
DOMINATION GRAPHS OF NEAR-REGULARTOURNAMENTSAND THE DOMINATION-COMPLIANCE GRAPHbyGuillermo JimenezB.S., California State University San Marcos, 1994M.S., University of Colorado at Denver, 1997
A thesis submitted to theUniversity of Colorado at Denverin partial ful�llmentof the requirements for the degree ofDoctor of PhilosophyApplied Mathematics1998



This thesis for the Doctor of Philosophydegree byGuillermo Jimenezhas been approvedby
J. Richard Lundgren
David C. Fisher

Kathryn L. Fraughnaugh
Stephen C. Billups

Gary A. Kochenberger
Date



Jimenez, Guillermo (Ph. D., Applied Mathematics)Domination Graphs of Near-Regular Tournamentsand the Domination-Compliance GraphThesis directed by Professor J. Richard Lundgren
ABSTRACTThe competition graph C(D) of a digraph D is the graph on the samevertex set as D with an edge between vertices x and y if and only if thereis a vertex z 6= x; y such that (x; z) and (y; z) are arcs in D. Competitiongraphs were �rst introduced in 1968 by J.E. Cohen in conjunction with hisstudy of food webs. Most recently, in 1994 Fisher, et al., studied competi-tion graphs of tournaments. In their examination of competition graphs oftournaments, Fisher, et al., introduced the domination graph of a tournament.The domination graph dom(T ) of a tournament T is the graph on the samevertex set as T with edges between vertices which together beat every othervertex in T . Since the introduction of domination graphs, Fisher, et al., havesuccessfully characterized domination graphs of arbitrary tournaments. In thiswork, we concentrate on a series of problems closely related to the work onthe domination graph of a tournament. First, we address the question, Whichtournaments have connected domination graphs? We answer this question and
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present characterizations for all tournaments that have connected dominationgraphs. Next we examine a graph that is closely related to the dominationgraph. The domination-compliance graph DC(T ) of a tournament T is thegraph on the same vertex set as T with edges between pairs of vertices thattogether either beat every other vertex in T or are beaten by every other ver-tex in T . Our primary goal for this work is to �nd a characterization for thedomination-compliance graph of a tournament. We will present some initial re-sults on this topic. Finally, we examine the domination graph for near-regulartournaments. We characterize all connected graphs and all forests of nontrivialpaths that are the domination graphs of near-regular tournaments. In addi-tion, we develop several large classes of near-regular tournaments which haveinteresting structural properties.
This abstract accurately represents the content of the candidate's thesis. Irecommend its publication. Signed J. Richard Lundgren
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1. IntroductionThe focus of this dissertation is the study of two graph theoretic con-cepts: domination graphs of near-regular tournaments and the domination-compliance graph of a tournament. These two concepts are closely related andhave their origins in competition graphs.A digraph D is a set V (D) of vertices and a set A(D) of ordered pairsof distinct vertices called arcs. The competition graph C(D) of a digraph Dis the graph on the same vertex set as D with an edge between vertices x and yif and only if there is a vertex z 6= x; y such that (x; z) and (y; z) are arcs. Com-petition graphs were �rst introduced and studied in 1968 by J. E. Cohen [11], inconjunction with his study of food webs in ecology. Competition graphs haveseveral important applications, such as frequency assignments in large com-munication networks, simpli�cation or modi�cation of large scale computermodels, communications over noisy channels, military communications, andradio and television transmissions [36, 37]. In the last 20 years, an extensiveamount of literature has been devoted to the study of competition graphs.Some samples of this literature include [7, 12, 20, 21, 24, 25, 26, 29, 30, 32, 35].Generalizations of the competition graph have also been introducedand studied. These include the resource graph, the niche graph and the com-petition/resource graph. The resource graph R(D) of a digraph D is the
1



graph on the same vertex set as D with an edge between vertices x and y if andonly if there exists a vertex z 6= x; y such that (z; x) and (z; y) are arcs. Re-source graphs have been considered by Sugihara [40] and Wang [41]. The nichegraph N(D) of a digraph D is the graph on the same vertex set as D withan edge between vertices x and y if and only if there exists a vertex z 6= x; ysuch that either (z; x) and (z; y) are arcs or (x; z) and (y; z) are arcs. Nichegraphs were �rst introduced by Cable, et al., in [8]. Since their introduction,niche graphs have been studied by Anderson, et al., [1, 2, 3], Bowser and Cable[4, 5], and Fishburn and Gehrlein [13, 14, 15]. The competition/resourcegraph CR(D) of a digraph D is the graph on the same vertex set as D withan edge between vertices x and y if and only if there is an edge joining x and yin both the competition graph and resource graph of D. Competition/resourcegraphs have been studied by Jones, et al., [23], Kim, et al., [27], Seager [39],and Scott [38].
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Figure 1.1. A digraph and its competition graph.
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In recent years, the literature on competition graphs has focused onthe study of competition graphs for a speci�ed class of digraphs [17, 20, 28].Of these, the most recent has been the study of competition graphs of tourna-ments. A tournament is a digraph without loops in which every pair of distinctvertices is joined by exactly one arc. In 1994, Fisher, Lundgren, Merz and Reid[17] were the �rst to consider competition graphs of tournaments. While ex-amining the competition graph of a tournament, Fisher, et al., introduced theconcept of the domination graph. The domination graph dom(T) of a tour-nament T is the graph on the same vertex set as T with an edge betweenvertices x and y if for all vertices z 6= x; y either (x; z) is an arc or (y; z) is anarc. We will say that two such vertices form a dominant pair. See Figure1.2. The domination graph of a tournament is closely related to the com-petition graph of a tournament in the following way: the domination graph ofa tournament T is the complement of the competition graph of the reversal ofT , where the reversal of a tournament T is the tournament obtained from Tby reversing all the arcs. Thus, results obtained for the domination graph of atournament yield results for the competition graph of a tournament. The mo-tivating factor behind studying domination graphs over competition graphs isthat the domination graph of a tournament generally has fewer edges than thecompetition graph of a tournament, which makes it easier to state and prove
3



results. As a consequence, Fisher, et al., [17] determined all possible domina-tion graphs of tournaments as stated in Theorem 1.1. A vertex in a graph is apendant vertex if it is the endpoint of exactly one edge in the graph. A cycleof length n is a graph with vertex set x1; x2; : : : ; xn and edges [xi; xi+1], for1 � i < n� 1, and [xn; x1]. An odd-spiked cycle is a graph such that removalof all pendant vertices yields a cycle with odd length. Note that every oddcycle is an odd-spiked cycle. A path with n vertices is a graph with verticesx1; x2; : : : ; xn and edges [xi; xi+1] for all i with 1 � i � n � 1. A tree is aconnected graph with no cycles. A caterpillar is a tree such that the removalof all pendant vertices yields a path (possibly the trivial path on one vertex).Note that every path is a caterpillar.
T = dom(T) =

Figure 1.2. A tournament and its domination graph.Theorem 1.1 (Fisher et al. [17]) Let T be a tournament. Then dom(T )is either an odd-spiked cycle with or without isolated vertices, or a forest ofcaterpillars.
4



Much further work has been devoted to domination graphs. In [18],Fisher, et al., extended their results in [17] to oriented graphs. Also in [16, 19],Fisher, et al., investigated and answered the following two questions: Whichconnected graphs are the domination graphs of tournaments and Which forestsof nontrivial caterpillars are the domination graphs of tournaments? Cho, Kimand Lundgren have recently considered domination graphs of regular tourna-ments [10]. Doherty and Lundgren [9] are currently examining dominationgraphs of path tournaments. Path tournaments will be de�ned in Chapter 5.As with competition graphs, generalizations of the domination graphhave also been introduced and studied. The compliance graph com(T) of atournament T is the graph on the same vertex set as T with an edge betweenvertices x and y if for all vertices z 6= x; y either (z; x) is an arc or (z; y) isan arc. The compliance graph was �rst introduced by Jimenez and Lundgrenand will be discussed in Chapter 3. In addition, the compliance graph of atournament is related to the domination graph in the following way: the com-pliance graph of a tournament T is the domination graph of the reversal of T ,where the reversal of a tournament T is the tournament obtained from T byreversing all the arcs in T . Note that this relationship gives us that a graphis the compliance graph of a tournament if and only if it is also the domina-tion graph of a tournament. Thus, since domination graphs of tournamentshave been characterized, we get that the compliance graphs of tournaments
5



are also characterized. The mixed-pair graph mp(T) of a tournament T isthe graph on the same vertex set as T with an edge between vertices x and y iffor all vertices z 6= x; y either (x; z) and (z; y) are arcs or (z; x) and (y; z) arearcs. The mixed-pair graph of a tournament has been examined by Bowser,Cable, and Lundgren [6]. The domination-compliance graph DC(T) of atournament T is the graph on the same vertex set as T with edges betweenvertices x and y if either there is an edge joining x and y in the dominationgraph of T or there is an edge joining x and y in the compliance graph of T .The domination-compliance graph of a tournament is studied in Chapter 3.1.1 OverviewAs noted earlier, Fisher, et al., examined the question, Which con-nected graphs are the domination graphs of tournaments?. In [19], they deter-mined all connected graphs that are the domination graphs of tournaments.Since all connected domination graphs of tournaments have been determined,we found it natural to ask the following: Which tournaments have connecteddomination graphs? We address and answer this question in Chapter 2. Thework presented in Chapter 2 will also prove to be of fundamental importanceto the chapters that follow Chapter 2.Which graphs are the domination-compliance graphs of tournaments?Chapter 3 addresses this question. In Section 3.2, we exhibit an upper boundon the number of edges in the domination-compliance graph of a tournament.
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In Section 3.3, we examine consequences of the upper bound on the numberof edges and exhibit some forbidden subgraphs. Lastly, in Section 3.5, we pro-vide characterizations for the domination-compliance graphs of reducible andregular tournaments.In Chapters 4 through 7, we examine domination graphs of near-regular tournaments. In particular, we address the question: Which graphs aredomination graphs of near-regular tournaments? We do so by examining thefollowing three questions: Which connected graphs are the domination graphsof near regular tournaments, Which forests of paths are the domination graphsof near-regular tournaments and Which forests of caterpillars are the domi-nation graphs of near-regular tournaments? The �rst two questions are thefocus of Chapters 4 and 5, respectively. The last question will be addressed inChapters 6 and 7.Finally in Chapter 8, we present avenues for future work with respectto the topics presented in this dissertation.1.2 De�nitions and NotationA graph G is a set V(G) of elements called vertices and a list E(G)of pairs of those vertices called edges. We will denote an edge e 2 E(G)with its endpoints x; y 2 V (G) as [x; y] and say that x and y are adjacent orneighbors in G. The degree of a vertex x 2 V (G) is the number of edgesthat have x as an endpoint. A vertex is isolated if it has degree 0. A vertex
7



is pendant if it has degree 1.A subgraph of a graph G is a graph H such that V (H) � V (G)and E(H) � E(G). An induced subgraph of a graph G, induced bya vertex set S � V (G), is a subgraph H with vertex set S and edge setE(H) = f[x; y] 2 E(G) : x; y 2 Sg.A cycle Cn of length n is a graph with vertex set x1; x2; : : : ; xnand edges [xi; xi+1], for 1 � i < n � 1, and [xn; x1]. An odd-spiked cycleis a graph such that removal of all pendant vertices yields a cycle with oddlength. Note that every odd cycle is an odd-spiked cycle. A path Pn withn vertices is a graph with vertices x1; x2; : : : ; xn and edges [xi; xi+1] for all iwith 1 � i � n� 1.A tree is a connected graph with no cycles. A caterpillar is a treesuch that the removal of all pendant vertices yields a path (possibly the trivialpath on one vertex). This path will be referred to as the spine of the cater-pillar, and the number of vertices on the spine is the length of the caterpillar.A forest is a graph whose connected components are trees.A proper coloring of a graph G is an assignment of one color to eachvertex such that if two vertices are adjacent, then they are assigned di�erentcolors. A directed graph or digraph D is a set V (D) of vertices and a setA(D) of ordered pairs of distinct vertices called arcs. We denote an arc from
8



vertex x to vertex y by either (x; y) 2 A(D) or x! y and say that x beats y.For all vertices x 2 V (D) the out-set OD(x) or O(x) of x is the set of verticesthat x beats. Similarly, the in-set ID(x) or I(x) is the set of vertices that beatx. Let d+D(x) or d+(x) = jO(x)j be the out-degree of x in D. We will alsorefer to the vertices in O(x) (I(x)) as out-neighbors (in-neighbors) of x.A tournament is a digraph without loops in which every pair of dis-tinct vertices is joined by exactly one arc. An n-tournament is a tournamentwith n vertices. A transmitter is a vertex in an n-tournament with out-degreen� 1. Let S be a subset of V (T ). Then T(S) will denote the subtournamentinduced by the set of vertices in S. The reversal eT of a tournament T is thetournament obtained from T by reversing all the arcs. An n-tournament isregular if n is odd and every vertex has out-degree n� 12 . An n-tournamentis near-regular if n is even and every vertex has out-degree either n2 or n2 �1.A tournament is reducible if its vertex set can be partitioned into nonemptysets A and B such that every vertex in A beats every vertex in B. A tourna-ment is strongly connected if it is not reducible.For more basic graph theory de�nitions see West [42]. Also for moreon tournaments see Moon [31], Beineke and Reid [34], and Reid [33].
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2. Tournaments with Connected Domination Graphs2.1 IntroductionIn this chapter, we characterize those tournaments with connecteddomination graphs. In the introductory chapter, we presented Theorem 1.1which determines all possible domination graphs of a tournament. Due to thistheorem, one can see that the only possible connected domination graphs oftournaments are odd-spiked cycles and caterpillars. However, Fisher, et al.,discovered that not every caterpillar is the domination graph of a tournament.In [19], Fisher, et al., determined that the only caterpillars that are dominationgraphs of tournaments are those that have three or more vertices pendant toat least one end of the spine. We summarize their result below. A star is atree with one vertex adjacent to all others and a nonstellar caterpillar (acaterpillar that is not a star) is a caterpillar that has at least two vertices onits spine.Theorem 2.1 (Fisher, et al., [19]) A connected graph is the dominationgraph of a tournament if and only if it is an odd-spiked cycle, a star, or anonstellar caterpillar with three or more vertices pendant to at least one end ofthe spine.
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Knowing which connected graphs occur as the domination graphs oftournaments, we �nd it natural to ask: Which tournaments have these graphsas their domination graphs? In the remainder of this chapter, we will considerthis question. In particular, we shall determine all tournaments that have stars,odd-spiked cycles, and caterpillars with three or more vertices pendant to atleast one end of the spine, as their domination graphs.2.2 Tournaments with connected domination graphWe open this section with an important digraph that will prove usefulnot only in this chapter but throughout this dissertation.De�ne an orientation of an undirected graph to be an assignment oforder to each of the edge pairs that results in a digraph. Then the dominationdigraph D(T) of a tournament T is an orientation of dom(T ) induced by T ,i.e., D(T ) is the digraph on the same vertex set as T with an arc (x; y) if xand y form a dominant pair and x beats y in T . The domination digraphof a tournament will be an important tool in this chapter for reasons to beexplained below and which are largely due to the following lemma.Lemma 2.2 (Fisher, et al., [18]) Let T be a tournament and let x 2 V (T ).In D(T ), we have that jI(x)j � 1 and at most one vertex in O(x) can havenonzero out-degree.
11



Stated di�erently, Lemma 2.2 says that in the domination digraph avertex can have at most one in-neighbor and at most one out-neighbor without-neighbors. Now as we mentioned above, the domination digraph and inparticular Lemma 2.2 will be an important tool in this, as well as in the forth-coming chapters. In this chapter it will be used as follows: LetG be a connectedgraph that is known to be the domination graph of a tournament. Then forall tournaments that have G as their domination graph, their correspondingdomination digraphs must be an orientation of G. Since Lemma 2.2 providesrestrictions on the structure of the domination digraph, then by abiding tothese restrictions we can determine all possible orientations of G that wouldgive a valid domination digraph. Therefore, Lemma 2.2 is being used to de-termine all possible domination digraphs for all tournaments that have G astheir domination graph. Then by using all these possible domination digraphsas a starting point, we will then be able to proceed in constructing all tour-naments that have G as their domination graph. The next theorem illustratesthis procedure. Let K1;n denote a star on n+ 1 vertices.Theorem 2.3 Let T be an n-tournament with n � 2. Then the dominationgraph of T is a star K1;n�1 if and only if T has a transmitter or two distin-guished vertices x and y such thati) y beats x,
12



ii) for all vertices z 6= x; y, it follows that x beats z and z beats y, andiii) T � fx; yg induces a subtournament without a transmitter.Proof: First assume that T is a n-tournament whose domination graph isK1;n�1. Let x be the vertex with degree n� 1 in K1;n�1. Consider D(T ). ByLemma 2.2, in the domination digraph a vertex can have in-degree at most 1and can have at most one out-neighbor with out-neighbors. Thus, we have twopossible orientations for D(T ). These are described in the following �gure.
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Orientation 1 Orientation 2Figure 2.1. Two possible orientations of a domination graph that is a star.First consider Orientation 1. Note that under this orientation, x hasout-degree n� 1, so x is a transmitter.Next consider Orientation 2. Under this orientation, x has out-degreen � 2. Also note that there is one vertex y with out-degree 1. Let z be anarbitrary vertex such that z 6= x; y. Since [z; x] 2 dom(T ) and y beats x,it follows that z beats y. Let T � fx; yg denote the subtournament of Ton V (T )nfx; yg. Now suppose that the subtournament T � fx; yg containsa transmitter w. Then since x beats every vertex in V (T )nfx; y; wg and y13



beats x, we have that y and w form a dominant pair. This is a contradictionsince [w; y] 62 dom(T ). Thus, T � fx; yg must be a subtournament without atransmitter.For the converse, �rst assume that T is a tournament that containsa transmitter x. If y 2 V (T )nfxg, then x and y form a dominant pair sincex beats every vertex in V (T )nfxg. Thus, K1;n�1 � dom(T ). To show thatdom(T) = K1;n�1, it su�ces to show that no other pair of vertices form adominant pair. Let y; z 2 V (T )nfxg. Since x beats both z and y, it followsthat z and y cannot possibly form a dominant pair.Next assume that T is a tournament with two distinguished verticesx and y such that i) y beats x, ii) for all vertices z 6= x; y, it follows that xbeats z and z beats y, and iii) T � fx; yg induces a subtournament without atransmitter. First we show that K1;n�1 is a subgraph of dom(T ). Since (x; z)is an arc for all vertices z 6= x; y, we may conclude that [x; y] 2 dom(T ). Inaddition, since (z; y) is also an arc for all z 6= x; y, it follows that [z; x] 2dom(T ) for all z 2 V (T )nfx; yg. Thus K1;n�1 � dom(T ). To show thatdom(T ) = K1;n�1, it su�ces to show that no other pair of vertices form adominant pair. Let z and w be in V (T )nfx; yg. Since (x; z) and (x; w) arearcs, [z; w] 62 dom(T ). In addition, z and y cannot possibly form a dominantpair. This follows from the fact that T � fx; yg does not have a transmitter.So there must exist a vertex u such that u beats z and by construction u beats
14



y. Therefore, dom(T ) = K1;n�1.Another important digraph that will play an important role is Un.Let Un denote the tournament on the set of vertices fx1; x2; :::; xng with arcs(xi; xj) if i � j is odd and negative or even and positive. Notice that Un is aregular tournament when n is odd and is a near-regular tournament otherwise.We leave the veri�cation of this fact to the reader.
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x6Figure 2.2. The tournaments U5 and U6.Now in [17], Fisher, et al., determined that if dom(T ) is an odd cycleCn, then the only possibility for T is Un. Therefore, we have the next result.Theorem 2.4 (Fisher, et al., [17]) Let T be a n-tournament where n isodd. Then dom(T ) = Cn if and only if T �= Un. Furthermore, for all i,[xi; xi+1] 2 dom(Un), where i+ 1 = (i mod n) + 1.
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Observe that Theorem 2.4 explicitly tell us what pairs of verticesform dominant pairs in Un, for n odd. In addition, Theorem 2.2 is implicitlyproviding information regarding pairs of vertices that do not form dominantpairs. Speci�cally, it gives us that if j 6� i+1; i�1 (mod n), then for vertices xiand xj in V (Un), there must exist a vertex xl 2 V (Un) such that xl beats bothxi and xj. This is true because xi and xj do not form a dominant pair in Unwhen j 6� i + 1; i� 1 (mod n). This observation will be exploited throughoutthis work. Now it was mentioned above that Un is a regular tournament when nis odd. Due to this fact the next result will provide a useful property regardingdominant pairs in Un.Lemma 2.5 Let T be a regular tournament. If vertices x; y 2 V (T ) form adominant pair, then O(x) \O(y) = ;.Proof: Let T be a regular n-tournament and x; y 2 V (T ). Assume x and yform a dominant pair and that x beats y. Then since [x; y] 2 dom(T ), we havethat jO(x)[O(y)j = n�1. Thus, since every vertex in a regular n-tournamenthas out-degree n� 12 , it follows that jO(x)\O(y)j = jO(x)j+ jO(y)j� jO(x)[O(y)j = n� 12 + n� 12 � (n� 1) = 0. Therefore, O(x) \ O(y) = ;.Lemma 2.5 along with the following result will prove useful in thecharacterization of those tournaments whose domination graphs are odd-spikedcycles. A proof of the following result can be found in [17].
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Lemma 2.6 (Fisher, et al., [17]) Let S be an induced subdigraph of a di-graph D. Then the induced subgraph of dom(D) on the vertices of S is asubgraph of dom(S).In [17], Fisher, et al., provided the following construction for a tour-nament T , given an odd-spiked cycle G. Let fx1; x2; : : : ; xkg, where k is odd,represent the set of vertices on the cycle of G and Vi represent the set ofvertices pendant at xi. The tournament T is constructed by �rst lettingT (fx1; x2; : : : ; xkg) �= Uk and then orienting arcs from xi to every vertex inVi, for all 1 � i � k. Next, if xi beats xj, then arcs are oriented from verticesin Vi to vertices in Vj, every vertex in Vj beats xi, and xj beats every vertex inVi. Finally, arcs within each pendant set Vi are oriented arbitrarily. Fisher, etal., showed that the tournament T constructed by this method had the prop-erty that its domination graph is G. We extend this result by showing thatif T is a tournament whose domination graph is an odd-spiked cycle, then Tmust be constructed by the method just described.Let �o denote the set of all tournaments T with the following prop-erties. The vertex set of T can be partitioned into the sets fx1; x2; :::; xkg,V1; V2; : : : ; and Vk, with k odd. The arcs in T are as follows:� The subtournament T (fx1; x2; :::; xkg) �= Uk.� For all i, arcs are oriented from xi to vertices in Vi.� The arcs within each set Vi are arbitrary.
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� The remaining arcs in T are as in Figure 2.3. In other words, if xibeats xj, then arcs are oriented from vertices in Vi to vertices in Vj,from xj to vertices in Vi, and from vertices in Vj to xi.
i VjV

jxixFigure 2.3. This �gure determines the arcs between the Vi's and xi'sIf a tournament T belongs to �o, we will say that T is a spiked cycle tourna-ment. Notice that the construction that was discussed above always producesa spiked cycle tournament.Theorem 2.7 Let T be a tournament. Then the domination graph of T is anodd-spiked cycle if and only if T is a spiked cycle tournament.Proof: Let T be a tournament whose domination graph is an odd-spiked cycle.Assume the cycle of dom(T ) consists of k vertices where k is odd. Label thevertices along the cycle x1; x2; :::; xk. For 1 � i � k, let Vi represent the set ofvertices pendant to the vertex xi, where it is possible that Vi = ;. By Lemma2.2, in D(T ) a vertex x can have in-degree at most 1 and at most one vertex inOD(T )(x) can have nonzero out-degree. Therefore, all the arcs in D(T ) on thecycle must be oriented either clockwise or counterclockwise and the remainingarcs must be oriented toward each pendant set. So, without loss of generality
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assume that D(T ) is as depicted in Figure 2.4.
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k-1 .Figure 2.4. One of two possible orientations for the dominationdigraph of an odd spiked cycle.We proceed to show that T is a spiked cycle tournament. We beginby showing that the set of vertices fxig induce a subtournament isomorphic toUk. By Lemma 2.6, we have that Ck is a subgraph of the domination graphof the subtournament induced by the set of vertices fx1; x2; :::; xkg. Then byTheorem 1.1, the domination graph of the subtournament T (fx1; x2; :::; xkg)must be Ck. So, we may conclude by Theorem 2.4, that the subtournamentinduced by the set of vertices fx1; x2; :::; xkg is isomorphic to Uk.Next we show that the arcs in T between the pendant sets and thevertices on the cycle must be as prescribed by Figure 2.3. For the followingwe will take i + 1 to mean (i mod k) + 1. Now suppose that (xi; xj) 2 A(T ).
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If Vi = Vj = ;, there is nothing to prove. If Vi 6= ; and Vj 6= ;, let w 2Vi and z 2 Vj. Since xj and z form a dominant pair and (xi; xj) is an arc, wehave (z; xi) 2 A(T ). Then since w and xi form a dominant pair and (z; xi) isan arc, (w; z) 2 A(T ). But then since z and xj form a dominant pair and (w; z)is an arc, (xj; w) 2 A(T ). If Vi 6= ; and Vj = ;, let w 2 Vi. Since (xi; xj) is anarc and xj and xj+1 form a dominant pair, it follows that (xj+1; xi) 2 A(T ).Then since xi and w form a dominant pair and (xj+1; xi) is an arc, we havethat (w; xj+1) 2 A(T ). But then since xj and xj+1 form a dominant pairand (w; xj+1) is an arc, (xj; w) 2 A(T ), as desired. Finally assume Vi = ;and Vj 6= ;. Let z 2 Vj be arbitrary. Since z and xj form a dominant pairand (xi; xj) is an arc, (z; xi) 2 A(T ). Therefore, it follows that the arcs in Tbetween the pendant sets and the vertices on the cycle are as prescribed inFigure 2.3.Finally we show that the arcs within each pendant set may be orientedarbitrarily. Since xi beats every vertex in Vi, no two vertices in Vi can forma dominant pair in T , regardless of the structure of the arcs within Vi. Thus,since no two vertices in Vi are adjacent in dom(T ), the arcs within Vi can beoriented arbitrarily.For the converse, suppose that T is a spiked cycle tournament. Wewill proceed by showing that dom(T ) is an odd-spiked cycle. Without loss ofgenerality assume that T (fx1; x2; : : : ; xkg) = Uk.
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First we show that [xi; xi+1] 2 dom(T ) for all i, with 1 � i � k�1, andthat [xk; x1] 2 dom(T ). Since T (fx1; x2; : : : ; xkg) �= Uk, we know by Theorem2.4 that [xi; xi+1], for 1 � i � k � 1, and [xk; x1] form dominant pairs in thesubtournament induced by the set of vertices fx1; x2; : : : ; xkg. Thus, the pairsfxi; xi+1g, for 1 � i � k� 1, and fxk; x1g beat every vertex in fx1; x2; : : : ; xkg.Therefore, in order to show that these pairs form dominant pairs in T , it su�cesto show that they also beat every vertex in Vj, for all j. Consider the pair ofvertices xi and xi+1, for 1 � i � k � 1. Let z 2 Vl, with 1 � l � k. We willshow that z is beaten by either xi or xi+1. If l = i; i + 1 there is nothing toprove. So assume that l < i. If l is odd, then since T (fx1; x2; : : : ; xkg) = Uk,we have that xl beats all vertices xj for j > l and j even. Since i is either oddor even, xl beats either xi or xi+1. Then by Figure 2.3, it follows that in eithercase if xl beats xi, then xi beats z and if xl beats xi+1, then xi+1 beats z. Ifl is even, then by a similar argument either xi beats z or xi+1 beats z. Nextassume that l > i + 1. If l is odd, then again since T (fx1; x2; : : : ; xkg) = Uk,it follows that xl beats xj for j < l and j odd. Since i must either be evenor odd, we have that xl beats either xi or xi+1. Again by Figure 2.3, in eithercase if xl beats xi, then xi beats z and if xl beats xi+1, then xi+1 beats z. Ifl is even, then by a similar argument either xi beats z or xi+1 beats z. Thus,xi and xi+1 form a dominant pair in T for all i, with 1 � i � k � 1. A similarargument is used to show that [xk; x1] 2 dom(T ).
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Next let z 2 Vi be arbitrary. We will show that [z; xi] 2 dom(T ).Since T is a spiked cycle tournament, we have by Figure 2.3 that any vertexw 2 V (T )nVi that beats xi is beaten by z. Thus, since xi beats every vertexin Vi, we may conclude that [z; xi] 2 dom(T ).Lastly, we need to show that no other pair of vertices forms a dominantpair. We have shown that the set of vertices fx1; x2; : : : ; xkg induces an oddcycle in the domination graph of T . If there exists another pair of vertices thatforms a dominant pair, then this dominant pair would create a second cycle indom(T ). But Theorem 1.1 tells us that the domination graph of a tournamentcan have at most one cycle. Thus, there cannot exist any other dominant pairs.Therefore, dom(T ) is an odd-spiked cycle.Recall that a caterpillar is a tree such that the removal of all thevertices of degree one results in a path, which we refer to as the spine. Aswas pointed out earlier, the extreme ends of the spine have at least one vertexpendant to each of them in the caterpillar. Now Theorem 2.1 states thata caterpillar G is the connected domination graph of a tournament if andonly if G has three or more vertices pendant to at least one end of the spine.Therefore, in order to characterize those tournaments that have a caterpillaras their domination graph, we only need to consider those caterpillars whichhave three or more vertices pendant to at least one end of the spine. We willsay that such caterpillars have a triple end. In the remainder of this section,
22



we will determine every tournament that has a caterpillar with a triple end asits domination graph.Let G be a caterpillar with a triple end. By Theorem 2.1, we mayconclude that G is the domination graph of some tournament. So let T be atournament such that dom(T ) = G. If we consider D(T ), we have by Lemma2.2 that in the domination digraph of T a vertex can have in-degree at mostone and can have at most one out-neighbor with out-neighbors. Thus, we cansee that there are only two possible orientations up to isomorphism for thedomination digraph of T . The two orientations arise from the orientation ofthe arc between v and x and are depicted in Figure 2.5. Regardless of theorientation of D(T ), one aspect of the structure of D(T ) is �xed, as stated inthe next result.
v
-

x .Figure 2.5. This depicts the two possible orientations for thedomination digraph of a nonstellar caterpillar with a triple end.Lemma 2.8 (Fisher, et al., [19]) Let G be the union of k caterpillars, withk � 1 and assume that G is the domination graph of a tournament T . AssumeH is component of G. Then removing all vertices with out-degree 0 from thesubdigraph of D(T ) on V (H) results in a directed path.23



Assume a caterpillar G is the domination graph of a tournament T .De�ne the directed spine of D(T ) to be the directed path that results whenall vertices of out-degree 0 are removed from D(T ). We will use the directedspine of D(T ) to label the vertices of G as follows: Let x1; x2; : : : ; xk representthe vertices of G that correspond to the vertices on the directed spine of D(T ).Also let Vi represent the set of vertices in G that have out-degree 0 in D(T )and that are beaten by xi in D(T ). Figure 2.6 depicts this labeling along withD(T ). Note that the set V1 may be empty if x1 corresponds to a pendant vertexin G that beats an end vertex on the spine of G in D(T ). See Figure 2.5.
x 1 x x x2 3 k

1V 2V 3V kV .Figure 2.6. A labeling of the domination digraph of a nonstellarcaterpillar with a triple end.On a side note, if a forest of caterpillars G is the domination graphof a tournament and H is a component of G, then we de�ne the directed spineof the subdigraph of D(T ) on V (H) analogously to the above de�nition. Inaddition, we also label the vertices of H as we describe above, i.e., by usingthe directed spine of the subdigraph of D(T ) on V (H).
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Now it will be useful to properly color the caterpillars G under con-sideration with two colors, red and blue. The next result, of Fisher, et al.,determines the remaining arcs in Figure 2.6, except for those within the setsVi.Lemma 2.9 (Fisher, et al., [19]) Let G be the union of k caterpillars, withk � 1, and assume that G is the domination graph of a tournament T . AssumeH is a component of G and is properly 2-colored (such a coloring exist and isunique for a caterpillar). If the subdigraph of D(T ) on V (H) is as depicted inFigure 2.6, then the following arcs must be in T (H):1. Arcs that are not within a set Vi, are oriented to the right between verticesof di�erent colors and to the left between vertices of the same color.2. Arcs within each set Vi, for i 6= k, may be oriented arbitrarily.Let �c denote the set of tournaments T with the following properties.The vertex set of T can be partitioned into the sets fx1; x2; :::; xkg; V1; V2; : : :,and Vk, with k even and at least 2. The arcs in T are as follows:� The subtournament T (fx1; x2; :::; xkg) �= Uk.� For all i, arcs are oriented from xi to vertices in Vi.� The arcs within each Vi, with 1 � i � k � 1, are oriented arbitrarily.� The arcs within Vk yield a subtournament T (Vk) without a transmitter.Note that this implies that Vk must have at least 3 vertices, becauseany tournament with fewer than 3 vertices always has a transmitter.
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� The remaining arcs in T are as in Figure 2.3. In other words, if xibeats xj, then arcs are oriented from vertices in Vi to vertices in Vj,from xj to vertices in Vi, and from vertices in Vj to xi.If a tournament T belongs to �c we will say that T is a caterpillar tourna-ment. These tournaments were used by Fisher, et al., in [19] to show thatany caterpillar with a triple end is the domination graph of some tournament.We will now show that essentially these are the only tournaments that have acaterpillars (with a triple end) as their domination graphs.Theorem 2.10 Let T be a n-tournament with n � 4. Then the dominationgraph of T is a caterpillar with a triple end if and only if T is a caterpillartournament or a tournament with a transmitter.Proof: Let T be a tournament for which dom(T ) is a caterpillar with a tripleend. If dom(T ) is a star, then by Theorem 2.3, we may conclude that T iseither a caterpillar tournament or a tournament with a transmitter. Therefore,assume that dom(T ) is a nonstellar caterpillar. Now Lemma 2.8 provides theexistence of the directed spine in D(T ). Thus, we may assume without loss ofgenerality that D(T ) is as depicted in Figure 2.6. In addition, assume that thevertices of G are labeled as in Figure 2.6. Properly color G with the colors redand blue such that x1 is assigned the color red. We proceed by showing thatT is a caterpillar tournament.First we show that k must be even. Suppose that k is odd. Note
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that x1 and xk are both assigned the color red. Then a consequence of Lemma2.9 is that x1 beats all the blue vertices to the right and xk beats all the redvertices to the left. Thus, whether or not the triple end exists at x1 or atxk, we have that x1 and xk form a dominant pair in T , a contradiction since[x1; xk] 62 dom(T ). Therefore, k must be even.Next we show that G must have a triple end at xk and that T (Vk)must induce a subtournament without a transmitter. So assume that jVkj � 2.Let bv be the vertex in Vk such that bv is a transmitter in the subtournamentT (Vk). Such a vertex exists for all tournaments with at most 2 vertices. Sincek is even, xk is colored blue and so we have that bv is colored red. Then itfollows by Lemma 2.9 that x1 beats all vertices to the right that are coloredblue and bv beats all vertices to the left that are colored red. Note that everyvertex in Vk is beaten by bv, since bv is a transmitter in T (Vk). In addition, notethat every vertex in V1 is beaten by x1. Therefore, it follows that x1 and bvform a dominant pair, a contradiction since [x1; bv] 62 dom(T ). Therefore, wemay conclude that jVkj must be at least 3. In addition, by the same argumentT (Vk) must induce a subtournament without a transmitter.Finally, with the proper coloring assigned to the vertices of G, Lemma2.9 determines that T is a caterpillar tournament.For the converse, let T be a n-tournament with n � 4. First assumethat T has a transmitter. Then by Theorem 2.3, it follows that dom(T ) is a
27



caterpillar with a triple end. In particular, dom(T ) is a star with at least threependant vertices. Therefore, we may assume that T is a caterpillar tournamenton n � 4 vertices. Without loss of generality assume that T (fx1; x2; : : : ; xkg) =Uk. Note that k must be even. We proceed by showing that dom(T ) is acaterpillar with a triple end.First we show that [xi; xi+1] 2 dom(T ), for all i with 1 � i � k � 1.Consider the pair of vertices xi and xi+1 for some i 2 f1; 2; : : : ; k � 1g. Firstnote that every vertex in Vi is beaten by xi and every vertex in Vi+1 is beatenby xi+1. Thus to show that [xi; xi+1] 2 dom(T ), we will show that for allxl 2 fx1; x2; : : : ; xkg, with l 6= i; i+1, the vertex xl together with every vertexin Vl is beaten by either xi or xi+1. So let xl 2 fx1; x2; : : : ; xkg, with l 6= i; i+1.Assume that l < i. If l is odd, then since T (fx1; x2; : : : ; xkg) = Uk, we havethat xl beats all vertices xj for j > l and j even, and is beaten by all vertices xmform > l andm odd. Thus, since i must be either odd or even, xl beats exactlyone of xi or xi+1. In addition, since T is a caterpillar tournament, we have byFigure 2.3 that whichever vertex xl beats from xi and xi+1, that same vertexbeats every vertex in Vl. Therefore, in either case whether xl beats xi or xi+1,it follows that xl and every vertex in Vl is beaten by either xi or xi+1. Similarly,if l is even, then xl and every vertex in Vl is beaten by either xi or xi+1. Nextassume that l > i+1. If l is odd, then since T (fx1; x2; : : : ; xkg) = Uk, it followsthat xl beats all vertices xj, for j < l and j odd, and is beaten by all vertices
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xm, for m < l and m even. Thus, since i must be either odd or even, xl beatsexactly one of xi or xi+1. In addition, since T is a caterpillar tournament, wehave by Figure 2.3 that whichever vertex xl beats from xi and xi+1, that samevertex beats every vertex in Vl. Therefore, in either case whether xl beats xior xi+1, we may conclude that xl and every vertex in Vl is beaten by either xior xi+1. Similarly, if l is even, then xl and every vertex in Vl is beaten by eitherxi or xi+1. Therefore, since i was arbitrary in f1; 2; : : : ; k � 1g, it follows thatxi and xi+1 form a dominant pair in T , for all i with 1 � i � k � 1.Next let z 2 Vi be arbitrary. We will show that [z; xi] 2 dom(T ).Since T is a caterpillar tournament, we have by Figure 2.3 that any vertexw 2 V (T )� Vi that beats xi is beaten by z. Thus, since xi beats every vertexin Vi, it follows that [z; xi] 2 dom(T ). Therefore, since jVkj is at least 3, wemay conclude that a caterpillar with a triple end is a subgraph of dom(T ). SeeFigure 2.7.
x 1 x x x2 3 k

1V 2V 3V kVFigure 2.7. A subgraph of the domination graph of a caterpillartournament.
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To show that dom(T ) is a caterpillar with a triple end, it su�ces toshow that no other pair of vertices can form a dominant pair in T . Notice thatwe have shown the existence of n � 1 dominant pairs in T . By Theorem 1.1,we have that the domination graph of any tournament on n vertices can haveat most n dominant pairs. Thus, there can exist at most one more dominantpair. If there exists another dominant pair in T , then by Theorem 1.1 it mustbe one such that the domination graph is an odd-spiked cycle. Note that thereare four possibilities. These are(1) [x1; v], for a vertex v 2 Vk, if V1 is nonempty,(2) [w; xk], for a vertex w 2 V1, if V1 is nonempty,(3) [x2; xk], if V1 is empty, or(4) [x1; v], for a vertex v 2 Vk, if V1 is empty.The above are the only possibilities because these are the only possible edgesthat will create an odd-spiked cycle. We proceed by showing that none ofthese can occur. First assume that V1 is nonempty. Since x1 beats everyvertex in V1 and beats xk, we have that [w; xk] 62 dom(T ), for any w 2 V1.Also since T (Vk) induces a subtournament without a transmitter, it followsthat for every vertex v 2 Vk there exists a vertex v0 2 Vk such that v0 beatsv. Thus, since every vertex in Vk beats x1, we conclude that [x1; v] 62 dom(T ),for any v 2 Vk. Next assume that V1 is empty. Since x1 beats both x2 and xk,it follows that [x2; xk] 62 dom(T ). Also since T (Vk) induces a subtournament
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without a transmitter, then for every vertex v 2 Vk there exists a vertex v0 2 Vksuch that v0 beats v. Thus, since every vertex in Vk beats x1, it follows that[x1; v] 62 dom(T ), for any v 2 Vk. Therefore, dom(T ) is a caterpillar with atriple end.Observe that the domination graph of a caterpillar tournament hasan even spine, if V1 6= ; and an odd spine, if V1 = ;.On a �nal note, if we are given a connected graph G that is knownto be the domination graph of a tournament, then we can use Theorems 2.3,2.4, 2.7 and 2.10 to construct a tournament that has G as its dominationgraph. But note that this tournament need not be unique. For example, usingTheorem 2.3, we can construct the two nonisomorphic tournaments in Figure2.8 that have K1;3 as their domination graph.
Figure 2.8. Two nonisomorphic tournaments on four verticesthat have K1;3 as their domination graph.Therefore, it would be interesting to determine all connected graphs that arethe domination graphs of unique tournaments. We leave this �nal problem asa possible avenue in which the research on this topic can be continued.
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3. The Domination-Compliance Graph of aTournament3.1 IntroductionIn this chapter, we introduce and study a generalization of the dom-ination graph, the domination-compliance graph of a tournament. Vertices xand y are a compliant pair in a tournament T if every other vertex z 6= x; ybeats either x or y, i.e., x and y are a compliant pair if I(x) [ I(y) [ fx; yg =V (T ) or equivalently if O(x)\O(y) = ;. The compliance graph com(T) ofa tournament T is the graph on the same vertex set as T with edges betweenvertices that form a compliant pair. It is easy to see that the domination graphis related to the compliance graph in that com(T ) = dom( eT ), where eT is thereversal of T . This relationship has the consequence that every graph that isa domination graph is also a compliance graph.The domination-compliance graph DC(T) of a tournament Tis the graph on the same vertex set as T with edges between vertices whichform either a dominant pair or a compliant pair. Observe that DC(T ) =dom(T ) [ com(T ).A graph which is closely related to the domination-compliance graphis the competition/resource graph. Recall that the competition graph C(T )
32



DC(T) = T =Figure 3.1. A 7-tournament and its domination-compliance graph.of a tournament T is the graph on the same vertex set as T in which ver-tices x and y are adjacent if and only if there exists a vertex z 6= x; y suchthat (x; z) and (y; z) 2 A(T ). Also recall that the resource graph R(T ) oftournament T is the graph on the same vertex set as T in which verticesx and y are adjacent if and only if there exist a vertex z 6= x; y such that(z; x) and (z; y) 2 A(T ). It is not hard to see that the domination graph ofa tournament T is the complement of the resource graph of T and that thecompliance graph of a tournament T is the complement of the competitiongraph of T . This is true only when the digraph is a tournament. As a re-sult of this relationship, competition and resource graphs of tournaments havebeen characterized. See Fisher, et al., [17, 18, 19] for more about the compe-tition and resource graphs of tournaments. The competition/resource graphof a tournament is the graph on the same vertex set as T in which verticesx and y are adjacent if and only if x and y are adjacent in both the com-petition graph and the resource graph. Observe that CR(T ) = C(T ) \ R(T ).
33



Competition/resource graphs have been studied for arbitrary digraphs, but notspeci�cally for tournaments. See [23, 27, 39].The next result illustrates the relationship between the domination-compliance graph and the competition/resource graph. Let (�)c represent thecomplement operation.Lemma 3.1 (Jimenez and Lundgren [22]) If T is a tournament, then(CR(T ))c = DC(T ).Proof: By DeMorgan's Theorem, (CR(T ))c = (C(T ) \ R(T ))c= (C(T ))c [ (R(T ))c= com(T ) [ dom(T )= DC(T ):From Lemma 3.1, we see that results for the domination-compliancegraph of a tournament correspond to results for the competition/resource graphof a tournament. However, since the domination-compliance graph of a tourna-ment generally has fewer edges than the competition/resource graph, it is moreconvenient to state and prove results on the domination-compliance graph of atournament. In addition, dom(T )\com(T ), also known as the mixed pair graphof a tournament, has been studied and characterized in [6] by Bowser, Cableand Lundgren. Therefore, since the domination graph, compliance graph, com-petition graph, resource graph and the mixed pair graph have all been studied
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for tournaments, the only items remaining to be studied are the domination-compliance graph of tournaments and the competition/resource graphs of tour-naments. In this chapter, we begin an examination of these last two items.We will exhibit an upper bound on the number of edges in the domination-compliance graph of a tournament. In addition, we will give characterizationsfor the domination-compliance graphs of two speci�c classes of tournaments.3.2 Domination-Compliance Graph of TournamentsWhich graphs can be the domination-compliance graphs of tourna-ments? We will start to partially answer this question by stating and proving anupper bound on the maximum number of edges in the domination-compliancegraph. This, in turn, will lead to forbidden subgraph results.Lemma 3.2 Let T be a regular tournament and x; y 2 V (T ). Then [x; y] 2dom(T ) if and only if [x; y] 2 com(T ).Proof: Let T be a regular n-tournament and x; y 2 V (T ). Suppose that x andy form a dominant pair. Then since T is a regular tournament, it follows byLemma 2.5 that O(x) \ O(y) = ;. Thus, [x; y] 2 com(T ).Next assume that x and y form a compliant pair in T and that x beatsy. Then since [x; y] 2 com(T ), we have that jI(x)[I(y)j = n�1. Thus, since Tis regular, jI(x)\I(y)j = jI(x)j+jI(y)j�jI(x)[I(y)j = n� 12 +n� 12 �(n�1) =0. Therefore, it follows that I(x) \ I(y) = ; and so [x; y] 2 dom(T ).
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Recall that Un is the tournament on vertex set x1; x2; :::; xn with(xi; xj) 2 A(Un) if i� j is either odd and negative or even and positive. Alsorecall that Un is a regular tournament when n is odd. Let P�n be the graphwith vertices x1; x2; :::; xn and edges [x1; x2]; [x2; x3]; : : : ; [xn�1; xn]; [x1; xn�1]and [x2; xn]. See Figure 3.2. Note that for n = 1; 2; 3, the graph P �n is thepath on one, two, and three vertices, respectively.
x1 x x x x x x x x x2 3 4 5 6 7 8 9 10Figure 3.2. The graph P �10.Lemma 3.3 (Jimenez and Lundgren [22]) If T �= Un, thenDC(T) �= 8>>><>>>: P �n if n is evenCn if n is odd.Proof: Let T be an n-tournament isomorphic to Un, n � 1. First assume thatn is odd. Since Un is a regular tournament, Theorem 2.4 and Lemma 3.2 implythat DC(T ) �= Cn.Next assume n is even. The result is trivial if n = 2, so assume thatn � 4. First we show that [xi; xi+1] 2 DC(T ), for all 1 � i � k � 1. Letxl 2 V (T ), with l 6= i; i + 1. Assume that l < i. If l is odd, then xl is beatenby all vertices xj with j > l and j odd. Since i is either odd or even, it follows
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that either xi or xi+1 beats xl. Similarly, if l is even, then xl is beaten byeither xi or xi+1. Next assume that l > i + 1. If l is odd, then xl is beatenby all vertices xj with j < l and j even. Since i is either odd or even, theneither xi or xi+1 beats xl. Similarly, if l is even, then xl is beaten by eitherxi or xi+1. Therefore, it follows that xi and xi+1 form a dominant pair in T .Since the domination graph is contained in the domination-compliance graph,[xi; xi+1] 2 DC(T ), for 1 � i � k � 1.Next, we show that [x1; xn�1] and [x2; xn] 2 DC(T ). Since x1 beatsxj, for j even, and xn�1 beats xj, for j < n � 1 and j odd, it follows that[x1; xn�1] 2 dom(T ) � DC(T ). Similarly, since xn is beaten by xj, for j odd,and x2 is beaten by xj, for j > 2 and j even, it follows that [x2; xn] 2 com(T ) �DC(T ). Finally, we need to show that no other pair of vertices forms an edgein DC(T ). Assume that j 6= i+1; i� 1 and i; j 2 f2; 3; :::n� 1g. We will showthat xi and xj are not adjacent in DC(T) . If i and j are odd, then xi and xjbeat x1 and are beaten by x2. If i and j are even, then xi and xj beat xn�1and are beaten by xn. If i and j are of opposite parity, then assume withoutloss of generality that i < j. Since ji� jj � 3, we conclude that xi and xj beatxi+1 and are beaten by xi+2.Next assume that i = 1, j > 2 and j 6= n� 1. We will show that x1and xj are not adjacent in DC(T) . If j is even, then x1 and xj beat x2 and
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are beaten by x3. If j is odd, then x1 and xj beat xn and are beaten by xn�1.Similarly, xn is not adjacent to xj for j < n� 1 and j 6= 2.The converse of this last lemma is not true. For example, considerthe tournament on seven vertices and its corresponding domination-compliancegraph in Figure 3.3.
T = DC(T) = 

Figure 3.3. DC(T ) is C7, but T is not isomorphic to U7.The next result is analogous to Lemma 2.6.Lemma 3.4 (Jimenez and Lundgren [22]) Let R be an induced sub-digraph of a digraph D. Then the induced subgraph of DC(D) on the verticesof R is a subgraph of DC(R).Proof: Let x; y 2 V (R) where [x; y] 2 DC(D). Then either [x; y] 2 dom(D) or[x; y] 2 com(D). Since V (R) � V (D), we have that either [x; y] 2 dom(R) or[x; y] 2 com(R). Thus, [x; y] is an edge in DC(R).Theorem 2.7 from Chapter 2 will prove useful in the veri�cation ofthe next result.
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Lemma 3.5 (Jimenez and Lundgren [22]) Let T be a tournament whosedomination graph is an odd-spiked cycle. Assume that fx1; x2; : : : ; xkg are theset of vertices on the cycle of dom(T ). In addition, assume that Vj, for j =1; 2; : : : ; k, is the set of vertices pendant to xj in dom(T ). Then the followingare the only possible edges in com(T ).i) Let v 2 Vi. Then [xi; v] 2 com(T ) if and only if d+T (Vi)(v)=0.ii) Let v 2 Vi and w 2 Vj. Then [v; w] 2 com(T ) if and only if j � i +1 (mod k) and d+T (Vj)(w) = 0 or j = i� 1 (mod k) and d+T (Vi)(v) = 0.iii) [xi; xj] 2 com(T ) if and only if j � i + 1 (mod k) and Vi = ; or j �i� 1 (mod k) and Vj = ;.iv) Let v 2 Vi and assume i 6= j. Then [v; xj] 2 com(T ) if and only ifj � i + 2 (mod k) and Vi+1 = ;.Proof: Let T be a tournament whose domination graph is an odd-spiked cycle.Then it follows by Theorem 2.7 that T must be a spiked cycle tournament. Soassume without loss of generality that T (fx1; x2; : : : ; xkg) = Uk. Note that thevertices xi and the sets Vj are related by Figure 2.3. Therefore, since everyvertex in Vi beats every vertex xj that beats xi, we have that no pair of verticesin Vi, for all i, can be an edge in com(T ).i) Let v 2 Vi. We begin by showing that if there exists a vertexz 2 V (T ) that both xi and v beat, then z must be an element of Vi. Assume
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z 2 O(v)\O(xi), for some z 2 V (T). First, z cannot be an element of Vj, withj 6= i, because if xi beats z, then since T is a spiked cycle tournament, it followsfrom Figure 2.3 that z must beat v. Second, z cannot be any vertex xj, withj 6= i, because if xi beats xj, then again since T is a spiked cycle tournament,we have by Figure 2.3 that xj beats v. Therefore, z must be in Vi. Thus,d+T (Vi)(v) = 0 ( i.e, v beats no vertex in Vi ) if and only if O(v) \ O(xi) = ;.Therefore, we have that d+T (Vi)(v) = 0 is equivalent to O(xi) \ O(v) = ; whichin turn is equivalent to [xi; v] 2 com(T ).ii) Let v 2 Vi and w 2 Vj. First we show that if j 6� i+1; i�1 (mod k),then [v; w] 62 com(T ). A consequence of Theorem 2.4 is that the only dominantpairs in Uk are [xi; xi+1], for 1 � i � k � 1, and [x1; xk]. Thus, if j 6� i+ 1; i�1 (mod k), then there exist a vertex xl, l 6= i; j, in T (fx1; x2; : : : ; xkg = Uk suchthat xi and xj are beaten by xl. But then since T is a spiked cycle tournamentand xl beats both xi and xj, we have by Figure 2.3 that both v and w beat xland so it is not possible for v and w to form a compliant pair. Therefore, wemay conclude that [v; w] 62 com(T ) for j 6� i+ 1; i� 1 (mod k).Now we show that [v; w] 2 com(T ) if and only if j � i + 1 (mod k)and d+T (Vj)(w) = 0 or j � i� 1 (mod k) and d+T (Vi)(v) = 0. Note that it su�cesto show that it is true for exactly one of these last two conditions. So withoutloss of generality assume that j � i + 1 (mod k). Let z 2 O(v) \ O(w) for
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some z 2 V (T). First, z cannot be in Vl with l 6= j, because if v dominatesz, then by Figure 2.3 it follows that z beat xi. Then since z beats xi and[xi; xj] 2 dom(T ), we have that xj beats z. But then by Figure 2.3, we mayconclude that z beats w. Second, z cannot be any vertex xl with l 6= i; j,because if both v and w beat z, then by Figure 2.3 we have that xl beatsboth xi and xj, a contradiction since [xi; xj] 2 dom(T ). Thus, it follows thatz must be an element of Vj. Note that since xi beats xj, we have by Figure2.3 that every vertex in Vi beats every vertex in Vj. Therefore, since v beatsevery vertex in Vj, we may conclude that d+TVj (w) = 0 (i.e, w beats no vertexin Vj) if and only if O(v) \ O(w) = ;. From these observations, we havethat [v; w] 2 com(T ) is equivalent to O(v) \ O(w) = ; which is equivalent toj � i+ 1 (mod k) and d+TVj (w) = 0 or j � i� 1 (mod k) and d+TVi (v) = 0.iii) First we show that if j 6� i + 1; i � 1 (mod k), then [xi; xj] 62com(T ). A consequence of Theorem 2.4 is that the only dominant pairs inT (fx1; x2; : : : ; xkg) = Uk are [xi; xi+1], with 1 � i � k � 1, and [x1; xk]. Inaddition, Lemma 3.2 implies that in a regular tournament a pair of verticesforms a dominant pair if and only if they form a compliant pair. Thus, sinceUk is a regular tournament, we may conclude that the only compliant pairs inUk are [xi; xi+1] with 1 � i � k � 1 and [x1; xk]. Thus, if a pair of verticesin fx1; x2; : : : ; xkg cannot form a compliant pair in T (fx1; x2; : : : ; xkg), they
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certainly cannot form a compliant pair in T . Therefore, [xi; xj] 62 com(T )when j 6� i + 1; i� 1 (mod k).Next we show that [xi; xj] 2 com(T ) if and only if j � i+ 1 (mod k)and Vi = ; or j � i� 1 (mod k) and Vj = ;. Note that it su�ces to show thatit is true for exactly one of these two conditions. So without loss of generalityassume that j � i + 1 (mod k). Let z 2 O(xi) \ O(xj). First, z cannot bein Vl, with l 6= i, because if xi beats z, then by Figure 2.3 it follows that xlbeats xi. Then since [xi; xj] 2 dom(T ), we have that xj beats xl. But thenby Figure 2.3, we can see that z beats xj. Second, z cannot be any vertexxl on the cycle, because xi and xj are compliant pair in the subtournamentT (fx1; x2; : : : ; xkg) = Uk and so it is not possible for both of them to beat avertex in fx1; x2; : : : ; xkg. Therefore, z must be in Vi. Note that since xi andxj form a dominant pair in T and j � i + 1 (mod k), we can see by Figure2.3 that xj beats every vertex in Vi. Thus, O(xi) \ O(xj) = ; if and only ifVi = ;. Therefore, we may conclude that [xi; xj] 2 com(T ) is equivalent toO(xi) \ O(xj) = ; which is equivalent to j � i + 1 (mod k) and Vi = ; orj � i� 1 (mod k) and Vj = ;.iv) Let v 2 Vi and j 6� i; i + 2 (mod k). We begin by showing thatv and xj cannot be a compliant pair. This will be accomplished by showingthat if xi beats xj, then both v and xj beat xj�2 and if xj beats xi, then both
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v and xj beat xj+1. For the following, all arithmetic is done modulo k.Assume that xj beats xi. Note that j� 2 6= i since j 6� i+2 (mod k).Then since xj�1 and xj form a compliant pair in T (fx1; x2; : : : ; xkg), it followsthat xj and xj�1 cannot both beat xi. Thus, xj�1 is beaten by xi. Thensince [xj�2; xj�1] 2 dom(T ), we have that xj�2 beats xi. But then we cansee by Figure 2.3 that v beats xj�2. In addition, since xj�2 beats xj�1 and[xj�1; xj] 2 dom(T ), we may conclude that xj beats xj�2. Therefore, both vand xj beat xj�2 and so they cannot be a compliant pair in T .Next assume that xi beats xj. Note that j 6� i� 1 (mod k) since xi�1beats xi. Thus, since [xj; xj+1] 2 dom(T ), we have that xj+1 beats xi. Thenby Figure 2.3 it follows that v beats xj+1. But xj also beats xj+1 and so v andxj cannot be a compliant pair in T .We �nish this proof by showing that [v; xj] 2 com(T ) if and only ifj � i+ 2 (mod k) and Vi+1 = ;. So assume that j � i+ 2 (mod k). Note thatj � 1 � i + 1 (mod k). Thus, [xi; xj�1] 2 dom(T ). Let z 2 O(v) \ O(xj�1).We will show that z must be in Vi+1. First, z cannot be in Vl, with l 6= i + 1,because if xj beats z, then it follows by Figure 2.3 that xl beats xj. Then since[xj�1; xj] 2 dom(T ), we have that xj�1 beats xl. Then since xi and xj�1 are acompliant pair in T (fx1; x2; : : : ; xkg), we may conclude that xl must beat xi.But then by Figure 2.3 it follows that v beats xl and from the same �gure z
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beats v. Second, z cannot be a vertex xl, with l 6= i; j, because if xj beats xl,then since xj�1 and xj form a compliant pair in T (fx1; x2; : : : ; xkg), we havethat xl must beat xj�1. Then since [xi; xj�1] 2 dom(T ), it follows that xi beatsxl. But then by Figure 2.3 we may conclude that xl beats v. Therefore, z mustbe in Vi+1. Note that since xi beats xj�1 and xj�1 beats xj, we have by Figure2.3 that both v and xj beat every vertex in Vj�1. Therefore, O(xj)\O(v) = ;if and only if Vi+1 = ;. And so we may conclude that [v; xj] 2 com(T ) isequivalent to O(xj) \ O(v) = ; which is equivalent to j � i + 2 (mod k) andVi+2 = ;.Theorem 3.6 (Jimenez and Lundgren [22]) Let T be an n-tournament.The maximum number of edges in DC(T ) is 2(n�1) and this bound is the bestpossible for n � 4.Proof: Suppose jE(DC(T ))j > 2(n � 1). A consequence of Theorem 1.1 isthat the domination graph of a tournament with n vertices can have at mostn edges. Thus, since com(T ) = dom( eT ), we can see that the compliancegraph of a tournament with n vertices can have at most n edges. Now sinceDC(T ) = dom(T ) [ com(T ) and jE(DC(T ))j > 2(n � 1), then at least oneof dom(T ) or com(T ) must have n edges. Since com(T ) = dom( eT ), we mayassume without loss of generality that jE(dom(T ))j = n. Then the only waythat the domination-compliance graph can have more than 2(n� 1) edges is ifwe have one of the following con�gurations:
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(1) jE(dom(T ))j = n , jE(com(T ))j = n, and jE(dom(T ) \ com(T ))j = 0.(2) jE(dom(T ))j = n , jE(com(T ))j = n, and jE(dom(T ) \ com(T ))j = 1.(3) jE(dom(T ))j = n , jE(com(T ))j = n� 1, andjE(dom(T ) \ com(T ))j = 0.Now since jE(dom(T ))j = n, then dom(T ) must be an odd-spiked cycle. Ifdom(T ) is an odd cycle, then it follows by Theorem 2.4 that T must be iso-morphic to Un, with n odd. But since Un is a regular tournament when n isodd, we may conclude by Lemma 3.2 that DC(T ) = dom(T ) = com(T ), whichdoes not have more than 2(n�1) edges. Thus, if the above con�gurations exist,then dom(T ) must be an odd-spiked cycle with at least one pendant vertex.Case 1. Suppose the existence of Con�guration 1 or Con�guration 3.Since jE(dom(T ))j = n, we have by the above observation that dom(T ) mustbe an odd-spiked cycle with at least one pendant vertex. Thus, by Theorem2.7, we have that T must be a spiked cycle tournament. Let x1; x2; : : : ; xk rep-resent the vertices on the cycle of dom(T ) and Vi be the set of vertices pendantat xi. Without loss of generality assume that T (fx1; x2; : : : ; xkg) = Uk. Nowsince jE(dom(T )\ com(T ))j = 0, no edges of the form [xi; xi+1] in dom(T ) canbe edges in com(T ). By iv) of Lemma 3.5, this will hold true if and only ifVi 6= ;. Thus, it follows that for all i, the set Vi is nonempty. In addition, noedges of the form [v; xi], for v 2 Vi, can be edges in com(T ). By i) of Lemma3.5, this will hold true if and only if no vertex in Vi has out-degree 0 in T (Vi).
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But now since every pendant set must be nonempty, it follows by iv) of Lemma3.5 that no vertex in fx1; x2; : : : ; xkg can form an edge with any other vertexof T in com(T ). Thus, fx1; x2; : : : ; xkg is an independent set in com(T ). Thensince com(T ) = dom( eT ), it follows by Theorem 1.1 that com(T ) must be anodd-spiked cycle with at least k isolated vertices or a forest of caterpillars withat least k isolated vertices. In either case, com(T ) can have at most n � kedges. Therefore, since k must be at least three, it follows that com(T ) canhave at most n� 3 edges, contrary to our assumption that com(T ) has eithern edges (Con�guration 1) or n � 1 edges (Con�guration 3). Hence, we mayconclude that Con�guration 1 and 3 cannot exist.Case 2. Suppose the existence of Con�guration 2. Since jE(dom(T ))j= n, we may conclude by the above observations that dom(T ) is an odd-spikedcycle with at least one pendant vertex. So assume T to be as in Case 1. Nowsince jE(dom(T ) \ com(T ))j = 1, then we must have that exactly one of theedges of the form [xi; xi+1] or [z; xi], where z 2 Vi, must be in com(T ).First suppose [xi; xi+1], for some i, is an edge in com(T ). Then byiii) of Lemma 3.5, we have that Vi = ;. Now since jE(dom(T )\ com(T ))j = 1,no other edges of the form [xj; xj+1], with j 6= i, in dom(T ) can be edges incom(T ). By iv) of Lemma 3.5, this will hold true if and only if Vj 6= ;. Thus,it follows that for all j 6= i, Vj is nonempty. In addition, no edges of the form[w; xj], for w 2 Vj, can be edges in com(T ). By i) of Lemma 3.5, this will
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hold true if and only if no vertex in Vj has out-degree 0 in T (Vj). But nowsince every pendant set, other than Vi, must be nonempty, it follows by iv)of Lemma 3.5 that no vertex in fx1; x2; : : : ; xkgnfxi; xi+1g can form an edgewith any other vertex of T in com(T ). Thus, fx1; x2; : : : ; xkgnfxi; xi+1g is anindependent set in com(T ). But then since com(T ) = dom( eT ), it follows byTheorem 1.1 that com(T ) must be an odd-spiked cycle with at least k � 2isolated vertices or a forest of caterpillars with at least k � 2 isolated vertices.In either case, com(T ) can have at most n� (k � 2) edges. Therefore, since kmust be at least three, it follows that com(T ) can have at most n � 1 edges,contrary to our assumption that com(T ) has n edges.Next suppose that [v; xi], where v 2 Vi, is an edge in com(T ). Byi) of Lemma 3.5, we must have that v has out-degree 0 in the subtournamentT (Vi). Now since jE(dom(T ) \ com(T ))j = 1, no edges of the form [xj; xj+1]in dom(T ) can be edges in com(T ). By iv) of Lemma 3.5, this will hold trueif and only if Vj 6= ;. Thus, it follows that for all j, the set Vj is nonempty.In addition, no other edges of the form [w; xj], for w 2 Vj and j 6= i, canbe edges in com(T ). By i) of Lemma 3.5, this will hold true if and only ifno vertex in Vj has out-degree 0 in T (Vj), for j 6= i. But now since everypendant set must be nonempty, it follows by iv) of Lemma 3.5 that no ver-tex in fx1; x2; : : : ; xkgnfxig can form an edge with any other vertex of T incom(T ). Thus, fx1; x2; : : : ; xkgnfxig is an independent set in com(T ). But
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then since com(T ) = dom( eT ), we have by Theorem 1.1 that com(T ) must bean odd-spiked cycle with at least k� 1 isolated vertices or a forest of caterpil-lars with at least k � 1 isolated vertices. In either case, com(T ) can have atmost n � (k � 1) edges. Therefore, since k must be at least three, it followsthat com(T ) can have at most n � 2 edges, contrary to our assumption thatcom(T ) has n edges. Therefore, it follows that Con�guration 2 cannot exist.Since we have shown that none of the con�gurations we exhibited canexist, it follows that it is not possible to have jE(DC(T )j > 2(n� 1). There-fore, DC(T ) has at most 2(n� 1) edges.To show that this bound is best possible for n � 4, let T be thetournament obtained from Un�1 by adding a vertex xn with arcs (xi; xn), forall i with 1 � i � n � 1. For this tournament, n � 1 edges are obtained fromdom(T ) and n� 1 edges are obtained from com(T ). See Figure 3.4.3.3 Consequences of the upper bound and forbiddensubgraphsTheorem 3.6 gives the maximum number of edges in the domination-compliance graph of a tournament. As a result, it is straightforward to deduceresults about graph parameters for the domination-compliance graph and thecompetition/resource graph. In addition, we will also deduce some resultsconcerning forbidden subgraphs. Below are some examples.
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Figure 3.4. Two tournaments on six and seven vertices thathave the maximum number of edges in DC(T ).
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Corollary 3.7 The minimum number of edges in the competition/resourcegraph of an n-tournament is � n2 �� 2(n� 1).Let G be a graph. A subset of vertices of G forms a clique if thereare edges between every pair of vertices in the subset. We de�ne the cliquenumber !(G) of G to be the maximum size of a clique in G. A subset ofvertices of G forms an independent set if there are no edges between anytwo vertices in the subset. We de�ne the independence number �(G) ofG to be the maximum size of an independent set in G. Clearly, �(G) = !(G)where G is the complement of G.Corollary 3.8 Let T be a tournament. Then the clique number of DC(T ) isat most 4.Proof: Let T be an n-tournament. The result is trivial for n � 4, so assumethat n � 5. Suppose that K5 is a subgraph of DC(T ). Then by Lemma 3.4,there must exist a 5-tournament T 0 such that DC(T 0) = K5. But this cannotpossibly happen since the maximum possible number of edges in DC(T 0) is8 and K5 has ten edges. Therefore, K5 is not a subgraph of DC(T ), for anyn-tournament T with n � 5.Corollary 3.9 Let T be a tournament. Then the independence number of thecompetition/resource graph of T is at most 4.Theorem 3.10 If T is a tournament on six vertices, then K3;3 is not a sub-graph of DC(T ).
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Theorem 3.10 can be veri�ed by one of two methods. The �rst involvesenumerating all 56 nonisomorphic tournaments on six vertices and verifyingthat K3;3 is not a subgraph of DC(T ). The second method is by proof and canbe found in Appendix A.Corollary 3.11 Let T be a tournament. Then K3;3 is not a subgraph ofDC(T ).Proof: Let T be an n-tournament. The result is trivial if n � 5, so assume thatn � 6. If K3;3 is a subgraph of DC(T ), then by Lemma 3.4 there must exista tournament T 0 on six vertices such that K3;3 is a subgraph of DC(T 0). Butthis contradicts Theorem 3.10. Therefore, K3;3 is not a subgraph of DC(T ).
3.4 Characterization for reducible and regular tourna-mentsIn this chapter, we have been investigating the domination-compliancegraph of a tournament. Our goal of this investigation is to arrive at a resultthat characterizes all graphs that are the domination-compliance graphs oftournaments. At this point, we have not been able to achieve such a result.But if we restrict T to be either a reducible or regular tournament, we can getsuch a result.Recall that a tournament T is reducible if it is possible to partition its
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vertex set into two nonempty sets A and B in such a way that every vertex inA beats every vertex in B. By de�nition, reducible tournaments are preciselythose which are not strongly connected. A regular tournament is one in whichevery vertex has the same out-degree. Note that if T is a regular tournament,then T has an odd number of vertices. Let In be the graph with n isolatedvertices.Lemma 3.12 Let T be a reducible tournament with a partition of its vertexset into nonempty sets A and B such that every vertex in A beats every vertexin B. If T has no transmitter, then dom(T ) = dom(T (A)) [ IjBj.Proof: Let T be a reducible tournament with a partition of its vertex set intononempty sets A and B such that every vertex in A beats every vertex in B.Assume T has no transmitter. We will show that dom(T ) = dom(A) [ IjBj.Clearly no pair of vertices in B can be a dominant pair in T sinceA is nonempty. Since T does not have a transmitter, then for every vertexx 2 V (T ), we have d+(x) < n � 1. Thus, no two vertices x 2 A and y 2 Bcan be a dominant pair. Therefore, if [x; y] 2 dom(T ), then both x and y mustbelong to A. Thus, by Lemma 3.4, we have [x; y] 2 dom(T (A)). Conversely,if [x; y] 2 dom(T (A)), then [x; y] 2 dom(T ) since every vertex in A beats allvertices in B. Therefore, dom(T ) = dom(T (A)) [ IjBj.Corollary 3.13 Let T be a reducible tournament with a partition of its vertex
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set into nonempty sets A and B such that every vertex in A beats every vertexin B. If T has no vertex with out-degree 0, then com(T ) = com(T (B)) [ IjAj.Lemma 3.14 If T is an n-tournament with a vertex of out-degree 0, thencom(T ) = K1;n�1.Proof: Let T be an n-tournament that has a vertex x of out-degree 0. Note thatfor any y 2 V (T )�fxg, we have that [x; y] 2 com(T ) since x is beaten by everyvertex in V (T )nfxg. Thus, K1;n�1 � com(T ). To show that com(T ) = K1;n�1,it su�ces to show that no other pair of vertices form a compliant pair. Lety; z 2 V (T )� fxg. Since both y and z beat x, it follows that [y; z] 62 com(T ).Let G and H be two disjoint graphs. Then de�ne the join G _H ofG and H to be the graph obtained from the union of G and H by adding theset of edges f[x; y] : x 2 V (G); y 2 V (H)g.Theorem 3.15 Let T be a reducible n-tournament. Then DC(T ) is either1) two disjoint odd-spiked cycles with or without isolated vertices,2) a forest of caterpillars,3) an odd-spiked cycle and a forest of caterpillars,4) K2 _ In�2, or5) K1 _ G, where G is an odd-spiked cycle with or without isolated verticesor a forest of caterpillars.
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Proof: Let T be a reducible n-tournament. Since T is reducible, its vertex setcan be partitioned into nonempty sets A and B such that every vertex of Abeats every vertex of B in T .First assume that T has no transmitter or vertex of out-degree 0.Thus, both jAj and jBj must be at least 1. By Lemma 3.12, we have thatdom(T ) = dom(T (A)) [ IjBj. Also by Theorem 1.1, it follows that dom(T (A))is either an odd-spiked cycle with or without isolated vertices or a forest ofcaterpillars. Next by Corollary 3.13, com(T ) = com(T (B)) [ IjAj. It followsby Theorem 1.1 that com(T (B)) is either an odd-spiked cycle with or withoutisolated vertices or a forest of caterpillars. In addition, note that E(dom(T ))\E(com(T )) = ;. Therefore, since DC(T ) = dom(T ) [ com(T ), then DC(T ) iseither two disjoint odd-spiked cycles with or without isolated vertices, a forestof caterpillars, or an odd-spiked cycle and a forest of caterpillars.Next assume T has both a transmitter x and a vertex y with out-degree 0. We may conclude by Theorem 2.3 that dom(T ) = K1;n�1. Alsoby Lemma 3.14, we have that com(T ) = K1;n�1. In addition, notice thatE(dom(T )) \ E(com(T )) = f[x; y]g. Since DC(T ) = dom(T ) [ com(T ), wemay conclude that DC(T ) = K2 _ In�2.Now assume T has a transmitter x and no vertex with out-degree 0.Let A = fxg and B = V (T )nfxg. It follows by Theorem 2.3 that dom(T ) =
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K1;n�1 and by Lemma 3.13 that com(T ) = com(T (B)) [ I1. In addition, byTheorem 1.1 we know that com(T (B)) is either an odd-spiked cycle with orwithout isolated or a forest of caterpillars. Now notice that E(dom(T )) \E(com(T )) = ;. Thus, since DC(T ) = dom(T ) [ com(T ), it follows thatDC(T ) is K1 _ G, where G is either an odd-spiked cycle with or withoutisolated vertices or a forest of caterpillars. A similar argument shows thatDC(T ) is K1 _ G, where G is either an odd-spiked cycle with or withoutisolated vertices or a forest of caterpillars when T has a vertex with out-degree0 and no transmitter.Now suppose that T is a regular n-tournament with n odd. Then aconsequence of Lemma 3.2 is that dom(T ) = com(T ). Thus, since DC(T ) =dom(T ) [ com(T ), we have that DC(T ) = dom(T ) = com(T ) when T is aregular tournament. Recently, in [10] Cho, Kim, and Lundgren determinedthat the domination graph of a regular tournament is either an odd cycle or aforest of paths. Thus, we have the following theorem.Theorem 3.16 Let T be a regular n-tournament with n odd. Then DC(T ) iseither an odd cycle or a forest of paths.In the case where all the paths are nontrivial, Cho, et al., found a char-acterization for forests of nontrivial paths which are the domination graphs ofregular tournaments. This result is presented in Chapter 4.
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We now conclude this chapter by presenting some ways in which theresearch on the domination-compliance graph can be continued. Recall thatreducible tournaments are precisely those tournaments which are not stronglyconnected. Although we have successfully characterized the domination-com-pliance graph for reducible tournaments, such a characterization for stronglytournaments has not yet been found. Thus, a problem one can consider wouldbe to try to �nd a characterization for the domination-compliance graph ofstrongly connected tournaments. Note that if such a characterization is found,then the domination-compliance graph will be characterized for all tourna-ments. A second way in which the research on the domination-compliancegraph could be continued would be to try to determine if the domination-compliance graph of a tournament is always a planar graph. De�ne a planargraph to be a graph that can be drawn in the plane without crossing edges.The reason we pose this problem is because the work presented in this chapterleads one to believe that that this is in fact true for the following reasons. First,planar graphs have the property that they have at most 3n� 6 edges, where nis the number of vertices in the graph. For n � 4, the domination-compliancegraph of a tournament on n vertices has at most 2(n � 1) edges. Thus, since2(n � 1) � 3n � 6, for n � 4, the domination-compliance graph always has
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the right number of edges in the sense that it never exceeds the maximumnumber of edges that a planar graph can have. Second, a planar graph neverhas K5 or K3;3 as a subgraph. By Corollaries 3.8 and 3.11, we have that thedomination-compliance graph of a tournament also has this property. Finally,the domination-compliance graphs for reducible and regular tournaments areplanar. Now notice that the domination graph and the compliance graph canalways be properly colored with at most three colors. Thus, a possibly easier(preliminary) problem that one might consider would be to try to determinewhether the domination-compliance graph of a tournament is 4-colorable, i.e,that it can be properly colored with at most four colors. It is well knownthat planar graphs can be properly colored with at most four colors. So ifone can show that the domination-compliance cannot be 4-colored, then it willfollow that it is not always the case that the domination-compliance graph isa planar graph. On the other hand, showing that the domination-compliancegraph is 4-colorable will strengthen our belief that the domination-compliancegraph is a planar graph. Therefore, we end this chapter with the following twoconjectures.Conjecture 3.17 Let T be a tournament. Then DC(T ) can be properly col-ored using at most four colors.
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Conjecture 3.18 Let T be a tournament. Then DC(T ) is a planar graph.
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4. Domination Graphs of Near-Regular Tournaments4.1 IntroductionThe focus of this and the following chapters involves investigating thedomination graphs of near-regular tournaments. Recall that an n-tournamentT is near-regular if n is even and every vertex has out-degree either n2 orn2 � 1. Recently Cho, et al., investigated the domination graphs of regulartournaments. In [10] they showed that the domination graph of a regulartournament is either an odd cycle or a forest of paths. The following theoremsummarizes their �ndings.Theorem 4.1 (Cho, et al., [10]) Let T be a regular tournament and assumeG is a graph without isolated vertices. Then G is the domination graph of T ifand only if G is an odd cycle or G is a forest of m even paths and n nontrivialodd paths such that(i) if m = 0; 1; 2; 4, then n must be odd and m+ n � 7 and(ii) if m = 3 or m � 5, then n must be odd.Since near-regular tournaments make up a large class of structurally nice tour-naments, it was natural to proceed with a study analogous to that in [10].
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Thus, in this and the following chapters we will investigate the following ques-tion,Which connected graphs are domination graphs of near-regular tourna-ments? As we will see, if T is a near-regular tournament, then the dominationgraph of T is not limited to odd cycles and forests of paths.In the remainder of the chapter we will investigate which connecteddomination graphs are the domination graphs of near-regular tournaments. Inparticular, we will show that stars, odd cycles and caterpillars are not domina-tion graphs of near-regular tournaments. We will then determine exactly whichodd-spiked cycles are the domination graphs of near-regular tournaments. Thefollowing notation will be used in the remainder of this chapter as well as in theensuing chapters. Let x be a vertex in a near-regular n-tournament T . If theout-degree of x is n2 , then we will say that x is a \+" vertex. If the out-degreeof x is n2 � 1, then we will say that x is a \� " vertex.4.2 Connected Domination Graphs of Near-RegularTournamentsIn this section, we characterize those connected graphs that are thedomination graphs of near-regular tournaments. We begin by presenting alemma which will provide useful information regarding dominant pairs in anear-regular tournament.Lemma 4.2 Let T be a near-regular n-tournament and x; y 2 V (T ). If [x; y] 2
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dom(T ), then at least one of x and y is a \ + " vertex. Furthermore, if bothare \ + " vertices, then jO(x)\O(y)j = 1, and if exactly one is a \+ " vertex,then jO(x) \ O(y)j = 0.Proof: Let T be a near-regular n-tournament and x; y 2 V (T ). Assume that xand y form a dominant pair and that x beats y. Then since [x; y] 2 dom(T ),we have that jO(x) [O(y)j = n� 1. Thus, both x and y cannot be \� " ver-tices since if they are, then jO(x)[O(y)j = jO(x)j+ jO(y)j � jO(x)\O(y)j ��n2 � 1� + �n2 � 1� = n � 2. Therefore, at least one of x and y must be a\ + " vertex. Furthermore, if both x and y are \ + " vertices, jO(x) \O(y)j =jO(x)j+jO(y)j�jO(x)[O(y)j= n2 +n2�(n�1) = 1. In addition, if exactly one,say x, is a \+" vertex, then jO(x)\O(y)j = jO(x)j+ jO(y)j� jO(x)[O(y)j=n2 + �n2 � 1�� (n� 1) = 0.Recall from Lemma 2.2 that in the domination digraph a vertex xcan have in-degree at most 1, and at most one out-neighbor of x can haveout-neighbors. When the tournament is near-regular, we can put further re-strictions on the out-degree of a vertex in the domination digraph.Theorem 4.3 Let T be a near-regular n-tournament. In D(T ), a \� " vertexcan have out-degree at most 1 and a \ + " vertex can have out-degree at most3.Proof: Let T be a near-regular n-tournament and let x be an arbitrary vertexin V (T ). First assume that x is a \� " vertex and has out-degree at least 2 in
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D(T ). Let y; z 2 OD(T )(x). Since x is a \�" vertex and forms a dominant pairwith both y and z, it follows by Lemma 4.2 that both y and z are \+" vertices.Also since T is a tournament, we have that either y beats z or z beats y in T .Without loss of generality assume y beats z. But then jO(x)\O(y)j � 1 sincez 2 O(x) \O(y), which contradicts Lemma 4.2. Therefore, a \� " vertex canhave out-degree at most 1 in D(T ).Next suppose that x is a \ + " vertex and has out-degree at least 4in D(T ). Let y; z; t; r 2 OD(T )(x). Consider the subtournament T 0 induced bythe set of vertices fy; z; t; rg. Since T 0 is a tournament on four vertices theremust exist a vertex in T 0 with out-degree at least 2. Without loss of generalityassume y is such a vertex in T 0. But then since T 0 is a subtournament of T , wehave that jO(x)\O(y)j � 2, which contradicts Lemma 4.2. Therefore, a \ + "vertex can have out-degree at most 3 in D(T ).Now Theorem 2.1 tells us that the only possible connected dominationgraphs of tournaments are odd-spiked cycles, stars and nonstellar caterpillarssuch that each has a triple end. Trivially, an odd cycle cannot be the domina-tion graph of a near-regular tournament since near-regular tournaments havean even number of vertices. In addition, we will show, using Lemma 4.2 andTheorem 4.3, that if G is the connected domination graph of a near-regularn-tournament with n � 4, then G cannot be a star or a caterpillar with a tripleend.
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Lemma 4.4 If T is a near-regular n-tournament with n � 4, then K1;n�1 isnot the domination graph of T .Proof: Let T be a near-regular n-tournament with n � 4 and suppose thatdom(T ) = K1;n�1. Since dom(T ) = K1;n�1, then it follows by Theorem 2.3that T either has a transmitter or has two distinguished vertices x and y suchthat i) y beats x,ii) for all vertices z 6= x; y, we have that x beats z and z beats y, andiii) T � fx; yg induces a subtournament without a transmitter.Suppose T has a transmitter x. Then x has out-degree n�1. But every vertexin T must have out-degree either n2 or n2 � 1, a contradiction since n� 1 > n2for n � 4 and n even.Next suppose that T has two distinguished vertices x and y with theproperties stated above. Since T�fx; ygmust induce a subtournament withouta transmitter, the subtournament T �fx; yg must have at least three vertices.Therefore, T must have at least �ve vertices. Note that in T the vertex xhas out-degree n� 2. But every vertex in T must have out-degree either n2 orn2 �1. Again we arrive at a contradiction since n�2 > n2 for n � 5 and n even.Thus, it follows that K1;n�1 is not the domination graph of any near-regularn-tournament with n � 4.Let H be a caterpillar with k vertices y1; y2; : : : ; yk on its spine. Also
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letWi represent the set of vertices pendant at xi. We will say that H is an oddgapped pendant restricted (OGPR) caterpillar if it has the followingproperties:� jVij � 1 for all i with 2 � i � k � 1.� The set V1 can have at most two vertices and the set V3 can have atmost three vertices or vice versa.� Consecutive vertices on the spine with degree 3 or more must be sep-arated by an odd number of edges.

Figure 4.1. Two odd gapped pendant restricted caterpillars.Odd gapped pendant restricted caterpillars play a signi�cant role withrespect to domination graphs of near-regular tournaments. It turns out thatif a caterpillar H is the domination graph of a near-regular tournament, thenH must be an OGPR caterpillar. This will be shown by proving the strongerresult that if a forest G of nontrivial caterpillars is the domination graph of anear-regular tournament, then each component of G must be an odd gapped
64



pendant restricted caterpillar. In order to do so we need the following result.Lemma 4.5 (Fisher, et al., [16]) Let G be the union of k nontrivial cater-pillars R1; R2; : : : ; Rk and suppose G is the domination graph of a tournamentT . Let G be properly 2-colored. Also let vi and vj be any two vertices in V (Ri)and V (Rj), respectively, that have the same color. Then if vi beats vj in T andif v and w are vertices of Ri and Rj, respectively, we have that v beats w in Tif and only if v and w are the same color.If a caterpillar H is a component of the domination graph tournament T , thenrecall that the directed spine of the subdigraph of D(T ) on V (H) is de�nedto be the directed path that results when all vertices with out-degree 0 areremoved from the subdigraph of D(T ) on V (H).Theorem 4.6 Let a forest G of nontrivial caterpillars be the domination graphof a near-regular tournament T . If H is a component of G, then H must bean odd gapped pendant restricted caterpillar.Proof: Assume a forest G of nontrivial caterpillars is the domination graphof a near-regular tournament T . Let H be a component of G. Consider thesubdigraph of D(T ) on V (H). Lemma 2.8 guarantees the existence of thedirected spine in the subdigraph of D(T ) on V (H). Thus, we may assumewithout loss of generality that the subdigraph of D(T ) on V (H) is as depictedin Figure 4.2. In addition, assume that the vertices of H are labeled as inFigure 4.2.
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x 1 x x x2 3 k

1V 2V 3V kVFigure 4.2. The subdigraph of the domination digraph on thevertex set of a component of dom(T ).In Figure 4.2, the sets Vi represent the set of vertices that are pendantto xi in H. Also note that the set V1 maybe empty, in which case x1 is apendant vertex in H and the spine of H consists of the vertices x2; x3; : : : ; xk.Assume G is properly 2-colored. We begin by making the following observationregarding dominant pairs in V (H). First, we have that OT (xi)\OT (xi+1) = Vifor 1 � i � k � 1. To see this, note that every vertex in Vi has the samecolor as xi+1. So it follows by Lemma 2.9 that xi+1 beats every vertex in Vi.Hence, Vi � OT (xi) \ OT (xi+1). Let w 2 V (T ). Assume w belongs to V (H 0)where H 0 is a component of G di�erent from H. Then since every componentin G is nontrivial and the vertices xi and xi+1 are colored di�erently, we haveby Lemma 4.5 that either xi beats w or xi+1 beats w, but not both. If w isin V (H), then again since xi and xi+1 are colored di�erently, by Lemma 2.9either xi beats w or xi+1 beats w, but not both. Therefore, it follows thatOT (xi) \ OT (xi+1) = Vi, for 1 � i � k � 1. Second, let v 2 Vi. Then by asimilar argument, it follows that if w 2 OT (xi) \ OT (v), then w must be in
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Vi. With these observations in hand, we proceed by showing that H is an oddgapped pendant restricted caterpillar.First we show that jVij � 1 for all i with 1 � i � k � 1 and alsothat Vk has at most three vertices. Suppose that jVij = 2 for some i, with1 � i � k � 1. Since we know that OT (xi) \ OT (xi+1) = Vi, we may concludethat jOT (xi)\OT (xi+1)j � 2. But this contradicts Theorem 4.2 since [xi; xi+1] 2dom(T ). Therefore, jVij � 1 for all i with 1 � i � k � 1. Now since xk beatsevery vertex of Vk in the domination digraph, we have by Lemma 4.3 that Vkcan have at most three vertices.Note that if Vi 6= ; for some i with 1 � i � k � 1, then sinceOD(T )(xi) = jfxi+1g [ Vij = 2, it follows by Lemma 4.3 that xi must be a\ + " vertex in T . Since we know that jO(xi) \ O(xi+1)j = jVij = 1 and[xi; xi+1] 2 dom(T ), we may conclude by Lemma 4.2 that xi+1 must also be a\ + " vertex. Lastly, if Vk has two or three vertices, then it follows by Lemma4.3 that xk must be a \ + " vertex in T . We will use these facts to show thatthere must be an odd number of edges between two consecutive vertices on thespine with degree at least 3. Note that these vertices correspond to all verticesxi that have out-degree at least 2 and in-degree 1 in D(T ). Also note that theonly vertex that can have out-degree greater than 2 and in-degree 1 is xk.Assume that i; j 2 f1; 2; : : : ; kg with i < j and satisfying the followingproperties:
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� The vertex xi has out-degree 2 and in-degree 1 in D(T ). Note that thismeans jVij = 1.� The vertex xj has out-degree 2 (possibly greater than 2 if j = k) andin-degree 1 in D(T ). Note that this means that jVjj � 1.� Every vertex xl between xi and xj has out-degree and in-degree exactly1 in D(T ). Note that this means that for all l with i < l < j, we haveVl = ;.So assume that there is at least one vertex along the spine between xi andxj. By the comment in the preceding paragraph, the vertices xi, xi+1 and xjare all \ + " vertices in T . In addition, since OT (xj) \ OT (xj�1) = Vj�1 = ;and [xj�1; xj] 2 dom(T ), it follows by Lemma 4.2 that xj�1 must be a \ � "vertex in T . Then since T is a near-regular tournament, we have that everyvertex in T must be either a \ + " or a \ � " vertex. Thus, there must be atleast two vertices on the spine of H between xi and xj. So suppose that thatthere is an odd number of vertices along the spine between xi and xj. Thenthere will be two consecutive vertices xl and xl+1, i < l < l + 1 < j, such thateither both are \+" vertices in T or both are \� " vertices in T . It follows byLemma 4.2 that both cannot be \ � " vertices in T since [xl; xl+1] 2 dom(T ).In addition, both cannot be \ + " vertices in T since [xl; xl+1] 2 dom(T ) andwe must have that jOT (xl) \ OT (xl+1)j = 1. But this last condition is notpossible since jOT (xl) \ OT (xl+1)j = Vl and Vl = ;. Thus, we may conclude
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that there must be an even number of vertices along the spine between xi andxj, which is equivalent to having xi and xj separated by an odd number ofedges. Therefore, it follows that H must be an odd gapped pendant restrictedcaterpillar.Lemma 4.7 Let G be a caterpillar with a triple end. If T is a near-regulartournament, then G is not the domination graph of T .Proof: Let G be a caterpillar that is the domination graph of a near-regulartournament T . Suppose that G has a triple end. Then we may concludeby Theorem 4.6 that G is an odd gapped pendant restricted caterpillar. Inaddition, since dom(T ) = G, we have by Theorem 2.10 that T is a caterpillartournament. Now consider D(T ). Lemma 2.8 guarantees the existence of thedirected spine, thus we may assume that D(T ) is as depicted in Figure 4.3.
x 1 x x x2 3 k

1V 2V 3V kVFigure 4.3. The domination digraph of T .With respect to Figure 4.3, since T is a caterpillar tournament, thenthe spine of G consists of the vertices x1; x2; : : : ; xk if V1 is nonempty andconsists of the vertices x2; x3; : : : ; xk if V1 is empty. Also since G is a caterpillarwith a triple end, it follows from the proof of Theorem 4.6 that the triple end
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must exist at xk.Now since T is a caterpillar tournament and G is an odd gappedpendant restricted caterpillar we have the following in D(T ):(1) The integer k is even.(2) The sets Vi, for 1 � i � k � 1, can have at most one vertex.(3) The set Vk has exactly three vertices and T (Vk) is a subtournamentwithout a transmitter.(4) Let i < j. If xi and xj are two consecutive vertices on the spine ofG that have in-degree 1 and out-degree at least 2 in D(T ), then theymust be separated by an odd number of edges in G. Note that thesevertices correspond to those vertices on the spine of G that have degreeat least 3.So using D(T ), we will proceed by showing that T cannot be a near-regulartournament, which is a contradiction.Case 1: Suppose that V1 6= ;. Then the spine of G consists of the verticesx1; x2; : : : ; xk. To derive a contradiction, we will show that more than half ofthe vertices of T are \ + " vertices. To show this, we �rst need to establish aseries of results.Result 1: V1 = 1.Since T is a caterpillar tournament, x2 beats every vertex in V1. Thus,since [x1; x2] 2 dom(T ) and x1 beats every vertex in V1, it follows by Lemma
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4.2 that jV1j = 1.Result 2: Consecutive vertices on the spine with out-degree 2 are separatedby an odd number of edges. In addition, half of the vertices between two suchvertices are \ + " vertices in T .Since we already have that consecutive vertices on the spine within-degree 1 and out-degree at least 2 in D(T ) must be separated by an oddnumber of edges, it su�ces to show that x1 and xi are separated by an oddnumber of edges, where i is the smallest integer greater than 1 such that xi hasout-degree at least 2 in D(T ). For this i, we may conclude by Lemma 4.3 thatxi must be a \ + " vertex in T since xi has out-degree greater than 1 in D(T ).See Figure 4.3. To show that x1 and xi are separated by an odd number ofedges, we may assume that i > 2, because the result is trivial if i = 2.Now since T is a caterpillar tournament, O(xi) \O(xi+1) = Vi for alli with 1 � i � k � 1. Thus, since [x1; x2] 2 dom(T ) and jO(x1) \ O(x2)j =jV1j = 1, it follows by Lemma 4.2 that both x1 and x2 must be \ + " verticesin T . Also since [xi�1; xi] 2 dom(T ), the vertex xi is a \ + " vertex, andjO(xi�1) \O(xi)j = jVi�1j = 0, it follows from Lemma 4.2 that xi�1 must be a\ � " vertex in T . Therefore, there must be at least two vertices between x1and xi. So suppose that there are an odd number of vertices between x1 andxi. Then since every vertex in T is either a \+" or a \�" vertex, we will havetwo consecutive vertices xl and xl+1, with 1 < l < l + 1 < i, such that both
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are either \� " vertices or \+00 vertices. Since [xl; xl+1] 2 dom(T ), by Lemma4.2 they cannot both be \ � " vertices. In addition, it follows by Lemma 4.2that they both cannot be \ + " vertices since jO(xl) \ O(xl+1)j = jVlj = 0.Therefore, there must be an even number of vertices between x1 and xi on thespine, which is equivalent to having x1 and xi separated by an odd number ofedges. Note from the argument just presented, it follows that if xi and xjwith i < j are two consecutive vertices on the spine that have out-degree atleast 2 in D(T ), then the vertices between them must alternate between being\ + " and \ � " vertices. Thus since there are an even number of verticesbetween two such vertices xi and xj, we have that half of the vertices betweenthem must be \ + " vertices and half must be \� " vertices.Result 3: Every vertex in Vk is a \ + " vertex in T .Let w 2 Vk. Since jVkj = 3 and T (Vk) induces a tournament with-out a transmitter, it follows that T (Vk) = U3, i.e., the subtournament onVk is a 3-cycle. Thus, w beats exactly one vertex in Vk. Therefore, since[xk; w] 2 dom(T ) and xk beats every vertex in Vk, it follows by Lemma 4.2that jO(xk) \ O(w)j = 1. But by the same lemma, w is a \ + " vertex.Now using Results 1 through 3 we are ready to derive our contradic-tion. Let r be the number of vertices on the spine that have out-degree atleast 2 in D(T ). Note that vertices with out-degree 2 in D(T ) have exactly one
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pendant neighbor. Thus, since jVkj = 3, we have that jV (T )j = k+ (r� 1) + 3(k vertices are on the spine and r + 3 vertices are pendant). Next, since k iseven and consecutive vertices on the spine that have out-degree 2 in D(T ) havean even number of vertices between, then it follows that r must be even, i.e.,there must be an even number of vertices on the spine that have out-degree atleast 2 in D(T ). Now note that by Lemma 4.3, every vertex on the spine without-degree 2 in D(T ) must be a \+" vertex in T . From Result 2, we have thathalf of the vertices between consecutive vertices on the spine with out-degree2 in D(T ) must be \+" vertices in T . In addition, from Result 3, every vertexin Vk is a \ + " vertex in T . So counting the number of \ + " vertices in T ,at least k � r2 + r + 3 of the vertices in T are \ + " vertices (r + k � r2 ofthem occur on the spine and 3 occur in Vk). But this is a contradiction sincek � r2 +r+3 > k + (r � 1) + 32 = jV (T )j2 and a near-regular tournament musthave the property that exactly half of its vertices are \ + " vertices.Case 2. Suppose that V1 is empty. Then the spine of G consists of the ver-tices x2; x3; : : : ; xk. Let i be the smallest integer such that the vertex xi hasin-degree 1 and out-degree at least 2 in D(T ). Note that i > 1. By the choiceof i, all vertices xj, with j < i, have out-degree 1 in D(T ). Therefore, Vj = ;for all j < i.Subcase 2.1 Suppose that i is even. Note that there are an oddnumber of vertices xj with j < i. Also note that there are an even number
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of vertices between consecutive vertices on the spine that have out-degree atleast 2 in D(T ). Therefore, since k is even, there must be an odd number ofvertices on the spine that have out-degree at least 2 in D(T ). So counting thenumber of vertices in T , we have an even number of vertices in fx1; x2; : : : ; xkgand since jVij � i, for i < k and jVkj = 3, we have an odd number of verticesin V1 [ V2 [ � � � [ Vk. But this implies that T has an odd number of vertices.This is a contradiction since T is near-regular and must have an even numberof vertices.Subcase 2.2 Suppose that i is odd. From Results 1 through 3, wehave the following:(1) Every vertex with out-degree at least 2 in D(T ) is a \+ " vertex in T .(2) Half the vertices between consecutive vertices on the spine with out-degree at least 2 are \ + " vertices in T .(3) Every vertex in Vk is a \ + " vertex in T .So let r be the number of vertices on the spine that have in-degree 1 and out-degree at least 2 in D(T ). Since i is odd, there is an even number of vertices xjwith j < i. Thus, since k is even and there must be an even number of verticesbetween consecutive vertices on the spine that have in-degree 1 and out-degreeat least 2 in D(T ), it follows that r must be an even integer. Thus, as in Case1, we have that jV (T )j = k + (r � 1) + 3.Now note that if we show that half of the vertices in fx1; x2; : : : ; xi�1g
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are \ + " vertices, then we shall be able to produce the same contradiction asin Case 1. Thus, to �nish this proof, it su�ces to show that half of the verticesin fx1; x2; : : : ; xi�1g are \ + " vertices.We begin by observing that since T is a caterpillar tournament,O(xi�1) \ O(xi) = Vi�1 = ;. Then since [xi�1; xi] 2 dom(T ) and xi is a\ + " vertex in T , it follows by Lemma 4.2 that xi�1 must be a \ � " vertexin T . Then since [xi�2; xi�1] 2 dom(T ) and O(xi�2) \ O(xi�1) = Vi�2 = ;,we have by Lemma 4.2 that xi�2 must be a \ + " vertex in T . Then since[xi�3; xi�2] 2 dom(T ) and O(xi�3) \ O(xi�2) = Vi�3 = ;, it follows by Lemma4.2 that xi�3 must be a \� " vertex. Continuing in this fashion, we concludethat xj is a \+" vertex in T , for j odd and 1 � j � i� 1 and is a \� " vertexin T , for j even and 1 � j � i� 1. Therefore, since i� 1 is even we have thathalf of the vertices in fx1; x2; : : : ; xi�1g are \+" vertices in T . Hence it followsas in Case 1 that more than half of the vertices in T are \ + " vertices, whichis a contradiction.Therefore, it follows that a caterpillar G with a triple end cannot bethe domination graph of a near-regular tournament.Due to Lemmas 4.4 and 4.7, if a connected graph G is the dominationgraph of a near-regular n-tournament with n � 4, then G must be an odd-spiked cycle. It is not to di�cult to see that not all odd-spiked cycles arethe domination graphs of near-regular tournaments. For example consider the
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following odd-spiked cycle.

Figure 4.4. An odd-spiked cycle which is not the dominationgraph of a near-regular tournament.Theorem 2.7 provides us with the means to construct the set of all tournamentsthat have this odd-spiked cycle as their domination graph. But none of thesetournaments is a near-regular tournament. We will show that whether an odd-spiked cycle is the domination graph of a near-regular tournament will dependon the structure of the odd-spiked cycle.De�ne an odd gapped single spiked odd cycle to be an odd-spikedcycle with the following properties:� Each vertex on the cycle can have at most one pendant neighbor.� Consecutive vertices on the cycle that have degree 3, or equivalentlythat have a pendant neighbor, must be separated by an odd numberof edges. Note that this is equivalent to having an even number ofvertices between consecutive vertices on the cycle which have degree 3.76



Observe that an odd gapped single spiked odd cycle must always have an oddnumber of pendant vertices.

Figure 4.5. An odd gapped single spiked odd cycle.Odd gapped single spiked odd cycles will play an important role indetermining all connected domination graphs of near-regular tournaments. Infact, we will show that the only connected domination graphs of near-regulartournaments are essentially odd gapped single spiked odd cycles. In addition,we will show that every odd gapped single spiked odd cycle is the dominationgraph of a near-regular tournament. This, together with the fact that anodd cycle, a star, and a caterpillar with a triple end cannot be the dominationgraph of a near-regular tournament, will give us the main result of this chapter.Therefore, we proceed to derive the main result of Chapter 4, which is: A
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connected graph G on n � 2 vertices is the domination graph of a near-regulartournament if and only if G is either K2 or an odd gapped single spiked oddcycle.Lemma 4.8 Let G be an odd-spiked cycle. If G is the domination graph of anear-regular n-tournament T with n � 4, then G must be an odd gapped singlespiked odd cycle.Proof: Let G be an odd-spiked k-cycle that is the domination graph of a near-regular n-tournament T with n � 4. Then it follows by Theorem 2.7 that Tmust be a spiked cycle tournament. So let x1; x2; :::; xk be the vertices on thecycle of G with T (fx1; x2; :::; xkg) = Uk and let Vi, for 1 � i � k, representthe set of pendant vertices at xi. The remaining arcs in T , except for thosewithin each Vi, are determined by Figure 2.3. In particular, note that D(T ) isas shown below.
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We proceed by showing that G must be an odd gapped single spiked odd cycle.For the following arguments let i + 1 denote (i mod k) + 1.First we show that jVij � 1 for 1 � i � k. Assume that jVij � 2 forsome i. Since T is a caterpillar tournament, Figure 2.3 determines that xi+1beats every vertex in Vi. Thus, it follows that jO(xi) \ O(xi+1)j � 2. But thisis a contradiction to Lemma 4.2, since [xi; xi+1] 2 dom(T ). Therefore, thatjVij � 1 for all 1 � i � k.Next we show that any two consecutive vertices along the cycle thathave a pendant neighbor must be separated by an odd number of edges. Firstof all, if there is exactly one vertex xi on the cycle that has a pendant neighbor,then it is easy to verify that there is an odd number of edges on the cycle whenthe cycle is traversed from xi to itself.So let xi and xj, with i 6= j, be two consecutive vertices along thecycle of G such that(1) xi and xj have a pendant neighbor,(2) there is a path from xi to xj on the cycle in D(T ), and(3) every vertex between xi and xj on the path from xi to xj in D(T ) hasno pendant neighbors.By Lemma 4.3, we can see that xi and xj must be \ + " vertices in T sincethey both have out-degree 2 in D(T ). If j = i + 1, then trivially xi and xjare separated by an odd number of edges. So assume that there is at least
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one vertex between xi and xj on the path from xi to xj in D(T ). Since T isa caterpillar tournament, OT (xi) \ OT (xi+1) = Vi. Thus, since jVij = 1 and[xi; xi+1] 2 dom(T ), it follows by Lemma 4.2 that xi+1 must be a \ + " vertexin T . Similarly, since Vj�1 = ; and [xj�1; xj] 2 dom(T ), it follows by Lemma4.2 that xj�1 must be a \� " vertex in T . Since every vertex in T is either a\+" vertex or \� " vertex, there must be at least two vertices between xi andxj on the path from xi to xj in D(T ). If the number of vertices along the pathfrom xi to xj in D(T ) is odd and at least 3, then there will be two consecutivevertices xl and xl+1 on this path between xi and xj such that both are either\ � " vertices or both are \ + " vertices. By Lemma 4.2, they both cannotbe \ � " vertices since they form a dominant pair in T . They also cannot be\ + " vertices. To see this, observe that since [xl; xl+1] 2 dom(T ), it followsby Lemma 4.2 that jO(xl) \ O(xl+1)j = 1. But then since T is a caterpillartournament, OT (xl) \ OT (xl+1) = Vl. Thus, we have a contradiction sinceVl = ;. Therefore, it follows that there must be an even number of verticesbetween xi and xj on the path from xi to xj in D(T ), which is equivalent tohaving xi and xj separated by an odd number of edges. Hence, G is an oddgapped single spiked odd cycle.Having established Lemma 4.8, naturally we wanted to know if allodd gapped single spiked odd cycles are the domination graphs of near-regulartournaments. We will show that the answer is yes. But before we do so, we
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present the following two useful results.Theorem 4.9 Let fi1; i2; : : : ; ikg � f1; 2; : : : ; ng such that i1 < i2 < � � � < ik.If the indices i1; i2; : : : ; ik alternate in parity, then the subtournament of Unwith vertices xi1 ; xi2 ; : : : ; xik is isomorphic to Uk.Proof: Let T = Un and fi1; i2; : : : ; ikg � f1; 2; : : : ; ng such that i1 < i2 <� � � < ik. Suppose that the indices i1; i2; : : : ; ik alternate in parity. To showthat T (fxi1 ; xi2 ; : : : ; xikg) �= Uk, it su�ces to show that xil beats xij in thesubtournament T (fxi1 ; xi2 ; : : : ; xikg) if l� j is either odd and negative or evenand positive.Assume l� j is odd and negative. Then since the indices i1; i2; : : : ; ikalternate in parity, we have that il and ij are of opposite parity. Also since l�jis negative, il < ij. But then since il and ij are of opposite parity, il� ij is odd.In addition, since il < ij, it follows that il � ij is negative. Thus, by de�nitionof Un, we have that xil beats xij in Un. Therefore, since T (fxi1 ; xi2 ; : : : ; xikg)is a subtournament of Un, it follows that xil beats xij in T (fxi1 ; xi2 ; : : : ; xikg).Next assume l � j is even and positive. Then since the indicesi1; i2; : : : ; ik alternate in parity, il and ij are of the same parity. Also sincel � j is even, il > ij. But since il and ij are of the same parity, il � ij iseven. In addition, since il > ij we have that il � ij is positive. Therefore,we may again conclude that xil beats xij in Un. Thus, xil beats xij in thesubtournament T (fxi1 ; xi2 ; : : : ; xikg).
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In addition to being useful for proving the next result, Theorem 4.9gives us a nice method for extracting subtournaments of Un that are isomorphicto Uk, where k � n.Lemma 4.10 Let G be an odd gapped single spiked odd cycle and assume Gis the domination graph of a tournament T . Let fvi1 ; vi2; : : : ; vikg be the set ofpendant vertices such that i1 < i2 < � � � < ik. Then the subtournament inducedby the set of pendant vertices is isomorphic to Uk.Proof: Let G be an odd gapped single spiked odd cycle and suppose G is thedomination graph of a tournament T . Then since dom(T ) = G, it followsby Theorem 2.7 that T is a caterpillar tournament. Also since G is an oddgapped single spiked odd cycle, each vertex on the cycle of G can have at mostone pendant neighbor. So let x1; x2; : : : ; xm, with m odd, be the vertices onthe cycle of G such that T (fx1; x2; : : : ; xmg) �= Um. In addition, let fvi1 ; vi2 ;: : : ; vikg be the set of pendant vertices, with i1 < i2 < � � � < ik. To show thatT (fvi1; vi2 ; : : : ; vikg) �= Uk, it su�ces to show that vij beats vil if j � l is eitherodd and negative or even and positive. By de�nition, since G is an odd gappedsingle spiked odd cycle, we have that i1; i2; : : : ; ik must alternate in parity. Soassume that j � l is either odd and negative or even and positive. Then sincethe indices i1; i2; : : : ; ik alternate in parity, we have by Lemma 4.9 that xijbeats xil. Therefore, since T is a caterpillar tournament and xij beats xil , we
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may conclude by Figure 2.3 that vij beats vil . Thus, T (fvi1 ; vi2; : : : ; vikg) �= Uk.Lemma 4.11 If G is an odd gapped single spiked cycle, then it is the domina-tion graph of a near-regular tournament.Proof: Suppose G is an odd gapped single spiked cycle. Let x1; x2; : : : ; xm,with m odd, be the vertices on the cycle of G and let vi1 ; vi2 ; : : : ; vik , with kodd, be the pendant neighbors of those vertices, such that i1 < i2 < � � � < ik.With this labeling of the vertices of G, construct a spiked cycle tournamentthat has G as its domination graph (as described in Chapter 2). Without lossof generality assume T (fx1; x2; : : : ; xmg) = Um. Note that the remaining arcsin T are determined by Figure 2.3. In particular, we have that D(T ) is asdepicted in the following �gure.
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Note that in the �gure above, the pendant sets Vi have at most one vertex sinceG is an odd gapped single spiked odd cycle. We claim that T is near-regular.To show this it su�ces to show that every vertex has out-degree either n2 orn2 � 1 where n = m + k.First we will show that every pendant vertex has out-degree n2 � 1and that its corresponding neighbor on the cycle has out-degree n2 . Let vir 2fvi1 ; vi2; :::; vikg, with 1 � r � k, and xir be its neighbor on the cycle. SinceT (fx1; x2; :::; xmg) = Um and Um is a regular tournament, xir beats m� 12vertices in fx1; x2; :::; xmg and is beaten by m� 12 vertices in fx1; x2; :::; xmg.Note that since T is a spiked cycle tournament, OT (xir) \ OT (vir) = ;. Thus,since [xir ; vir ] 2 dom(T ) and xir is beaten by m� 12 vertices on the cycle,vir beats the m� 12 vertices on the cycle that beat xir . Next since G is anodd gapped single spiked odd cycle, the indices i1; i2; : : : ; ik alternate in parity.Also since G is the domination graph of T , it follows by Lemma 4.10 thatT (fvi1; vi2 ; :::; vikg) �= Uk. Thus, since Uk is a regular tournament, vir beatsk � 12 vertices in fvi1 ; vi2; :::; vikg and is beaten by the other k � 12 vertices infvi1 ; vi2; :::; vikg. Again since OT (xir) \ OT (vir) = ; and [xir ; vir ] 2 dom(T ),we have that xir beats k � 12 vertices in fvi1 ; vi2 ; :::; vikg. Therefore, since xirbeats vir , we conclude that jOT (xir)j = m� 12 + k � 12 + 1 = m + k2 = n2 andjOT (vir)j = m� 12 + k � 12 = m+ k2 � 1 = n2 � 1, as desired.Next we will show that the remaining vertices in T have out-degree
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either n2 or n2 � 1.First assume that k = 1, in other words, that G has exactly onependant vertex. For this case, note that T has n = m+1 vertices. So withoutloss of generality assume that x1 is the vertex on the cycle that has a pendantneighbor v1. Let xj, with j 6= 1, be any other vertex on the cycle. SinceT (fx1; x2; : : : ; xmg) = Um, we know that xj beats exactly m� 12 vertices infx1; x2; : : : ; xmg. Now if xj beats xi, then since T is a spiked cycle tournament,we have by Figure 2.3 that v1 beats xj. And so, xj has out-degree m� 12 =n2 �1. If xj is beaten by xi, then again since T is a spiked cycle tournament, itfollows by Figure 2.3 that xj beats v1. And so, xj has out-degree m� 12 +1 = n2 .Since xj was an arbitrary vertex on the cycle without a pendant neighbor, weconclude that all vertices on the cycle without pendant neighbors have theappropriate out-degree in T .Next suppose that G has more that one pendant vertex. So let xi andxj, with i 6= j, be two consecutive vertices along the cycle of G such that(1) xi and xj have a pendant neighbor,(2) there is a path from xi to xj on the cycle in D(T ), and(3) every vertex between xi and xj on the path from xi to xj in D(T ), hasno pendant neighbors.For the following, we will take r � i to mean (r � i) mod m. So let xr be avertex between xi and xj on the path from xi to xj in D(T ). We will show
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that if r� i is odd, then OT (xr) = n2 and if r� i is even, then jO(xr)j = n2 � 1.If j � i + 1 (mod m), then the result is trivial since we have already shownthat every vertex with a pendant neighbor has out-degree n2 . So assume thatthere are at least two vertices between xi and xj on the path from xi andxj. We proceed by induction on r � i. Let r � i + 1 (mod m), so r � i isodd. Since T is a caterpillar tournament and [xi; xi+1] 2 dom(T ), we havethat O(xi) \ O(xi+1) = fvg where v is the pendant vertex at xi. But thensince [xi; xi+1] 2 dom(T ), it follows that jO(xi) [O(xi+1)j = n� 1. Therefore,jO(xi+1)j = jO(xi)[O(xi+1)j�jO(xi)j+jO(xi)\O(xi+1)j = (n�1)�n2 +1 = n2 .Next let r � i+2 (mod m). Note that r�i is even. Since [xi+1; xi+2] 2 dom(T )and T is a spiked cycle tournament, OT (xi+1) \ OT (xi+2) = Vi+1 = ;. Butsince [xi+1; xi+2] 2 dom(T ), we conclude that jOT (xi+1) [ OT (xi+2)j = n � 1.Therefore, since we have shown that jO(xi+1)j = n2 , it follows that jO(xi+2)j =jO(xi+1)[O(xi+2)j�jO(xi+1)j+ jO(xi+1)\O(xi+2)j = (n�1)� n2 +0 = n2 �1.Assume the result holds for r, with r � i � 2. We will show thatthe result holds for r + 1. If (r + 1) � i is odd, then r � i is even. By theinduction hypothesis, jO(xr)j = n2 � 1. Since T is a caterpillar tournamentand [xr; xr+1] 2 dom(T ), it follows that O(xr) \ O(xr+1) = Vr = ;. But thensince [xr; xr+1] 2 dom(T ), we have that jO(xr) [ O(xr+1)j = n� 1. Therefore,jO(xr+1)j = jO(xr) [ O(xr+1)j � jO(xr)j + jO(xr) \ O(xr+1)j = (n � 1) �
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�n2 � 1� + 0 = n2 . Next if r + 1 � i is even, then r � i is odd. By theinduction hypothesis, jO(xr)j = n2 . Since T is a caterpillar tournament and[xr; xr+1] 2 dom(T ), we may conclude that O(xr)\O(xr+1) = Vr = ;. But thensince [xr; xr+1] 2 dom(T ), it follows that jO(xr)[O(xr+1)j = n� 1. Therefore,jO(xr+1)j = jO(xr)[O(xr+1)j�jO(xr)j+ jO(xr)\O(xr+1)j = (n�1)� n2 +0 =n2 � 1. The result follows by induction.Theorem 4.12 Let G be a connected graph on n � 2 vertices. Then G is thedomination graph of a near-regular tournament if and only if G is either K2or an odd gapped single spiked odd cycle.Proof: If n = 2, then there is exactly one tournament on two vertices whichis near-regular, clearly its domination graph is K2. So let n � 4. Then byLemmas 4.4 and 4.7, we may conclude that if G is the domination graph of anear-regular tournament, then G cannot be a star or a caterpillar. Thus, byTheorem 1.1, G must be an odd-spiked cycle. It follows by Lemma 4.8 that Gmust be an odd gapped single spiked odd cycle.Conversely, for n � 4, we have by Lemma 4.11 that if G is an oddgapped single spiked odd cycle, then G is the domination graph of a near-regular tournament.Therefore, we have successfully characterized all the connected dom-ination graphs for near-regular tournaments. Although a caterpillar is never
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the domination graph of a near-regular tournament, we have been able to de-termine by Lemma 4.6, that if a caterpillar is a component of the dominationgraph of a near-regular tournament, then it must be an odd gapped pendantrestricted caterpillar. We will use this fact in Chapters 6 and 7 to constructin�nite families of near-regular tournaments with the property that each has aforest of nontrivial caterpillars as its domination graph.
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5. Near-Regular Path Tournaments5.1 IntroductionIn this chapter, we study and characterize all forests of paths thatare domination graphs of near-regular tournaments. In [19], Fisher, et al.,determined which forests of caterpillars are possible as domination graphs ofarbitrary tournaments. In the special case that each caterpillar is a nontrivialpath, we have the following theorem.Theorem 5.1 (Fisher, et al., [19]) The union of n nontrivial paths is thedomination graph of a tournament if and only if n = 4 or n � 6.Note that Theorem 5.1 holds for tournaments in general. Recall Theorem4.1 which gives a characterization for all forests of paths that are dominationgraphs of regular tournaments. In particular, notice that not all combinationsof m even paths and n nontrivial odd paths with m+ n = 4 or m+ n � 6, aredomination graphs of regular tournaments. However, when the tournament isnear-regular, we will show that any combination of four or at least six non-trivial paths, except four odd paths, is the domination graph of a near-regulartournament. Therefore, in the near-regular case, we get closer to the originalresult (Theorem 5.1). In the remainder of this chapter, an even path refers toa path on an even number of vertices and an odd path refers to a path on an
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odd number of vertices.5.2 Forests of m even paths and n nontrivial odd paths.Let }(m;n) denote the set of all graphs that are the union of m evenpaths and n odd paths (possibly trivial). Let }�(m;n) denote the set of allgraphs that are the union of m even paths and n nontrivial odd paths. Forthe remainder of this chapter, we will focus on answering the question, Forwhich integers m and n is a graph G 2 }�(m;n) the domination graph of anear-regular tournament? We start by introducing some notation which willsimplify the ensuing work.Suppose G 2 }�(m;n) is the domination graph of a tournament T .LetG = E1[E2[� � �[Em[O1[O2[� � �[On, where Ei denotes the ith even pathand Oj denotes the jth odd path. The vertex set of Ei is fui1; ui2; : : : ; uimig andthe vertex set of Oj is fvj1; vj2; : : : ; vjnjg. De�ne the following subtournamentsof T as follows:T (B) with the vertices fu11; u21; : : : ; um1; v11; v21; : : : ; vn1g,T (E) with the vertices fu11; u21; : : : ; um1g,T (O) with the vertices fv11; v21; : : : ; vn1g,T (Ei) with the vertices fui1; ui2; : : : ; uimig, andT (Oj) with the vertices fvj1; vj2; : : : ; vjnjg.We will refer to the set of vertices fu11; u21; : : : ; um1; v11; v21; : : : ; vn1g as thebase vertices. In particular, ui1 is the base vertex that corresponds to the ith
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even path Ei and vj1 is the base vertex that corresponds to the jth odd pathOj. In the remainder of this chapter, we will let Ri denote an arbitrary pathwhen it is not speci�ed whether it is an even or odd path. In addition, we willlet fxi1; xi2; : : : ; xisig denote the vertex set of Ri. Now by properly coloringeach path Ri with two colors, red and blue, we are able to derive the followingresults.Lemma 5.2 Let G 2 }�(m;n) be the domination graph of a tournament Tand let T (Ei) be the subtournament on the vertex set fui1; ui2; :::; uimig of theeven path Ei and Tj be the subtournament on the vertex set fxj1; xj2; :::; xjsjgof a path Rj di�erent from Ei. Then for all vertices xjk 2 V (Tj), jO(xjk) \V (T (Ei))j = jI(xjk) \ V (T (Ei))j = mi2 .Proof: Properly 2-color the vertices Ei and Rj using colors red and blue suchthat ui1 and xj1 are colored red.Assume that ui1 beats xj1 in T . Let xjk 2 V (Tj). If k is odd, then xjkis colored red. Since ui1 and xj1 have the same color, we have by Lemma 4.5that xjk beats all the vertices in T (Ei) that are colored blue and is beaten byall the vertices in T (Ei) that are colored red. Since T (Ei) has exactly mi2 redvertices and mi2 blue vertices, jO(xjk)\V (T (Ei))j = jI(xjk)\V (T (Ei))j = mi2 .If k is even, then xjk is colored blue. Again by Lemma 4.5, the vertex xjk beatsall the vertices in T (Ei) that are colored red and is beaten by all the vertices
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in T (Ei) that are colored blue. Again it follows that jO(xjk) \ V (T (Ei))j =jI(xjk) \ V (T (Ei))j = mi2 .Next assume that xj1 beats ui1. By a similar argument, we mayconclude that jO(xjk) \ V (T (Ei))j = jI(xjk) \ V (T (Ei))j = mi2 .Lemma 5.3 Let G 2 }�(m;n) be the domination graph of a tournament Tand let T (Oi) be the subtournament on the vertex set fvi1; vi2; : : : ; vinig of theodd path Oi and Tj be the subtournament on the vertex set fxj1; xj2; : : : ; xjsjgof a path Rj di�erent from Oi. If (vi1; xj1) 2 A(T ), then for k odd, we havejO(xjk) \ V (T (Oi))j = ni � 12 and for k even, we have jO(xjk) \ V (T (Oi))j =ni + 12 . If (xj1; vi1) 2 A(T ), then for k odd, we have jO(xjk) \ V (T (Oi))j =ni + 12 and for k even, we have jO(xjk) \ V (T (Oi))j = ni � 12 .Proof: Properly 2-color the vertices of Oi and Rj with colors red and blue suchthat vi1 and xj1 get colored red. Then T (Oi) has exactly ni + 12 red verticesand ni � 12 blue vertices.Assume vi1 beats xj1 in T . Let xjk 2 V (Tj). If k is odd, then xjk iscolored red. Since vi1 and xj1 are colored red and vi1 beats xj1, then it followsby Lemma 4.5 that xjk beats all the vertices in T (Oi) that are colored blue.Since T (Oi) has exactly ni � 12 blue vertices, jO(xjk) \ V (T (Oi))j = ni � 12 .If k is even, then xjk is colored blue. Again by Lemma 4.5, we have that xjkbeats all the vertices in T (Oi) that are assigned the color red. Since T (Oi) hasexactly ni + 12 red vertices, jO(xjk) \ V (T (Oi))j = ni + 12 .
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Next assume that xj1 beats vi1 and let xjk 2 V (Tj). If k is odd, thenxjk is assigned the color red. Since vi1 and xj1 are colored red and xj1 beatsvi1, it follows by Lemma 4.5 that xjk beats all the vertices in T (Oi) that areassigned the color red. But we know that T (Oi) has exactly ni + 12 red ver-tices, and so jO(xjk) \ V (T (Oi))j = ni + 12 . If k is even, then xjk is assignedthe color blue. Again by Lemma 4.5, we have that xjk beats all the vertices inT (Oi) that are assigned the color blue. Since T (Oi) has exactly n1 � 12 bluevertices, jO(xjk) \ V (T (Oi))j = ni � 12 .Now assume that G 2 }�(m;n) is the domination graph of a tourna-ment T and let Ri be any component of G with vertex set fxi1; xi2; : : : ; xisig.By Lemma 2.2, a vertex can have at most one in-neighbor and at most oneout-neighbor that has out-neighbors in D(T ). Thus, Ri must have one of thetwo orientations of Figure 5.1 in D(T ).
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Figure 5.1. Two possible orientations for a path in the domination digraph.The next result determines the corresponding subtournament of apath Ri given that it has one of the two orientations of Figure 5.1 in the93



domination digraph. Let U0n denote the subtournament obtained from Un byreversing the arc (x1; x2).Lemma 5.4 Let G 2 }�(m;n) be the domination graph of a near-regular tour-nament T and let Rj be a path of G with vertices xj1; xj2; : : : ; xjsj . If Rj hasOrientation 1 (Figure 5.1) in D(T ), then the subtournament T (Rj) �= Uk. If Rjhas Orientation 2 (Figure 5.1) in D(T ), then the subtournament T (Rj) �= U 0k.Proof: Suppose that Rj has Orientation 1 in D(T ). For simplicity, we will letxji = xi, for all xji 2 V (Rj). Now for 1 � i � k � 2, since xi beats xi+1 and[xi+1; xi+2] 2 dom(T ), it follows that xi+2 beats xi. Then for 1 � i � k � 3,since xi+3 beats xi+1 and [xi; xi+1] 2 dom(T ), it follows that xi beats xi+3.Thus, for 1 � i � k � 4, since xi beats xi+3 and [xi+3; xi+4] 2 dom(T ), wehave that xi+4 beats xi. Continuing in this fashion, we conclude that xi beatsxj if i � j is odd and negative or even and positive. Thus by de�nition thesubtournament T (fx1; x2; :::; xkg) �= Uk.Next suppose that Rj has Orientation 2 in D(T ). Using an argumentsimilar to the above we have that for i; j 2 f2; 3; : : : ; kg, the vertex xi beats xjif i� j is odd and negative or even and positive. To show that T (Rj) �= U 0k, itsu�ces to show that x1 beats xi for i even and i � 4, and is beaten by xj forj odd and j � 3.Since [x1; x2] 2 dom(T ) and xi beats x2 for i even and i � 4, we
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conclude that x1 beats xi, for i even and i � 4.Next we show that xi is beaten by xj for j odd and j � 3. If k = 3,then since T is a tournament, we have that either x1 beats x3 or x3 beats x1.In either case, it easy to see that T (Rj) �= U 03. So assume that k > 3. Let jbe odd with j � 3. If j = k, then since k > 3, we have that j � 1 is evenand j � 1 � 4. Thus, since [xj�1; xj] 2 dom(T ) and x2 beats xj, it follows thatxj�1 beats x2. Then since [x1; x2] 2 dom(T ) and xj�1 beats x2, we have thatx1 beats xj�1. But then since [xj�1; xj] 2 dom(T ) and x1 beats xj�1, it followsthat xj beats x1. So assume j < k. Then since [xj ; xj+1] 2 dom(T ) and x2beats xj, we have that xj+1 beats x2. Then since [x1; x2] 2 dom(T ) and xj+1beats x2, it follows that x1 beats xj+1. But then since [xj; xj+1] 2 dom(T ) andx1 beats xj+1, we have that xj beats x1. Therefore, we may conclude that x1is beaten by xj for j odd with j � 3.Theorem 5.5 Let G 2 }�(m;n) be the domination graph of a near-regulartournament T and let Rj be a path of G with vertex set fxj1; xj2; : : : ; xjsjg.If Rj has Orientation 2 in Figure 5.1, then in T we have that xj1 is a \ � "vertex, xj2 is a \ + " vertex, xji is a \ + " vertex for i odd and i � 3 and xjlis a \� " vertex for l even and l � 4.Proof: Suppose that Rj has Orientation 2 of Figure 5.1 in D(T ). Let Ri beany other component of G di�erent from Rj. In addition, let fxi1; xi2; : : : ; xisigdenote the vertex set of Ri. First, we show that dominant pairs in Rj cannot
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both beat any vertex in Ri. Properly 2-color the vertices of Ri and Rj withthe colors red and blue such xi1 and xj1 are both colored red. Let xir be anyvertex in V (Ri). If xj1 beats xi1 in T , then by Lemma 4.5 vertices in Rj beatvertices of the same color in Ri and vertices in Ri beat vertices of the oppositecolor in Rj. Thus, for 1 � l � k � 1, since xjl and xj(l+1) are colored withopposite colors, we have that if xl1 beats xir, then xir beats xl(i+1). By a similarargument, if xi1 beats xj1, then dominant pairs in Rj cannot both beat anyvertex in Ri. Therefore, it follows that for all 1 � l � k� 1, there is no vertexin V (Rj) that both xjl and xj(l+1) beat in T and so O(xjl) \ O(xj(l+1)) mustbe contained in V (Rj).We continue by showing that the vertices of Ri have the degrees inT as stated above. To simplify the rest of this proof, we will let xji = xi forall xji 2 V (Rj). Since Rj has Orientation 2 in D(T ), it follows by Lemma5.4 that T (Rj) = U 0sj . From above, we have that for all 1 � i � k � 1,O(xi) \ O(xi+1) must be contained in V (Rj). Thus, since x2 and x3 are theonly vertices of U 0sj such that there exists a vertex, namely x1, in U 0sj that theyboth beat, it follows that O(x1) \ O(x2) is empty, O(x2) \ O(x3) = fx1g, andO(xi) \ O(xi+1) = ; for 3 � i � sj. Note that since x2 has out-degree 2 inD(T ), then we may conclude by Lemma 4.3 that x2 must be a \ + " vertexin T . But then since [x1; x2] 2 dom(T ) and O(x1) \ O(x2) = ;, we have by
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Lemma 4.2 that x1 must be a \� " vertex in T . Then since [x2; x3] 2 dom(T )and O(x2) \ O(x3) = fx1g, it follows by Lemma 4.2 that x3 must be a \ + "vertex in T . Then since [x3; x4] 2 dom(T ) and O(x3) \ O(x4) = ;, by Lemma4.2 the vertex x4 must be a \ � " vertex in T . Then since [x4; x5] 2 dom(T )and O(x4)\O(x5) = ;, again it follows by Lemma 4.2 that x5 is a \+" vertexin T . Continuing in this fashion, we have that xi is a \ + " vertex in T , for iodd with i � 3, and xj is a \� " vertex in T , for j even with j � 4.The next result establishes that the subtournament T (O) must havea certain structural property.Lemma 5.6 Let G 2 }(m;n). Assume G is the domination graph of a near-regular tournament T . Then n is an even integer and T (O) is a near-regulartournament.Proof: Let G 2 }(m;n) be the domination graph of a near-regular tournamentT . Since T is near-regular, the number of vertices in T is even. Thus it followsthat n must be even.So suppose that n is an even integer such that n � 2 and assumethat T (O) is not near-regular. Let vl1 2 V (T (O)). By Lemma 5.2, the basevertex vl1 beats exactly half of the vertices in T (Ei) for 1 � i � m. So let vj1be any other vertex in T (O). By Lemma 4.3, if vl1 beats vj1, then vl1 beatsnj + 12 vertices in T (Oj) and if (vj1; vl1) 2 A(T ), then vl1 beats nj � 12 verticesin T (Oj). Since Ol must have one of the orientations of Figure 5.1, we may
97



conclude by Lemma 5.4 that either T (Ol) �= Unl or T (Ol) �= U 0nl . Note that ifT (Ol) �= Unl , then vl1 beats nl � 12 vertices in T (Ol) and if T (Ol) �= U 0nl, thenvl1 beats nl � 12 � 1 vertices in T (Ol).Now since T (O) is not near-regular then there must exist a vertexvk1 2 V (T (O)), with 1 � k � n, such that d+T (O)(vk1) > n2 or d+T (O)(vk1) < n2�1(i.e., vk1 beats either more than half of the vertices in T (O) or beats one lessthan half of the vertices in T (O)). First assume that d+T (O)(vk1) = t > n2 . IfT (Ok) �= Unk , thend+T (vk1) = mXi=1 mi2 + Xi : (vk1; vi1) 2 A(T ) ni + 12 + Xi : (vi1; vk1) 2 A(T ) ni � 12+nk � 12= mXi=1 mi2 + nXi=1 ni2 + t2 � n� t� 12 � 12= 12 jV (T )j+ t� n2 > 12 jV (T )j:The last inequality follows since t� n2 > 0. Thus, we have a contradiction.If T (Ok) �= U 0nk , thend+T (vk1) = mXi=1 mi2 + Xi : (vk1; vi1) 2 A(T ) ni + 12 + Xi : (vi1; vk1) 2 A(T ) ni � 12
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+nk � 12 � 1
= mXi=1 mi2 + nXi=1 ni2 + t2 � n� t� 12 � 12 � 1
= 12 jV (T )j+ (t� n2 � 1):

Note that t� n2 �1 � 0. If t� n2 �1 = 0, then vk1 is a \+" vertex in T . But byTheorem 5.5 we have that vk1 must be a \�" vertex, since Ok has Orientation2 of Figure 5.1 in D(T ). Thus, we have a contradiction. If t� n2 � 1 > 0, thenit follows that d+T (vk1) > jV (T )j2 , again a contradiction.Next assume that d+T (O)(vk1) = t < n2 � 1. If T (Ok) �= Unk , thend+T (vk1) = mXi=1 mi2 + Xi : (vk1; vi1) 2 A(T ) ni + 12 + Xi : (vi1; vk1) 2 A(T ) ni � 12+nk � 12= mXi=1 mi2 + nXi=1 ni2 + t2 � n� t� 12 � 12= 12 jV (T )j+ (t� n2 ) < jV (T )j2 � 1:
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This last inequality follows since t < n2 � 1. Thus, we have a contradiction.If T (Ok) �= U 0nk , thend+T (vk1) = mXi=1 mi2 + Xi : (vk1; vi1) 2 A(T ) ni + 12 + Xi : (vi1; vk1) 2 A(T ) ni � 12+nk � 12 � 1
= mXi=1 mi2 + nXi=1 ni2 + t2 � n� t� 12 � 12 � 1
= 12 jV (T )j+ (t� n2 � 1) < jV (T )j2 � 1:

This is a contradiction, so it follows that T (O) must be a near-regular tourna-ment. Suppose G 2 }�(m;n) is the union of p = (m+n) paths R1; R2; : : : ; Rpand T is a tournament whose vertex set is V (G). Let the vertex set of Ribe fxi1; xi2; : : : ; xisig. For each vertex xij 2 V (Ri), we will color xij red, ifj is odd and color xij blue, if j is even. Note that if G = dom(T ), thensince Ri must have one of the orientations in Figure 5.1, by Lemma 5.5 eitherT (Ri) = Usi or T (Ri) = U 0si . We will assume for the remainder of this workthat T (Ri) = Usi for all i with 1 � i � p. We can then construct a tournamentT with dom(T ) = G in the following manner. Given a structure for T (E),100



T (O), and T (B) and a proper 2-coloring (as prescribed above) for G, Lemma4.5 determines the remaining arcs in T . If T is constructed in this fashion,we will say that T is a path tournament. Furthermore, if T is near-regular,we will say that T is a near-regular path tournament. We will show thatwhether or not T is a near-regular tournament such that dom(T ) = G willdepend on the structure of T (E), T (O), and T (B).Lemma 5.7 Let G 2 }�(m;n) be the union of m even paths E1; E2; :::; Emand n nontrivial odd paths O1; O2; :::; On. Also let T be a path tournament withdom(T ) = G. Suppose that(1) T (O) is a near-regular tournament,(2) each vertex in T (E) beats n2 or n2 � 1 of the vertices of T (O) in T ,(3) T (Ei) = Umi for all 1 � i � m, and(4) T (Oj) = Unj for all 1 � j � n.Then T is a near-regular tournament.Proof: Let Rj be a path of G with V (Rj) = fxj1; xj2; : : : ; xjsjgand let xjl 2 V (Rj). Also let Ri be a path di�erent from Rj with V (Ri) =fxi1; xi2; : : : ; xisig. By Lemma 5.2, the vertex xjl beats si2 vertices of V (Ri) inT if Ri is an even path. If Ri is an odd path and xj1 beats xi1 in T , then itfollows by Lemma 5.3 that xjl beats si + 12 vertices of V (Ri) in T if l is oddand beats si � 12 vertices of V (Ri) in T if l is even. If Ri is an odd path and
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xi1 beats xj1 in T , then again by Lemma 5.3, we have that xjl beats si � 12vertices of V (Ri) in T if l is odd and beats si + 12 vertices of V (Ri) in T if l iseven. Note that by assumption T (Rj) = Usj . So if Rj is an odd path, then xjlbeats sj � 12 vertices of V (Rj) in T . In addition, if Rj is an even path, then xjlbeats sj2 vertices of V (Rj) in T if l is odd and beats sj2 �1 vertices of V (Rj) inT if l is even. With this information we proceed by showing that every vertexin T has out-degree either jV (T )j2 or jV (T )j2 � 1.Let Oj be an arbitrary odd path and let vjk 2 V (Oj). First assumethat k is odd. Thend+T (vjk) = mXi=1 mi2 + Xi : (vj1; vi1) 2 A(T ) ni + 12+ Xi : (vi1; vj1) 2 A(T ) ni � 12 + nj � 12 :If vj1 beats n2 of the vertices in T (O), thend+T (vjk) = mXi=1 mi2 + nXi=1 ni2 + �n2� 12 � �n2 � 1� 12 � 12= mXi=1 mi2 + nXi=1 ni2= jV (T )j2 :
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If vj1 beats n2 � 1 of the vertices in T (O), thend+T (vjk) = mXi=1 mi2 + nXi=1 ni2 + �n2 � 1� 12 � �n2� 12 � 12= mXi=1 mi2 + nXi=1 ni2 � 1
= jV (T )j2 � 1:

Next assume k is even. Thend+T (vjk) = mXi=1 mi2 + Xi : (vj1; vi1) 2 A(T ) ni � 12+ Xi : (vi1; vj1) 2 A(T ) ni + 12 + nj � 12 :If vj1 beats n2 of the vertices in T (O), thend+T (vjk) = mXi=1 mi2 + nXi=1 ni2 � �n2� 12 + �n2 � 1� 12 � 12= mXi=1 mi2 + nXi=1 ni2 � 1
= jV (T )j2 � 1:
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If vj1 beats n2 � 1 of the vertices in T (O), thend+T (vjk) = mXi=1 mi2 + nXi=1 ni2 � �n2 � 1� 12 + �n2� 12 � 12= mXi=1 mi2 + nXi=1 ni2= jV (T )j2 :
Thus, it follows that every vertex in V (Oj) has out-degree either jV (T )j2 orjV (T )j2 � 1 in T . Since Oj was arbitrary, this results holds true for all oddpaths. Next let Ej be an arbitrary even path and let ujk 2 V (Ej). Assumethat k is odd. Note that ujk beats mj2 of the vertices in V (Ej) in T . Thend+T (ujk) = mXi=1; i6=j mi2 + Xi : (uj1; vi1) 2 A(T ) ni + 12+ Xi : (vi1; uj1) 2 A(T ) ni � 12 + mj2 :If uj1 beats n2 of the vertices of T (O), thend+T (ujk) = mXi=1; i6=j mi2 + nXi=1 ni2 + �n2� 12 � �n2� 12= jV (T )j2 :
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If uj1 beats n2 � 1 of the vertices of T (O), thend+T (ujk) = mXi=1; i6=j mi2 + nXi=1 ni2 + �n2 � 1� 12 � �n2 + 1� 12= jV (T )j2 � 1:
Next assume that k is even. Note that vjk beats mj2 � 1 of the vertices inV (Ej) in T . Thus,d+T (ujk) = mXi=1; i6=j mi2 + Xi : (uj1; vi1) 2 A(T ) ni � 12+ Xi : (vi1; uj1) 2 A(T ) ni + 12 + (mj2 � 1):If uj1 beats n2 of the vertices of T (O), thend+T (ujk) = mXi=1; i6=j mi2 + nXi=1 ni2 � �n2� 12 + �n2� 12 � 1

= jV (T )j2 � 1:If uj1 beats n2 � 1 of the vertices of T (O), thend+T (ujk) = mXi=1; i6=j mi2 + nXi=1 ni2 � �n2 � 1� 12 + �n2 + 1� 12 � 1
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= jV (T )j2 :
Thus every vertex in V (Ej) has out-degree either jV (T )j2 or jV (T )j2 � 1 in T .Since Ej was arbitrary, the result follows for all even paths.Therefore, we have shown that every vertex in T has out-degree eitherjV (T )j2 or jV (T )j2 � 1 and so it follows that T is a near-regular tournament.Two vertices x and y are paired in a digraph D if there exists avertex w such that either (w; x) and (w; y) are arcs or (x; w) and (y; w) arearcs. Two vertices x and y are distinguished in a digraph D if there existsa vertex w such that either (x; w) and (w; y) are arcs or (w; x) and (y; w)are arcs. A digraph is well-covered if every pair of vertices is paired anddistinguished. Well-covered tournaments play a signi�cant role in the theoryof domination graphs of tournaments. Let G be the union of k nontrivialcaterpillars R1; R2; : : : ; Rk. In [16], Fisher, et al., showed by way of Theorem2.3 that if there exists a well-covered tournament on k vertices, then G is thedomination graph of some tournament. The proof of Theorem 2.3 in [16] canbe summarized as follows: Under the assumption that there is a well-coveredtournament on k vertices, �rst a tournament T is constructed on V (G). This isdone in the following manner. By Theorem 2.2, in the domination digraph of T
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each component Ri of G must have one of the orientations depicted by Figure2.6. Such an orientation is given to each component Ri of G. Note that inFigure 2.6 there is always a vertex that has in-degree 0. This vertex is �xed foreach component Ri and is labeled vi. We shall refer to vi as the base vertex forRi. Next, each component of G is properly 2-colored with colors red and bluesuch that for each component, its base vertex gets the color red. Then usingLemma 2.9, the remaining arcs in the subtournament T (Ri) are determined forall i. Now the well-covered tournament is used to construct the subtournamenton all the base vertices. Then using Lemma 4.5, the remaining arcs in T aredetermined. Once the tournament has been constructed, the property of beingwell-covered is used to show that no additional edges appear in dom(T ), i.e.,that dom(T ) is actually G.In addition, Fisher, et al., showed by way of Theorem 2.5 in [16]that if every component of G does not have a triple end or is K1;3, then itis also necessary for the subtournament on the base vertices of a tournamentT to be well-covered in order to have dom(T ) = G. The reasons for this canbe summarized as follows: If the subtournament of T on the base verticesis not well-covered, then there must be a pair of vertices vi and vj that arenot paired or not distinguished. Under the assumption that vi beats vj, it isshown in the proof of Theorem 2.5 of [16] that if vi and vj are not paired inthe subtournament on the base vertices, then vj forms a dominant pair with a
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vertex in Ri, which should not occur. Also if vi and vj are not distinguishedin the subtournament on all the base vertices, then vi forms a dominant pairwith a vertex in Rj, which also should not occur. Theorems 2.3 and 2.5 of [16],will prove useful for the following two results.Theorem 5.8 Let G 2 }�(m;n). If G is the domination graph of a near-regular tournament, then G is also the domination graph of a near-regular pathtournament.Proof: Let G be the union of p = (m + n) paths R1; R2; : : : ; Rp. Also let sidenote the number of vertices in Ri. Assume G is the domination graph of anear-regular tournament T . To show that G is the domination graph of a pathtournament T �, it su�ces to exhibit a path tournament T � with dom(T �) = Gsuch that for each component Ri of G, the subtournament on V (Ri) is Usi .Now if for each path Ri, we have that T (Ri) = Usi, then Lemma4.5 determines that T is a path tournament, and we are done. So supposethat there exists a path Ri with vertex set fxi1; xi2; : : : ; xisig such that thesubtournament of T on V (Ri) is not Usi . Then note that in D(T ), the pathRi must have Orientation 2 of Figure 5.1, else by Lemma 5.4 we have thatT (Ri) �= Usi . Thus, since Ri has Orientation 2 in D(T ), it follows by Lemma5.4 that T (Ri) �= U 0si . Then by Lemma 5.5, we have that xi1 is a \� " vertexin T and xi2 is a \ + " vertex in T . So reverse the arc between xi1 and xi2 in
108



T to get a new tournament T 0 that di�ers with T in one arc. Now note thatfor all vertices other than xi1 and xi2, their out-degrees are the same in T 0 asthey were in T . In addition, note that in T 0, xi1 gains an out arc and xi2 losesan out arc. Therefore, since xi1 is a \� " vertex in T and xi2 is a \ + " vertexin T , every vertex in T 0 has out-degree either jV (T )j2 or jV (T )j2 � 1 and so T 0is a near-regular tournament.Next we show that dom(T 0) = G. For each path in G, let vj be thebase vertex of Rj, i.e., vj has in-degree 0 in the subdigraph of D(T ) on V (Rj).Note that vi = xi2, since xi2 has in-degree 0 in the subdigraph of D(T ) onV (H). Let B be the set of all vj. Since G is the domination graph of T , theproof of Theorem 2.5 of [16] implies that the subtournament T (B) must be well-covered. See the discussion above. We now claim that B0 = Bnfxi2g [ fxi1gis a well-covered tournament. To see this, we �rst show that xi1 is paired anddistinguished with every vertex in T (B0).Let vj 2 B0. Since vj is distinguished with xi2 in T (B), there existsa vertex vk 2 B such that either xi2 beats vk and vk beats vj or vk beats xi2and vj beats vk. For the former, if xi2 beats vk and vk beats vj, then since[xi1; xi2] 2 dom(T ) and xi1 is a \ � " vertex in T , Lemma 4.2 shows thatvk must beat xi1. Thus, xi1 is paired with vj in T (B0) since they are bothbeaten by vk and vk 2 B0. Similarly, if vk beats xi2 and vj beats vk, then since
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[xi1; xi2] 2 dom(T ), we conclude that xi1 beats vk. Again, xi1 and vj are pairedin T (B0) since they both beat vk. Next since vj is paired with xi2 in T (B), theremust exist a vertex vr 2 B such that both vj and xi2 beat vr or they are bothbeaten by vr. If both vj and xi2 beat vk, then since [xi1; xi2] 2 dom(T ) andxi1 is a \� " vertex in T , Lemma 4.2 shows that vk must beat xi1. Therefore,xi1 and vj are distinguished in T (B0) since vk 2 B0. Similarly, if xi2 and vj arebeaten by vk, then since [xi1; xi2] 2 dom(T ), it follows that xi1 beats vk. Againwe conclude that xi1 and vj are distinguished in T (B0).Next we need to show that every other pair of vertices in B0 is pairedand distinguished. Let vj and vk be two vertices in B0. Since T (B) is well-covered, vk and vj are paired by some vertex vl in B. If l 6= i, i.e., vl 6= xi2,then since vl is in B0, it follows that vk and vj are paired by vl in T (B0). Ifl = i, then we have that vk and vj are paired by xi2. Thus, either both vjand vk beat xi2 or are beaten by xi2. If both are beaten by xi2, then since[xi1; xi2] 2 dom(T ) and xi1 is a \� " vertex in T , by Lemma 4.2 both vj andvk must beat xi1. Thus, vj and vk are paired in T (B0) by xi1. If both vj andvk beat xi2, then since [xi1; xi2] 2 dom(T ), it follows that xi1 beats both vjand vk. Again we conclude that vj and vk are paired in T (B0) by xi1. Nextsince vj and vk are distinguished, there must be a vertex vr in B such thateither vj beats vr and vr beats vk or vr beats vj and vk beats vr. If r 6= i, i.e.,
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vr 6= xi2, then since vr is a vertex in B0, the vertex vj and vk are distinguishedin T (B0). If r = i, then assume without loss of generality that xi2 is beaten byvj and beats vk. Then since [xi1; xi2] 2 dom(T ) and xi1 is a \� " vertex in T ,Lemma 4.2 shows that xi1 is beaten by vk and xi1 beats xj. Thus, vj and vkare distinguished by xi1 2 T (B0). Therefore, it follows that the subtournamentT (B0) is well-covered.Now since xi1 has in-degree 0 in the subdigraph of V (T 0) on V (Ri), wehave that B0 is the set of base vertices for all paths in G. So from the proof ofTheorem 2.3 of [16], it follows that dom(T 0) = G. See the discussion precedingthis theorem. Now if for each path Ri of G, we have that T 0(Ri) �= Usi , thenit follows by Lemma 4.5 that T 0 is a path tournament. If this is not the case,then iterate this process until a tournament T � is obtained with the propertythat every path Ri of G has T �(Ri) �= Usi. Since p is �nite, this process mustterminate.Theorem 5.9 Assume G 2 }�(m;n). Then, G is the domination graph of anear-regular tournament if and only if there exists a near-regular path tourna-ment T for G such that T (B) is well-covered.Proof: Assume G is the domination graph of a near-regular tournament. Thenby Theorem 5.8, the graph G is the domination graph of a near-regular pathtournament T . So T is a path tournament for G. Furthermore, by Theorem
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2.5 of [16], there is a well-covered tournament on m+ n vertices. In fact, fromthe proof of Theorem 2.5 of [16] the tournament T (B) must be well-covered.See the discussion preceding Theorem 5.8.For the converse suppose that there exists a near-regular path tour-nament T for G such that T (B) is well covered. It follows from the proof ofTheorem 2.3 in [16] that dom(T ) = G. See the discussion preceding Theorem5.8. We will now derive the main result (Theorem 5.21) of Chapter 5 whichis: If G 2 }�(m;n), then G is the domination graph of a near-regular tourna-ment if and only if n is even, with n 6= 4 and m + n = 4 or m + n � 6. Thisresult, will be proved by using Theorem 5.10 and Lemmas 5.13, 5.14, 5.15,5.17, and 5.20 which we will present next.Theorem 5.10 Let m and n be integers with n even and m+n = 4 or m+n �6. Assume that there exist tournaments TO, TE and TB with the followingproperties:(1) TO is a near-regular tournament on n vertices,(2) TE is a tournament on m vertices,(3) TO and TE are subtournaments of TB such that V (TO) and V (TE) partitionthe vertex set of TB,(4) in TB every vertex in TE beats either n2 or n2 � 1 of the vertices in TO,
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and(5) TB is well-covered.Then for every graph G 2 }�(m;n), there exists a near-regular tournament Twith dom(T ) = G.Proof: Let a graph G 2 }�(m;n) be the union of m even paths E1; E2; : : : ; Emand n odd paths O1; O2; : : : ; On. First we construct a path tournament Twhose vertex set is V (G). Let T (Ei) = Umi for 1 � i � m and T (Oj) = Unj for1 � j � n. Next take T (O) = TO to be the tournament on the base verticesfor the n odd paths, T (E) = TE to be the tournament on the base vertices forthe m even paths, and T (B) = TB to be the tournament on all base vertices.Then by properly 2-coloring G such that all the base vertices get assigned thecolor red, we have that Lemma 4.5 determines the remaining arcs in T .Now since T (O), T (E), and T (B) satisfy Properties 1 through 4,Lemma 5.7 shows that T is a near-regular tournament. In addition, since T (B)satis�es Property 5, i.e., since T (B) is well covered, we conclude by Theorem5.9 that dom(T ) = G. Therefore, since G was an arbitrary graph in }�(m;n),the result follows for all graphs in }�(m;n).Now given integers m and n with n even, n 6= 4 and m + n = 4 orm + n � 6, we will use Theorem 5.10 to show that all graphs in }�(m;n) aredomination graphs of near-regular tournaments. Before doing so, we present
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two special types of tournaments that shall prove useful.Let W1;n denote the set of all (n + 1)-tournaments T which have atransmitter x and such that T � fxg induces a tournament having every arcin a 3-cycle. Let W1;n denote the set of all (n + 1)-tournaments which havea vertex x of out-degree 0 and such that T � fxg induces a subtournamenthaving every arc in a 3-cycle.Lemma 5.11 If T 2 W1;n, then T is a well-covered tournament.Proof: Assume that T 2 W1;n. Note that n must be either 3 or at least 5, sincethere does not exist a tournament on one, two or four vertices with every arcin a 3-cycle. Let x be the transmitter in T and u; v 2 V (T )nfxg. Assume thatu beats v. Since x beats u and v in T , the vertices u and v are paired. Alsosince T � fxg has every arc in a 3-cycle, there exists a vertex w 2 V (T )nfxgsuch that v beats w and w beats u. Thus, u and v are distinguished. Thus,since u and v were arbitrary, it follows that every pair of vertices in V (T )nfxgare paired and distinguished.Next we show that x is paired and distinguished with every vertex inV (T )nfxg. Again let u 2 V (T )nfxg. Since T �fxg has every arc in a 3-cycle,there must exist vertices z1 and z2 such that z1 beats u and u beats z2. Thensince both x and u beat z2 in T , we conclude that x and u are paired. Also,since x beats z1 and z1 beats u, it follows that x and u are distinguished. Thus,
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since u was arbitrary, it follows that x is paired and distinguished with everyvertex in V (T )nfxg. Therefore, W1;n is well-covered.Note that a tournament T is a well-covered if and only if its reversalis well-covered. Thus, since every tournament in W1;n is the reversal of atournament in W1;n, we get the following corollary to Lemma 5.11.Corollary 5.12 If T 2 W1;n, then T is a well-covered tournament.For the purpose of simpli�cation, for the proofs of Lemmas 5.13, 5.14,5.15, 5.17, and 5.20, if not speci�ed, we will let V (TE) = fu1; u2; : : : ; umg,V (TO) = fv1; v2; : : : ; vng and V (TB) = V (TO) [ V (TE).Lemma 5.13 Let G 2 }�(m; 0) with m = 4 or m � 6. Then G is the domi-nation graph of a near-regular tournament.Proof: It is well known that there always exists a well-covered tournament onm = 4 or m � 6 vertices. For example, consider the tournaments in W1;m�1for m = 4 or m � 6. So let TE = TB be any well-covered tournament on mvertices. Then it follows by Theorem 5.10 that for every graph G 2 }�(m; 0),there exists a near-regular tournament T with dom(T ) = G.Lemma 5.14 Let G 2 }�(m; 2) with m = 2 or m � 4. Then G is the domi-nation graph of a near-regular tournament.Proof: For m = 2 or m � 4, we will construct tournaments TE, TO and TBthat satisfy Theorem 5.10. Then by Theorem 5.10, it will follow that for every
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graph G 2 }�(m; 2), there is a near-regular tournament T with dom(T ) = G.Construction for m = 2. Let TO = U2 and TE = U2. The remaining arcs inTB are v1 ! fu1; u2g, v2 ! u1 and u2 ! v2. See Figure 5.2. Since every vertexin TE beats either zero or one of the vertices in TO, the tournaments TE, TO,and TB satisfy Properties 1 through 4 of Theorem 5.10. Note that TB belongsto W1;3. Thus, by Lemma 5.11, the tournament T (B) is well-covered and soProperty 5 of Theorem 5.10 is also satis�ed. Therefore, it follows by Theorem5.10 that for every graph G 2 }�(2; 2), there exists a near-regular tournamentT with dom(T ) = G.
v1 1u

v2 u2Figure 5.2. The tournament TB for m = n = 2.Construction for m = 5. Let TE = U5 and TO = U2. The remaining arcs inTB are fv1; v2g ! u1, and for j = 2; 3; 4; 5, we have uj ! v1. See Figure 5.3.Then since every vertex in TE beats either zero or one of the vertices in TO, thetournaments TE, TO, and TB satisfy Properties 1 through 4 of Theorem 5.10.In addition, Table 5.1 veri�es that TB is a well-covered tournament. Therefore,it follows by Theorem 5.10 that for every graph G 2 }�(5; 2), there exists anear-regular tournament T with dom(T ) = G.116



2u

v1

v21u

u4u3

u5

Figure 5.3. The tournament TB for m = 5 and n = 2.Vertex pair: Distinguished by: Paired by:fv1; v2g u2 u1fv1; u1g u2 u5fv1; u2g v2 u4fv1; u3g v2 u5fv1; u4g v2 u3fv1; u5g v2 u4fv2; u1g u5 u1fv2; u2g v1 u3fv2; u3g v1 u4fv2; u4g v1 u5fv2; u5g v1 u3fu1; u2g u3 v2fu1; u3g u2 v2fu1; u4g u5 v2fu1; u5g u4 v2fu2; u3g u1 v1fu2; u4g u3 v1fu2; u5g u1 v1fu3; u4g u5 v1fu3; u5g u4 v1fu4; u5g u3 v1Table 5.1.117



Construction for m = 4 or m � 6. Let TO = U2 and TE be any tournamentin W1;m�1 such that u1 is the vertex with out-degree 0. The remaining arcs inTB are as follows fv1; v2g ! u1, and for j = 2; 3; : : : ; m, we have uj ! v1 andv2 ! uj. See Figure 5.4 for an example of the tournament TB when m = 4.Then since every vertex in TE beats either zero or one of the vertices in TO, thetournaments TE, TO, and TB satisfy Properties 1 through 4 of Theorem 5.10.
1u v1

2u v2

u3 u4Figure 5.4. The tournament TB, for m = 4 and n = 2.Next we will show that TB is well-covered. It is easy to see that v1and v2 are paired and distinguished. By Corollary 5.12, we conclude that TE iswell-covered. Thus, since TE is a subtournament of TB, every pair of verticesin V (TE) are paired and distinguished in TB. Therefore, to show that TB iswell-covered, it su�ces to show that vj and ui are paired and distinguishedfor every choice of vj 2 V (TO) and ui 2 V (TE). First we show that v1 ispaired and distinguished with every vertex in V (TE). Clearly, v1 and u1 are
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paired since they are both beaten by u2. Then since v1 beats v2 and v2 beatsu1, it follows that v1 and u1 are also distinguished. Let ui 2 V (TE) for somei 2 f2; 3; : : : ; mg. Since TE � fu1g induces a subtournament with every arc ina 3-cycle, there exists a vertex ul 2 V (TE)nfu1g, with l 6= i, such that ul beatsui. But since ul beats v1, it follows that ui and v1 are paired. In addition, sincev1 beats v2 and v2 beats ui, they are also distinguished.Next, since v1 beats both v2 and u1, we have that u1 and v2 arepaired. Also since v2 beats u2 and u2 beats u1, it follows that u1 and v2 aredistinguished. Let ui 2 V (TE) for some i 2 f2; 3; : : : ; mg. Since ui beats v1and v1 beats v2, we conclude that ui and v2 are distinguished. In addition,they are also paired since both ui and v2 beat u1.Thus, we have shown that every pair of vertices in TB are pairedand distinguished. It follows that TB is well-covered and so Property 5 ofTheorem 5.10 is satis�ed. Therefore, we may conclude by Theorem 5.10 thatfor every graph G 2 }�(m; 2) with m = 4 or m � 6, there exists a near-regulartournament T with dom(T ) = G.Lemma 5.15 Let G 2 }�(m; 4) with m � 2. Then G is the domination graphof a near-regular tournament.Proof: For m � 2, we will construct tournaments TE, TO, and TB that satisfyTheorem 5.10. Then it will follow by the same theorem that for every graphG 2 }�(m; 4), there exists a near-regular tournament T with dom(T ) = G.
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Construction for m = 2. Let TE = U2 and TO be the near-regular tourna-ment in Figure 5.5. The remaining arcs in TB are u1 ! v2, fv1; v3; v4g ! u1,u2 ! fv2; v3g, fv1; v4g ! u2. See Figure 5.6. Then since every vertex in TEbeats either one or two vertices of TO, the tournaments TE, TO, and TB satisfyProperties 1 through 4 of Theorem 5.10. In addition, Table 5.2 veri�es that TBis well-covered and so Property 5 of Theorem 5.10 is also satis�ed. Therefore,by Theorem 5.10 we may conclude that for every graph G 2 }�(2; 4), thereexists a near-regular tournament T with dom(T ) = G.
v1 v

vv

2

34Figure 5.5. The unique near-regular tournament on four vertices.
1u v1

2u v2

v3v4Figure 5.6. The tournament TB for m = 2 and n = 4.
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Vertex pair: Distinguished by: Paired by:fu1; u2g v3 v4fu1; v1g v2 u2fu1; v2g v1 v4fu1; v3g v2 v1fu1; v4g v1 v2fu2; v1g u1 v4fu2; v2g v1 u1fu2; v3g u1 v1fu2; v4g u1 v2fv1; v2g u1 v3fv1; v3g u2 v2fv1; v4g v3 u1fv2; v3g u1 u2fv2; v4g v3 v1fv3; v4g u2 u1Table 5.2.Construction for m = 3. Let TE = U3 and let TO be the tournamentin Figure 5.5. The remaining arcs in TB are u1 ! v2, fv1; v3; v4g ! u1,fu2; u3g ! fv2; v3g and fv1; v4g ! fu2; u3g. See Figure 5.7. Then since everyvertex in TE beats either one or two vertices in TO, the tournaments TE, TO,and TB satisfy Properties 1 through 4 of Theorem 5.10. In addition, Table 5.3veri�es that TB is a well-covered tournament and so Property 5 of Theorem 5.10is also satis�ed. Thus, we may conclude by Theorem 5.10 that for every graphG 2 }�(3; 4), there exists a near-regular tournament T with dom(T ) = G.
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2u

v1

v21u

u 4

3v

v3Figure 5.7. The tournament TB for m = 3 and n = 4.Vertex pair: Distinguished by: Paired by:fu1; u2g u3 v2fu1; u3g u2 v2fu1; v1g v2 u2fu1; v2g v1 u3fu1; v3g v2 u3fu1; v4g v1 u2fu2; u3g u1 v2fu2; v1g v2 v4fu2; v2g v1 u1fu2; v3g v4 v1fu2; v4g v3 v2fu3; v1g v2 v4fu3; v2g v1 v3fu3; v3g v4 u2fu3; v4g v3 v2fv1; v2g u1 v3fv1; v3g v4 u1fv1; v4g v2 u1fv2; v3g u1 u2fv2; v4g u1 v1fv3; v4g v1 u1Table 5.3.
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Construction for m = 5. Let TE = U5 and TO be the near-regular tourna-ment in Figure 5.5. The remaining arcs in TB are u1 ! v2, fv1; v3; v4g ! u1,fu2; u3; u4; u5g ! fv2; v3g and fv1; v4g ! fu2; u3; u4; u5g. See Figure 5.8.Then since every vertex in V (TE) beats either one or two vertices in V (TO),the tournaments TE, TO, and TB satisfy Properties 1 through 4 of Theorem5.10. In addition, Table 5.4 veri�es that TB is well-covered and so Property 5of Theorem 5.10 is also satis�ed. Therefore, it follows by Theorem 5.10 thatfor every graph G 2 }�(5; 4), there exists a near-regular tournament T withdom(T ) = G.
v1

v2

3v

4v

1u

2u

u3

u u4 5Figure 5.8. The tournament TB for m = 5 and n = 4.
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Vertex pair: Distinguished by: Paired by:fv1; v2g u1 v3fv1; v3g v4 u1fv1; v4g v3 u1fv1; u1g v2 u2fv1; u2g u1 u3fv1; u3g v2 u4fv1; u4g u1 u5fv1; u5g v2 u3fv2; v3g u1 u2fv2; v4g u1 v1fv2; u1g v3 u3fv2; u2g u3 u1fv2; u3g u4 v3fv2; u4g u2 u1fv2; u5g u1 v3fv3; v4g v1 u1fv3; u1g v2 u3fv3; u2g u1 u4fv3; u3g v4 u2fv3; u4g u1 u3fv3; u5g v4 u4fv4; u1g u3 v2fv4; u2g u1 u3fv4; u3g u4 u2fv4; u4g u1 u5fv4; u5g u4 u3Table 5.4.Construction for m = 4 or m � 6. Let TO be the tournament in Figure5.5 and let TE 2 W1;m�1 such that u1 is the transmitter in TE. Then theremaining arcs in TB are u1 ! v1, fv2; v3; v4g ! u1, fu2; u3; :::; umg ! fv2; v3gand fv1; v4g ! fu2; u3; :::; umg. See Figure 5.9 for an example of TB whenm = 4. Then since every vertex in TE beats either one or two vertices in TO,
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the tournaments TE, TO, and TB satisfy Properties 1 through 4 of Theorem5.10. It remains to be shown that TB is a well-covered tournament.
v1

v2

3v

4v

1u

2u

u3

u4Figure 5.9. The tournament TB for m = 4 and n = 4.By Lemma 5.11, we conclude that TE is well-covered. Thus, since TEis a subtournament of TB, every pair of vertices in V (TE) is paired and distin-guished in TB. Note that in TO the pairs fv1; v4g; fv2; v3g, and fv3; v4g are notpaired and the pair fv1; v2g is not distinguished. But by the way in which TBis constructed, every pair of vertices in V (TO) is paired and distinguished inTB. Thus, to show that TB is well-covered, it su�ces to show that vj and uiare paired and distinguished for any choice of vj 2 V (TO) and ui 2 V (TE).Let ui 2 V (TE) with i 6= 1. Since ui is contained in a 3-cycle with v2and v1, it follows that ui is distinguished with both v1 and v2. Also since ui
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is contained in a 3-cycle with v3 and v4, we conclude that ui is distinguishedwith every vertex in V (TO). Next, since every arc in TE �fu1g is contained ina 3-cycle, there exist distinct vertices uj; ul 2 V (TE)�fu1g, with i 6= j; l, suchthat ui beats uj and ul beats ui. Then since both v1 and v4 beat uj, it followsthat ui is paired with both v1 and v4. Also since ul beats both v2 and v3, wemay conclude that ui is paired with every vertex in V (TO).Next since u1 beats u2 and u2 beats both v2 and v3, we can see thatu1 is distinguished with both v2 and v3. Then since v4 beats v2 and v2 beatsu1, it follows that v4 and u1 are distinguished. But then since v1 beats v3 andv3 beats u1, we conclude that u1 is distinguished with every vertex in V (TO).Next, since v1, v4 and u1 all beat u2, it follows that u1 is paired with v1 and v4.Then since both v2 and u1 beat v1, we have that u1 is paired with v2. Finally,since v1 beats both v3 and u1, we may conclude that u1 is paired with everyvertex in V (TO).Therefore, it follows that TB is well-covered and so Property 5 of The-orem 5.10 is also satis�ed. Hence, it follows by Theorem 5.10 that for everygraph G 2 }�(m; 4) with m = 4 or m � 6, there exists a near-regular tourna-ment T with dom(T ) = G.For n odd, let Un denote the tournament obtained from Un by re-versing the arcs on the cycle x1; x2; : : : ; xn.
126



x 1

x x

x

x 2

3

45

6

7

x

x

U 7 U 7

x 1
_

x

x

x x

x

x 2

3

45

6

7

Figure 5.10. The tournaments U7 and U7.Lemma 5.16 (Cho, et al., [10]) If n is odd with n � 7, then Un is a regulartournament and dom(Un) = In.Lemma 5.17 Let G 2 }�(m; 6), with m � 0. Then G is the domination graphof a near-regular tournament.Proof: For m � 0, we will construct tournaments TE, TO, and TB that satisfyTheorem 5.10. It will then follow by the same theorem that for every graphG 2 }�(m; 6), there exists a near-regular tournament T with dom(T ) = G.Construction for m = 0. Let TO be the near-regular tournament in Figure5.11. Then TO = TB satis�es Properties 1 through 4 of Theorem 5.10. Inaddition, Table 5.5 veri�es that TO = TB is a well-covered tournament and soProperty 5 of Theorem 5.10 is also satis�ed. Therefore, it follows by Theorem5.10 that for every graph G 2 }�(0; 6), there exists a near-regular tournament
127



Vertex pair: Distinguished by: Paired by:fv1; v2g v3 v6fv1; v3g v2 v4fv1; v4g v2 v5fv1; v5g v6 v4fv1; v6g v5 v3fv2; v3g v1 v5fv2; v4g v1 v6fv2; v5g v4 v1fv2; v6g v3 v5fv3; v4g v6 v2fv3; v5g v2 v6fv3; v6g v2 v5fv4; v5g v6 v3fv4; v6g v5 v1fv5; v6g v4 v2Table 5.5.T with dom(T ) = G.
v

v

v

v

v

v1 4

5

3 6

2

Figure 5.11. A well-covered near-regular tournament on six vertices.Construction for m = 1. Let TB = U7 with vertex set fx1; x2; :::x7g such thatV (TO) = fx1; x2; :::; x6g and V (TE) = fx7g. See Figure 5.10. Note that TO is anear-regular tournament and that x7 beats half of the vertices in V (TO). Thus,the tournaments TO, TE, and TB satisfy Properties 1 through 4 of Theorem5.10. By Lemma 5.16, we conclude that dom(U7) = I7 and so every pair ofvertices in TB is paired. In addition, since U7 is a regular tournament, every128



arc in TB = U7 is contained in a 3-cycle. Thus, every pair of vertices in TBis distinguished and so we may conclude that TB is well-covered. Therefore,it follows by Theorem 5.10 that for every graph G 2 }�(1; 6), there exists anear-regular tournament T with dom(T ) = G.Construction for m = 2. Let TO be the tournament in Figure 5.11and TE = U2. The remaining arcs in TB are u2 ! fv4; v5; v6g, u1 ! fv4; v6g,v5 ! u1, and fv1; v2; v3g ! fu1; u2g. See Figure 5.12. Then since every vertexin TE beats either two or three vertices in TO, the tournaments TE, TO, andTB satisfy Properties 1 through 4 of Theorem 5.10. We have shown above (inthe construction for m = 0) that TO is a well-covered tournament. Thus, toshow that TB is well-covered, it su�ces to show that every vertex in V (TE) ispaired and distinguished with every vertex in V (TO). Table 5.6 veri�es thatthis is in fact true, so Property 5 of Theorem 5.10 is also satis�ed. Therefore,we may conclude by Theorem 5.10 that for every graph G 2 }�(2; 6), thereexists a near-regular tournament T with dom(T ) = G.Construction for m � 3. Let TO be the tournament in Figure 5.11and TE be any tournament such that every arc is in a 3-cycle if m = 3 or5 or any well-covered tournament, otherwise. The remaining arcs in TB arefu1; u2; :::; umg ! fv4; v5; v6g and fv1; v2; v3g ! fu1; u2; :::; umg. See Figures5.13 and 5.14 for examples of TB when m = 3 and m = 4, respectively. There-fore, since every vertex in TE beats half of the vertices in TO, it follows that
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v1

v2

3v

4v

1u

2u

v

v

6

5Figure 5.12. The tournament TB for m = 2 and n = 6.
Vertex pair: Distinguished by: Paired by:fu11; u21g v51 v11fu11; v11g v31 u21fu11; v21g v11 u21fu11; v31g v21 u21fu11; v41g v21 v51fu11; v51g v11 v41fu11; v61g v41 v11fu21; v11g v51 v41fu21; v21g v41 v51fu21; v31g v61 v51fu21; v41g v21 v61fu21; v51g v11 v41fu21; v61g v31 v51Table 5.6.
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Properties 1 through 4 of Theorem 5.10 are satis�ed. It remains to be shownthat TB is well-covered.Next we will show that TB is well-covered. If m = 3 or 5, then by thechoice of TE, every pair of vertices in TE is distinguished. Thus, since TE iscontained in TB, every pair of vertices in TE is distinguished in TB. In addition,since every vertex in TE beats v4, every pair of vertices in TE is paired in TB.On the other hand, if m = 4 or m � 6, then by the choice of TE every pair ofvertices in TE is paired and distinguished in TE. Thus, since TE is containedin TB, every pair of vertices in TE is paired and distinguished in TB. In eithercase, every pair of vertices in TE is paired and distinguished in TB. Then sinceTO is well covered (see Table 5.6) and TO is contained in TB, every pair ofvertices in TO is paired and distinguished in TB. Therefore, to show that TB iswell covered, it su�ces to show that every pair of vertices vj and ui is pairedand distinguished in TB for any choice of vj 2 V (TO) and ui 2 V (TE).Let ui 2 V (TE). Since ui is contained in the 3-cycles ui ! v4 !v2 ! ui, ui ! v5 ! v1 ! ui, and ui ! v6 ! v3 ! ui, we can see that ui isdistinguished with every vertex in V (TO). Next note that ui beats v4, v5 andv6. Then since v1 beats v4, v2 beats v5, and v3 beats v5, it follows that ui ispaired with the vertices v1, v2 and v3. Also since v4 beats v6, v6 beats v5, andv5 beats v4, we have that ui is paired with the vertices v4, v5 and v6. Therefore,we may conclude that ui is paired and distinguished with every vertex in TO.
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3v

4v

v5v6
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u3

Figure 5.13. The tournament TB for m = 3 and n = 6.
v1

v2

1u

2u

3v

4v

v5v6

u3

u4

Figure 5.14. The tournament TB for m = 4 and n = 6.
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Since ui is an arbitrary vertex in V (TE), this follows for all vertices in V (TE).Hence, we may conclude that TB is well-covered.Therefore, we may conclude by Theorem 5.10 that for every graphG 2 }�(m; 6) with m � 3, there exists a near-regular tournament T withdom(T ) = G.For m even, let dUm denote the tournament obtained from Um�1 byadding a vertex xm with arcs (xi; xm), for all i odd with 1 � i � m � 1, and(xm; xj) for all j even with 2 � j � m� 2.
U 8

^

x

8

x x

x

x

x6

x

x

21

3

4

5

7

Figure 5.15. The tournament cU8.Lemma 5.18 If m is even with m � 8, then dUm is a near-regular tournament
133



and dom(dUm) = Im.Proof: By construction, dUm is a near-regular tournament. To show thatdom(dUm) = Im, we need to show that every pair of vertices is dominated byat least one vertex. Since T (fx1; x2; : : : ; xm�1g) = Um�1, by Lemma 5.12 wecan see that dom(T (fx1; x2; : : : ; xm�1g)) = In and so every pair of vertices infx1x2; : : : ; xm�1g is dominated by at least one vertex. Next, for i even with2 � i � m � 2, the vertex xi+1 beats xi and xm. Thus, [xi; xm] 62 dom(T ) for2 � i � m � 2 and i even. Finally since xm�1 ! xm�3 ! : : : ! x1 ! xm�1and every vertex in fx1; x3; : : : ; xm�1g beats xm, then [xm; xj] 62 dom(T ), for jodd with 1 � j � m�1. Therefore, we may conclude that dom(dUm) = Im.Lemma 5.19 If m is even and m � 8, then dUm is well-covered.Proof: By Lemma 5.18, we conclude that dom(dUm) = Im. Thus, every pair ofvertices in dUm is paired. By construction, every arc in dUm is contained in a3-cycle. Thus, every pair of vertices in dUm is distinguished. Therefore, dUm iswell-covered.Lemma 5.20 Assume m and n are integers such that m � 0 and n is evenwith n � 8. Let G 2 }�(m;n). Then G is the domination graph of a near-regular tournament.Proof: Assume m and n are integers such that m � 0 and n is even with n � 8.We will construct tournaments TE, TO, and TB that satisfy Theorem 5.10. It
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will then follow that for every graph G 2 }�(m;n), there is a near-regulartournament T with dom(T ) = G.Construction for m = 0. For n even and n � 8, let TO = cUn. See Figure5.15. Since TO = TB is a near-regular tournament, TO = TB satis�es Properties1 through 4 of Theorem 5.10. Also by Lemma 5.19, it follows that TO = TBis well-covered. Thus, we may conclude by Theorem 5.10 that for every graphG 2 }�(0; n) with n even and n � 8, there exists a near-regular tournament Twith dom(T ) = G.Construction for m = 1. For n even and n � 8, let TO = cUn. Also letTE = fu1g. The remaining arcs in TB are u1 ! fv2; v4; :::; vn�2; vn�1g andfv1; v3; :::; vn�3; vng ! u1. See Figure 5.16. Then since u1 beats half of thevertices in TO, the tournaments TO, TE, and TB satisfy Properties 1 through 4of Theorem 5.10. To show that TB is well-covered, it su�ces to show that u1is paired and distinguished with every vertex in V (TO).Since u1 is contained in the 3-cycles u1 ! vi ! vi�1 ! u1 for i evenwith 2 � i � n � 2, we can see that u1 is distinguished with every vertex infv1,v2,. . . ,vn�2g. In addition, since u1 is contained in a 3-cycle with vn�1 andvn, it follows that u1 is distinguished with every vertex in V (TO). Next notethat for every vertex in fv1; v3; : : : ; vn�3; vng there exists a vertex in fv2; v4; : : : ;vn�2; vn�1g that it beats. In addition, for every vertex in fv2; v4; : : : ; vn�2; vn�1gthere exists a vertex in fv1; v3; :::; vn�3; vng that beats it. Thus, since u1 beats
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Figure 5.16. The tournament TB for m = 1 and n = 8.
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every vertex in fv2; v4; :::; vn�2; vn�1g and every vertex in fv1; v3; :::; vn�3; vngbeats u1, we can see that u1 is paired with every vertex in TO. Thus, it followsthat TB is well-covered. Therefore, we may conclude by Theorem 5.10 thatfor every graph G 2 }�(1; n) with n even and at least eight, there exists anear-regular tournament T with dom(T ) = G.Construction for m = 2. For n even and n � 8, let TO = cUn.Also let TE = U2. The remaining arcs in TB are u1 ! fv2; v4 ; :::; vn�2g,fv1; v3; :::; vn�1; vng ! u1, fv2; v4; :::; vn�2; vn�1g ! u2 and u2 ! fv1; v3; : : :; vn�3; vng. See Figure 5.17 for an example of TB when n = 8. Then since everyvertex in TB beats either n2 or n2 � 1 of the vertices in TO, the tournamentsTO, TE, and TB satisfy Properties 1 through 4 of Theorem 5.10. It remains tobe shown that TB is well-covered.First note that since vn�1 beats both u1 and u2, we can see that u1and u2 are paired. Also since TB contains the 3-cycle, u1 ! u2 ! vn ! u1, itfollows that u1 and u2 are also distinguished. Next by Lemma 5.19, the tourna-ment TO is well-covered. Thus, since TO is a subtournament of TB, every pairof vertices in TO is paired and distinguished in TB. Therefore, to show that TBis well-covered, it su�ces to show that ui and vj are paired and distinguishedfor any choice of ui 2 V (TE) and vj 2 V (TO).Note that ui is contained in the following 3-cycles vj ! vj�1 !u1 ! vj, for all j even with 2 � j � n � 2, v2 ! vn�1 ! u1 ! v2,
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Figure 5.17. The tournament TB for m = 2 and n = 8.
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and u1 ! u2 ! vn ! u1. Thus, u1 is distinguished with every vertex inV (TO). Next notice that for every vertex in fv1; v3; :::; vn�1; vng there existsa vertex in fv2; v4; : : : ; vn�2g that it beats. In addition, for every vertex infv2; v4; : : : ; vn�2g, there exists a vertex in fv1; v3; :::; vn�1; vng that beats it.Thus, since u1 beats every vertex in fv2; v4; : : : ; vn�2g and every vertex infv1; v3; :::; vn�1; vng beats u1, it follows that u1 is paired with every vertex inTO. Finally, we show that u2 is paired and distinguished with every vertexin V (TO). Note that the subtournament of TB induced by the set of verticesV (TO) [ fu2g is isomorphic to the tournament constructed when m = 1. Inaddition, it was shown that the tournament is well-covered. Thus, the sub-tournament of TB induced by the set of vertices V (TO) [ fu2g is well-coveredand so u2 is paired and distinguished with every vertex in TO. Therefore, TBis well-covered.Hence, we may conclude by Theorem 5.10 that for every graph G 2}�(2; n) with n even and at least eight, there exists a near-regular tournamentT with dom(T ) = G.Construction for m � 3. For n even and n � 8, let TO = cUn. If m = 3; 5, letTE = Um. Otherwise, let TE be a well-covered tournament. The remaining arcsin TB are fu1; u2; : : : ; umg ! fv2; v4; : : : ; vn�2; vn�1g and fv1; v3; : : : ; vn�3; vng! fu1; u2; :::; umg. See Figure 5.18 for an example of TB when m = 3 and
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n = 8. Then since every vertex in TE beats exactly half of the vertices in TO,the tournaments TO, TE, and TB satisfy Properties 1 through 4 of Theorem5.10. Thus, it remains to be shown that TB is well-covered.Next we will show that TB is well-covered. If m = 3 or 5, then by thechoice of TE, every pair of vertices in TE is distinguished. Thus, since TE iscontained in TB, every pair of vertices in TE is distinguished in TB. In addition,since every vertex in TE beats v2, every pair of vertices in TE is paired in TB.On the other hand, if m = 4 or m � 6, then by the choice of TE every pair ofvertices in TE is paired and distinguished in TE. Thus, since TE is containedin TB, every pair of vertices in TE is paired and distinguished in TB. In eithercase, every pair of vertices in TE is paired and distinguished in TB. Then byLemma 5.19, since TO is well covered and TO is contained in TB, every pair ofvertices in TO is paired and distinguished in TB. Therefore, to show that TB iswell covered, it su�ces to show that every pair of vertices vj and ui is pairedand distinguished in TB for any choice of vj 2 V (TO) and ui 2 V (TE).Let ui be an arbitrary vertex in TE. Note that the subtournament ofTB induced by the set of vertices V (TO)[fuig is isomorphic to the tournamentconstructed when m = 1. In addition, it was shown that the tournament iswell-covered. Thus, the subtournament of TB induced by the set of verticesV (TO) [ fuig is well-covered and so ui is paired and distinguished with every
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Figure 5.18. The tournament TB for m = 3 and n = 8.
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vertex in TO. Thus, since ui was an arbitrary vertex in TE, it follows that vjand ui are paired and distinguished in TB for any choice of vj 2 V (TO) andui 2 V (TE). Therefore, TB is well-covered.Hence, we may conclude by Theorem 5.10 that for every graph G 2}�(m;n) with n even and at least eight and m � 3, there exists a near-regulartournament T with dom(T ) = G.Theorem 5.21 If G 2 }�(m;n), then G is the domination graph of a near-regular tournament if and only if n is even with n 6= 4 and m + n = 4 orm+ n � 6.Proof: If G is the domination graph of a near-regular tournament T , then itfollows from Lemma 5.6 that n must be even. In addition, we may concludeby Theorem 5.1 that m + n = 4 or m + n � 6. Thus, it su�ces to show thatG cannot be composed solely of four odd paths.Suppose it were the case that G is the union of four nontrivial oddpaths. Then it follows by Lemma 5.6 that T (O) = T (B) is a near-regulartournament. In addition, we have by Theorem 5.21 that T (B) must be well-covered. But there is only one near-regular tournament on four vertices and itis not well-covered. See Figure 5.5. Therefore, we may conclude that n is evenwith n 6= 4 and m+ n = 4 or m+ n � 6.The converse follows by Theorem 5.10 and Lemmas 5.13, 5.14, 5.15,5.17, and 5.20.
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In this chapter we have determined all forests of nontrivial paths thatare the domination graphs of near-regular tournaments. Note that the mainresult of this chapter, Theorem 5.21, had a close resemblance to Theorem 5.1.The only di�erence was that four odd paths cannot be the domination graph ofa near-regular tournament. If the condition that all paths must be nontrivialis removed, it would be interesting to see how this would change Theorem5.21. Thus, a possible way in which this research can be continued would beto remove the restriction that the paths must be nontrivial and proceed todetermine all forests of paths (including trivial paths) that are the dominationgraphs of near-regular tournaments.
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6. Odd Gapped Pendant Restricted Caterpillars6.1 IntroductionIn this and the next chapter, we continue our work on the dominationgraphs of near-regular tournaments. In particular, we will focus on forests ofnontrivial caterpillars that are the domination graphs of near-regular tourna-ments. Recall Theorem 4.6, which states that if a caterpillar H is a componentof the domination graph of a near-regular tournament, then H must be an oddgapped pendant restricted (OGPR) caterpillar. Therefore, the only forests ofnontrivial caterpillars that can be the domination graphs of near-regular tour-naments are those that are composed of OGPR caterpillars.Chapter 5 examined a special class of forests of OGPR caterpillars,namely, forests of paths. Although we have solved the problem for all forests ofpaths, we have yet to determine all forests of nontrivial OGPR caterpillars thatare the domination graphs of near-regular tournaments. However, in Chapter7, we will exhibit some special classes of forests of nontrivial OGPR caterpillarsthat are the domination graphs of near-regular tournaments. This will be doneby presenting two constructions for near-regular tournaments that have thesespecial classes of forests of nontrivial OGPR caterpillars as their dominationgraphs. To facilitate the constructions in Chapter 7, in this chapter we willderive properties of the subtournaments induced by OGPR caterpillars.144



We will proceed in this chapter as follows. In Section 6.2, we willintroduce twelve families of OGPR caterpillars with respect to their structurein D(T ). Then, in Section 6.3 we will determine the subtournament an OGPRcaterpillar will induce given that it is a component of the domination of anear-regular tournament.6.2 Families of Odd Gapped Pendant Restricted Cater-pillarsWe begin by restating the de�nition of an OGPR caterpillar. Let Hbe a caterpillar with k vertices y1; y2; : : : ; yk on its spine. Also let Wi representthe set of pendant vertices at yi. Then H is an odd gapped pendant restrictedcaterpillar if it has all the following properties:� jVij � 1 for all i with 2 � i � k � 1.� The set V1 can have at most two vertices and the set Vk can have atmost three vertices or vice versa.� Consecutive vertices on the spine with degree 3 or more must be sep-arated by an odd number of edges.Now assume a caterpillar H is a component of the domination graphof a near-regular tournament T . Then it follows by Theorem 4.6 that H mustbe an odd gapped pendant restricted caterpillar. Let [D(T )]H denote the sub-digraph of D(T ) on V (H). Recall that the directed spine of [D(T )]H is the path(possibly trivial) that results when all vertices with out-degree 0 are removed145



from [D(T )]H. Since Theorem 2.8 provides the existence of the directed spine,we can assume without loss of generality that [D(T )]H is as depicted in Figure6.1. In Figure 6.1, the vertices x1; x2; : : : ; xk are the vertices on the directedspine, and the set Vi is the set of pendant vertices at xi. Note that the spineof H consists of the vertices x2; x3; : : : ; xk if V1 = ; and consists of the verticesx1; x2; : : : ; xk, otherwise.
x 1 x x x2 3 k

1V 2V 3V kVFigure 6.1. The subdigraph of D(T ) on V (H).To prove Theorem 4.6 we used [D(T )]H to show that H must be an OGPRcaterpillar. In the proof of Theorem 4.6 it was shown that if [D(T )]H is as de-picted in Figure 6.1, then for 1 � i � k�1, the vertex xi can have at most onependant neighbor, i.e., jVij � 1. Most importantly, it was shown that xk is theonly vertex on the spine of H that could have up to three pendant neighbors.Now in [D(T )]H the vertex xk is always a vertex at one end of thespine of H, and so Vk must have at least one vertex. See Figure 6.1. Therefore,we can always extend the path in [D(T )]H that composes the directed spine byadding a vertex in Vk to it, in order to get a longer path in [D(T )]H. We willde�ne the extended directed spine of [D(T )]H to be this longer path, i.e.,
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it is the directed spine of [D(T )]H with a vertex in Vk appended to it. If thereis more than one vertex in Vk, then pick a vertex arbitrarily. Note that the ex-tended directed spine is a path with greatest length contained in [D(T )]H . Weproceed by de�ning the following subsets of vertices on the extended directedspine of [D(T )]H .Assume that an OGPR caterpillar H is a component of the domina-tion graph of a near-regular tournament. In addition, assume that [D(T )]His as depicted in Figure 6.1. Starting from the beginning of the extended di-rected spine (i.e., starting from the vertex that has in-degree 0 in [D(T )]H), letA denote the set of vertices on the extended directed spine preceding the �rstvertex on the extended directed spine that has out-degree 2 in [D(T )]H . LetB denote the set of vertices on the extended directed spine beginning at the�rst vertex on the extended directed spine that has out-degree 2 in [D(T )]Hand terminating at the last vertex on the extended directed spine that has out-degree exactly 2 in [D(T )]H . Let C denote the set of vertices on the extendedspine, beginning at the �rst vertex on the extended directed spine immediatelyfollowing the �nal vertex in B and terminating at the last non-end vertex onthe extended directed spine, with the property that the last vertex in C is aneven distance from the last vertex in B. Thus, C will always have an evennumber of vertices. Let D denote the single vertex on the extended directedspine immediately following the �nal vertex in C.
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The following observations should be made about the sets de�ned.First, the set D will always be nonempty and so the vertex in D will corre-spond to either a vertex that is pendant to the right end of the spine of H orto the right end of the spine of H. In addition, if the vertex in D correspondsto the right end of the spine of H, then it can only have one or three pendantneighbors. One should also observe that the sets A, B and C may be empty.Figure 6.2 illustrates these sets.

- Vertices in A

- Vertices in B

- Vertices in C

- Vertex in D

- All other vertices

Figure 6.2. Three OGPR caterpillars.
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Using the sets A, B, C, and D, de�ne the following families of OGPRcaterpillars as follows with respect to the orientation they have in [D(T )]H .Let H be an OGPR caterpillar. Assume H is a component of the dominationgraph of a near-regular tournament T and [D(T )]H is as depicted in Figure6.1. Then H is an element ofEE2 if jAj is even, jBj is even, and the vertex in D has out-degree 1 in[D(T )]H (i.e., the vertex in D has exactly one pendant neighbor in H),EO2 if jAj is even, jBj is odd, and the vertex in D has out-degree 1 in[D(T )]H (i.e., the vertex in D has exactly one pendant neighbor in H),OE2 if jAj is odd, jBj is even, and the vertex in D has out-degree 1 in[D(T )]H (i.e., the vertex in D has exactly one pendant neighbor in H),OO2 if jAj is odd, jBj is odd, and the vertex inD has out-degree 1 in [D(T )]H(i.e., the vertex in D has exactly one pendant neighbor in H),EE1 if jAj is even, jBj is even, and the vertex in D has out-degree 0 in[D(T )]H (i.e., the vertex in D is a pendant vertex in H),EO1 if jAj is even, jBj is odd, and the vertex in D has out-degree 0 in[D(T )]H (i.e., the vertex in D is a pendant vertex in H),OE1 if jAj is odd, jBj is even, and the vertex in D has out-degree 0 in[D(T )]H (i.e., the vertex in D is a pendant vertex in H),OO1 if jAj is odd, jBj is odd, and the vertex inD has out-degree 0 in [D(T )]H(i.e., the vertex in D is a pendant vertex in H),
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EE3 if jAj is even, jBj is even, and the vertex in D has out-degree 3 in[D(T )]H (i.e., the vertex in D has exactly three pendant neighbors inH),EO3 if jAj is even, jBj is odd, and the vertex in D has out-degree 3 in[D(T )]H (i.e., the vertex in D has exactly three pendant neighbors inH),OE3 if jAj is odd, jBj is even, and the vertex in D has out-degree 3 in[D(T )]H (i.e., the vertex in D has exactly three pendant neighbors inH), andOO3 if jAj is odd, jBj is odd, and the vertex inD has out-degree 3 in [D(T )]H(i.e., the vertex in D has exactly three pendant neighbors in H).Observe that every OGPR caterpillar belongs to at least one of these families,i.e., every OGPR caterpillar must have an orientation for [D(T )]H that placesit into one of the families above. For example, consider the OGPR caterpillarin Figure 6.3 and assume it is a component of the domination graph of a near-regular tournament T . Then, by Lemma 2.2 there are three possibilities forthe orientation of [D(T )]H . These are shown in Figure 6.4. If the caterpillar inFigure 6.3 has Orientation 1 or 2 of Figure 6.4, then it belongs to the familyOE1. Similarly, if the caterpillar in Figure 6.3 has Orientation 3, then itbelongs to the family EE1. It is important to point out that if we specify thatthe OGPR caterpillar of Figure 6.3 belongs to OE1, then [D(T )]H must have
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either Orientation 1 or 2.
Figure 6.3. An OGPR caterpillar.

Orientation 1:

Orientation 3:

Orientation 2:

Figure 6.4. Three possible orientations for [D(T )]H .Now note that the families of OGPR caterpillars presented above arede�ned using [D(T )]H , i.e., using the orientation they have in D(T ) if they arecomponents of the domination graph of a near-regular tournament T . Thus, itshould be understood that if an OGPR caterpillarH is a component of dom(T )for a near-regular tournament T and belongs to one of the families above, then[D(T )]H is �xed and is prescribed by the de�nition of the family to which it
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belongs. Therefore, since [D(T )]H is �xed for a caterpillar that belongs toone of the twelve families above, then by properly 2-coloring the vertices of HLemma 2.9 determines the remaining arcs in the subtournament induced bythe vertices of H except for those arcs within the triple end (should H haveone).6.3 Subtournaments Induced by OGPR CaterpillarsThis section examines the subtournaments an OGPR caterpillar willinduce given that it is a component of the domination graph of a near-regulartournament T and that it belongs to one of the twelve families presented inSection 6.2. We begin by showing that there is only one possibility for thesubtournament induced by an OGPR caterpillarH once a structure for [D(T )]His �xed. If this is the case, we will say that T (H) is uniquely determined.Lemma 6.1 Let H be an OGPR caterpillar. Assume H is a component of thedomination graph of a near-regular tournament T . If [D(T )]H is �xed, thenthe subtournament of T on V (H) is uniquely determined.Proof: Assume [D(T )]H is �xed, i.e., the orientation of [D(T )]H in D(T ) is�xed. Without loss of generality assume that [D(T )]H is as depicted in Figure6.1. We will proceed by showing that T (H) is uniquely determined, i.e., thereis only one possibility for T (H).Since H is an OGPR caterpillar and [D(T )]H is as in Figure 6.1, we
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have from the proof of Theorem 4.6 that the sets Vi have at most one vertex,for 1 � i � k � 1. In addition, we have that Vk is the only pendant setthat can have up to three vertices. Now by properly 2-coloring H, Lemma 2.9determines the remaining arcs in T (H) except for those in each pendant setVi. In particular, Lemma 2.9 gives us that vertices beat vertices to the rightwith the same color and vertices to the left with the opposite color. Thus,since jVij � 1 for 1 � i � k � 1, it follows that all the arcs in T (H) are forcedexcept for those within Vk. Thus, to show that T (H) is uniquely determined,it su�ces to show that there is only one possibility for the arcs in VkThere is nothing to prove if Vk has at most two vertices, since thereis a unique tournament on one or two vertices. So assume jVkj = 3 and letVk = fu1; u2; u3g. We claim that the arcs within Vk must induce a tournamentisomorphic to U3 (a 3-cycle). Suppose this were not the case. Then there mustbe a vertex in Vk that beats the other two. Assume u1 is such a vertex. Thensince xk beats every vertex in Vk, we have that jO(xk) \ O(u1)j � 2. But thiscontradicts Lemma 4.2 since [xk; u1] 2 dom(T ). Thus, it follows that the arcswithin Vk must induce a subtournament isomorphic to U3.Let H be an OGPR caterpillar. Assume H is a component of thedomination graph of a near-regular tournament T and that it belongs to oneof the twelve families of OGPR caterpillars de�ned in Section 6.2. Since H
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belongs to one of families of Section 6.2, [D(T )]H is �xed. Therefore, it followsby Theorem 6.1 that the subtournament T (H) is uniquely determined. So fromthis point on it should be understood that once it is stated that H belongsto one of the twelve families presented in Section 6.2, then the subtournamentT (H) is forced, i.e., it is uniquely determined. With this in mind we proceed byexamining some properties of the subtournaments OGPR caterpillars inducegiven that they are components of the domination graph of a near-regulartournament, and that they belong to one of the twelve families presented inSection 6.2.Theorems 6.4 through 6.13, which we present next, will be essential inChapter 7 for our constructions of near-regular tournaments that have forestsof nontrivial OGPR caterpillars as their domination graphs. We begin bypresenting the following two useful results.Lemma 6.2 (Fisher, et al., [19]) Let T be a tournament and fv1; v2; : : : ;vkg be a subset of V (T ). Assume that the set fv1; v2; : : : ; vkg induces a directedpath in D(T ). Then subtournament T (fv1; v2; : : : ; vkg) is isomorphic to Uk.Proof: Assume that the set fv1; v2; : : : ; vkg induces a directed path in D(T )such that vi beats vi+1 for 1 � i � k � 1. Then for 1 � i � k � 2, since vibeats vi+1 and [vi+1; vi+2] 2 dom(T ), it follows that vi+2 beats vi. Then for1 � i � k � 3, since vi+3 beats vi+1 and [vi; vi+1] 2 dom(T ), it follows that vi
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beats vi+3. Thus, for 1 � i � k�4, since vi beats vi+3 and [vi+3; vi+4] 2 dom(T ),we have that vi+4 beats vi. Continuing in this fashion, we conclude that vi beatsvj if i� j is either odd and negative or even and positive. Thus by de�nitionthe subtournament T (fv1; v2; :::; vkg) �= Uk.Lemma 6.3 Let H be an OGPR caterpillar and T a near-regular tournament.Assume H is a component of dom(T ). Then the subtournament of T inducedby the vertices of H that are in B together with vertices pendant to the verticesin B is a near-regular tournament.Proof: First assume that [D(T )]H is as depicted in Figure 6.1. Let fy1; y2;: : : ; ykg denote the set of vertices in B such that (yi; yi+1) is an arc in [D(T )]Hfor 1 � i � k� 1. Also let fv1; v2; : : : ; vlg denote the set of vertices pendant tothe vertices in B. Note that in [D(T )]H, all arcs are oriented from vertices inB to vertices in fv1; v2; : : : ; vlg.Recall that B is the set of vertices on the extended directed spine of[D(T )]H that begins at the �rst vertex with out-degree 2 in [D(T )]H and endsat the last vertex on the extended directed spine that has out-degree exactly2 in [D(T )]H. Thus, one should observe that v1 is the pendant neighbor of y1in H and vl is the pendant neighbor of yk in H. In addition, since H is anOGPR, every vertex in B can have at most one pendant neighbor and verticesin B with pendant neighbors must be separated by an odd number of edges.Let T 0 denote the subtournament of T induced by the vertices in B [
155



fv1; v2; : : : ; vlg. Now by properly 2-coloring the vertices in B [ fv1; v2; : : : ; vlgwith red and blue, Lemma 2.9 determines the remaining arcs in T 0 that are notin [D(T )]H . In particular, a vertex beats vertices of the same color to the rightand beats vertices of the opposite color to the left. Now by Lemma 2.6, thesubgraph of H induced by this set of vertices will be a subgraph of dom(T 0).We will proceed by showing that T 0 is a near-regular tournament. Withoutloss of generality assume that y1 is colored red.Case 1. Assume that k is odd. Note that yk is assigned the colorred. Since y1 is assigned the color red, it beats all vertices to the right thatare assigned the color blue. Also since yk is assigned the color red, it beats allvertices to the left that are assigned the color red. Thus [y1; yk] 2 dom(T 0).Notice that the subgraph of H induced by the vertices in B [ fv1; v2; : : : ; vlgtogether with the edge [y1; yk] results in an odd-spiked cycle. Thus, since allthe edges in the subgraph of H induced by the vertices in B [ fv1; v2; : : : ; vlgare in dom(T 0), it follows by Theorem 1.1 that dom(T 0) is an odd-spiked cycle,namely, the odd-spiked cycle that results by adding the edge [y1; yk] to thesubgraph of H induced by the vertices in B [ fv1; v2; : : : ; vlg. Notice thatsince H is an OGPR caterpillar, vertices in B with pendant neighbors mustbe separated by an odd number of edges. Thus, since y1 and yk are separatedby a single edge in dom(T 0), it follows that dom(T 0) is an odd gapped singlespiked odd cycle. Now recall that in the proof of Lemma 4.11 it was shown
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that the tournament that has an odd gapped single spiked odd cycle as itsdomination graph must be a near-regular tournament. Thus, it follows that T 0is a near-regular tournament.Case 2. Assume that k is even. Note that vl is assigned the colorred. As in Case 1, y1 beats all vertices to the right that are assigned the colorblue. Also vl beats all vertices to the left that are assigned the color red. Thus,[y1; vl] 2 dom(T 0). Notice that the subgraph of H induced by the vertices inB[fv1; v2; : : : ; vlg together with the edge [y1; vl] results in an odd-spiked cycle.Therefore, since all the edges in the subgraph of H induced by the vertices inB [ fv1; v2; : : : ; vlg are in dom(T 0), it follows by Theorem 1.1 that dom(T 0) isan odd-spiked cycle, namely, the odd-spiked cycle that results by adding theedge [y1; vl] to the subgraph of H induced by the vertices in B[fv1; v2; : : : ; vlg.We claim that dom(T 0) is an odd gapped single spiked odd cycle. Let yr bethe second to last vertex in B that has a pendant neighbor. Now since H isan OGPR caterpillar, we have that the vertices in B with pendant neighborsmust be separated by an odd number of edges. Thus, yr and yk are separatedby an odd number of edges. Now notice that in dom(T 0), the edges [yr; yr+1],[yr+1; yr+2],. . . ,[yk�1; yk],[yk; vl], and [vl; y1] are all on the cycle of dom(T 0) andthe only vertices on this portion of the cycle that have pendant neighbors arethe vertices yr and y1. In addition, it is not hard to see that there are an oddnumber of edges separating yr and y1 on this portion of the cycle. Thus, we can
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see that dom(T 0) is an odd gapped single spiked odd cycle. Therefore, it followsfrom the proof of Lemma 4.11 that T 0 must be a near-regular tournament.Recall that if caterpillar H is a component of the domination graphof a tournament T , then the base vertex of H is the vertex that has in-degree0 in [D(T )]H .
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3232Figure 6.5. A properly colored caterpillar in OO3. The non-�lled vertices represent red vertices and the �lled vertices repre-sent blue vertices.Theorem 6.4 Let an OGPR caterpillar H on n vertices be a component ofthe domination graph of a near-regular tournament T . Assume H 2 OO3 andis properly 2-colored with red and blue such that the base vertex of H is coloredred. Then all red vertices of H have out-degree either n + 32 or n + 12 in T (H),and all blue vertices of H have out-degree either n� 32 or n� 52 in T (H).Furthermore, under this coloring H has n� 12 vertices colored red and n+ 12colored blue.Proof: Assume H 2 OO3 such that jV (H)j = n. Let A = fx1; x2; : : : ; xs1g,B = fy1; y2; : : : ; ys2g, C = fz1; z2; : : : ; zs3g and D = fw1g such that in [D(T )]H158



� (xi; xi+1) is an arc for 1 � i � s1 � 1,� (yi; yi+1) is an arc for 1 � i � s2 � 1, and� (zi; zi+1) is an arc for 1 � i � s3 � 1.Also let fv1; v2; : : : ; vs4g denote the set of vertices pendant to the vertices in Band fu1; u2; u3g denote the set of vertices pendant to w1. Thus we have thats1 + s2 + s3 + s4 + 4 = n.Now properly 2-color H with red and blue such that the base vertexof H is assigned the color red. Note that the base vertex is x1. Under thiscoloring, A has s1 + 12 vertices colored red and s1 � 12 vertices colored blue,C has half of its vertices colored red and half colored blue, w1 is colored redand u1; u2; and u3 are all colored blue. In addition, since consecutive verticesin B that have pendant neighbors are separated by an odd number of edges,it easy to see that V (B) [ fv1; v2; : : : ; vs4g has half of its vertices assignedthe color blue and half assigned the color red. See Figure 6.5. Thus, H hass1 + s2 + s3 + s4 + 12 + 1 = n� 12 red vertices and s1 + s2 + s3 + s4 � 12 + 3 =n+ 12 blue vertices. See Figure 6.5. We proceed by showing that red verticesof H have out-degree either n+ 32 or n+ 12 in T (H) and blue vertices of Hhave out-degree either n� 32 or n� 52 in T (H).Let xi; xj 2 V (A) with i even and j odd. Since i is even and j odd,xi is assigned the color blue and xj is assigned the color red. Now since thevertices of A induce a directed path in D(T ), we may conclude by Lemma 6.1
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that T (A) = Us1 . Thus, since s1 is odd, both xi and xj beat s1 � 12 verticesin V (A). In addition, it follows by Lemma 2.9 that xi beats all red verticesin V (H)nV (A) and xj beats all blue vertices in V (H)nV (A). Thus, we havethat xi has out-degree s1 + s2 + s3 + s4 � 12 + 1 = n� 32 in T (H) and xj hasout-degree s1 + s2 + s3 + s4 � 12 + 3 = n + 12 in T (H).Let x 2 V (B) [ fv1; v2; : : : ; vs4g. By Lemma 6.2, the subtournamentinduced by the vertices in V (B)[ fv1; v2; : : : ; vs4g is near-regular. Thus, everyvertex in V (B) [ fv1; v2; : : : ; vs4g beats either s2 + s42 or s2 + s42 � 1 verticesof V (B)[fv1; v2; : : : ; vs4g. We proceed by showing that x has the appropriateout-degree in T (H) depending on its color. First suppose that x is assignedthe color red. Then we have by Lemma 2.9 that x beats red vertices in V (A)and beats blue vertices in V (C) [ fw1g [ fu1; u2; u3g. Thus, x has out-degrees1 + s2 + s3 + s4 + 12 +3 = n + 32 in T (H) if it beats s2 + s42 vertices of V (B)[fv1; v2; : : : ; vs4g and has out-degree s1 + s2 + s3 + s4 + 12 +2 = n+ 12 if it beatss2 + s42 �1 vertices of V (B)[fv1; v2; : : : ; vs4g. Next suppose that x is assignedthe color blue. Then it follows by Lemma 2.9 that x beats blue vertices inV (A) and beats red vertices in V (C) [ fw1g [ fu1; u2; u3g. Therefore, x hasout-degree s1 + s2 + s3 + s4 � 12 + 1 = n� 32 if it beats s2 + s42 vertices ofV (B) [ fv1; v2; : : : ; vs4g and has out-degree s1 + s2 + s3 + s4 � 12 = n� 52 if itbeats s2 + s42 � 1 vertices of V (B) [ fv1; v2; : : : ; vs4g.Next let zi; zj 2 V (C) with i even and j odd. Since (s1 + s2) is even,
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zi is assigned the color blue and zj is assigned the color red. Now since thevertices in C induce a directed path in D(T ), we conclude by Lemma 6.1 thatT (C) = Us3 . Then since s3 is even, zi beats s32 � 1 vertices of V (C) and zjbeats s32 vertices of V (C). But then it follows by Lemma 2.9 that zi beatsall blue vertices of V (A) [ V (B) [ fv1; v2; : : : ; vs4g and also beats w1 since w1is assigned the color red and lies to the right of zi. Also, by Lemma 2.9, zjbeats all red vertices of V (A) [ V (B) [ fv1; v2; : : : ; vs4g and also beats u1; u2and u3 since they are all colored blue and lie to the right of zj . Therefore, zihas out-degree s1 + s2 + s3 + s4 � 12 = n� 52 in T (H), and zj has out-degrees1 + s2 + s3 + s4 + 12 + 3 = n+ 32 in T (H).Finally we show that w1 has out-degree n+ 32 and u1; u2 and u3 allhave out-degree n� 32 . Observe that w1 is colored red and u1, u2 and u3 areall colored blue. Then by Lemma 2.9 we conclude that w1 beats all other redvertices of V (H) and also beats u1; u2 and u3. Also ui beats all blue verticesin V (H)nfu1; u2; u3g. But from the proof of Theorem 6.1, we have that thesubtournament on fu1; u2; u3g must be U3, and so ui also beats exactly onevertex in fu1; u2; u3g. Therefore, w1 has out-degree s1 + s2 + s3 + s4 + 12 +3 =n+ 32 , and ui has out-degree s1 + s2 + s3 + s4 � 12 + 1 = n� 32 for i = 1; 2; 3.Therefore, we may conclude that all red vertices of H have out-degreeeither n + 32 or n + 12 in T (H), and all blue vertices ofH have out-degree eithern� 32 or n� 52 in T (H). Hence, the result follows.
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Now by very similar proofs to the proof of Theorem 6.4, we obtainthe following results.Theorem 6.5 Let an OGPR caterpillar H on n vertices be a component of thedomination graph of a near-regular tournament T . Assume H 2 EE2 [ EO2and is properly 2-colored with red and blue such that the base vertex of H iscolored red. Then all red vertices in H have out-degree either n2 or n2 � 1in T (H), and all blue vertices have out-degree either n2 or n2 � 1 in T (H).Furthermore, under this coloring H has n2 vertices colored red and n2 coloredblue. See Figure 6.6.Theorem 6.6 Let an OGPR caterpillar H on n vertices be a component of thedomination graph of a near-regular tournament T . Assume H 2 OE2 [ OO2and is properly 2-colored with red and blue such that the base vertex of H iscolored red. Then all red vertices of H have out-degree either n+ 12 or n� 12in T (H), and all blue of H have out-degree either n� 12 or n� 32 in T (H).Furthermore, under this coloring H has n+ 12 vertices colored red and n� 12colored blue. See Figure 6.7.Theorem 6.7 Let an OGPR caterpillar H on n vertices be a component ofthe domination graph of a near-regular tournament T . Assume H 2 EE1and is properly 2-colored with red and blue such that the base vertex of H iscolored red. Then all blue vertices of H have out-degree either n+ 12 or n� 12
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in T (H), and all red vertices of H have out-degree either n� 12 or n� 32 inT (H). Furthermore, under this coloring H has n+ 12 vertices colored red andn� 12 colored blue. See Figure 6.8.Theorem 6.8 Let an OGPR caterpillar H on n vertices be a component ofthe domination graph of a near-regular tournament T . Assume H 2 EO1and is properly 2-colored with red and blue such that the base vertex of H iscolored red. Then all blue vertices of H have out-degree either n+ 12 or n� 12in T (H), and all red vertices of H have out-degree either n� 12 or n� 32 inT (H). Furthermore, under this coloring H has n+ 12 vertices colored red andn� 12 colored blue. See Figure 6.9.Theorem 6.9 Let an OGPR caterpillar H on n vertices be a component ofthe domination graph of a near-regular tournament T . Assume H 2 OE1 andis properly 2-colored with red and blue such that the base vertex of H is coloredred. Then all red vertices of H have out-degree either either n+ 22 or n2 inT (H), and all blue vertices have out-degree either n� 22 or n� 42 in T (H).Furthermore, under this coloring H has n2 vertices colored red and n2 coloredblue. See Figure 6.10.Theorem 6.10 Let an OGPR caterpillar H on n vertices be a component ofthe domination graph of a near-regular tournament T . Assume H 2 OO1and is properly 2-colored with red and blue such that the base vertex of H is
163



colored red. Then all red vertices of H have out-degree either either n2 orn� 22 in T (H), and all blue vertices have out-degree either n2 or n� 22 inT (H). Furthermore, under this coloring H has n+ 22 vertices colored red andn� 22 colored blue. See Figure 6.11.Theorem 6.11 Let an OGPR caterpillar H on n vertices be a component ofthe domination graph of a near-regular tournament T . Assume H 2 EE3 andis properly 2-colored with red and blue such that the base vertex of H is coloredred. Then all red vertices of H have out-degree either either n+ 22 or n2 inT (H), and all blue vertices have out-degree either n� 22 or n� 42 in T (H).Furthermore, under this coloring H has n� 22 vertices colored red and n+ 22colored blue. See Figure 6.12.Theorem 6.12 Let an OGPR caterpillar H on n vertices be a component ofthe domination graph of a near-regular tournament T . Assume H 2 EO3 andis properly 2-colored with red and blue such that the base vertex of H is coloredred. Then all red vertices of H have out-degree either either n� 22 or n� 42in T (H), and all blue vertices have out-degree either n+ 22 or n2 in T (H).Furthermore, under this coloring H has n+ 22 vertices colored red and n� 22colored blue. See Figure 6.13.Theorem 6.13 Let an OGPR caterpillar H on n vertices be a component ofthe domination graph of a near-regular tournament T . Assume H 2 OE3 and
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is properly 2-colored with red and blue such that the base vertex of H is coloredred. Then all red vertices of H have out-degree either either n� 32 or n� 12in T (H), and all blue vertices have out-degree either n+ 12 or n� 12 in T (H).Furthermore, under this coloring H has n+ 32 vertices colored red and n� 32colored blue. See Figure 6.14.In this chapter we have de�ned twelve families of OGPR caterpillars,with respect to their structure in D(T ) for a near-regular tournament T . Wehave also shown that the subtournament induced by an OGPR caterpillar isuniquely determined once we have speci�ed the family it belongs to. But mostimportantly we have derived a sequence of results (Theorems 6.4, 6.5, 6.6, 6.7,6.8, 6.9, 6.10, 6.11, 6.12, and 6.13) that give information regarding the out-degrees of the vertices in the subtournament induced by an OGPR caterpillar.In Chapter 7, Theorems 6.4 through 6.13 will be an essential tool in derivingtwo constructions for near-regular tournaments that have forests of nontrivialOGPR caterpillars as their domination graph.

165



x1 1y

1v

x2 y2 y3 y4 y5 y6 1z z 2

v2 v3 v4 1u

1w

x2 1y y2 y3 y4 y5 y6 1z z 2 1w

1u1v v2 v3 v4

x1

v

y7

5Figure 6.6. Two properly colored caterpillars in EE2 [ EO2.The non�lled vertices represent red vertices and the �lled verticesrepresent blue vertices.
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Figure 6.7. Two properly colored caterpillars in OE2 [ OO2.The non�lled vertices represent red vertices and the �lled verticesrepresent blue vertices.
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432Figure 6.8. A properly colored caterpillar in EE1. The non-�lled vertices represent red vertices and the �lled vertices repre-sent blue vertices.
166



x1

1v

1y w1x1

v v

y y y y 1z z2 3 4 5 2

2 3Figure 6.9. A properly colored caterpillar in EO1. The non-�lled vertices represent red vertices and the �lled vertices repre-sent blue vertices.
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2Figure 6.10. A properly colored caterpillar in OE1. The non-�lled vertices represent red vertices and the �lled vertices repre-sent blue vertices.
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32Figure 6.11. A properly colored caterpillar in OE1. The non-�lled vertices represent red vertices and the �lled vertices repre-sent blue vertices.
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Figure 6.12. A properly colored caterpillar in OE1. The non-�lled vertices represent red vertices and the �lled vertices repre-sent blue vertices.
167



x1

v31v v2

y2 y3 y4 y5 1z 1w

1u

x2 1y

u u

z 2

32Figure 6.13. A properly colored caterpillar in OE1. The non-�lled vertices represent red vertices and the �lled vertices repre-sent blue vertices.
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Figure 6.14. A properly colored caterpillar in OE1. The non-�lled vertices represent red vertices and the �lled vertices repre-sent blue vertices.
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7. Near-Regular Forest Tournaments7.1 IntroductionAs mentioned in Chapter 6, we have not yet been able to determineall forests of nontrivial OGPR caterpillars that are the domination graphs ofnear-regular tournaments. But we have been able to determine special forestsof OGPR caterpillars that are the domination graphs of near-regular tourna-ments. We will be presenting these in this chapter. This will be done byexhibiting two constructions for near-regular tournaments that have these spe-cial forests of nontrivial OGPR caterpillars as their domination graphs. Theresults derived in Chapter 6, namely Theorems 6.4 through 6.13, will be essen-tial for the two constructions presented in this setting.7.2 Two ConstructionsIn this section, we will exhibit special forests of nontrivial OGPRcaterpillars that are the domination graphs of near-regular tournaments. Inparticular, these forests will consist of OGPR caterpillars in the families EE2,EO2, OE1, OE2, OO2, EE1, and OO3. Refer to Chapter 6 for the de�nitionof these families of OGPR caterpillars.Let C(m;n; r) denote the set of all graphs that are the union of mcaterpillars in EE2[EO2[OE1, n nontrivial caterpillars in OE2[OO2[EE1,
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and r caterpillars in OO3. Note that every caterpillar in EE2[EO2[OE1 hasan even number of vertices and every caterpillar in OE2[OO2[EE1[OO3has an odd number of vertices. We shall refer to those caterpillars in EE2 [EO2 [ OE1 as even components, those caterpillars in OE2 [ OO2 [ EE1 asodd components and those caterpillars in OO3 as odd components with a tripleend. Assume G 2 C(m;n; r) is the domination graph of a tournament T .Let G = E1 [ E2 [ � � � [ Em [O1 [ O2 [ � � � [ On [Q1 [Q2 [ � � � [Qr, whereEi is the ith even component, Oj is the jth odd component and Ql is the lthodd component with a triple end. For all components Ri 2 G, let the basevertex of Ri be the vertex in V (Ri) that has in-degree 0 in [D(T )]Ri. Let ui,vj, and wl denote the base vertices of Ei, Oj and Ql, respectively. Also let mi,nj and rl denote the number of vertices in Ei, Oj and Ql, respectively. It willbe useful to de�ne the following subtournaments of T :T (B) with vertices fu1; u2; : : : ; um; v1; v2; : : : ; vn; w1; w2; : : : ; wrg,T (E) with vertices fu1; u2; : : : ; umg,T (O) with vertices fv1; v2; : : : ; vng, andT (O3) with vertices fw1; w2; : : : ; wmg.Now assume that G 2 C(m;n; r) is the union of p = (m + n + r)components R1; R2; :::; Rp. Construct a tournament T on V (G) in the followingmanner. First, note that each component belongs to one of the following
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families of OGPR caterpillars: EE2, EO2, OE2, OO2, EE1, OE1, or OO3.Thus, by Theorem 6.1 we have that T (Ri) is uniquely determined. So letT (Ri) be as discussed in Chapter 6. Next, properly 2-color each componentwith red and blue such that its corresponding base vertex is colored red. Notethat under this proper coloring, the subtournaments T (Ri) have the propertiescovered in Theorems 6.4 through 6.13. Then given a structure for T (E), T (O),T (O3), and T (B), Lemma 4.5 determines the remaining arcs in T . We willsay that T is a forest tournament if it is constructed this way. Furthermore,if T is a near-regular tournament, then we will say that T is a near-regularforest tournament. Whether or not dom(T ) = G and T is near-regular willdepend on the structure of T (E), T (O), T (O3), and T (B) and the compositionof G. The next two results provide su�cient conditions for the structure oftournaments T (E), T (O), T (O3), and T (B) and the composition of G in orderto guarantee a near-regular forest tournament.Lemma 7.1 Let G 2 C(m;n; 0). Assume T is a forest tournament for G suchthat the following conditions are satis�ed:(1) n is even,(2) vj beats n2 vertices of T (O) in T if Oj 2 EE1 and beats n2 � 1 vertices ofT (O) in T if Oj 2 OE2 [ OO2, and(3) ui beats n2 vertices of T (O) in T if Ei 2 EE2 [ EO2 and beats n2 � 1
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vertices of T (O) in T if Ei 2 OE1.Then T is a near-regular tournament.Proof: Assume T is a forest tournament for G such that the above conditionsare satis�ed. Since n is even, T will have an even number of odd components.Thus, it follows that T has an even number of vertices. Now properly 2-coloreach component of G using red and blue such that the base vertex of eachcomponent is assigned the color red. By Theorems 6.6 and 6.7, under thiscoloring every odd component Oj has nj + 12 red vertices and nj � 12 bluevertices. In addition, by Theorems 6.5 and 6.9, every even component Ei hasmi2 red vertices and mi2 blue vertices.Next let Ri be an arbitrary component in G and xi its correspondingbase vertex. Also let Rj be a component di�erent from Ri with correspondingbase vertex xj. Suppose xi beats xj in T . Since xi and xj are both colored red,we conclude by Lemma 4.5 that vertices in Ri beat vertices of the same colorin Rj. But note that if Rj is an even component, then half of its vertices arecolored red and half are colored blue. In addition, if Rj is an odd component,then jV (Rj)j+ 12 of its vertices are colored red, and jV (Rj)j � 12 of its verticesare colored blue. Thus,� all vertices in Ri beat jV (Rj)j2 vertices of Rj in T if Rj is an evencomponent and� red and blue vertices in Ri beat jV (Rj)j+ 12 and jV (Rj)j � 12 vertices
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of Rj in T , respectively, if Rj is an odd component.By a similar argument, if xj beats xi in T , then� all vertices in Ri beat jV (Rj)j2 vertices of Rj in T if Rj is an evencomponent and� red and blue vertices in Ri beat jV (Rj)j � 12 and jV (Rj)j+ 12 verticesof Rj in T , respectively, if Rj is an odd component.Using these facts we proceed by showing that every vertex in T has degreeeither jV (Rj)j2 or jV (Rj)j2 � 1.We begin by showing that the vertices of every odd component havethe appropriate out-degree in T . Let Oj be an arbitrary odd component.Assume Oj 2 EE1 and let x 2 V (Oj). First assume that x is colored red. ByTheorem 6.7, we have that x beats either nj � 12 or nj � 32 vertices of Oj in T .If x beats nj � 12 vertices of Oj in T , then since vj beats n2 vertices of T (O) inT , d+T (x) = mXi=1 mi2 + Xi : (vj ; vi) 2 A(T ) ni + 12 + Xi : (vi; vj) 2 A(T ) ni � 12+ nj � 12= mXi=1 mi2 + nXi=1 ni2 + �n2� 12 � �n2 � 1� 12 � 12
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= jV (T )j2 :If x beats nj � 32 vertices of Oj in T , then again since vj beats n2 vertices ofT (O) in T ,d+T (x) = mXi=1 mi2 + Xi : (vj ; vi) 2 A(T ) ni + 12 + Xi : (vi; vj) 2 A(T ) ni � 12+ nj � 32= mXi=1 mi2 + nXi=1 ni2 + �n2� 12 � �n2 � 1� 12 � 32= jV (T )j2 � 1:Next assume that x is assigned the color blue. By Theorem 6.7, itfollows that x beats either nj + 12 or nj � 12 vertices of Oj in T . If x beatsnj + 12 vertices of Oj in T , then since vj beats n2 vertices of T (O) in T ,d+T (x) = mXi=1 mi2 + Xi : (vj ; vi) 2 A(T ) ni � 12 + Xi : (vi; vj) 2 A(T ) ni + 12+ nj + 12= mXi=1 mi2 + nXi=1 ni2 � �n2� 12 + �n2 � 1� 12 + 12
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= jV (T )j2 :If x beats nj � 12 vertices of Oj in T , then since vj beats n2 vertices of T (O) inT , d+T (x) = mXi=1 mi2 + Xi : (vj ; vi) 2 A(T ) ni � 12 + Xi : (vi; vj) 2 A(T ) ni + 12+ nj � 12= mXi=1 mi2 + nXi=1 ni2 � �n2� 12 + �n2 � 1� 12 � 12= jV (T )j2 � 1:Next assume Oj 2 OE2[OO2 and let x 2 V (Oj). First assume thatx is colored red. By Theorem 6.6, we conclude that x beats either nj + 12 ornj � 12 vertices of Oj in T . If x beats nj + 12 vertices of Oj in T , then since vjbeats n2 � 1 vertices of T (O) in T ,d+T (x) = mXi=1 mi2 + Xi : (vj ; vi) 2 A(T ) ni + 12 + Xi : (vi; vj) 2 A(T ) ni � 12+ nj + 12= mXi=1 mi2 + nXi=1 ni2 + �n2 � 1� 12 � �n2� 12 + 12175



= jV (T )j2 :If x beats nj � 12 vertices of Oj in T , then again since vj beats n2 � 1 verticesof T (O) in T ,d+T (x) = mXi=1 mi2 + Xi : (vj ; vi) 2 A(T ) ni + 12 + Xi : (vi; vj) 2 A(T ) ni � 12+ nj � 12= mXi=1 mi2 + nXi=1 ni2 + �n2 � 1� 12 � �n2� 12 � 12= jV (T )j2 � 1:Next assume that x is assigned the color blue. It follows by Theorem6.6 that x beats either nj � 12 or nj � 32 vertices of Oj in T . If x beats nj � 12vertices of Oj in T , then since vj beats n2 � 1 vertices of T (O) in T ,d+T (x) = mXi=1 mi2 + Xi : (vj ; vi) 2 A(T ) ni � 12 + Xi : (vi; vj) 2 A(T ) ni + 12+ nj � 12= mXi=1 mi2 + nXi=1 ni2 � �n2 � 1� 12 + �n2� 12 � 12176



= jV (T )j2 :If x beats nj � 32 vertices of Oj in T , then since vj beats n2 �1 vertices of T (O)in T , d+T (x) = mXi=1 mi2 + Xi : (vj ; vi) 2 A(T ) ni � 12 + Xi : (vi; vj) 2 A(T ) ni + 12+ nj � 32= mXi=1 mi2 + nXi=1 ni2 � �n2 � 1� 12 + �n2� 12 � 32= jV (T )j2 � 1:Thus, it follows that every vertex in V (Oj) has out-degree either jV (T )j2 orjV (T )j2 � 1. Since Oj was an arbitrary odd component, we may conclude thatfor all odd components Oj, every vertex in V (Oj) has out-degree either jV (T )j2or jV (T )j2 � 1 in T .Next we show that the vertices of every even component have theappropriate out-degree in T . Let Ej is an arbitrary even component. AssumeEj 2 EE2 [ EO2 and let x 2 V (Ej). First assume that x is colored red. ByTheorem 6.5, it follows that x beats either mj2 or mj2 � 1 vertices of Ej in T .
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If x beats mj2 vertices of Ej in T , then since uj beats n2 vertices of T (O) in T ,d+T (x) = mXi=1;i6=j mi2 + Xi : (uj ; vi) 2 A(T ) ni + 12 + Xi : (vi; uj) 2 A(T ) ni � 12+ mj2= mXi=1 mi2 + nXi=1 ni2 + �n2� 12 � �n2� 12= jV (T )j2 :If x beats mj2 � 1 vertices of Ej in T , then again since uj beats n2 vertices ofT (O) in T ,d+T (x) = mXi=1;i6=j mi2 + Xi : (uj ; vi) 2 A(T ) ni + 12 + Xi : (vi; uj) 2 A(T ) ni � 12+ mj2 � 1
= mXi=1 mi2 + nXi=1 ni2 + �n2� 12 � �n2� 12 � 1
= jV (T )j2 � 1:Next assume that x is assigned the color blue. Then we conclude byTheorem 6.5 that x beats either mj2 or mj2 � 1 vertices of Ej in T . If x beats
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mj2 vertices of Ej in T , then since uj beats n2 vertices of T (O) in T ,d+T (x) = mXi=1;i6=j mi2 + Xi : (uj ; vi) 2 A(T ) ni � 12 + Xi : (vi ; uj) 2 A(T ) ni + 12+ mj2= mXi=1 mi2 + nXi=1 ni2 � �n2� 12 + �n2� 12= jV (T )j2 :If x beats mj2 � 1 vertices of Ej in T , then since uj beats n2 vertices of T (O)in T , d+T (x) = mXi=1;i6=j mi2 + Xi : (uj ; vi) 2 A(T ) ni � 12 + Xi : (vi ; uj) 2 A(T ) ni + 12+ mj2 � 1
= mXi=1 mi2 + nXi=1 ni2 � �n2� 12 + �n2� 12 � 1
= jV (T )j2 � 1:Next assume Ej 2 OE1 and let x 2 V (Ej). First assume that xis colored red. By Theorem 6.9, we have that x beats either mj + 22 or mj2179



vertices of Ej in T . If x beats mj + 22 vertices of Ej in T , then since uj beatsn2 � 1 vertices of T (O) in T ,d+T (x) = mXi=1;i6=j mi2 + Xi : (uj ; vi) 2 A(T ) ni + 12 + Xi : (vi; uj) 2 A(T ) ni � 12+ mj + 22= mXi=1 mi2 + nXi=1 ni2 + �n2 � 1� 12 � �n2 + 1� 12 + 1
= jV (T )j2 :If x beats mj2 vertices of Ej in T , then again since uj beats n2 � 1 vertices ofT (O) in T ,d+T (x) = mXi=1;i6=j mi2 + Xi : (uj ; vi) 2 A(T ) ni + 12 + Xi : (vi; uj) 2 A(T ) ni � 12+ mj2= mXi=1 mi2 + nXi=1 ni2 + �n2 � 1� 12 � �n2 + 1� 12= jV (T )j2 � 1:Next assume that x is assigned the color blue. Then it follows by180



Theorem 6.9 that x beats either mj � 22 or mj � 42 vertices of Ej in T . If xbeats mj � 22 vertices of Ej in T , then since uj beats n2 � 1 vertices of T (O)in T , d+T (x) = mXi=1;i6=j mi2 + Xi : (uj ; vi) 2 A(T ) ni � 12 + Xi : (vi ; uj) 2 A(T ) ni + 12+ mj � 22= mXi=1 mi2 + nXi=1 ni2 � �n2 � 1� 12 + �n2 + 1� 12 � 1
= jV (T )j2 :If x beats mj � 42 vertices of Ej in T , then since uj beats n2 � 1 vertices ofT (O) in T we have thatd+T (x) = mXi=1;i6=j mi2 + Xi : (uj ; vi) 2 A(T ) ni � 12 + Xi : (vi ; uj) 2 A(T ) ni + 12+ mj � 42= mXi=1 mi2 + nXi=1 ni2 � �n2 � 1� 12 + �n2 + 1� 12 � 2
= jV (T )j2 � 1:
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Thus, it follows that every vertex in V (Ej) has out-degree either jV (T )j2 orjV (T )j2 � 1 . Since Ej was an arbitrary even component, we may concludethat for all even components Ej, every vertex in V (Ej) has out-degree eitherjV (T )j2 or jV (T )j2 � 1 in T .Therefore, since we have shown that every vertex in V (T ) has out-degree either jV (T )j2 or jV (T )j2 � 1 and T has an even number of vertices, itfollows that T is a near-regular tournament.Lemma 7.2 Let G 2 C(0; n; r). Assume T is a forest tournament for G suchthat the following conditions are satis�ed:(1) n and r are both odd with n � 3 and r � 1,(2) every component without a triple end belongs to OE2 [ OO2,(3) T (O) and T (O3) are regular tournaments,(4) for all i, wi beats n� 32 vertices of T (O) in T , and(5) for all j, vj beats r + 12 vertices of T (O3) in T .Then T is a near-regular tournament.Proof: Let T be a forest tournament for G such that the above conditions aresatis�ed. Since both n and r are odd, T will have an even number of vertices.Properly 2-color each component of G using red and blue such that the basevertex of each component is colored red. Notice that by Theorem 6.6, everyodd component Oj has nj + 12 red vertices and nj � 12 blue vertices. Also by
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Theorem 6.4, every odd component Qi with a triple end has ri � 12 red verticesand ri + 12 blue vertices.Let Ri be an arbitrary component of G and xi its corresponding basevertex. Also let Rj be a component di�erent from Ri with corresponding basevertex xj. Suppose that xi beats xj. Since xi and xj are both colored red, byLemma 4.5 vertices in Ri beat vertices of the same color in Rj. But note thatif Rj is an odd component, then jV (Rj)j+ 12 of its vertices are colored red,and jV (Rj)j � 12 of its vertices are colored blue. In addition, if Rj is an oddcomponent with a triple end, then jV (Rj)j � 12 of its vertices are colored red,and jV (Rj)j+ 12 of its vertices are colored blue. Thus,� red and blue vertices in Ri beat jV (Rj)j+ 12 and jV (Rj)j � 12 verticesof Rj in T , respectively, if Rj is an odd component and� red and blue vertices in Ri beat jV (Rj)j � 12 and jV (Rj)j+ 12 verticesof Rj in T , respectively, if Rj is an odd component with a triple end.By a similar argument, if xj beats xi in T , then� red and blue vertices in Ri beat jV (Rj)j � 12 and jV (Rj)j+ 12 verticesof Rj in T , respectively, if Rj is an odd component and� red and blue vertices in Ri beat jV (Rj)j+ 12 and jV (Rj)j � 12 verticesof Rj in T , respectively, if Rj is an odd component with a triple end.Using these facts we proceed by showing that every vertex in T has out-degreeeither jV (T )j2 or jV (T )j2 � 1 in T .
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First we show that the vertices of every odd component have theappropriate out-degree in T . Let Oj be an arbitrary odd component and x 2V (Oj). First assume that x is colored red. Since Oj 2 OE2 [ OO2, we haveby Theorem 6.6 that x beats either nj + 12 or nj � 12 vertices of Oj in T . If xbeats nj + 12 vertices of Oj in T , then since T (O) is regular and vj beats r + 12vertices of T (O3),d+T (x) = Xi : (vj ; wi) 2 A(T ) ri � 12 + Xi : (wi; vj) 2 A(T ) ri + 12 + Xi : (vj ; vi) 2 A(T ) ni + 12+ Xi : (vi; vj) 2 A(T ) ni � 12 + nj + 12= rXi=1 ri2 + nXi=1 ni2 � �r + 12 � 12 + �r � 12 � 12 + �n� 12 � 12� �n� 12 � 12 + 12= jV (T )j2 :If x beats nj � 12 vertices of Oj in T , then since T (O) is regular and vj beatsr + 12 vertices of T (O3),d+T (x) = Xi : (vj ; wi) 2 A(T ) ri � 12 + Xi : (wi; vj) 2 A(T ) ri + 12 + Xi : (vj ; vi) 2 A(T ) ni + 12
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+ Xi : (vi; vj) 2 A(T ) ni � 12 + nj � 12= rXi=1 ri2 + nXi=1 ni2 � �r + 12 � 12 + �r � 12 � 12 + �n� 12 � 12� �n� 12 � 12 � 12= jV (T )j2 � 1:Next assume that x is colored blue. Since Oj 2 OE2 [ OO2, it follows byTheorem 6.6 that x beats either nj � 12 or nj � 32 vertices of Oj in T . If xbeats nj � 12 vertices of Oj in T , then since T (O) is regular and vj beats r + 12vertices of T (O3),d+T (x) = Xi : (vj ; wi) 2 A(T ) ri + 12 + Xi : (wi; vj) 2 A(T ) ri � 12 + Xi : (vj ; vi) 2 A(T ) ni � 12+ Xi : (vi; vj) 2 A(T ) ni + 12 + nj � 12= rXi=1 ri2 + nXi=1 ni2 + �r + 12 � 12 � �r � 12 � 12 � �n� 12 � 12+ �n� 12 � 12 � 12
185



= jV (T )j2 :If x beats nj � 32 vertices of Oj in T , then since T (O) is regular and vj beatsr + 12 vertices of T (O3),d+T (x) = Xi : (vj ; wi) 2 A(T ) ri + 12 + Xi : (wi; vj) 2 A(T ) ri � 12 + Xi : (vj ; vi) 2 A(T ) ni � 12+ Xi : (vi; vj) 2 A(T ) ni + 12 + nj � 32= rXi=1 ri2 + nXi=1 ni2 + �r + 12 � 12 � �r � 12 � 12 � �n� 12 � 12+ �n� 12 � 12 � 32= jV (T )j2 � 1:Thus, it follows that every vertex in V (Oj) has out-degree either jV (T )j2 orjV (T )j2 � 1. Since Oj was an arbitrary odd component, we may conclude thatfor all odd components Oj, every vertex in V (Oj) has out-degree either jV (T )j2or jV (T )j2 � 1 in T .Next we show that the vertices in every odd component with a tripleend have the appropriate out-degree in T . Let Qj be an arbitrary odd com-ponent with a triple end and x 2 V (Qj). First assume that x is colored red.Since Qj 2 OO3, we may conclude by Theorem 6.4 that x beats either rj + 32186



or rj + 12 vertices of Qj in T . If x beats rj + 32 vertices of Qj in T , then sinceT (O3) is regular and wj beats n� 32 vertices of T (O),d+T (x) = Xi : (wj ; wi) 2 A(T ) ri � 12 + Xi : (wi; wj) 2 A(T ) ri + 12 + Xi : (wj ; vi) 2 A(T ) ni + 12+ Xi : (vi; wj) 2 A(T ) ni � 12 + rj + 32= rXi=1 ri2 + nXi=1 ni2 � �r � 12 � 12 + �r � 12 � 12 + �n� 32 � 12� �n+ 32 � 12 + 32= jV (T )j2 :If x beats rj + 12 vertices of Qj in T , then since T (O3) is regular and wj beatsn� 32 vertices of T (O),d+T (x) = Xi : (wj ; wi) 2 A(T ) ri � 12 + Xi : (wi; wj) 2 A(T ) ri + 12 + Xi : (wj ; vi) 2 A(T ) ni + 12+ Xi : (wi; vj) 2 A(T ) ni � 12 + rj + 12= rXi=1 ri2 + nXi=1 ni2 � �r � 12 � 12 + �r � 12 � 12 + �n� 32 � 12
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� �n+ 32 � 12 + 12= jV (T )j2 � 1:Next assume that x is colored blue. Since Qj 2 OO3, by Theorem 6.4 we havethat x beats either rj � 32 or rj � 52 vertices of Qj in T . If x beats rj � 32vertices of Qj in T , then since T (O3) is regular and wj beats n� 32 vertices ofT (O),d+T (x) = Xi : (wj ; wi) 2 A(T ) ri + 12 + Xi : (wi; wj) 2 A(T ) ri � 12 + Xi : (wj ; vi) 2 A(T ) ni � 12+ Xi : (vi; wj) 2 A(T ) ni + 12 + rj � 32= rXi=1 ri2 + nXi=1 ni2 + �r � 12 � 12 � �r � 12 � 12 � �n� 32 � 12+ �n + 32 � 12 � 32= jV (T )j2 :If x beats rj � 52 vertices of Qj in T , then since T (O3) is regular and wj beatsn� 32 vertices of T (O),d+T (x) = Xi : (wj ; wi) 2 A(T ) ri + 12 + Xi : (wi; wj) 2 A(T ) ri � 12 + Xi : (wj ; vi) 2 A(T ) ni � 12
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+ Xi : (vi; wj) 2 A(T ) ni + 12 + rj � 52= rXi=1 ri2 + nXi=1 ni2 + �r � 12 � 12 � �r � 12 � 12 � �n� 32 � 12+ �n + 32 � 12 � 52= jV (T )j2 � 1:Thus, it follows that every vertex in V (Qj) has out-degree either jV (T )j2 orjV (T )j2 � 1. Since Qj was an arbitrary odd component with a triple end, wemay conclude that for all odd components with a triple end, every vertex inV (Qj) has out-degree either jV (T )j2 or jV (T )j2 � 1 in T .Therefore, since we have shown that every vertex has out-degree eitherjV (T )j2 or jV (T )j2 � 1 and T has an even number of vertices, we conclude thatT is a near-regular tournament.The next result provides su�cient conditions to guarantee that thedomination graph of a forest tournament T is a graph G 2 C(m;n; r) where Tis a forest tournament for G.Theorem 7.3 Let G 2 C(m;n; r). If there exists a forest tournament T for Gsuch that TB is well-covered, then dom(T ) = G.
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Proof: Suppose there exists a forest tournament T for G such that Tb is well-covered. Then it follows from the proof of Theorem 2.3 of [16] that dom(T ) =G. See discussion preceding Theorem 5.8.The next result provides su�cient conditions for a graph in C(m;n; 0),to be the domination graph of a near-regular tournament.Theorem 7.4 Let m and n be integers with n even and m+n = 4 or m+n �6. Assume that there exist tournaments TO, TE, and TB with the followingproperties:(1) TO is a near-regular tournament on n vertices,(2) TE is a tournament on m vertices,(3) TO and TE are subtournaments of TB such that V (TO) and V (TE) partitionthe vertex set of TB,(4) we have in TB that k vertices in TE beat n2 vertices of TO and m � kvertices in TE beat n2 � 1 vertices of TO, and(5) TB is well-covered.Then for every graph G 2 C(m;n; 0) with n2 odd caterpillars in EE1, n2 oddcaterpillars in OE2[OO2, k even caterpillars in EE2[EO2, and m�k evencaterpillars in OE1, there exists a near-regular tournament T with dom(T ) =G.Proof: Let G 2 C(m;n; 0) be the union of m even caterpillars E1; E2; : : : ; Em
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and n odd caterpillars O1; O2; : : : ; On with n2 odd caterpillars in EE1, n2 oddcaterpillars in OE2[OO2, k even caterpillars in EE2[EO2, and m� k evencaterpillars in OE1. First we construct a forest tournament T with vertex setV (G) as follows. Let T (Ei) and T (Oj) be as discussed in Chapter 6 for allcomponents Ei and Oj. Next let T (O) = TO be such that the vertices thathave out-degree n2 in T (O) correspond to the base vertices of the componentsin EE1 and the vertices that have out-degree n2 � 1 in T (O) correspond tothe base vertices of the components in OE2 [ OO2. Let T (E) = TE be suchthat the vertices in T (E) that beat n2 of the vertices in T (O) correspond tothe base vertices of the components in EE2 [ EO2 and the vertices in T (E)that beat n2 � 1 of the vertices in T (O) correspond to the base vertices of thecomponents in OE1. Finally let T (B) = TB. Now by properly 2-coloring Gwith red and blue such that the base vertices of all the components get coloredred, Lemma 4.5 determines the remaining arcs in T .Now since T (O), T (E) and T (B) satisfy Properties 1 through 4, itfollows by Lemma 7.1 that T is a near-regular tournament. In addition, sinceT (B) is well-covered, by Theorem 7.3 we conclude that dom(T ) = G. There-fore, since G was arbitrary, it follows that for every graph G 2 C(m;n; 0) withn2 odd caterpillars in EE1, n2 odd caterpillars in OE2[OO2, k even caterpillarsin EE2[EO2, and m�k even caterpillars in OE1, there exists a near-regular
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tournament T with dom(T ) = G.Now using Lemma 7.2 and Theorems 7.3 and 7.4 we proceed by ex-hibiting two in�nite classes of forests of nontrivial OGPR caterpillars that arethe domination graphs of near-regular tournaments.Theorem 7.5 Suppose G 2 C(m;n; 0) with m + n = 4 or m + n � 6. Thenthe following combinations of m even caterpillars and n odd caterpillars arethe domination graphs of near-regular tournaments:Combination n = m = EE1 OE2 [ OO2 EE2 [ EO2 OE11 0 4, � 6 0 0 m 02 2 2 1 1 1 13 2 5 1 1 4 14 2 4, � 6 1 1 m� 1 15 4 2 2 2 1 16 4 3 2 2 2 17 4 5 2 2 4 18 4 4, � 6 2 2 m� 1 19 6 0 3 3 0 010 6 1 3 3 1 011 6 2 3 3 1 112 6 � 3 3 3 m 013 � 8 0 n2 n2 0 014 � 8 2 n2 n2 1 115 � 8 1, � 3 n2 n2 m 0

.
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Proof: The tournaments TE, TO and TB constructed in Lemmas 5.13, 5.14, 5.15,5.17, and 5.20 together with Theorem 7.4 show that the above combinationsof OGPR caterpillars are the domination graphs of near-regular tournaments.To see this, consider the �rst combination.Combination 1. For m = 4 or m � 6, let TO, TE, and TB be the tourna-ments provided in the proof of Lemma 5.13. Note that TO, TE, and TB satisfyProperties 1, 2, 3 and 5 of Theorem 7.4. In addition, since TO is the emptytournament, m vertices of TE beat 0 vertices of TO. Thus, we may concludeby Theorem 7.4 that for every graph G 2 C(m; 0; 0) with m components inEE2 [ EO2, there exists a near-regular tournament T with dom(T ) = G.The remaining combinations in the above table can be veri�ed usingsimilar arguments. In particular, Lemma 5.14 is used to verify combinations2 through 4, Lemma 5.15 is used to verify combinations 5 through 8, Lemma5.17 is used to verify combinations 9 through 12 and Lemma 5.20 is used toverify combinations 13 through 15. Therefore, we may conclude that the abovecombinations of OGPR caterpillars are the domination graphs of near-regulartournaments.Theorem 7.6 Assume G 2 C(0; n; r) with r odd, n = 3r, and every oddcomponent of G belonging to OE2[OO2. Then G is the domination graph ofa near-regular tournament.
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Proof: For the following all arithmetic is done modulo 3r. We start by con-structing a forest tournament T with vertex set V (G). Let T (Oj) and T (Qi)be as discussed in Chapter 6. Next let T (O) = U3r and T (O3) = Ur. The re-maining arcs in T (B) are wi ! fv(3i�2)+3k; v(3i�1)+3k; v3i+3kg for k odd with1 � k � r � 2, and fv(3i�2)+3k ; v(3i�1)+3k; v3i+3kg ! wi for k even with0 � k � r � 1. See Figure 7.1 for an example of T (B) when r = 3. Nowby properly 2-coloring the vertices of G with red and blue such that the basevertex of each component is colored red, Lemma 4.5 determines the remain-ing arcs in T . Since all vertices in T (O3) beat 3r � 32 vertices of T (O) andall vertices of T (O) beat r + 12 of T (O3), it follows by Lemma 7.2 that T isa near-regular tournament. To show that dom(T ) = G, by Theorem 7.3 itsu�ces to show that T (B) is a well-covered tournament. Thus we proceed byverifying that T (B) is a well-covered tournament.Notice that since T (O) = U3r, we may conclude that T (O) is a regulartournament. Thus, since every arc in T (O) is contained in a 3-cycle, every pairof vertices in T (O) are distinguished in T (B). Similarly, since T (O3) = Ur,every pair of vertices in T (O3) are distinguished in T (B). Next let vi; vj 2T (O). If j 6� i + 1; i � 1 (mod 3r), then there must be a vertex in T (O) thatbeats both vi and vj since they do not form a dominant pair in U3r. Therefore,if j 6� i+1; i�1 (mod 3r), it follows that vi and vj are paired in T (O) and so arepaired in T (B). Also, by construction, we have that fv(3i�2); v(3i�1); v3ig ! wi
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The remaining arcs are oriented from vertices in T(O)  to vertices in T(O3).
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Figure 7.1. The tournament T (B) when r = 3.
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for 1 � i � r. Thus, every pair of vertices in V (T (O)) are paired in T (B).Next let wi; wj 2 V (T (O3)). If j 6� i + 1; i� 1 (mod 3r), then theremust be a vertex in T (O3) that beats both wi and wj since they do not forma dominant pair in Ur. Therefore, if j 6� i+1; i� 1 (mod 3r) it follows that wiand wj are paired in T (O3) and so are paired in T (B). Also, by construction,v3i ! fwi; wi+1g for 1 � i � r. Thus, we have that every pair of vertices inV (T (O3)) are paired in T (B).It remains to be shown that every pair of vertices vi and wj are pairedand distinguished for any choice of vi 2 V (T (O)) and wj 2 V (T (O3)). Letwi 2 V (T (O3)). By construction, the subtournament of T (B) induced byfwi; v(3i�2)+3k; v(3i�1)+3k; v3i+3kg, for all k with 0 � k � r�1, belongs to W1;3[W1;3. By Lemma 5.11 and Corollary 5.12 this subtournament is well-covered.Thus, wi is paired and distinguished with every vertex in fv(3i�2)+3k; v(3i�1)+3k;v3i+3kg for all k with 0 � k � r � 1. Since wi was an arbitrary vertex inV (T (O3)) this holds true for all vertices in V (T (O3)). Therefore, vi and wjare paired and distinguished for all wi 2 V (T (O3)) and vj 2 V (T (O)).Thus, we may conclude that T (B) is a well-covered tournament anddom(T ) = G.
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Figure 7.2. Theorem 7.5 veri�es that this forest is the domina-tion graph of a near-regular tournament on 110 vertices.
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Figure 7.3. Theorem 7.6 veri�es that this forest is the domina-tion graph of a near-regular tournament on 116 vertices.
198



In this chapter together with Chapter 6, initial results were estab-lished toward the characterization of forests of nontrivial caterpillars that arethe domination graphs of near-regular tournaments. By Theorem 4.6, the onlyforests of caterpillars that can be the domination graphs of near-regular tour-naments are those which are composed of OGPR caterpillars. In addition, itwas shown in Chapter 6 that once an orientation is established for an OGPRcaterpillar H in D(T ), the subtournament T (H) is uniquely determined. Weused this property to derive some results about the subtournaments an OGPRcaterpillar induces. In turn, these results were used in this chapter to exhibittwo in�nite classes of forests of nontrivial OGPR caterpillars that are the domi-nation graphs of near-regular tournaments. In any event, a characterization forall forests of nontrivial OGPR caterpillars that are the domination graphs ofnear-regular tournaments remains to be established. Therefore, a way in whichthe research on this topic can be continued is to try to determine all forests ofnontrivial OGPR caterpillars that are the domination graphs of near-regulartournaments.
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8. ConclusionIn this dissertation we examined three closely related problems whichstem from the study of domination in tournaments. There are still many newavenues in which the research on topics discussed in this dissertation can becontinued. Therefore, we shall conclude by presenting a list of open problemswhich have originated from this body of work.(1) Characterize all connected graphs that are the domination graph of aunique tournament (up to isomorphism).(2) Prove or disprove: If G is the domination-compliance graph of a tour-nament, then G can be properly 4-colored.(3) Prove or disprove: If G is the domination-compliance graph of a tour-nament, then G is planar.(4) Characterize all graphs which are the domination-compliance graph ofa strongly connected tournament.(5) Characterize all forests of nontrivial caterpillars that are the domina-tion graph of a near-regular tournament.(6) Answer: Which odd-spiked cycles with isolated vertices are the domi-nation graph of a near-regular tournament?(7) Answer: Which forest of caterpillars with isolated vertices are the dom-ination graph of a near-regular tournament?
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A. APPENDIX Proof of Theorem 3.10Proof: Suppose T is a tournament on six vertices and assume that K3;3 is asubgraph of DC(T ). Then it follows by Theorem 3.6 that DC(T ) can have atmost ten edges. Therefore, DC(T ) is either K3;3 or isomorphic to the graph inFigure A.1.
Figure A.1. The only possible domination-compliance graphthat has K3;3 as a subgraph.Since DC(T ) has at least nine edges, then either dom(T ) has at least�ve edges or com(T ) has at least �ve edges. Since every domination graph is acompliance graph, without loss of generality we may assume that dom(T ) hasat least �ve edges. By Theorem 1.1, the domination graph of a tournamentmust be an odd-spiked cycle with or without isolated vertices or a forest ofcaterpillars. Thus, the domination graph of a tournament on n vertices canhave at most n edges. Therefore, we may conclude that dom(T ) must haveeither �ve or six edges. We proceed by considering the following cases.
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Case 1. Suppose that dom(T ) has six edges. Then we have by Theorem 1.1that dom(T ) must be a graph in Figure A.2.
G 1 G

GG

2

3 4Figure A.2. All connected domination graphs, up to isomor-phism, on six vertices and six edges.Using Theorem 2.7, we may construct the tournaments which havethese graphs in Figure A.2 as their domination graph. Figures A.3, A.4,A.5 and A.6 depict these tournaments and their corresponding domination-compliance graphs. But notice that none of these domination-compliancegraphs are K3;3 nor are any isomorphic to the graph in Figure A.1. Thuswe have a contradiction.
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Figure A.3. The only tournament that hasG1 as its dominationgraph and its domination-compliance graph.

Figure A.4. The only tournament that hasG2 as its dominationgraph and its domination-compliance graph.
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Figure A.5. Two tournaments that have dom(T ) = G3 andtheir corresponding domination-compliance graphs.
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Figure A.6. The two tournaments that have dom(T ) = G4 andtheir corresponding domination-compliance graphs.
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Case 2. Suppose that dom(T ) has exactly �ve edges. Then by Theorem 1.1,dom(T ) must be one of the graphs in �gure A.7.
H 1

H 2

H H

H

3 4

5Figure A.7. All domination graphs, up to isomorphism, on sixvertices and �ve edges.Subcase 2.1. Suppose that dom(T ) = H1. Using Theorem 2.10, wemay construct the tournament T that has H1 as its domination graph. FigureA.8 depicts this tournament along with its domination-compliance graph. Itseasy to see that the domination-compliance graph of Figure A.8 does not have
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K3;3 as a subgraph. Thus we have a contradiction.

Figure A.8. The tournament that has H1 as its dominationgraph and its domination-compliance graph.Subcase 2.2. Suppose that dom(T ) = H2. Note that dom(T ) hasa vertex of degree 5. But since dom(T ) is a subgraph of DC(T ) and DC(T )does not have a vertex of degree 5, it follows that dom(T ) cannot be H2.Subcase 2.3. Suppose that dom(T ) = H3. Since dom(T ) is a sub-graph of DC(T ) and dom(T ) has a 3-cycle, it follows that DC(T ) must be thegraph in Figure A.1. Without loss of generality, we may assume that dom(T )is contained in DC(T ) as depicted in the following �gure.
a

b

c

d

e

fLemma 2.2 determines that the domination digraph has two possible207



orientations; one obtained by orienting the arcs on the 3-cycle clockwise andthe other by orienting the arcs on the 3-cycle counterclockwise. First assumethat D(T ) has the following orientation.
a

b

c

d

e

fThen by Lemma 2.6, the subgraph of dom(T ) induced by the setof vertices fa; b; d; e; fg must be a subgraph of dom(T (fa; b; d; e; fg)). Thenby Theorem 1.1, it follows that dom(T (fa; b; d; e; fg)) must be an odd-spikedcycle. But by Theorem 2.7, we conclude that T (fa; b; d; e; fg) is a spiked cycletournament. Therefore, the following arcs must be in T (fa; b; d; e; fg) and alsoin T since T (fa; b; d; e; fg) is contained in T .
a

b

c

d

e

fSince [a; c] is not an edge in dom(T ), then b must beat c in T . Thensince [b; c] is not an edge in DC(T ), the edge [b; c] cannot be in com(T ) and soc must beat a in T . Then since [a; e] is an edge in dom(T ), we conclude that
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e must beat c in T . Finally since [b; e] is an edge in DC(T ) and [b; e] is notan edge in dom(T ), we have that [b; e] must be an edge in com(T ). But this isnot possible since both b and e beat c in T , a contradiction.Next suppose that D(T ) has the following orientation.
a

b

c

d

e

fThen by Lemma 2.6, the subgraph of dom(T ) induced by the set ofvertices fa; b; d; e; fg must be a subgraph of dom(T (fa; b; d; e; fg)). Then byTheorem 1.1, it follows that dom(T (fa; b; d; e; fg)) is an odd-spiked cycle. Butby Theorem 2.7, we conclude that T (fa; b; d; e; fg) is a spiked cycle tournament.Therefore, the following arcs must be in T (fa; b; d; e; fg) and also in T sinceT (fa; b; d; e; fg) is contained in T .
a

b

c

d

e

fSince T is a tournament, either (e; f) is an arc or (f; e) is an arc.Suppose that (e; f) is an arc. Then since [b; e] is an edge in DC(T ) and [b; e] is209



not an edge in dom(T ), it follows that [b; e] must be an edge in com(T ). Butthis is impossible since both b and e beat f in T , a contradiction. Similarly if(e; f) is an arc, then [b; f ] is not an edge in com(T ), a contradiction since [b; f ]is an edge in DC(T ) and it is not an edge in dom(T ).Subcase 2.4. Suppose that dom(T ) = H4. Since dom(T ) is a sub-graph of DC(T ) and dom(T ) has a 3-cycle it follows that DC(T ) must be thegraph in Figure A.1. The following �gure depicts the only two possible waysthat dom(T ) can be contained in DC(T ).
a

b

c

d

e

f

d

e

f

a

b

cFigure A.9. Two possible ways, up to isomorphism, that H4can be contained in DC(T ).First suppose that dom(T ) is contained in DC(T ) as depicted by theleft graph in Figure A.9. Lemma 2.2 determines that the domination digraphhas two possible orientations; one obtained by orienting the arcs on the 3-cycleclockwise and the other by orienting the arcs on the 3-cycle counterclockwise.First assume that D(T ) has the following orientation.
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b

c

d

e

fThen by Lemma 2.6, the subgraph of dom(T ) induced by the set ofvertices fa; b; d; e; fg must be a subgraph of dom(T (fa; b; d; e; fg)). Then byTheorem 1.1, it follows that dom(T (fa; b; d; e; fg)) is an odd-spiked cycle. Butby Theorem 2.7, we conclude that T (fa; b; d; e; fg) is a spiked cycle tournament.Therefore, the following arcs must be in T (fa; b; d; e; fg) and also in T sinceT (fa; b; d; e; fg) is contained in T .
a

b

c

d

e

fSince [b; e] is an edge in DC(T ) and [b; e] is not an edge in dom(T ),it follows that [b; e] must be an edge in com(T ). But since both b and e beatd in T , then [b; e] cannot be an edge in com(T ). This is a contradiction since[b; e] 2 DC(T ) and [b; e] 62 dom(T ).Next suppose that D(T ) has the following orientation.
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b

c

d

e

fThen by Lemma 2.6, the subgraph of dom(T ) induced by the set ofvertices fa; b; d; e; fg must be a subgraph of dom(T (fa; b; d; e; fg)). Then byTheorem 1.1, it follows that dom(T (fa; b; d; e; fg)) is an odd-spiked cycle. Butby Theorem 2.7, we conclude that T (fa; b; d; e; fg) is a spiked cycle tournament.Therefore, the following arcs must be in T (fa; b; d; e; fg) and also in T sinceT (fa; b; d; e; fg) is contained in T .
a

b

c

d

e

fSince [a; f ] is an edge in DC(T ) and [a; f ] is not an edge in dom(T ),it follows that [a; f ] must be an edge in com(T ). But since both a and f beatd in T , then [a; f ] cannot be an edge in com(T ). This is a contradiction since[a; f ] 2 DC(T ) and [a; f ] 62 dom(T ).Next assume that dom(T ) is contained in DC(T ) as depicted by theright graph in Figure A.9. Again, Lemma 2.2 determines that the domination212



digraph has two possible orientations. First assume thatD(T ) has the followingorientation.
a

b

c

d

e

fThen by Lemma 2.6, the subgraph of dom(T ) induced by set of thevertices fa; b; c; d; eg must be a subgraph of dom(T (fa; b; c; d; eg)). Then byTheorem 1.1, it follows that dom(T (fa; b; c; d; eg)) is an odd-spiked cycle. Butby Theorem 2.7, we conclude that T (fa; b; c; d; eg) is a spiked cycle tournament.Therefore, the following arcs must be in T (fa; b; c; d; eg) and also in T sinceT (fa; b; c; d; eg) is contained in T .
a

b

c

d

e

fSince [b; e] is an edge in DC(T ) and [b; e] is not an edge in dom(T ),we must have that [b; e] is an edge in com(T ). But this is impossible since bothb and e beat c in T , a contradiction.Next assume that D(T ) has the following orientation.
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b

c

d

e

fThen by Lemma 2.6, the subgraph of dom(T ) induced by the set ofvertices fa; b; c; d; eg must be a subgraph of dom(T (fa; b; c; d; eg)). Then byTheorem 1.1, it follows that dom(T (fa; b; c; d; eg)) is an odd-spiked cycle. Butby Theorem 2.7, we have that T (fa; b; c; d; eg) is a spiked cycle tournament.Therefore, the following arcs must be in T (fa; b; c; d; eg) and also in T sinceT (fa; b; c; d; eg) is contained in T .
a

b

c

d

e

fSince [b; e] is an edge in DC(T ) and [b; e] is not an edge in dom(T ),we must have that [b; e] is an edge in com(T ). But this is impossible since bothb and e beat d in T , a contradiction.Subcase 2.5. Suppose that dom(T ) = H5. Since dom(T ) is con-tained in DC(T ) and dom(T ) has a 5-cycle it follows that DC(T ) must bethe graph in Figure A.1. There is only one possible way, up to isomorphism,214



that dom(T ) can be contained in DC(T ). Therefore, without loss of generalityassume that dom(T ) is contained in DC(T ) as depicted in the following �gure.
a

b

c

d

e

fLemma 2.2 determines that the domination digraph has two possibleorientations; one obtained by orienting the arcs on the 5-cycle clockwise andthe other by orienting the arcs on the 5-cycle counterclockwise. First assumethat D(T ) has the following orientation.
a

b

c

d

e

fThen by Lemma 2.6, the subgraph of dom(T ) induced by the set ofvertices fa; b; c; d; fg must be a subgraph of dom(T (fa; b; c; d; fg)). Then byTheorem 1.1, it follows that dom(T (fa; b; c; d; fg)) is an odd cycle. But by The-orem 2.4, we conclude that T (fa; b; c; d; fg) is isomorphic to U5. Therefore, thefollowing arcs must be in T (fa; b; c; d; fg) and also in T since T (fa; b; c; d; fg)is contained in T . 215



a

b

c

d

e

fSince [a; f ] is an edge in DC(T ) and [a; f ] is not an edge in dom(T ),it follows that [a; f ] must be an edge in com(T ). This is impossible since a andf beat d in T , a contradiction.Next assume that D(T ) has the following orientation.
a

b

c

d

e

fThen by Lemma 2.6, the subgraph of dom(T ) induced by the set ofvertices fa; b; c; d; fg must be a subgraph of dom(T (fa; b; c; d; fg)). Then byTheorem 1.1, it follows that dom(T (fa; b; c; d; fg)) is an odd cycle. Thus, byTheorem 2.7, it follows that T (fa; b; c; d; fg) is isomorphic to U5. Therefore, thefollowing arcs must be in T (fa; b; c; d; fg) and also in T since T (fa; b; c; d; fg)is contained in T .
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a

b

c

d

e

fSince [a; f ] is an edge in DC(T ) and [a; f ] is not an edge in dom(T ),it follows that [a; f ] must be an edge in com(T ). This is impossible since a andf beat c in T , a contradiction.Therefore, K3;3 is not a subgraph of DC(T ).
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