes interse
ting in at least three distin
t points must have a line ofS01 or a pseudoline of S as their interse
tion. Three types of spe
ial planesimmediately arise.Observation 5.2.11 Ea
h ovoid of MnfO1;O0g is a spe
ial plane.Observation 5.2.12 The q2 points on a q�q grid G of S (restri
ted to pointsof P01) is a spe
ial plane denoted �G. This follows from observations 5.2.5 and
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5.2.6.Lemma 5.2.13 For a 2 O1 [ O0; � = a? \ P01 is a spe
ial plane.Proof: Let a 2 O1 with x; y distin
t points in �. Consider �rst the
ase x � y: If x � y by some line L 2 B then fx; yg?? = L. So fx; yg??\P01 =Lnfag � a?\P01. If x � y but x 6� y, then x and y belong to the same ovoidOiof M. As a 2 fx; yg? it follows that fx; yg? � O1 and hen
e fx; yg?? � Oi.In fa
t fx; yg?? � Oi \ a? � �.Finally 
onsider the 
ase x 6� y. x and y are in distin
t ovoids ofM; and there is a unique b 2 O0 with fx; yg? \ O0 = fbg. In this 
ase[[xy℄℄ = fa; bg? whi
h is 
learly 
ontained in �.Let �� be the set of spe
ial planes formed in one of these three ways.Let (x; L) be a nonin
ident point-line pair from S01. First 
onsider the 
asewhere L 2 B. There is a unique point on L whi
h is 
ollinear with x in S. Ifthis point is in O1 [O0 
all it a and observe that a?\P01 is the unique planeof �� 
ontaining x and L. If this point is in P01 
all it y and let K 2 B bethe line through x and y. Sin
e L and K determine a unique grid G, �G is theunique plane of �� through x and L.Now 
onsider L 2 B01nB, in whi
h 
ase there is some i 2 f1; : : : qgwith L � Oi. Suppose L? 2 O1. If x 2 Oi then Oi is the unique plane of
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�� 
ontaining x and L. If x 2 Oj 6= Oi then there is a unique y I01 L su
hthat x � y by some M 2 B01. As x and y are in di�erent ovoids of M, Mis a
tually in B. Let M \ O1 = a; then a? \ P01 is the unique plane of ��
ontaining x and L. This last 
ase 
orre
ts the proof of VII.6 in [Pay85a℄. Thefollowing lemma has now been proved.Lemma 5.2.14 If (x; L) is a nonin
ident point-line pair from S01 then x andL lie in a unique plane of ��.If � is the plane of �� determined by the nonin
ident point-line pair(x; L) from S01, then by this lemma there exist q � 1 pseudolines in � whi
h
ontain x and a point of L. Let L = fL1; : : : ; Lq�1g be the set of these pseudo-lines. This leads to the following lemma whi
h is the penultimate (and perhapsmost signi�
ant) 
laim of this se
tion.Lemma 5.2.15 Let x; L; � and L be as des
ribed above with x 62 M 2 B01and L \M = �. If at least two distin
t members, say Li and Lj of L meet Mthen every member of L meets M .Proof: Let yi = Li \M; yj = Lj \M . Obviously x; y1; and y2 arein �. By the previous lemma (x;M) determine a unique plane � 0 2 �� whi
halso 
ontains x; y1; and y2, i.e. fx; y1; y2g � � \ � 0. But the interse
tion oftwo distin
t planes of �� must be a line. Sin
e x; y1; and y2 are not mutually
ollinear (by an aÆne line), it follows that � 0 = �; hen
e M is parallel to L
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in �. Therefore ea
h aÆne line whi
h meets L in � must also meet M in �.Namely, ea
h of the pseudolines of L meets M .Observe that this lemma is exa
tly Axiom T from the previous se
tion.As an immediate 
onsequen
e we have the following theorem.Theorem 5.2.16 S01 is T �2 (
) for some oval 
Whi
h leads to the following 
orollary.Corollary 5.2.17 S is the result of expanding about a regular line in someT2(
), i.e. S = gq(
�) for some planar q-ar
 
�.5.3 Coordinatizing the GQTo see another 
hara
terization using axioms A1�A6, a 
oordinatiza-tion s
heme is needed. A short diversion is made here to see how the �nite �eldGF (q) 
an be used to 
oordinatize S1 and S. (For more on 
oordinatizations
onsult [Pay74, Pay77, ST88℄.) In all that follows q is assumed to be even.A pair (�; �) of permutations of F is admissible provided that when-ever u1; u2; u3 are distin
t elements of F and z1; z2; z3 are distin
t elements ofF with subs
ripts taken modulo 3, then0 = 3Xi=1 ui(zi+1 � zi�1)
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implies that 0 6= 3Xi=1 u�i (z�i+1 � z�i�1):In [Pay77℄ it was shown that if a GQ; S 0 = (P 0;B0; I 0); of order (q; q)has a regular point (1) in
ident with a regular line [1℄, for whi
h both theasso
iated proje
tive planes are desarguesian, then there this an admissiblepair (�; �) �xing 0 and 1 whi
h may be used to 
oordinatize the GQ S 0 asfollows. The points of S 0 have labels (1); (m); (a; b); (m; v; w) for arbitrarya; b;m; v; w 2 F . The lines have labels [1℄; [a℄; [m; v℄; [a; b; 
℄ for arbitrarym; v; a; b; 
 2 F . In
iden
e I 0 is de�ned as follows:[a; b; 
℄I 0(a; b)I 0[a℄I 0(1)I 0[1℄I 0(m)I 0[m; v℄I 0(m; v; w);and (m; v; w)I 0[a; b; 
℄ if and only if w = ma + b and v = a�m� + 
:Now expand S 0 about the regular line [1℄ to obtain a GQ S =(P;B; I) of order (q + 1; q � 1). The lines of S are given byB = f[a; b; 
℄ : a; b; 
 2 Fg;
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The points of S are given by P = P1 [ P2 [ P3, where(i) P1 = fm; v; w) : m; v; w 2 Fg;(ii) P2 = f(a; b) : a; b 2 Fg;(iii) P3 = f((a; 
)) : a; 
 2 Fg:Then in
iden
e I is de�ned as follows:(m; v; w) I [a; am + w; a�m� + v℄ 8 m; v; w; a 2 F ;(a; b) I [a; b; 
℄ 8 a; b; 
 2 F ;((a; 
)) I [a; b; 
℄ 8 a; b; 
 2 F:Consider the following 
ollinearities and 
on
urren
es whi
h are listedas a proposition. The proof is a straightforward exer
ise.Proposition 5.3.1 The following 
ollinearities and 
on
urren
ies hold in S.
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(i) (a; b) � ((x; y)) i� a = x; in whi
h 
ase they are on [a; b; y℄:(ii) (m; v; w) � (a; b) i� w = am + b; in whi
h 
ase(m; v; w) = (m; v; am+ b)I[a; b; a�m� + v℄I(a; b):(iii) (m; v; w) � ((a; 
)) i� v = a�m� + 
; in whi
h 
ase(m; v; w) = (m; a�m� + 
; w)I[a; am+ w; 
℄I((a; 
)):(iv) (m; v; w) � (m0; v0; w0) if m 6= m0 and� w+w0m+m0�� = v+v0m�+m0� ;in whi
h 
ase they lie on the line h w+w0m+m0 ; am + w; a�m� + vi :(v) [a; b; 
℄ � [a; b; 
0℄ at (a; b):(vi) [a; b; 
℄ � [a; b0; 
℄ at ((a; 
)):(vii) [a; b; 
℄ � [a0; b0; 
0℄ with a 6= a0 i�� b+b0a+a0�� = � 
+
0a�+a0�� ; in whi
h 
ase they meet at� b+b0a+a0 ; a�
0+a0�
a�+a0� ; ab0+a0ba+a0 � :Let the elements of F be labeled in any way as F = fm1; m2; : : : ; mqg.
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For ea
h i, 1 � i � q, let Oi = f(mi; v; w) : v; w 2 Fg. Put O0 = f(a; b) :a; b 2 Fg, and O1 = f((a; 
)) : a; 
 2 Fg. It follows that M = fOi : i 2 ~Ig isa fan of ovoids for whi
h O1 and O0 are pivotal.Proposition 5.3.2 The two aÆne planes �(O1) and �(O0) are desarguesian.Proof: Let (a; b) and (
; d) be distin
t points of �(O0). If a = 
then f(a; b); (
; d)g? = f((a; y))jy 2 Fg, and f(a; b); (
; d)g?? = f(a; y)jy 2 Fg.If b = d then f(a; b); (
; d)g? = f((x; b))jx 2 Fg, and f(a; b); (
; d)g?? =f((x; b))jx 2 Fg. If a 6= 
 and b 6= d, then f(a; b); (
; d)g? = f( b+da+
 ; v; a( b+da+
) +bjv 2 Fg and f(a; b); (
; d)g?? = f(x; y)jy = ( b+da+
)x+a( b+da+
)+b; x 2 Fg. Thusthe lines of �(O0) either look like y = mx + B or like x = B with m;B 2 F ,i.e. the points and lines of �(O0) 
an be 
oordinatized by F and hen
e �(O0)is desarguesian. Similarly, �(O1) 
an be shown to be desarguesian.As a kind of 
onverse, now suppose that S = (P;B; I) is a GQ(q +1; q � 1) with a fan M = fOi : i 2 ~Ig for whi
h both O1 and O0 are pivotal.Suppose also that the aÆne planes �(O1) and �(O0) are desarguesian.Lemma 5.3.3 S is 
oordinatized as above.Proof: Constri
t aboutO1 to obtain a GQ S1 that is an amalgama-tion of planes. Then by theorem 3.4.6 S1 is an amalgamation of desarguesianplanes and hen
e S1 is 
oordinatized by an admissible pair (�; �) as above.
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Sin
e expanding S1 about the regular line L1 is the inverse pro
ess of 
on-stri
ting S about O1, one may assume that S is 
oordinatized as above.The following de�nitions hold for any GQ(s; t). A whorl about apoint x is a 
ollineation �xing everything in
ident with x. A whorl is 
alled ahomology provided it is either the identity or it �xes a unique point y outsideof x?. In this 
ase y is 
alled the 
enter of the homology. A whorl is
alled a symmetry provided it �xes ea
h point of x?. There 
an be at mosts symmetries about a point x. If x does have s symmetries about it, x is saidto be a 
enter of symmetry; in this 
ase x is also regular. Homologies andsymmetries are de�ned dually for lines with the term axis used in pla
e of
enter. We now wish to examine homologies and symmetries in S1. The nextresults 
ome from [Pay77℄ and are reviewed in Chapter 12 of [PT84℄.Proposition 5.3.4 � is additive if and only if for some [a0℄; the pair f[a0℄;Mgis regular for some line M not meeting [1℄, if and only if [a℄ is an axis ofsymmetry for all a 2 F . In this 
ase, the symmetries about [a0℄ are given asfollows (where it suÆ
es to give the a
tion on points not 
ollinear with (1)and lines not 
on
urrent with [1℄).For � 2 F ,
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(m; v; w) 7! (m + �; v + a�0�; w + a0�);[a; b; 
℄ 7! [a; b+ �(a + a0); 
+ �(a� + a�0 )℄:Proposition 5.3.5 � is multipli
ative if and only if there is a full group ofq � 1 homologies �xing (0; 0; 0) and (1) and all points in their perp. In this
ase the homologies are determines as follows:For 0 6= t 2 F ,(m; v; w) 7! (tm; t�v; tw);[a; b; 
℄ 7! [a; tb; t�
℄:Proposition 5.3.6 � is additive if and only if for some (m0); the pair f(m0); pgis regular for some point p not 
ollinear with (1), if and only if (m) is a 
enterof symmetry for all m 2 F . In this 
ase the symmetries about (m0) are:For � 2 F :(m; v; w) 7! (m; v + ��(m� +m�0 ); w + �(m+m0));[a; b; 
℄ 7! [a+ �; b + �m0; 
+ ��m�0 ℄:Proposition 5.3.7 � is multipli
ative if and only if there is a full group ofq� 1 homologies �xing [0; 0; 0℄ and [1℄ and all lines in their perp. In this 
asethe homologies are determined as follows:For 0 6= t 2 F ,(m; v; w) 7! (m; t�v; tw);[a; b; 
℄ 7! [ta; tb; t�
℄:
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5.4 Relating Payne's Axioms to � and �In this se
tion the 
oordinatization developed above will be used toobtain a 
hara
terization of GQ(q+1; q�1). This 
hara
terization is related tothat of Payne dis
ussed earlier. Here Payne's axioms will be examined vis-a-visthe admissible pair (�; �).Suppose � is additive. In S, let L1 = [a1; b1; 
1℄; L2 = [a2; b2; 
2℄;M1 =[a3; b3; 
3℄;M2 = [a4; b4; 
4℄ be su
h that L1 6� M1 and su
h that L1;M1 meetL2;M2 in four distin
t points outside of O1 [ O0. Let xi = Li \ O1, andlet yi be the point of Mi 
ollinear with xi; i = 1; 2. Suppose y1 2 O0; theny1 = (a3; b3) � ((a1; b1)) = x1. This for
es a1 = a3. As lines in S1, we see thatL1;M1 both meet the line [a1℄.Sin
e � is additive ea
h line of the form [a℄ in S1 is a regular line.Spe
i�
ally [a1℄ is regular, and hen
e fL1;M1g is a regular pair of lines in S1.Observe that [a1℄; L2;M2 2 fL1;M1g?. In S1; [a2℄ meets [a1℄ at the point(1); [a2℄ meets L2 at the point (a2; b2). Then [a2℄ must meet M2 at the point(a2; b4). But note that (a2; b4) � ((a2; 
2)) = x2. This means that y2 = (a2; b4),thus y2 2 O0. Thus the following is proved.Proposition 5.4.1 � is additive implies A3.While the above is rather geometri
 in nature, the same proposition
an be proved using 
oordinates.
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Consider �rst the following lemma.Lemma 5.4.2 If � is additive, then a�1 ( ( b1+b3a1+a2 )� + ( b1+b3a1+a4 )� )+ a�2 ( b1+b3a1+a2 )� +a�4 ( b1+b3a1+a4 )� 6= 0.Proof: Put X = z1 + z2; Y = z2 + z3; Z = z3 + z1 = X + Y . Thenthe admissibility 
ondition says u0X+u1Y +u2(X+Y ) = 0) u�0X�+u�1Y �+u�2 (X + Y )� 6= 0.Now 
onsider a proof of proposition 5.4.1 whi
h uses 
oordinates.Again, let � be additive and let Li;Mi; xi, and yi; i = 1; 2 be as hypothesizedabove. Observe that as L1 meets L2 and M2 outside of O1 [ O0, a1 6= a2; a4.It remains to be shown that y2 2 O0. But this happens if and only if a2 =a4. Suppose that a2 6= a4 and develop a 
ontradi
tion. Referring ba
k tothe 
oordinatization se
tion re
all that L1 � L2; M1 � L2; L1 � M2; andM1 � M2 if and only if the following equations hold (respe
tively):( b1 + b2a1 + a2 )� = 
1 + 
2a�1 + a�2 (5.1)
( b3 + b2a1 + a2 )� = 
3 + 
2a�1 + a�2 (5.2)
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( b1 + b4a1 + a4 )� = 
1 + 
4a�1 + a�4 (5.3)
( b3 + b4a1 + a4 )� = 
3 + 
4a�1 + a�4 (5.4)Adding equation (5.1) to (5.2) and adding (5.3) to (5.4) give thefollowing: ( b1 + b3a1 + a2 )� = 
1 + 
3a�1 + a�2 (5.5)
( b1 + b3a1 + a4 )� = 
1 + 
3a�1 + a�4 (5.6)Solving for 
1+
3 in (5.5) and (5.6) gives 
1+
3 = ( b1+b3a1+a2 )�(a�1+a�2 ) =( b1+b3a1+a4 )�(a�1 + a�4 ). But this gives a�1 ( ( b1+b3a1+a2 )� + ( b1+b3a1+a4 )� ) + a�2 ( b1+b3a1+a2 )� +a�4 ( b1+b3a1+a4 )� = 0. Observe that this 
ontradi
ts the above lemma. This providesanother proof of proposition 5.4.1.Re
all that A3 for
es (O0) to be a 
orregular point of S1, and frompage 225 of [Pay77℄ it 
an be seen that this for
es � to be additive. This givesthis following theorem.Theorem 5.4.3 If S and S1 are 
oordinatized as above, then A3 holds if andonly if � is additive.
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At this point the relationship between � and A5 is examined. Startwith the following lemmas.Lemma 5.4.4 Let a; a1; a2 be distin
t elements of F . Thenf(a1; b1); ((a2; 
2))g? has a point on [a; b; 
℄ if and only if � b1+ba1+a�� = 
2+
a�2+a� , inwhi
h 
ase that point is � b1+ba1+a ; a�2 
+a�
2a�2+a� ; ab1+a1ba1+a �.Proof: This follows from the 
ollinearities and 
on
urren
es givenpreviously.Lemma 5.4.5 For 0 6= a 2 F , � 1a�� 6= 1a� .Proof: In the de�nition of admissibility, put u1 = 0, u2 = 1, u3 = a 6= 0; 1;z1 = 0, z2 = a�1, z3 = 1. It follows that 0 = P ui(zi+1 � zi�1), and the
ondition that 0 6= P u�i (z�i+1 � z�i�1) is exa
tly the inequality of the lemma.Observe now the relationship between A5 and � (in the presen
e of A3).Theorem 5.4.6 Let S and S1 be 
oordinatized as above. Also, supposethat S satis�es property A3. Then S satis�es property A5 if and only if � ismultipli
ative, in whi
h 
ase � is an automorphism of F . In this 
ase, by III.3of [Pay77℄ � may be assumed to be the identity permutation. Moreover, S 
anbe viewed as some S(
�).Proof: First suppose that A5 holds. Choose a1 6= 0; 1, and then pi
k a2su
h that � 1a1�� = 1a�2 , in whi
h 
ase by the above lemma 0; 1; a1; a2 are all
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distin
t. Next 
onsider a very spe
ial setup for A5. Consider the 
entri
 triadfL1; L2; L3g, whereL1 = [0; 0; 0℄ with points ((0; 0)); (0; 0); (y; 0; 0);L2 = [0; 1; 1℄ with points ((0; 1)); (0; 1); (y + 1; 1; 1);L3 = [0; b; b�℄ with points ((0; b�)); (0; b); (y + b; bb; b);where b 6= 0; 1; and [1; y; y�℄ is a transversal of fL1; L2; L3g:This latter holds for all y 2 F . Now using the a1 and a2 
hosen above,for any b1 2 F 
hoose 
2 2 F so that � b1a1�� = 
2a�2 , from whi
h it follows thatf(a1; b1); ((a2; 
2))g? has a point on [0; 0; 0℄. Similarly, f(a1; b1); ((a2; 
2))g?has a point on [0; 1; 1℄ sin
e � b1+1a1 �� = 
2+1a�2 by the additivity of �. By thehypothesis that A5 holds, f(a1; b1); ((a2; 
2))g? must have a point on [0; b; b�℄,implying that � b1+ba1 �� = 
2+b�a�2 . Again using the additivity of �, we see that� ba1 �� = b�a�2 = b� � � 1a1��. This must hold for all b 6= 0; 1. Thus �b � 1a1�� =b� � � 1a1�� for all b; 1a1 2 F n f0g. It follows that � is multipli
ative.Conversely, suppose that � is multipli
ative so that � is a
tually anautomorphism of F . In this 
ase by III.3 of [Pay77℄, � may be repla
ed by ���1and � may be repla
ed by the identity map. It is then straightforward to show
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that the 
ondition that (���1; id) be admissible is the same as the 
onditionthat ���1 be a permutation that gives an oval. (Put zi = ui, i = 0; 1; 2, modulo3.) Hen
e it suÆ
es to show that if � = id and if we write � in pla
e of ���1,then the GQ S 0 
oordinatized by the admissible pair (�; id) is isomorphi
 toT2(
) for some oval 
. We sket
h this step.Let the oval 
 
onsist of the points (1; a; a�; 0), a 2 F , together withthe point (0; 1; 0; 0), and having nu
leus equal to (0; 0; 1; 0). Coordinatize theGQ T2(
) as follows. The point (m;w; v; 1) 2 PG(3; q) will be 
oordinatizedas (m; v; w) as a point of S 0. The plane [a; 1; 0; b℄T will be 
oordinatized as(a; b) as a point of S 0. The plane [1; 0; 0; m℄T will be 
oordinatized as (m) as apoint of S 0. The plane [0; 0; 0; 1℄ will be 
oordinatized as the point (1) of S 0.Let< (m;w; v; 1); (1; a; a�; 0) >=< (0; am+w; a�m+v; 1); (1; a; a�; 0) >be 
oordinatized as [a; am + w; a�m + v℄ as a line of S 0, and let the line< (m;w; v; 1); (0; 1; 0; 0) >=< (m; 0; v; 1); (0; 1; 0; 0) > will be 
oordinatizedas [m; v℄ as a line of S 0. Finally, the line < (1; a; a�; 0); (0; 0; 1; 0) > is 
oor-dinatized as [a℄ and < (0; 1; 0; 0); (0; 0; 1; 0) > is 
oordinatized as [1℄. It nowis straightforward to 
he
k that (m; v; w) is in
ident with [a; b; 
℄ if and only ifb+w = am and 
+ v = a�m, and all the other in
iden
es are also identi
al tothose of S 0.
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Re
alling that the 
oordinatization depended upon S1 having beenan amalgamation of desarguesian planes and further re
alling that these planeswere pairwise isomorphi
 to the planes asso
iated with the pivotal ovoids of S,the above theorem leads to the following 
hara
terization.Theorem 5.4.7 Let S be a GQ of order (q+ 1; q� 1) with a family of ovoidsM = fO1;O0;O1; : : :Oqg for whi
h O1;O0 are both pivotal. Then S isisomorphi
 to a S(
�) if and only if the aÆne planes asso
iated with O1 andO0 are both desarguesian and Payne's axioms A3, A5 hold.
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6. CollineationsA 
ollineation is a permutation of points whi
h preserves 
ollinearity.In the �rst se
tion of this 
hapter, 
ollineations of the known GQ(q + 1; q� 1)with q even are dis
ussed. In most 
ases the 
ollineations of the GQ are simplyproje
tive 
ollineations. However in 
ertain instan
es additional 
ollineationsare found. In the se
ond se
tion results of Grundh�ofer, Joswig and Stroppel[GJS94℄ 
on
erning P (W (q); x) are dis
ussed.6.1 Collineations of S(
�)Let F = GF (q) with q even, and let S be a GQ(q + 1; q � 1) derivedfrom a q-ar
 
� in � = PG(2; q). Let A and B be the points of � for whi
h
+ = 
� [ fA;Bg is a hyperoval. Let OAB (resp., OBA) be the ovoid ofS 
onsisting of the planes of PG(3; q) through A but not B (resp., throughB but not A). If �1; : : : ; �q, are the planes of PG(3; q) di�erent from � but
ontaining the line AB, let Oi be the set of points of �i not in �. ThenM = fOAB;OBAg [ fOi : 1 � i � qg is a fan of ovoids of S for whi
h bothOAB and OBA are pivotal. Constri
t S about the ovoid OAB to obtain a GQof order q with regular point (OBA).
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Observe that the points of AG(3; q) = PG(3; q)n� are all a

ountedfor as points of S. Some of the lines of AG(3; q) are lines of S, and those thatare not must be interse
tions of grids of S (as observed earlier in observation5.2.6). Hen
e it is not at all surprising that some of the 
ollineations of Swould also be proje
tive 
ollineations.However be
ause some of the points of S are in fa
t planes of AG(3; q),it is possible that there are other 
ollineations of S whi
h are not 
ollineationsof PG(3; q). It is 
lear that any 
ollineation of S must preserve the fan M.But in some 
ases ovoids 
onsisting of planes in AG(3; q) 
ould get mapped toovoids 
onsisting of points of AG(3; q).If the points of PG(3; q) are viewed as row ve
tors in F 4, any 
ollineationof PG(3; q) 
an be viewed as multipli
ation by an invertible 4� 4 matrix overF followed by an automorphism of F . This follows from what is often 
alledthe Fundamental Theorem of Proje
tive Geometry. The group formed by these
ollineations is 
alled the proje
tive semilinear group of F 4 and is writtenP�L(4; q).If OAB and OBA are the only pivotal members of M, they must beleft invariant or inter
hanged. Every other ovoid of M 
onsists of the unionof points on proje
tive lines whi
h mutually interse
t in a point of the q-ar

�. Be
ause OAB and OBA are sets of planes in 3-spa
e it follows that ea
h
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ollineation of S must be indu
ed by a 
ollineation of PG(3; q) that leaves 
�invariant.If either OAB or OBA is moved to some ovoid, Oi; other than OAB orOBA, then Oi is a regular ovoid and thus must be a member of M pivotal forM. Consider the related GQ(q; q), S1. In this 
ase, in addition to (OBA), thepoint (Oi) of the regular line L1 is regular. By proposition 5.3.6, all points ofL1 are regular, implying that every member of M is pivotal.Also in this 
ase if (�; id) is the admissible pair used to 
oordinatizethe GQ of order (q + 1; q� 1), � is additive, and the oval is a translation oval.Moreover, the original GQ S is the point-line dual of the GQ(q � 1; q + 1)
onstru
ted from the hyperoval 
+. The details are worked out in [Pay90℄ fora slightly di�erent 
oordinatization, but are reviewed below for the 
oordina-tization being used here.The point is that there are 
on
eivably more 
ollineations of S thanjust those indu
ed by the 
ollineations of PG(3; q) leaving the q-ar
 invariant.However, even in this 
ase the 
ollineations of the point-line dualGQ(q�1; q+1)are exa
tly those indu
ed by the 
ollineations of PG(3; q) leaving invariant thehyperoval. This is used below to 
on
lude that in fa
t the only 
ase in whi
h Sa
tually admits 
ollineations other than those indu
ed by the 
ollineations ofPG(3; q) leaving the q-ar
 invariant is the 
ase in whi
h the original hyperoval
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is regular and one of the two points deleted from the 
oni
 to give the asso
iatedq-ar
 is the nu
leus of the 
oni
, whi
h is always uniquely determined.Theorem 6.1.1 Let � 2 Aut(F ) be an automorphism of maximal order andput � = ��1. Then let 
+ be the hyperoval de�ned by
+ = f(1; a; a�; 0) : a 2 Fg [ f(0; 1; 0; 0); (0; 0; 1; 0)g;i.e.,
+ = C [NwhereC = f(x; y; z; 0) 2 PG(3; q) : z� = x��1yg; N = f(0; 0; 1; 0)gDe�ne the q-ar
 
� by 
� = f(1; a; a�; 0) : a 2 Fg:Now de�ne a map � from the GQ S(
+) of order (q�1; q+1) to the GQ S(
�)of order (q+1; q�1) that maps points (resp., lines) of S(
+) (given as obje
tsof PG(3; q)) to lines (resp., points) of S(
�) (using the 
oordinatization givenin the se
tion 5.3) as follows:� : (m;w; v; 1) 7! [m; v; w�℄;� :< (0; b; 
; 1); (1; a; a�; 0) > 7! (a�; b�; 
);� :< (m; 0; v; 1); (0; 1; 0; 0) > 7! (m; v);� :< (m;w; 0; 1); (0; 0; 1; 0) > 7! ((m;w�)):Then � is a duality. 121



The proof is a straightforward matter of 
he
king that in
iden
es arepreserved.First 
onsider the 
ase that 
+ is a regular hyperoval. In this 
aseevery 
ollineation whi
h stabilizes 
+ a
ts 3-transitively on the points of the
oni
 C while �xing the nu
leus N . Here 
hoose � = 2. In this 
ase there is a
ollineation � of PG(3; q) leaving 
+ invariant and de�ned on points by� : (x; y; z; w) 7! (x+ y; y; z + y; w):Clearly � indu
es a 
ollineation (also 
alled �) of S(
+). Using � totransform � into a 
ollineation �� of S(
�) provides the following theorem.Theorem 6.1.2 Let 
� be the q-ar
 
ontaining the points (1; a; a1=2; 0), andlet S(
�) be the 
orresponding GQ(q + 1; q � 1). Then there is a 
ollineationof S(
�) de�ned as follows:�� : [m; v; w℄ 7! [m+ w2; v + w2; w℄;�� : (a; b; 
) 7! ( qa+1 ; ba+1 ; 
+ b2a+1); a 6= 1;�� : (1; b; 
) 7! (b2; 
+ b2);�� : (a; b) 7! (1; a1=2; b + a);�� : ((a; 
)) 7! ((a+ 
2; 
)):Again the matter of 
he
king that in
iden
es are preserved is straight-forward.
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The important thing to noti
e here is that the ovoid of points ((a; 
))(
orresponding to O1 in the general treatment) is left invariant, but the ovoidof points (a; b) (
orresponding to O0 in the general treatment) is inter
hangedwith the ovoid of points of the form (1; b; 
). The following result in
ludes anexpli
it 
ollineation in the regular hyperoval 
ase that makes it 
lear that allovoids of the fan other than the one 
onsisting of points of the form ((a; 
))are in the same orbit of the 
ollineation group of S(
�). Moreover, sin
e thenu
leus of the regular hyperoval is �xed by all 
ollineations of PG(3; q) thatstabilize the hyperoval, in this 
ase the ovoid of points ((a; 
)) is stabilized byall 
ollineations of S(
�).Using the same te
hnique as above to �nd a 
ollineation of S(
�)when 
� 
ompletes to a translation hyperoval, one �nds the following 
ollineation.Theorem 6.1.3 Let � 2 Aut(F ) be an automorphism of maximal order sothat (�; id) is an admissible pair. For b; d 2 F with d 6= 0, the map �(b; d)given below is a 
ollineation of S(
�).�(b; d) : [m; v; w℄ 7! [m;mb + vd;m�b+ wd℄;�(b; d) : (a; b; 
) 7! (ad+ b; bd; 
d);�(b; d) : (m; v) 7! (m;mb + vd);�(b; d) : ((m;w)) 7! ((m;m�b+ wd)):When 2 6= � 6= 2�1, i.e. when the hyperoval does not 
ontain a 
oni
, the full
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ollineation group of S(
�) leaves invariant ea
h of the two spe
ial ovoids withpoints of the forms (a; b) and ((a; 
)), respe
tively, even though all the ovoidsin the fan are pivotal for the fan, and the other q members of the fan are allin the same orbit, on whi
h the group of 
ollineations a
ts doubly transitively.Thus the only 
ase where S has 
ollineations outside of P�L(4; q) is when
� [ fA;Bg 
ontains a 
oni
 whose nu
leus is A or B.6.2 Collineations of P (W (q); x)While most of this thesis has been 
on
erned only with q even, forthis se
tion the parity of q is not restri
ted. Let M be the matrix asso
iatedwith the alternating form g of Se
tion 2.1. Let GL(n; q) be the n�n invertiblematri
es over F = GF (q).The full 
ollineation group of the 
lassi
al symple
ti
 quadrangleW (q) is given by the semidire
t produ
t � = PGSp4F � Aut(F ) wherePGSp4F is the fa
tor group fB 2 GL(4; q)jBMBT = �M; � 2 Fg=f
Ij
 2 Fg.Theorem 2.2 of [GJS94℄ shows that the full 
ollineation group of P (W (q); x) is�x, the stabilizer of x in �. If x is 
hosen to be the point with represented by(1; 0; 0; 0) then �x is the subgroup of � generated by the matri
es of the form
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B = 266666666666664
1 0 0 0y a1 a2 0z a3 a4 0b 
 d jAj

377777777777775where 26664 a1 a2a3 a4 37775 is any matrix of GL(2; F ), jAj is its determinant,26664 yz 37775 = jAj�1A 26664 0 �11 0 37775 26664 
d 37775 ;and b; 
; d are any elements of F .[PM98℄ gave what were thought to be 
orre
tions to errata of [GJS94℄.However due to [Gru99℄ it is now 
lear that one of the \errors" was in fa
t amisinterpretation of notation on our part. In order to re
onstru
t P (W (q); x)using methods of [Str92℄, the authors of [GJS94℄ refer to a subgroup of �xwhi
h they write as � = (PSp4F )x. PSp4F is the subgroup of PGSp4F wherethe � referred to above is a square in F . In [PM98℄ PSp4F was mistakenlyinterpreted as PGSp4F and hen
e the 
onfusion. When q is even then of 
oursePSp4F = PGSp4F , but when q is odd PSp4F < PGSp4F as then only halfof the elements of F are squares.
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7. Other 
onstru
tionsAttempts have been made to 
onstru
t truly new GQ whose param-eters di�er by 2. For example Mason [Mas97℄ provides a re
ipe of sorts whi
hmay produ
e new GQ of order q with q an odd power of 2 whi
h would in turngive new GQ(q�1; q+1). However to date no su
h new quadrangles have beenfound. Alternative 
onstru
tions for the known GQ have also been developed.Su
h 
onstru
tions give di�erent insight into the nature of the GQ and perhapsmay lead to new developments. Two su
h alternatives are presented here.While these 
onstru
tions do not yield new GQ, the hope is that viewing themfrom di�erent points of view may help us to understand their properties. Itis also 
on
eivable that a method for developing new GQ may be found byexaming these alternative methods.7.1 Constru
tions using groups and 
osetsThis �rst alternative 
onstru
tion is due to Payne [Pay92℄. It is sim-ilar in nature to Kantor's 
onstru
tion in [Kan80℄. Instead of beginning inproje
tive 3-spa
e, the geometry is developed algebrai
ally using groups and
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osets. Let G be a group of order s3 for some s > 1 with a family F+ =fA�; A1; A1; : : : ; Asg of s + 2 subgroups of order s. F+ is 
alled a fourgonalpartition of G provided AiAj \ Ak = fe = identity element of Gg for alldistin
t triple i; j; k 2 I� = f�;1; 1; : : : ; sg. Suppose that F+ is in fa
t afourgonal partition of G. Three related GQ 
an be 
onstru
ted.Proposition 7.1.1 If P+ 
onsists of the members of G and if B+ = fAigjAi 2F+; g 2 Gg then S+ = (P+;B+;2) is a GQ(s� 1; s + 1) (S+ is often writtenS(G;F+) ).Proof: It is straightforward to see that ea
h line 
ontains s points.Let g 2 G and observe that for ea
h i 2 I�, g 2 Aih if and only if Aih = Aig;i.e. g is on at most s + 2 lines. Aig = Ajg provided for ea
h ai 2 Ai there issome aj 2 Aj su
h that aig = ajg if and only if ai = aj if and only if Ai = Aj.In fa
t ea
h point is on exa
tly s + 2 lines. Two points g; h are on two linessay Aig; Ajg provided there exist ai 2 Ai; aj 2 Aj with h = aig = ajg if andonly if ai = aj = e (as Ai \ Aj = feg) if and only if g = h. Thus two distin
tpoints are on at most one line.Consider the line given by L = Ajg and let Li; Lk meet L at aigand akg respe
tively (so ai; ak 2 Aj). Then Li = Aiaig; Lk = Akakg for someAi; Ak 2 F+nfAjg. Now x 2 Li \ Lk provided there exist b 2 Ai; 
 2 Ak with
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x = baig = 
akg if and only if bai = 
ak if and only if 
 = b(aia�1k ) in whi
h 
ase
 2 AiAj. Hen
e 
 2 AiAj \ Ak, for
ing 
 = e in whi
h 
ase b = aka�1i 2 Aj.Now b 2 Ai \Aj implies b = e, and hen
e ai = ak. As Li; Lj now have at leasttwo 
ommon points (x and aig), this implies Li = Lk , hen
e no triangles 
anexist. Finally observe that there are jGj = s3 = [1+ (s� 1)℄[1+ (s� 1)(s+1)℄points and there are Pi2I� jGjjAij = (s + 2)s2 = [1 + (s + 1)℄[1 + (s � 1)(s + 1)℄lines. (Observe that Aig = Ajh if and only if Ai = Ajhg�1 � G if and only ifAjhg�1 = Aj if and only if Ai = Aj.) Thus S+ is a GQ(s� 1; s+ 1).For ea
h i 2 I� let Ai be the fa
tor group G=Ai = fAigjg 2 Gg andlet M+ = fAiji 2 I�g.Proposition 7.1.2 M+ is a pa
king of spreads of S+; moreover if A� /G thenA� is a normal spread of M+.Proof: As any two 
osets of the same subgroup must be disjointand as ea
h Ai has index s2 in G, it is 
lear that M+ is a pa
king of spreads.Assume A� / G. Let L1; L2 2 A� and 
hoose g 2 L1 (i.e. L1 = A�g = gA�).Let h be the unique point of L2 
ollinear with g, that is L2 = A�h = hA� andh 2 Aig for some (unique) Ai 2 F+nfA�g. Spe
i�
ally there is some b 2 Aisu
h that h = bg. Choose some a 2 A� whi
h implies ha 2 L2. If L is the lineAi(ha) then also L = Ai(bga) = Ai(ga). Hen
e L meets L2 at ha, and L meets
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L1 at ga. Therefore fL1; L2g? = fAi(ga)ja 2 A�g = fAi(x)jx 2 L1g � Ai.Let Ai = fb1 = e; b2; : : : ; bsg and hen
e for a 2 A� the line Ai(ga) isfga; b2ga; : : : ; bsgag. For k = 1; : : : ; s let Lk = A�(bkg) = (bkg)A� = fbkgaja 2A�. Thus for any a 2 A�; k 2 f1; : : : ; sg; Lk \ Ai(ga) = bkga. Con
lude thatfL1; L2g?? = fLkj1 � k � sg � A�.Suppose now A� / G; let F = F+nfA�g; I1 = f1; 1; 2; : : : ; sg; andfor ea
h i 2 I1 let A�i = A�Ai. Constri
t about the normal spread A� inS(G;F+) to get a new GQ(s; s) 
alled S(G;F) = (P;B; I) where P = P+ [ffL; L0g?jL; L0 2 A�; L 6= L0g [ f(1)g and B = (B+nA�g [ f[Ai℄ji 2 I1g. InS(G;F); points of G are in
ident with the 
osets whi
h 
ontain them. fL; L0g?is in
ident with [Ai℄ provided fL; L0g? � Ai. fL; L0g? is in
ident with Aigprovided Aig � fL; L0g?, and the point (1) is in
ident with ea
h [Ai℄.Proposition 7.1.3 The point (1) is a regular point of S(G;F).Proof: It has been shown thatO1 is a normal ovoid of aGQ(s; s�2)if and only if 
onstri
ting about O1 yields a GQ(s; s) with the new line at in-�nity L1 regular. Interpreting the point-line dual of this statement for the
urrent setting proves the proposition.At this point it is natural to ask what further 
onditions are need to
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get a GQ(s + 1; s� 1) whi
h is somehow related to S(G;F). Assume that Gis elementary abelian of order s3, that is s = pr for some r and some primep, furthermore ea
h non-identity element of G has order p. Also assume theexisten
e of the family F but not ne
essarily the family F+ assumed above (theexisten
e of A� is not assumed). F is said to be a Kantor family providedthe following hold:i) For ea
h Ai 2 F there is a subgroup A�i of G having order s2 withAi � A�i . ii) AiAj \ Ak = feg for distin
t i; j; k 2 I1.iii) A�i \ Aj = feg for distin
t i; j 2 I1.The A�i are 
alled the tangent spa
es of F at Ai. Property ii) (whi
his the fourgonal partition property restri
ted to F) is often 
alled K1, andproperty iii) is often 
alled K2. Observe that without assuming the existen
eof A� one may still 
onstru
t S(G;F) be repla
ing the old \points" of theform fL; L0g? (where L; L0 were distin
t members of A�) with 
osets A�i g; i 2I1; g 2 G Ea
h A�i g is in
ident with [Ai℄ and with ea
h 
oset Aih 
ontainedin A�i g.Proposition 7.1.4 Ea
h [Ai℄; i 2 I1; is a regular line of S(G;F).Proof: Consider a spe
i�
 line of the form [Ai℄. Let L be a line ofS(G;F) not meeting [Ai℄; this makes L a 
oset Ajg for some g 2 G with i 6= j.130



For ea
h a 2 Aj; ag is a point of Ajg 
ollinear with the point A�i (ag) on [Ai℄ bythe line Ai(ag). The point A�jg of Ajg is 
ollinear with the point (1) on [Ai℄by the line [Aj℄. Thus f[Ai℄; Ajgg? = fAi(ag)ja 2 Ajg [ f[Aj℄g. Note that forea
h b 2 Ai the line Aj(bg) meets ea
h Ai(ag) at the point a(bg) = b(ag) (asG is abelian). Hen
e f[Ai℄; Ajgg?? = fAj(bg)jb 2 Aig [ f[Ai℄g whi
h impliesjf[Ai℄; Ajgg??j = s+ 1.Observe that this means that the point (1) is a 
oregular point ofS(G;F). If S(G;F) were in fa
t the result of 
onstri
ting about a normalspread in S(G;F+) then also (1) would be a regular point of S(G;F). By1.5.2.iv of [PT84℄ this holds if and only if s is even and parti
ularly s is a powerof 2. Sin
e S(G;F) is a GQ(s; s) with a regular line (
hoose say [A1℄),a (GQ(s + 1; s � 1) 
an be formed by expanding S(G;F) about [A1℄. LetF� = FnfA1g, I = f1; : : : ; sg, and 
all the resulting GQ S(G;F�). Observethat S(G;F�) 
an be viewed as follows. The lines of S(G;F�) are just the
osets Aig where Ai 2 F�; g 2 G. There are three types of points: theelements of G, the 
osets A�i g where i 2 I; g 2 G, and the 
osets A1Aig wherei 2 I; g 2 G. In fa
t the point set has a \natural" partitioning into ovoids.Observation 7.1.5 Let O� be the points of the form A�i g where i 2 I; g 2 G
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and let O1 be the points of the form A1Aig where i 2 I; g 2 G. Finally letG=A�1 = fO1; : : : ;Osg. The setM = fOiji 2 I�g is a fan of ovoids of S(G;F�)for whi
h O1 is pivotal. (This follows by straightforward examination of tra
esand spans of pairs in O1.)[Pay92℄ provides a reinterpretation of the ideas dis
ussed in se
tions5.1 and 5.2 in terms of the 
oset geometri
 
onstru
tions above. Spe
i�
allythe following 
hara
terizations are noted:i) When s = q is odd, S(G;F�) �= P (Q(4; q); L) if and only if for anydistin
t members i; j; k; u; v 2 f1; : : : ; qg; jA1Ai \AjAk \AuAvj = 1 or q, andfor any distin
t members i; j; u; v 2 f1; : : : qg; jA�i \ A�j \ AuAvj = 1 or q.ii) When s = q is even, S(G;F�) �= S(
�) if and only if for any sixdistin
t members i; j; k; l;m; n 2 f�;1; 1; : : : ; qg jAiAj \AkAl \AmAnj = 1 orq.7.2 Constru
tions using groups and designsWhile others have used design and graph theoreti
 approa
hes tostudy generalized quadrangles (e.g., [CL91, EP72, HP93℄), De Bruyn's work[Bru99℄ is of parti
ular interest and his alternative 
onstru
tion of GQ(s�1; s+1) is given here.Let D = (P;B; I) be a Steiner system with parameters (2; k; v)
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with 1 < k < v. This means jPj = v, ea
h blo
k has size k and every pair ofpoints is on a unique blo
k. For a �xed point x there are v � 1 other pointswhi
h determine a unique blo
k with x. Ea
h of these blo
ks has k � 1 pointsother than x. Hen
e ea
h point is on v�1k�1 blo
ks. Let k = s + 1; v = st + 1:Sin
e there are v points, ea
h of whi
h lies on v�1k�1 blo
ks, where ea
h blo
k hask points, it follows that jBj = v( v�1k�1)( 1k ) = (st+1)sts(s+1) :Now let G be some multipli
ative group of order s + 1 with a map� : P �P ! G de�ned by (x; y)! Æxy where x; y; z are in a 
ommon blo
k ofB if and only if ÆxyÆyz = Æxz. In su
h a 
ase (D; G;�) is 
alled an admissibletriple. Observe that be
ause every point in P is 
ollinear with itself, it followsthat for any x 2 P; ÆxxÆxx = Æxx. Hen
e Æxx is the identity element e of G.Hen
e also (Æxy)�1 = Æyx.Lemma 7.2.1 For B a blo
k of D and x 2 B; fÆxyjy 2 Bg = G.Proof: Let y; z be distin
t members of B and suppose Æxy = Æxz.e = (Æxz)�1Æxy = ÆzxÆxy = Æzy implies z = y, a 
ontradi
tion. Sin
e jBj =s+ 1 = jGj, the lemma is proved.Lemma 7.2.2 For B a blo
k of D and x 2 B;w 62 B fÆxuÆuwju 2 Bg = G.Proof: Let u; v be distin
t members of B and suppose ÆxuÆuw =ÆxvÆvw. Then Æuw = (Æ�1xu )ÆxvÆvw = ÆuxÆxvÆvw = ÆuvÆvw, a 
ontradi
tion as
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w 62 B. Sin
e jBj = s+ 1 = jGj, the lemma is proved.For any su
h admissible triple, let � be the loopless graph whosevertex set 
onsists of ordered pairs from G � P where two distin
t verti
es(g1; x); (g2; y) are adja
ent provided either x = y or g2 = g1Æxy. The followingis at the heart of [Bru99℄.Proposition 7.2.3 � is the 
ollinearity graph of a GQ(s; t).Proof: Clearly � 
ontains jGj � jPj = (s + 1)(st + 1) verti
es.Consider some vertex (g; x) of �. For ea
h of the s elements h 2 Gnfgg; (g; x)is adja
ent to (h; x). Also sin
e x is on t blo
ks of D, ea
h one of whi
h has spoints di�erent from x, there are st verti
es of the form (gÆxy; y) adja
ent to(g; x). Hen
e ea
h vertex of � has degree s(t + 1).Suppose that p1 = (g1; x) is adja
ent to p2 = (g2; x) in �; let p3 =(g3; z) be a 
ommon neighbor. If x = y 6= z then g3 = g1Æxz and g3 =g2Æyz = g2Æxz ) g1 = g2 ) p1 = p2, a 
ontradi
tion; hen
e if x = y then theneighborhood of fp1; p2g is C1 = f(g; x)jg 2 Gg, i.e. p1; p2 are in a uniquemaximal 
lique of size s + 1. If p = (h; w) is a vertex not in C1 then observethat p is adja
ent to exa
tly one vertex of C1, namely (h; x).On the other hand if x; y and z are all distin
t then g3 = g1Æxz = g2Æyz.But g2 = g1Æxy, so in fa
t g3 = g1ÆxyÆyz. From this it follows that ÆxyÆyz = Æxz,
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and thus x; y; and z are all 
ontained in a 
ommon blo
k B of D. Hen
e theneighborhood of fp1; p2g is C2 = f(g1Æxu; u)ju 2 Bg. Again p1; p2 are in aunique maximal 
lique of size s + 1. If p = (h; w) is a vertex not in C2 then pis adja
ent to exa
tly one vertex of C2, namely (g1Æxw; w) if w 2 b or (g1Æxu; u)where u is the unique member of B su
h that ÆxuÆuw = hg�11 . The uniqueexisten
e of su
h a u is given by the pre
eding lemma.Let Q be the geometry whose points are the verti
es of � and whoselines are the maximal 
liques of size s + 1 in �. Based on the 
ounts above,every point of Q is on t+ 1 lines. Sin
e ea
h point outside of a given maximal
lique has been shown to be adja
ent with a unique member of that maximal
lique, D is a GQ(s; t).With this theorem proved, it is also shown that if an admissible triplehas D = AG(2; q) with dire
tion ve
tors given by E = fe1; : : : eq+1g satisfyingek+�ei+(1��)ej 6= 0 for all � 2 GF (q) and for all triples ei; ej; ek 2 E, thenthe GQ(q � 1; q + 1) asso
iated with this admissible triple is one arising froma hyperoval in the standard way.
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A. Proje
tive planes and 3-spa
eVolumes have been written on �nite proje
tive geometry. While[Dem68℄ will likely remain the standard referen
e for �nite geometers, [Cox74℄and [BR98℄ provide a good introdu
tion to proje
tive geometry for the unini-tiated reader.The material below is meant to serve as a 
ursory review of some ofthe basi
 ideas from �nite proje
tive geometry. Be
ause many of the exam-ples of GQ in this thesis involve hyperovals, a list of the known hyperovals inDesarguesian planes is given. As most of the proje
tive geometry used in thisthesis 
omes from proje
tive 3-spa
e, this appendix is likewise restri
ted. Sin
ethe axioms of a proje
tive plane serve as a foundation for proje
tive geometry,this seems to be a natural pla
e to begin.A proje
tive plane is a set of points and a set of lines together withan in
iden
e relation satisfying the following three axioms:P1) Any two points are in
ident with a unique 
ommon line.P2) Any two lines are in
ident with a unique 
ommon point.P3) There are at least four points, no three of whi
h are in
ident with
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a 
ommon line.It 
an be shown that any �nite proje
tive plane must satisfy thefollowing 
ounts: The total number of points 
an be written as q2 + q + 1 forsome q > 1; q2 + q + 1 is also the total number of lines. Ea
h line has q + 1points in
ident with it; similarly ea
h point is in
ident with q + 1 lines.From a 
ombinatorial point of view, these 
ounts are often taken asthe de�nition of a �nite proje
tive plane; that is a �nite proje
tive plane 
an bede�ned as a set of q2+q+1 points and a set of lines whi
h ea
h are in
ident withq + 1 points in su
h a way that any two points are in
ident with a unique line(see for example [CL91℄). These two de�nitions 
an be shown to be equivalent.The number q is 
alled the order of the proje
tive plane. Inall known examples q is a power of a prime number. In fa
t for any givenprime power, at least one proje
tive plane of that order exists. It is not knownwhether planes of non-prime power order exist, however the following theoremdue to Bru
k and Ryser [BR49℄ does give some signi�
ant restri
tions.Theorem If q is 
ongruent to 1 or 2 mod 4 there 
annot be a proje
-tive plane of order q unless q = a2 + b2 for some integers a and b.The only other restri
tion on the existen
e of �nite proje
tive planeswas given by Lam, Swier
z, and Thiel. Using 
oding theoreti
 te
hniquesthey demonstrated via a massive 
omputer sear
h that no proje
tive plane of
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order 10 
ould exist [LST89℄. The 
ase q = 6 is ruled out by the Bru
k-RyserTheorem. Hen
e 12 is the smallest order for whi
h the existen
e of a proje
tiveplane is unknown.A method for 
onstru
ting planes is provided later; �rst 
onsider a
lassi�
ation of planes related to triangles. Two triangles ABC and XY Z aresaid to be perspe
tive from a point P provided the lines AX, BY , and CZmeet at P . The triangles are said to be perspe
tive from a line l providedAB\XY; BC\Y Z; and AC\XZ all lie on the line l. The following 
onditionhelps to 
lassify proje
tive planes:P4) (Desargues' Axiom) Any two triangles whi
h are perspe
tive froma point must also be perspe
tive from a line.Not all planes satisfy P4. Those that do are 
alled Desarguesianplanes; those that do not are 
alled non-Desarguesian. Be
ause all Desar-guesian planes of a given order are isomorphi
 to one another, mu
h of theresear
h related to proje
tive planes is dedi
ated to 
onstru
ting/examiningplanes whi
h are non-Desarguesian. An aÆne plane is a proje
tive planewith one line (and all of the points on that line) deleted. Deleting su
h a lineintrodu
es the notion of parallelism. In an aÆne plane parallelism is an equiv-alen
e relation. As with proje
tive planes, �nite aÆne planes 
an be de�ned
ombinatorially: A �nite aÆne plane 
an be de�ned as a set of q2 points and
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a set of lines whi
h ea
h are in
ident with q points in su
h a way that any pairof points is in
ident with a unique line.An aÆne plane is Desarguesian i� its asso
iated proje
tive plane,
alled the proje
tive 
ompletion, is Desarguesian. There are various equiv-alent statements of Desargues' Axiom; notably a �nite plane is Desarguesianpre
isely if it 
an be 
oordinatized by a �nite �eld.A straightforward example of a proje
tive plane 
an be 
onstru
tedas follows. Let V be a rank 4 ve
tor spa
e over a �nite �eld F = GF (q). LetWbe a rank 3 subspa
e of V . If PW is the set of all rank 1 subspa
es ofW and LWis the set of all rank 2 subspa
es of W , then PW and LW form the points andlines, respe
tively, of a proje
tive plane where in
iden
e is de�ned by subspa
e
ontainment. Su
h a plane, written PG(2; q) and 
alled proje
tive 2-spa
e,is ne
essarily Desarguesian. In fa
t any Desarguesian plane 
an be viewed thisway. Let PV be the set of rank 1 subspa
es of V and LV be the set ofrank 2 subspa
es of V ; then PV and LV are the points and lines of what is
alled proje
tive 3-spa
e written PG(3; q). Ve
tor spa
e 
ounting argumentsshow that the number of points in PG(3; q) equals the number of planes inPG(3; q) whi
h is given by q3 + q2 + q + 1; the number of lines in PG(3; q) isq4 + q3 + 2q2 + q + 1.
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Just as an aÆne plane 
an be 
onstru
ted from a proje
tive plane, sotoo aÆne 3-spa
e 
an be 
onstu
ted from proje
tive 3-spa
e by removing aproje
tive plane with all of its points and lines. The aÆne 3-spa
e asso
iatedwith PG(3; q) is written AG(3; q).A point of PG(3; q) looks like x =< (x0; x1; x2; x3) > where the xi are�eld elements, not all zero. It is 
ommon to write the ve
tor (x0; x1; x2; x3) torepresent the point x generated by it. In the setting of ve
tor spa
es, the symbol? is used to indi
ate orthogonality. Re
all that if S � V then rank(S?) =rank(V )� rank(S). Hen
e every plane � of PG(3; q) 
an be viewed as the setof points orthogonal to some given point x; i.e. � = x?. If x = (x0; x1; x2; x3)it is 
ommon to write the plane x? as the 
olumn ve
tor [x0; x1; x2; x3℄T :The points of PG(2; q) are isomorphi
 to the rank 1 subspa
es of F 3and the lines of PG(2; q) are isomorphi
 to the rank 2 subspa
es of F 3. Forthis reason it is 
ommon to write points of PG(2; q) as ve
tors in F 3.
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B. Ar
s and ovalsIn a proje
tive plane, a k-ar
 is a set of k points, no three of whi
hare 
ollinear. An oval is a q + 1-ar
 in a plane of order q. A permutation � ofF = GF (q) is 
alled an oval permutation provided x��y�x�y 6= x��z�x�z whenverx; y; z are distin
t elements of F . If q is odd, an oval is a largest possible ar
 ina plane; but if q is even, an oval 
an be extended (uniquely) by in
luding oneadditional point 
alled the nu
leus. Su
h an oval together with its nu
leus is
alled a hyperoval.To see a simple example of an oval, 
onsider the points of PG(2; q)whi
h satisfy x21 = x0x2 (i.e. the 
oni
 f(1; t; t2)jt 2 Fg[f(0; 0; 1)g). The famedItalian geometer Beniamino Segre [Seg55℄ demonstrated that if q is odd, theseare the only ovals up to isomorphism. However if q is even and suÆ
ientlylarge, non-
oni
al ovals and hyperovals do exist. For any map � on F letH� = f(1; t; t�)jt 2 Fg [ f(0; 1; 0); (0; 0; 1)g. H� is a hyperoval if and onlyif � is an oval permutation. It is straightforward to see that given any �whi
h generates Aut(F ); H� is a hyperoval; when � is the squaring map or itsinverse (i.e. when H� 
ontains a 
oni
) the hyperoval is said to be regular.
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To see that in fa
t H� is a hyperoval when < � >= Aut(F ) 
onsider the 3� 3matrix M whose rows are distin
t points of H�. If any of the rows 
ome fromf(0; 1; 0); (0; 0; 1)g then 
learly M is invertible. Consider now the remaining
ases whi
h have the formM = 2666666664 1 t t�1 u u�1 v v�
3777777775where t; u; v are distin
t members of F . Then M redu
es to2666666664 1 t t�0 1 (t+ u)��10 0 (t+ v)� + (t+ v)(t+ u)��1

3777777775whi
h is non-invertible i� (t+v)�+(t+v)(t+u)��1 = 0 i� (t+v)� =(t+v)(t+u)��1 i� (t+v)��1 = (t+u)��1. But as � generates Aut(F ); ��1 2Perm(F ). SoM is non-invertible i� t+u = t+v; this 
an never o

ur as t; u; vare distin
t. Thus M is invertible; in other words any triple of points from H�is an independent set and thus span a plane. Therefore no three points of H�lie on a line.While more detailed surveys of hyperovals 
an be found in [Che88,Che96℄ and [Kor91℄, a brief summary of the known hyperovals in Desarguesianplanes is given here. The hyperovals of the form H� with � 2 Aut(F ) are
alled translation hyperovals. The translation hyperovals were 
lassi�ed by
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Payne in [Pay71a℄. Spe
if
ally if � 2 Aut(F ), then H� is a hyperoval if andonly if � is a generator of Aut(F ). Observe that for q = 2e; e � 4, the onlygenerators of Aut(F ) are the squaring map and its inverse. Thus the above
onstru
tion provides only 
oni
s with nu
lei. In fa
t for e = 1; 2; or 3 theseare the only hyperovals (the 
ase e = 3 is given in [Seg57℄).For the 
ase q = 24, there is the so 
alled Lunelli-S
e hyperoval, �rstdis
overed by 
omputer sear
h in [LS58℄ and later 
onstru
ted and examinedsyntheti
ally in [BC99℄. This hyperoval 
an be viewed as the set H� where� : x 7! x12 + x10 + �11x8 + x6 + �2x4 + �9x2 where � is a primitive root ofGF (24) satisfying �4 = � + 1. Though this is a
tually part of a larger 
lass ofhyperovals dis
ussed below, it seems appropriate to single-out the Lunelli-S
ehyperoval be
ause of the importan
e it has had in the study of hyperovals.In the spe
i�
 
ase q = 25, there is a sporadi
 example H� with � :x 7! x4+x16+x28+�11(x16+x10+x14+x18+x22+x26)+�20(x8+x20)+�6(x12+x24)where � is a primitive root of GF (25) satisfying �5 = �2 + 1 due to O'Keefeand Penttila [OP92℄.For q = 2e with e any odd integer greater than 3, six other 
lasses ofhyperovals H� are known. It what follows let �2 � 
4 � 2mod(q � 1).i) � : x 7! x6 is due to Segre [Seg62℄;ii) � : x 7! x�+
 is due to Glynn [Gly83℄;
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iii) � : x 7! x3�+4 is also due to Glynn [Gly83℄;iv) � : x 7! x 16 + x 36 + x 56 is due to Payne [Pay85b℄; andv) � : x 7! x� + x�+2 + x3�+4 is due to Cherowitzo [Che98℄.vi) � : x 7! x4+x3+x2+x(x2+x+1)2 + x 12 is the Subia
o oval for e odd due toCherowitzo, Penttila, Pinneri, and Royle [CPPR96℄.There are Subia
o ovals for q = 2e when e is even also due to Cherow-itzo, Penttila, Pinneri, and Royle [CPPR96℄ with notation modi�
ations dueto [Pay97a℄. In what follows let Æ = �q�1 + �1�q where � is a primitive root ofGF (q) and let ! 2 F satisfy !2 + ! + 1 = 0When e � 0 ( mod 4); e � 8 the Subia
o ovals H� are given by� : x 7! (Æ4+Æ2)x3+Æ3x2+Æ2x(x2+Æx+1)2 + (xÆ ) 12 .When e � 2 ( mod 4) there are two 
lasses of Subia
o ovals: one isgiven by � : x 7! !2(x4+x)(x2+!x+1)2 + x 12 .If e 6� 0 ( mod 5) the other is given by� : x 7! x3+x2+!2x(x2+!x+1)2 + !x 12 ;otherwise it is given by� : x 7! Æ2x4+Æ5x3+Æ2x2+Æ3x(x2+Æx+1)2 + xÆ 12 . More on these 
an be found in[Pay97b℄ and [BLP94℄. The Lunelli-S
e hyperoval mentioned above is a spe
ial
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ase of a Subia
o hyperoval. The Subia
o ovals were dis
overed using te
h-niques asso
iated with q-
lans, a topi
 too far a�eld from this thesis to dis
usshere. It is worth noting that ea
h q-
lan has asso
iated with it a family ofhyperovals.
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