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ABSTRACT

This dissertation discusses maximal-clique partition problems with emphasis
on existence problems. We obtain a necessary and sufficient condition for a line
graph to have a maximal-clique partition. There are three clique parameters
of a graph G: the clique covering number cc(G), the clique partition number
cp(@G), and the maximal-clique partition number mep(G). We evaluate all three
clique parameters for line graphs. In addition, we discuss the complexity of the
problem of finding maximal-clique partitions for line graphs.

We then investigate graphs with maximal-clique partitions of different sizes.
The graph L(Kj5) has two maximal-clique partitions of different sizes. We con-
firm that there are no graphs with maximal-clique partitions of different sizes of
fewer vertices than L(Kj). Also, for each natural number n, we give a clique-
inseparable graph with n maximal-clique partitions of n different sizes.

We investigate the question of the existence of a graph G with cc(G) =
cp(G) < mep(G). We achieve infinitely many graphs satisfying this property.

Finally, we solve another existence problem regarding graphs with cc(G) <

cp(G) < mep(G). In 1982, Pullman, Shank and Wallis showed a graph of 11

111



vertices satisfying cc(G) < ep(G) < mep(G) and asked whether or not there
exists a graph of fewer vertices with cc(G) < ¢p(G) < mep(G). We confirm that

there is no such graph.

This abstract accurately represents the content of the candidate’s thesis. 1

recommend its publication.

Signed

Kathryn L. Fraughnaugh
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1. Introduction
1.1 Definitions

For our purpose, graphs are simple. Cliques are complete subgraphs of a
graph that are not necessarily maximal. The number of vertices in a clique
is its order. A clique of order n is also called an n-clique or K,. A 3-clique
is also referred to as a triangle. The triangle on the set of vertices {a,b,c}
is represented by A(a,b,c). The 4-clique on the set of vertices {a,b,c,d} is
represented by X(a,b,c,d). A clique covering of G is a family C of cliques of
G such that every edge of G lies in at least one member of C. The number of
cliques in a clique covering is its size. The smallest size among all possible clique
coverings of G is called the clique covering number of G and denoted by cc(G). A
minimum clique covering is a clique covering of size cc(G). A clique partition is
a clique covering in which each edge belongs to exactly one clique. The smallest
size of all possible clique partitions of a graph G is the clique partition number
denoted by ¢p(G). A minimum clique partition is a clique partition of G having
size cp(Q).

A maximal clique is a clique that is not contained in any larger clique. If
every element in a clique partition P of G is maximal, then P is a maximal-clique
partition of G (or briefly, an MCP of G). A maximal-clique partition with the
smallest size among all possible maximal-clique partitions of G is a minimum
mazximal-clique partition of G and its size is denoted mep(G). We refer to cc(G),

cp(G) and mep(G) as ce, cp and mep, respectively, if there is no ambiguity.



Every graph has at least one clique covering and clique partition, namely the
edge set of the graph. However, a graph does not necessarily have a maximal-
clique partition. For example, when n > 4, K, \ K, which is the graph obtained
by deleting one edge from K, does not have a maximal-clique partition. (Be-
cause all maximal cliques in K, \ K are (n — 1)-cliques and each pair of them

share an edge.) In fact, many graphs do not have a maximal-clique partition.
1.2 History and Overview

The maximal-clique partition problem is one of many problems of covering
and partitioning the edge set of a graph with a minimum number of cliques. The
algebraic problem of factoring binary matrices, the geometric problem of mini-
mum perfect pair coverings, and the set theoretic problem of finding a smallest
set having a family of subsets with prescribed intersection properties are inti-
mately connected to graph theoretic problems.

The subject of clique coverings of graphs has its origins in the problem of
intersection sequences. Erdds, Goodman, and Pésa in 1966 [10] and Lovész in
1968 [16] considered the problem graph theoretically. In the early 1970’s, H.
Ryser [36] studied it as a problem in matrix theory. In 1977, J. Orlin empha-
sized the graph theoretic approach and obtained several results [26]. F. Roberts
compiled a survey paper listing many applications of these and related ideas in
1985 [35]. The first survey of clique coverings of graphs for the early works was
written by N.Pullman [27] in 1982. More recently, clique coverings and partitions
have been studied by Wallis and co-authors [38, 37, 39, 41, 42, 40, 43, 44, 45|,

Cacetta et al. [3], Monson et al. [25], and others. An excellent survey by Mon-



son, Pullman, and Rees [24] appeared in 1995 and updates and extends the 1982
survey [27]. It collects most related works and is considered to be one of the
most valuable recent works.

The problem can be thought of as three subproblems: clique covering, clique
partition and maximal-clique partition problems. They yield three clique num-
bers cc(G), ¢p(G) and mep(G) of a graph G. The difference in their values
may be zero or extremely large depending on the graph. For example, all three
clique numbers of K, are the same which is 1. However, the graph G,, of n + 2
vertices in Figure 1.1 has a minimum clique covering composed of n triangles:
A(a,b,v;),i=1,...,n, and a minimum clique partition composed of one trian-
gle and the remaining 2(n — 1) edges. Hence, cc(G,) = n and cp(G,,) = 2n — 1.

The difference between cc(G,,) and ¢p(G,,) is n — 1.

U1
U2
a Vs
G, =
b
Unp

Figure 1.1: cc(G,) =n and cp(G,) =2n — 1

Clique covering problems have been studied widely during the 1990’s for
many classes of graphs by a variety of authors, for instance, complements of

cliques [31], regular graphs [5, 29], cubic graphs [4], threshold graphs [18], chordal



graphs [17], generalized chordal graphs [41], complements of paths and cycles [8],
line graphs [21], and self-complementary graphs [7].

In parallel, clique partition problems have been investigated. Pullman and
de Caen [30] studied clique partitions of regular graphs, the cartesian product
of graphs and graphs of maximal degree at most three in 1981. Later, Wallis
and co-authors studied clique partitions of many classes of graphs including split
graphs [40], chordal graphs [19, 11], threshold graphs [18], squares of trees [42],
complements of triangles [43], complements of cycles [37], graphs of the form
GV K, [45], and complements of one-factors [12, 38]. In addition, McGuinness,
Sean and Rees [21] studied clique partitions of line graphs, Lonc [15] clique
partitions of graphs without odd chordless cycles and Rees [34] clique partitions
of norm three.

Because clique covering and clique partition numbers are somewhat related
and one can be much harder to determine than the other, some authors have
tried to find relationships between them in order to help determining the value
of the harder one. In 1985, Caccetta et al. [3] examined the clique covering
and clique partition numbers in terms of their difference, which is called the
spread, and in 1988, Erdés et al. [9] investigated them in terms of their ratio.
The clique partition problem is also related to several other concepts. Two such
articles concern clique partitions and pairwise balanced designs by Rees [33] and
clique partitions and finite planes by Wallis [39]. The clique covering problem
is also extended to the biclique covering problem: see biclique covering number

of K, \ K,, and complete t-partite graphs [13]. Also, the effect of vertex and



edge deletion on clique numbers [23, 2] and linear operators preserving partition
numbers of graphs [1] are more recent related topics.

The maximal-clique partition problem is developed further from the clique
partition problem. Unlike clique partition and clique covering problems, there
have only been a few articles regarding maximal-clique partitions. A paper [32]
written by Pullman, Shank and Wallis in 1982 covers some main concepts of
the problem giving a few open problems. Since the existence of a maximal-
clique partition requires maximality of all cliques in a partition, many graphs
do not have a maximal-clique partition. Problems related to maximal-clique
partitions are hard to solve. Results for only a few classes of graphs have been
published so far: graphs with maximum degree at most four [32], triangulated
planar graphs [32], irreducible graphs [44], interval graphs [20] and threshold
graphs [18].

This dissertation emphasizes maximal-clique partitions. We study graphs
with a maximal-clique partition and examine some relationships between the
maximal-clique partition number and other clique numbers of a graph.

We will start by providing simple results about the existence of maximal-
clique partitions in Section 1.3 to provide the reader with some intuition about
this problem.

In Chapter 2, we obtain a necessary and sufficient condition for a line graph
to have a maximal-clique partition, along with all three clique numbers and the
complexity of the maximal-clique partition problems for line graphs. Although

the fact that the line graph of the n-clique L(K,) has two maximal-clique par-



titions are well known, we provide details and investigate L(K5) further. These
results will be used throughout the rest of the dissertation.

Chapter 3 involves graphs having at least two maximal-clique partitions of
different sizes. When n is at least 5, L(K,,) has two maximal-clique partitions
of different sizes. Pullman, Shank and Wallis (PSW) [32] asked whether or not
there is a graph with maximal-clique partitions of different sizes of fewer vertices
than L(K5). We confirm that there is none. In [32], PSW also found a clique-
inseparable graph (defined in Section 1.3) with n maximal-clique partitions.
However, all of them have the same size. We will show that there exists a
clique-inseparable graph with n maximal-clique partitions of n different sizes.
The details of this will be found in Section 3.3. These graphs are obtained by
gluing many copies of a variety of line graphs of complete graphs together.

Chapter 4 and Chapter 5 will emphasize the three clique parameters cc, cp
and mcp. Since a clique partition is a clique covering, cc < ¢p. Since a maximal-
clique partition is a clique partition, ¢p < mep. Hence, it is always true that
the three clique parameters of a graph satisfy cc < ¢p < mep. These clique
parameters of a graph are not always equal. However, all graphs with at most
nine vertices have the same three clique parameter values. This fact was proved
by Monson in her Ph.D. Dissertation [22]. Thus, these three parameters could
be different when a graph has ten or more vertices. In Chapter 2, we show
that if a line graph has a maximal-clique partition, then it has cc = cp = mcp.
Interval graphs [20] and graphs with norm at most 4 [32] are also examples of

graphs having cc = c¢p = mcep.



Figure 1.2: Monson’s graph

As cc < ¢p < mep, there are three more relationships among the three
clique parameters, which are cc < c¢p = mep, cc = c¢p < mcep and cc < cp < mep.
Monson found the graph of ten vertices with cc < ¢p = mcep shown in Figure
1.2. This graph G has cc(G) = 8 < ep(G) = mep(G) = 9. Since ten vertices
is the minimum number of vertices needed to get different values for the three
clique parameters, Monson’s graph has the minimum number of vertices for a
graph satisfying cc < cp = mcep.

The question of the existence of graphs with cc = ¢p < mep has been
investigated by Monson [22] who conjectured [personal communication] that no
such graph exists. Chapter 4 answers this open problem. In fact, we construct
infinitely many graphs with cc = ¢p < mep. They will be constructed by using

the glue operator (defined in Chapter 3) and their clique numbers will be verified.



The smallest graph among those constructed in this fashion has 68 vertices and
234 edges.

The next chapter involves the last relationship of clique parameters cc <
cp < mep. Pullman, Shank and Wallis [32] found a graph of 11 vertices satisfying
this relationship. The graph is shown in Figure 1.3 with cc =5 < ¢p = 8 <
mep = 10. They asked whether or not there exists a graph of fewer vertices
satisfying cc < e¢p < mep. In order to find such a graph, since graphs of at most
nine vertices give cc = ¢p = mep, our candidate graphs must have ten vertices.
Chapter 5 studies related issues for graphs of ten vertices. The first part provides
some characteristics of clique partitions and maximal-clique partitions of graphs
with ten vertices. The second part of the chapter shows that in fact a graph
of ten vertices with cp < mcp does not exist. Hence, PSW’s graph is a graph
having the minimum number of vertices satisfying cc < c¢p < mep. We conclude
that graphs satisfying cc < cp < mep or cc = cp < mep have at least 11 vertices.

Finally, the conclusion and some open problems for future work are located
in Chapter 6. Since many graphs do not have a maximal-clique partition, we
suggest a way to investigate how much a graph deviates from having a maximal-

clique partition.
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Figure 1.3: Pullman, Shank and Wallis (PSW)’s graph

1.3 The Existence of Maximal-clique Partitions

Definition 1.1 Let the graphs shown in Figure 1.4 be called the kite and the

ocular graph.

Kite Ocular Graph

Figure 1.4: Kite and ocular graph



Lemma 1.1 For any graph G, if G has a mazimal-clique partition, then each

kite in G must be contained in an ocular graph in G.

Proof Assume G has a maximal-clique partition M. Let K be a kite in G
whose vertices are labelled a, b, c and d as in Figure 1.5.

a

NN
\d

Figure 1.5: The kite K is contained in an ocular graph

Because A(a,b,c) and A(b, ¢, d) share an edge, both of them cannot be in
M at the same time, say A(b, ¢, d) is not in M. It follows that edges bd and cd
must be contained in other maximal cliques in M, say M; and Ms, respectively.
M is not edge bd because edge bd is not maximal. Thus, M; contains a triangle
Ty sharing bd with the kite K. Similarly there exists a triangle 75 sharing cd
with the kite K. Therefore, T and T3 together with A(a,b,c) and A(b, ¢, d)

form an ocular graph in G containing the kite K. ]
A kite in a graph not satisfying the condition in Lemma 1.1 prevents the exis-

tence of a maximal-clique partition of the graph. There are a number of graphs

containing kites that do not satisfy the condition. However, the condition in

10



Lemma 1.1 is not sufficient. Some graphs still do not have a maximal-clique
partition though they satisfy the condition in the lemma. An example is shown

in Figure 1.6.

Figure 1.6: Each kite is contained in an ocular graph while the graph contains

no MCP.

Determining whether a graph has a maximal-clique partition can be confined
to determining whether certain of its subgraphs has a maximal-clique partition

as follows:

Definition 1.2 A subgraph of G is a proper subgraph of G if it does not contain
all edges of G and it is a nonempty subgraph of G if it contains at least one edge
of G. If a subgraph H has the property that for every clique K in G, either every
edge of K or no edge of K lies in H, then we say that H separates the cliques
of G. If a proper nonempty subgraph separates the cliques of GG, we say G is
clique-separable. Otherwise G is clique-inseparable. If a subgraph B separates
the cliques of GG, but no proper nonempty subgraph of B does so, we call B a
clique-block of G.

11



Example 1.1 Let G; and G5 be graphs in Figure 1.7.

b
a b
a c
J d
Gl GQ

Figure 1.7: Example shows clique-separable and clique-inseparable graphs

Consider subgraphs H; and Hy of G; where H; is composed of the edge ab
and H, is composed of two edges ab and bc. Hs does not separate cliques of G4
because A(b, ¢, d) has edge bc in Hy but edges bd and cd are not in Hy. It is easy
to verify that H; separates the cliques of GG;. Hence, GGy is a clique-separable
graph. G has two clique-blocks, the edge ab and the triangle A(b,¢,d). In
contrast, there is no proper nonempty subgraph separating the cliques of Gs.

Thus, G is a clique-inseparable graph.

Note that a clique-block is clique-inseparable in itself. Therefore, a subgraph
B is a clique-block of G if and only if B is a clique-inseparable graph and B is
not a subgraph of any other clique-inseparable subgraph of GG. Note that if G
has isolated vertices, then they form one clique-block of G. It was shown in [28]

that the family B(G) of clique-blocks partitions the edge set of G.

12



Lemma 1.2 (Lemma 2.1 in [32])
The graph G has a mazimal-clique partition if and only if each of its clique-blocks
has a maximal-clique partition, in which case
mep(G) = ) mep(B)
BeB(G)
Therefore, the study of maximal-clique partitions may be confined to clique-

inseparable graphs.

13



2. Maximal-clique Partitions of Line Graphs
2.1 Line Graphs

Let G be a connected graph. The line graph L(G) of G is the graph
generated from G by V(L(G)) = E(G) and for any two vertices e, f € V(L(G)),
vertex e and vertex f are adjacent in L(G) if and only if edge e and edge f share

a common vertex in G. If H is the line graph of G, we call G the root graph of

H.
F /
€ h e h
g
g
G L(G)

Figure 2.1: Example of a line graph

Because edges in L(G) are induced by a pair of edges in G sharing a com-
mon endpoint, each vertex v € V(G) with d(v) > 2 generates a clique, denoted
Q(v). Vertices in Q(v) correspond to edges incident to v in G thus, Q(v) has
order dg(v). Let V5(G) be the set of vertices in G of degree at least 2. Then,

{Q(v) : v € V5(G)} partitions the edge set of L(G).

14



Table 2.1 contains a summary of properties of the vertices and edges in G

and of their corresponding elements in L(G):

Table 2.1: Relationships between G' and L(G)

InG In L(G)

e edge e ® vertex e
e vertex v of degree dg(v) | e clique Q(v) of order dg(v)
e V5(G)= the set of vertices | @ {Q(v) : v € Vo(G)}=

of degree at least two in G | a clique partition of L(G)

2.2 The Existence of Maximal-clique Partitions

of Line Graphs

Consider the three motivating examples in Figure 2.2. Example 1 illustrates
a line graph L(G;) that does not have a maximal-clique partition. Example 2
shows a line graph L(G2) with a maximal-clique partition. Note that the root
graph G has a vertex of degree two, but the root graph G, does not contain
a vertex of degree two. However, the root graph (G3 in Example 3 contains a
vertex of degree two, but L(G3) has a maximal-clique partition. Hence, a vertex
of degree two is not the only factor that effects the existence of maximal-clique
partitions of a line graph. Although both G; and G5 contain a vertex of degree
two, the vertex of degree two in (¢ is in a triangle whereas the one in G5 is not.
This idea leads to our necessary and sufficient condition on a root graph G that

guarantees the existence of a maximal-clique partition of the line graph L(G).

15



Example 1

Example 2

Example 3

Figure 2.2: Motivating examples

Theorem 2.1 Let G # K3 be a connected graph. Then,
L(G) has a mazimal-clique partition if and only if no vertex of degree two in G
lves in a triangle.

Moreover, if L(G) has a mazimal-clique partition, then the set of cliques

generated by vertices of degree at least two in G forms a mazximal-clique partition

of L(G).

16



Proof Let G # K3 be a connected graph.

(=) Assume L(G) has a maximal-clique partition M. Suppose there exists a
triangle T" in GG containing a vertex v of degree 2. As in Figure 2.3, let u, v,
and w be the vertices of T" and let ey, es and e3 be the edges uv, vw, and uw,
respectively. Since G is not a 3-clique and is connected, T' contains a vertex of
degree at least 3, say vertex u. Then w is incident to an edge outside T', say
edge ey = ut. Figure 2.3 illustrates this situation.

Now, consider L(G). As we observed in Table 2.1, T" in G becomes a triangle
A(eq,ea,e3) in L(G); also, u,v, and w in G produce cliques Q(u), Q(v), and
Q(w) in L(G), respectively. Since v has degree two, Q(v) in L(G) is the edge
eres. Figure 2.3 illustrates the triangle T in G and its corresponding subgraph
in L(G).

In L(G)

Figure 2.3: Triangle 7" and corresponding subgraph in L(G)

In G, since v has degree two and G is simple, e3 is the only edge adjacent
to both edges e; and e; at the same time. That is, the vertex es in L(G) is the

only vertex adjacent to both vertices e; and es. Hence, A(eq, €9, e3) is the only
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maximal clique in L(G) containing edge eje,. It follows that A(eq, es, e3) must be
in M. However, Q(u) contains edge ejez, while ejes is covered by A(eq, eq,€3).
So, Q(u) cannot be in M. Now, let K be the clique in M containing edge
ereq. (So, K is maximal.) If all vertices in K correspond to edges in G that
share vertex u with e; and ey, then K is a subgraph of Q(u), contradicting the
maximality of K. Hence, there exists a vertex in K corresponding to an edge
in G that shares the other endpoint (which is not w) with e; and e4. It forces
the edge vt in G, which yields another edge in G incident to v besides edges e;
and ey. This contradicts d(v) = 2.

(<) Conversely, assume that no vertex of degree two in G lies in a triangle.
We will show that L(G) has a maximal-clique partition.

Since {Q(v) : v € Vo(G)} is a clique partition of L(G), it is sufficient to
show that Q(v) is maximal in L(G) for all v € V4(G).

Case 1 d(v) > 2. Then Q(v) is a clique in L(G) of order at least 3. Consider
any vertex in L(G) not contained in Q(v). Let e € V(L(G) \ Q(v)). Since e
is not in Q(v), v is not an endpoint of e. Then as in Figure 2.4 (G is simple),
edge e in G is incident to at most two edges in L(G) that contain v. Hence, in
L(G) the vertex e can be adjacent to at most two vertices in Q(v). Since Q(v)
has order more than two, e is nonadjacent to a vertex of Q(v). Hence, Q(v) is
a maximal clique. This completes the proof for this case.

Case 2 d(v) = 2. Let e; = vz and e; = vy be the two edges incident to v
in G. If z is incident to y, the set {v, z,y} forms a triangle in G containing the

vertex v of degree 2. This contradicts the assumption. Thus, x is not adjacent
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e
possible e e is adjacent to at most 2 vertices in Q(v)

Figure 2.4: e € V(L(G)) can be adjacent to at most two vertices in Q(v)

to y in G. Since x ¢ y and d(v) = 2, there is no edge incident to both e; and
ey in G. It follows that there is no vertex in L(G) adjacent to both vertices e;
and ey. Hence, the edge ejey is not contained in other cliques in L(G). Note
that Q(v) consists of just the edge ejes. Thus, it is maximal. This completes
the proof in this case.

In both cases we have shown that each Q(v), where v € V3(G), is a maximal
clique in L(G). Therefore, {Q(v) : v € V5(G)} is a maximal-clique partition of
L(G). |

Theorem 2.2 (Orlin, 1977 [26]) Let G be a connected graph but not a 3-clique.
Let m be the number of triangles with exactly two vertices of degree two in G.
Then

cp(L(G)) = |[Va(G)| and

ce(L(G)) = [Va(G)] — m.
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We extend Theorem 2.2 to include the maximal-clique partition number for

line graphs.

Theorem 2.3 Let G be a connected graph. If L(G) has a mazimal-clique par-

tition, then

1 if G is a 3-clique,
ce(L(G)) = ep(L(G)) = mep(L(G)) =
[Va(G)| if G is not a 3-clique.

Proof Let G be a connected graph. Assume L(G) has a maximal-clique
partition. By Theorem 2.1, GG is a 3-clique or each triangle in G contains
no vertices of degree two. If G is a 3-clique, L(G) is also a 3-clique. Then
cc(L(G)) = ep(L(G)) = mep(L(G)) = 1. Otherwise, each triangle in G con-
tains no vertices of degree two. That is, G does not contain any triangles with
exactly two vertices of degree two. Hence, by Theorem 2.1 and Theorem 2.2,

ce(L(G)) = ep(L(G)) = mep(L(G)) = [Va(G)]. u

Theorem 2.1 gives a characterization of the root graph of a given line graph
with a maximal-clique partition. Next we will provide a condition of the line
graph that guarantees a maximal-clique partition. The following is straight

forward, but we need it to prove our next theorem.

Lemma 2.1 Let G be a connected graph. Fore =uv € V(L(G)), e is contained

in Q(x) if and only if v = w or x = v. Moreover, d)(e) = dg(v) + dg(u) — 2.

Proof Since edge e has two endpoints in GG, vertex e can be contained in

only two cliques in L(G). As we observed in Table 2.1, Q(v) and Q(u) have order
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dg(v) and dg(u), respectively. Hence, vertex e in L(G) is adjacent to dg(v) — 1

vertices in Q(v) and dg(u) — 1 vertices in Q(u). [

Theorem 2.4 Let H be a line graph. If no maximal triangle S = A(v,u, w) in
H has vertices satisfying dp(u) + dpg(w) — dy(v) = 2, then H has a mazimal-

clique partition.

Proof Let H be a line graph and let G be the root graph of H, i.e.,
H = L(G). If H is a triangle, then H itself is a maximal triangle. Hence,
assume H # K3 and that H does not have a maximal-clique partition. By
Theorem 2.1, there exists a triangle 7" = A(a, b, c) in G containing a vertex a
of degree 2. The triangle S = A(ab, be,ac) in H comes from the edges of T in
G. Note that there is no edge in G that can be incident to all three edges in
T. So, there is no vertex in H adjacent to all three vertices in S. Hence, S is
a maximal triangle. Now by Lemma 2.1, we have dy(ab) = dg(a) + dg(b) — 2,
dy(be) = dg(b) + de(c) — 2, and dy(ac) = dg(a) + de(c) — 2. Thus,
dg(ab) + dy(ac) — dg(be)
= da(a) + do(b) — 2] + [da(a) + dale) — 2] ~ [do(b) + da(c) ~2)
= 2+ da(b) — 2 + 2+ do(e) — 2] — [de(t) + de(c) — )
= 2.
Hence, H contains a maximal triangle A(ab, bc, ac) whose vertices satisfy

dy(ab) + dy(ac) — dy(be) = 2. Therefore, the theorem is proved as desired. m

Our condition in Theorem 2.4 is sufficient to guarantee a maximal-clique

partition of a line graph without finding the root graph of the line graph. How-
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ever, the existence of a maximal triangle S = A(u, v, w) in the line graph whose
vertices satisfy d(u) + d(w) — d(v) = 2 cannot guarantee that the given line
graph does not have a maximal-clique partition. As in Figure 2.5, H is a line
graph of G, and S = A(u, v, w) is a maximal triangle in H whose vertices satisfy
d(u) + d(w) — d(v) = 2, but H has a maximal-clique partition composed of two

3-cliques and two 2-cliques.

H=L(G) G

Figure 2.5: H contains a triangle whose vertices satisty the condition, but H
has a maximal-clique partition.

Generally, the maximal-clique partition problem is NP-complete [24]. How-
ever, the condition in Theorem 2.1 leads to an algorithm with linear time. Given
a graph H, Lehot [14] presents a linear time algorithm for testing whether H
is a line graph and retrieving the unique simple graph G such that H = L(G).
Then to test whether there exists a maximal-clique partition only requires find-
ing vertices of degree two in G and verifying whether they are in a triangle (by
checking whether the endpoints of the two edges incident to a vertex of degree
two are adjacent). Hence, the condition in Theorem 2.1 can be checked in linear
time. Therefore, the maximal-clique partition problem for line graphs has a

linear time complexity in terms of the input size.
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2.3 Maximal-clique Partitions of L(K,,)

For n > 5, the line graph of n-clique L(K,) has a special property. It
contains exactly two maximal-clique partitions and their sizes are different. We
first illustrate the two maximal-clique partitions of L(K) to get the general idea
for L(K,,). Then we define two maximal-clique partitions M,, and N,, of L(K,).
We shall then verify that M,, and N, have different sizes when n is at least 5.

As Kj has ten edges, L(K5) has ten vertices. In Figure 2.6, each vertex in
L(K5) is labelled according to its corresponding edge in G. Then two distinct

vertices in L(K3) are adjacent if their labels share a digit.

Figure 2.6: L(Kj5): the line graph of Kj
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Let w € {1,2,3,4,5} be a vertex in Kj. Recall that Q(u) is a clique in
L(K5) derived from u. Since dg,(u) = 4, Q(u) is a 4-clique. Then V(Q(u)) =
{ul,...,u(u — 1),u(u +1),...,un}. Let M5 = {Q(u) : v = 1,...,5}. By
Theorem 2.1, M3 is a maximal-clique partition of L(K5). We refer to M; as
the vertez-induced partition of L(K3).

Next, consider the triangles of K5. They may be identified with the 3-sets
of {1,2,3,4,5}. There are (3):10 such subsets. Let {z,y,z} be any 3-set of
{1,2,3,4,5}. Then vertices zy, yz and zz form a triangle in L(K7). Consider any
vertex outside the triangle A(xy, yz,zz). Its label can contain at most one digit
in {z,y,z}. Thus, it is adjacent to at most two vertices in A(zy,yz, xz). That
is, A(xy,yz,xz) is maximal. Hence, a 3-set of {1,2,3,4,5} induces a maximal
triangle in L(K;). Furthermore, the ten maximal triangles induced from the ten
3-sets partition the edge set of L(Kj), forming another maximal-clique partition
of L(K5). Let Nj be the collection of ten maximal triangles induced from these
ten 3-sets. It is referred to as the triangle partition of L(K5). Therefore, L(K5)
has two maximal-clique partitions, Ms of size 5 and N5 of size 10.

In general, L(K,,) is the intersection graph of the 2-sets of an n-set. The
vertex set of L(K,,) is the collection of all 2-sets of the n-set. Hence, L(K,) has
(5) vertices, and any two vertices of L(K,) are adjacent if and only if they share
exactly one element. The graph K has no edges, so L(K;) is an empty graph.
When n = 2, then K, has one edge which implies that L(K5) is K;. When
n = 3, then K3 is a triangle. It is easy to see that L(K3) is also a triangle.

In the same fashion as in our explanation of L(Kj5), the triangle partition N3
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consists of the triangle L(K3) itself, and the vertex-induced partition Mj is the
set of three edges in L(K3). However, each edge in M3 is not maximal; hence,
M3 is not a maximal-clique partition of L(K3). Hence, for our purposes, we
consider L(K,) when n is at least 4.

Now let n be any integer at least 4. As before, let u € {1,...,n} be a
vertex in K,,. Then Q(u) is an (n — 1)-clique in L(K,) induced by u. The set
{Q(u) :u=1,...,n} is the vertez-induced partition of L(K,) which is denoted
M,,. By Theorem 2.1, M,, is a maximal-clique partition of L(K,). Clearly,
|M,,| = n. Next, we get the triangle partition of L(K,), or N,, by considering
3-sets of the n-set. Each of these 3-sets produces a triangle in L(K,). Since
there are (’;) 3-sets of the n-set, there are (g) of such triangles; so, they cover
3-(”):M edges in L(K,). Because L(K,) is composed of n copies of

3 2

K, 1, L(K,) has n - |E(K,—1)| = n- (”gl)zw edges. Therefore, the

collection of all of such triangles partitions the edge set of L(K,,). And in the
same fashion as L(Kj3), we can conclude that each of these triangles is maximal
in L(K,). Hence, N,, which is the collection of these maximal triangles, is
another maximal-clique partition of L(K,,). Therefore, for n > 4, L(K,) always

has exactly two maximal-clique partitions M,, and N,, where |[M,| = n and

|Nn|: (g) _ n(n—l)(n—2)'

6

When n = 4, [My| =4 and [Ny|= (}) = w = 4. Hence, M, and

Ny have the same size. When n > 5, we have n — 1 > 4 and n — 2 > 3,

S0 "("71(2("72) > "'(4(2'(3) = 2n. Hence, for n > 5,/ |M,| = n < 2n < |N,|.

Furthermore, consider possible maximal cliques containing an edge (zy,yz) in
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L(K,). A vertex that can be adjacent to both xy and yz must be either vertex xz
or its label containing y. The first case yields a maximal triangle A(xy, yz, x2)
in V,,. The latter case yields a maximal (n — 1)-clique Q(y) in M,,. This shows
that each edge in L(K,) is contained in exactly two maximal cliques and all
possible maximal cliques in L(K,) are in M,, or NV,,. Now, let M be a maximal-
clique partition of L(K,). If an (n—1)-clique Q(t) in M,, is in M, since V (Q(t))
is {t1,t2,...,t(t—1),t(t+1),...,tn}, forany i # j € {1,...,t—1,t+1,...,n},
edge e; = (ti,tj) is covered by Q(t). But e is also in A(ti,t7,47); so, A(ti, t], 1))
is not in M. Since edge es = (tj,ij) is in A(ti,tj,47), it follows that Q(j) must
be in M to cover ey. Since j is arbitrary, the remaining (n — 1)-cliques in M,
must be in M. We have shown that if a clique in M,, is in a maximal-clique
partition of L(K,), then all cliques in M,, must also be in it. Therefore, L(K,)
has exactly two maximal-clique partitions. In particular, when n is 4, L(K})
has exactly two maximal-clique partitions of the same size, and when n is 5 or
more, L(K,) always has exactly two maximal-clique partitions, and they have
different sizes.

Notice that, for n > 4, the largest order of a clique in L(K,) is n — 1 and
M,, is composed of (n — 1)-cliques; so, M,, is a minimum clique covering of
L(K,). Hence, we can conclude that for n > 4, cc(L(K,)) = ep(L(K,)) =
mep(L(Ky)) = [Ma| = n.

In conclusion, the properties of L(K,,) mentioned above are summarized in

the following lemma for reference later:
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Lemma 2.2 (Folklore) (i) For any integer n > 4, L(K,) has exactly two

mazimal-clique partitions, the vertex-induced partition M, of size n and the

n(n—1)(n—2)

triangle partition N, of size G

. In particular, |My| = |Ny|; otherwise,
M,, and N,, have different sizes.
(i) For any integer n > 4, cc(L(K,)) = cp(L(K,)) = mep(L(K,)) =

IM,| =n.

Note that we can also derive Lemma 2.2(¢i) from Theorem 2.3. Next,
Lemma 2.3 shows that for n > 4, L(K,,) is a clique-inseparable graph. (Clique-

inseparable is defined in Definition 1.2.)

Lemma 2.3 For any integer n > 4, L(K,) is a clique-inseparable graph.

Proof Let n > 4. Let H be a nonempty subgraph of L(K,) separating
cliques in L(K,). Let e = (uv,vw), where u # v # w € {1,...,n}, be an
edge in H. (The two endpoints of an edge in L(K,) have labels sharing a
digit.) Recall that Q(v) is an (n — 1)-clique in the vertex-induced partition
where V(Q(v)) = {vl,02,...,v(v—1),v(v+1),...,on}. Then Q(v) contains e.
Since e is in H which separates cliques in L(K,), Q(v) must be a subgraph of
H.

Let a be any vertex in K, other than u or v. Since edge (va,vu) is in Q(v),
edge (va,vu) is in H. But edge (va,vu) is also contained in A(va,vu,ua); be-
cause H separates cliques of L(K,), A(va, vu, ua) must be a subgraph of H, i.e.,
(va,ua) is contained in H. Moreover, edge (va,ua) is also in Q(a), it follows

that Q(a) must be a subgraph of H. Since a is arbitrary, all (n—1)-cliques in the
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vertex-induced partition are subgraphs of H. Hence, H = L(K,). Therefore,
there is no proper nonempty subgraph of L(K,) separating cliques in L(K,).

Thus, L(K,) is a clique-inseparable graph. [ ]

2.4 L(Ks)

The ten vertices of L(Kj) correspond to the ten edges in K5. Each vertex
can be labelled by two digits corresponding to the two labels on the endpoints
incident to the edge it comes from in K5. Two vertices in L(Kj) are adjacent
if and only if they share a digit. Hence, L(K5) is also an intersection graph. It
follows from Section 2.3 that L(K7) has exactly two maximal-clique partitions,
the vertex-induced partition My and the triangle partition Ajs. All maximal
triangles of L(Kj) are in N5. Another interesting fact about L(Kj3) is that the
complement of L(K3) is the Petersen graph. In this section we discuss the effect
of adding edges of the complement of L(Kj) into L(K5).

Let e = (za’,yy’) be an edge in the complement of L(K5). (So, x # o’ #
y #v'.) And let L(K5) + e be the graph that results from adding the edge e to
L(K3). Consider any triangle T containing the edge e in L(K5) + e. Since the
third vertex in 7" is adjacent to both zz” and yy/, one digit in the label of the third
vertex must be either x or 2’ and the other digit must be either y or yy'. Without
loss of generality, say the third vertex is xy. That is, T' = A(z2’, yy/', zy). Since
vertex xy’ is adjacent to all three vertices in A(xa’, yy', xy), triangle T is not
maximal in L(Kj5) + e.

Furthermore, adding edge e = (za’,yy’) to L(Kj) creates four 4-cliques in

28



L(K5) + e, namely X(za', yy/, xy, 2'y), R(za’, yy', xy', 2'y'), R(za’, yy', xy, zy/'),
and X(zz',yy', 2"y, 2'y’). Hence, it destroys the maximality of four trian-
gles in L(K35), namely A(zx',zy,x'y), Nz, zy, 2y), Alyy,xy, xy'), and
Alyy', 2’y z'y').

For example, adding edge (12,34) to L(K5) creates four 4-cliques
(12,34, 13,23), K(12,34, 14,24), $(12,34,13,14), and K(12,34,23,24), and
destroys the maximality of triangles A(12,13,23), A(12,14,24), A(34,13,14),
and A(34,23,24).

Let e be an edge in the set {(zz/,yy), (zy,z'y’), (zy/,2'y)}. Then
{A(z2!, xy, 2'y), Nz, xy', 2y, Nyy', xy,zy'), Ayy', 2"y, 2"y’ )} be the set
of all maximal triangles in L(K) but not maximal in L(K5) + e. This relation
partitions the edge set of the complement of L(Kj) into five classes &, ...,&5
and the set of the maximal triangles in L(Kj) into five classes 71,...,75 as in
Figure 2.7. Then for i =1,...,5, e € & if and only if all triangles in 7; are not
maximal in L(K5) + e.

Next, we consider adding three edges of the complement of L(Kj) into
L(K5). Let the resulting graph be called L(Kj5) + 3e. Note that adding all
three edges in the same class to L(K5) does not create any new maximal trian-
gle in the resulting graph while it destroys the maximality of all triangles in 7;.
Hence, the graph obtained from adding at most three edges in the same class
to L(K5) contains at most six maximal triangles. However, if not all of them
are in the same class, then they may create at most two new maximal triangles

in L(K5) + 3e. Since |7; N 7;| = 1, adding three edges not in the same class to
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L(K5) destroys the maximality of seven triangles of L(K5). Hence, the graph
obtained from adding three edges not all in the same class to L(Kj) contains at
most 10 + 2 — 7 = 5 maximal triangles. We will put this fact in Remark2.1 and

we will refer back to it in Chapter 5:

&= {(127 34)7 (13~ 24)7 (147 23)}
Ti = {A(12,13,23), A(12, 14, 24), A(13, 14, 34), A(23, 24, 34)}

& = {(12,35), (13,25), (15,23)}
T, = {A(12,13,23), A(12,15,25), A(13,15,35), A(23,25,35)}

& = {(12,45), (14,25), (15,24)}
T; = {A(12,14,24), A(12,15,25), A(14,15,45), A(34, 35, 45)}

&= {(137 45)7 (14~ 35)7 (157 34)}
Ti = {A(13, 14, 34), A(13,15,35), A(14, 15, 45), A(34, 35, 45)}

& = {(23,45), (24, 35), (25, 14)}
T = {A\(23,24,34), A(23,25,35), A(24, 25, 45), A(34,35,45)

Figure 2.7: Each edge in &; destroys the maximality of triangles in 7;.
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Remark 2.1 The graph that results from adding three edges to L(K35) contains

at most six mazximal triangles.

L(K5) is the smallest line graph of an n-clique having maximal-clique parti-
tions of different sizes. In the next chapter we will show that L(Kj3) is in fact the

smallest one among graphs with a maximal-clique partitions of different sizes.
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3. Maximal-clique Partitions of Different

Sizes

Chapter 3 is concerned with maximal-clique partitions of different sizes.
By Lemma 2.2, when n is at least 5, L(K,,) has two maximal-clique partitions
of different sizes. In 1982, Pullman, Shank and Wallis [32] asked whether or
not there is a graph with maximal-clique partitions of different sizes and fewer
vertices than L(Kj5). This chapter confirms that there is no such graph. In
the same paper [32], Pullman et al. exhibited a clique-inseparable graph with
n maximal-clique partitions. However, all of them have the same size. We
are interested in whether or not there exists a clique-inseparable graph with n
maximal-clique partitions of n different sizes. Section 3.3 illustrates a graph
satisfying this property. The graph is constructed by gluing many copies of
various sizes of line graphs of complete graphs. A graph operation called the
glue operator will be introduced in Section 3.2 and some of its properties will
be investigated.
3.1 Smallest Graph with Maximal-clique

Partitions of Different Sizes

We start by preparing a list of properties of graphs with at least two
maximal-clique partitions. We will apply the classic theorem of de Bruijn and

Erdés [6] as formulated in graph theoretic terms by Orlin in [26].

32



Lemma 3.1 (i) The intersection of two different mazimal cliques of a graph
1s empty or a clique of order less than the order of either.
(i) Any two cliques in the same clique partition of a graph share at most

one vertezx.

Proof The proofs are simple, but here are the details:

(1) Clearly the nonempty intersection of two cliques is a clique. If the in-
tersection is a clique of the same order as one of the original cliques, then such
clique is contained in the other one, contradicting its maximality.

(27) If two cliques in a maximal clique partition P share two vertices, they
will share the edge joining these vertices, contradicting the fact that P is a par-

tition. []

Theorem 3.1 (N.G. de Bruijn and P. Erdés [6], 1948)

If C is a clique partition of an n-clique and 1 < |C| < n, then C is composed
of either

(i) one (n — 1)-clique and n — 1 copies of 2-cliques or

(i) n copies of (m + 1)-cliques if there exists an integer m such that n =

m2+m+ 1.
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Corollary 3.1 Let M be a maximal clique partition of a graph. Then each n-
clique K in the graph that does not belong to M needs at least n different cliques
in M to cover its edges.

Moreover, if K is covered by n cliques in M, say My, My, ..., M,, then
{KNM;:i=1,2,...,n} is composed of either
(1) one (n — 1)-clique and n — 1 copies of 2-cliques or

i) n copies of (m + 1)-cliques if there exists an integer m s.t. n =m?*+m+ 1.
(#) n copies of ( q q

Proof Let K be an n-clique that does not belong to M. Consider cliques in
M covering edges of K. Let P C M be composed of maximal cliques covering
edges of K. Let P = {KNC : C € P}. Notice that members in P’ are
cliques, and by Lemma 3.1(i7), they share at most one vertex. Thus, P’ is a
clique partition of K. Moreover, both types of clique partitions of K in Theorem
3.1 have size n, which means that K has no clique partitions of size i, where
1 < i < n. Hence, |P| = |P'| > n.

If K is covered by exactly n maximal cliques in M, then the second part of

the corollary follows immediately from Theorem 3.1. ]
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Theorem 3.2 Let M be any maximal-clique partition of a graph. Let K be an
n-clique in the graph that does not belong to M.

(i) If every two mazimal cliques in M covering edges of K share a vertex
i K, then there are at least n vertices not in K.

(i1) If there exist two mazimal cliques in M covering some edges of K but

not sharing a vertex in K, then there are at least six vertices not in K.

Proof (i) Let K be an n-clique that does not belong to M such that every
two maximal cliques in M covering edges of K share a vertex of K. Let M; and
M5 be two maximal cliques in M covering edges of K. Then M; and M, share
a vertex in K. By Lemma 3.1(7), each of M; and M, must contain a vertex
that is not contained in K. However, since they share a vertex in K, by Lemma
3.1(47), they cannot share vertices outside K. Hence, each maximal clique in M
that covers edges of K has a distinct vertex outside K. By Corollary 3.1, K is
covered by at least n cliques in M; so there are at least n vertices outside K.

(17) Let K be an n-clique in the graph that does not belong to M. Assume
there exist two maximal cliques, say M; and M, in M covering edges of K
and not sharing a vertex in K. Then each of them contains at least one edge
of K and, therefore, at least two vertices of K. Let ab and c¢d € E(K) be
contained in M; and M,, respectively. Because M; and M, do not share a
vertex of K, edges ac,ad,bc and bd cannot be in M; or M. Moreover, if any
two edges in {ac, ad, be, bd} are in the same maximal clique, then such a clique
contains edge ab or cd, contradiction. Hence, edges in {ac, ad, bc, bd} must be

in different maximal cliques in M. This yields a 4-clique X(a,b, c,d) which

35



is a subset of K covered by six maximal cliques in M. For convenience, for
any i,j € {a,b,c,d}, let M;; be the maximal clique in M covering edge ij of
K. Hence, M, and M, are renamed M,, and M,.,, respectively. By Lemma
3.1(7), each M;; contains an extra vertex not in K. If all such extra vertices
are different, we have six extra vertices as desired. Otherwise, there are two
maximal cliques sharing the same extra vertex not in K. By Lemma 3.1(i7),
they cannot share another vertex, without loss of generality say M,. and My,
share the same extra vertex vy. For all 4,5 € {a,b,c,d}, let Py = M;; N K. It
follows that vertices in {v;} U V(P,.) UV (Py) form a larger clique containing
the clique formed by {v1} U V(P,.). Since M,. is maximal, it cannot be the
clique composed of vertices in {v;} UV (P,.). Thus, M,. must contain another
vertex, say vq. Similarly, vertices in {vy} UV (P,.) UV (Byy) form a larger clique
containing the clique formed by {vi} U V(P,g); hence, My; contains another
vertex, say vs. If vs is the same as vy, by the same argument as above, M, must
contain another extra vertex, which must eventually be a different vertex from
vo. Hence, we can assume that vs is different from v,. Now, let v4 and vs be
extra vertices of M, and M,4, respectively. Since edges ab and ad share a, by
Lemma 3.1(77), vy # vs. Furthermore, ab and ad share a vertex with both ac
and bd; hence, vy, v5 & {v1,v9,v3}.

Next let u be an extra vertex of M. outside K. Then u cannot be vy, v, v3
or v, because bc shares a vertex with ac, bd and ab. If u is not vs, we have six
different extra vertices as desired. If u is vs, vertices in {vs} UV (Py) UV (P,q)

form a larger clique containing the clique formed by {vs} U V(P,.); hence, My,
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must contain at least one more vertex outside {vy, va, v3, v4, V5 }; thus, we get the

sixth extra vertex. Hence, there are at least six extra vertices not in K. [

Theorem 3.3 The minimum number of vertices of graphs with at least two

maximal-clique partitions of different sizes is 10.

Proof Suppose the theorem is not true. Let G be a graph of at most nine
vertices with at least two maximal-clique partitions of different sizes. Let M
and N be two maximal-clique partitions of G of different sizes. If M and N
have nonempty intersection, remove from G all cliques in the intersection to get
a graph G’ of at most nine vertices with two maximal-clique partitions M \ N/
and N\ M. Because M and N are different and they partition the edges of G,
neither M\N or N'\ M is empty. Hence, without loss of generality, assume that
M and N have empty intersection. Note that neither M nor N can contain a
2-clique, because if a 2-clique is a maximal clique, it must be in every maximal-
clique partition. Hence, maximal cliques of G in M UN are cliques of order at
least three. If M (or N') contains a clique C' of order at least five, then C is
not contained in A (or M). Since by Theorem 3.2, G would have at least ten
vertices, this contradicts |V (G)| < 9. Hence, M and N cannot contain cliques
of order greater than or equal to five. Thus, M and N are composed of 3-cliques
and 4-cliques.

Let m and n be the numbers of 4-cliques in M and N, respectively, and let s
and ¢ be the numbers of 3-cliques in M and N, respectively. Since M and N are

clique partitions of G, counting the number of edges we have 6m + 3s = 6n + 3t.
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If m = n, then s = ¢t. Then |[M| = m + s = n+t = |N/|, which contradicts
IM| # |N|. Hence, m # n. We can assume without loss of generality that
m >n. Then m > 1.

To prove the theorem, it suffices to show that there exists a 4-clique in M
no two edges of which are covered by the same maximal clique in N. If this
occurs, we can apply Theorem 3.2(i7) to conclude that G has at least 4+6 = 10
vertices, contradicting |V(G)| < 9. Then it follows that the theorem is true.

Suppose that each 4-clique in M contains two edges covered by the same
maximal clique in A/. Since an intersection between two cliques is a clique,
each 4-clique in M must share at least a triangle with some maximal clique in
N. Moreover, we can conclude by Lemma 3.1(i) that they share exactly one
triangle and that such a maximal clique in N’ must be a 4-clique. Therefore,
we have shown that each 4-clique in M shares a triangle with a 4-clique in .
However, if each two 4-cliques in M share a triangle with the same 4-clique in
N, they must share at least two vertices, contradicting Lemma 3.1 (47). Thus,
each 4-clique in M shares a triangle with different 4-cliques in N. Hence, the
number of 4-cliques in M is at most the number of 4-cliques in N or m < n.
This contradicts m > n. Hence, we have the desired result and the theorem is

proved. [
As L(Ks5) has ten vertices and two maximal-clique partitions of different

sizes, L(K3) is a graph having the minimum number of vertices satisfying this

property. Determining whether or not it is unique still remains an open problem.
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The next section defines a natural graph operation called the glue operator.

It will be used to construct our graphs in Section 3.3 and Chapter 4.

3.2 The Glue Operator

Let GG; and G5 be any two graphs. If there exist H; C G and Hy C G5 such
that H; = H, with an isomorphism f, then we will denote by G H;lf>H2 G5 the
graph that results from combining G, with G5 by identifying H; and Hs with
respect to the isomorphism f between H; and Hy. We call this the glued graph

of G1 and G5 at Hy and Hy with respect to f.

Example 3.1 Let H; and H; be subgraphs of G; and G, respectively, where

H, = H, as in Figure 3.1:
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Figure 3.1: H; = A(1,2,3) C Gy and Hy = A(a,b,c) C G

Consider three isomorphisms between H; and Hs, f, g, and h, as follows:

f)=a, f(2)=0b, [fB3)=c
g(1)=0b, g(2)=¢, g(3)=a,and
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h(l) =¢, h(2)=0b, h(3)=a. Then we have:

G H1<%19>H2 G - %

o o o {%
H1§hH2

Example 1 shows that different isomorphisms could give different or the
same result. However, in some cases it is possible that all isomorphisms give the

same resulting graph. The next example will illustrate this fact.

Example 3.2 Consider the following H; C G; and Hy C (G5 as Figure 3.2.

=
‘\ﬂ”/'

Nk 2. H>
= N
|%\ '%\
——®2 —_—e —@
= =%
| =7 g
3 /c
Gl G2

Figure 3.2: H; = A(1,2,3) C Gy and Hy = A(a,b,c) C G

There are six isomorphisms between H; and H,, but all of them give the
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same graph as in Figure 3.3:

N
4

Figure 3.3: The unique resulting graph

In this particular case, we do not need to specify an isomorphism in the
notation representing the glued graph, i.e., f can be omitted from the nota-
tion without ambiguity. Hence, the glued graph notation can be written as

G T G

Hy~H,
Generally, a number of graphs with the isomorphic subgraphs can be glued

together at the same time.

Definition 3.1 Fori =1,2,...,n, let H; be a subgraph of G; such that H; = H;,
for all 4,5 € {1,2,...,n}. If gluing all G; together at H; gives the isomor-

phic resulting graph, then write <> (G1,Ga,...,G,) as a notation for
H\~2H>>~..~2H,

<> <> <>
(G Hy~H, Go) Ho™Hs ) H,_1~H, Gn).

Now we will investigate some properties of graph gluing.
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Theorem 3.4 Let Hy and Hy be subgraphs of Gy and Gs, respectively, and Hy =
Hy for an arbitrary isomorphism f. The number of vertices in G H<~1>H Gy is

1= Ho
V(G1)| + |[V(Ge)| — |V(H;)| wherei=1 or 2.

Proof Because H; and H, are identified, they are counted twice in the

glued graph. [ ]

Definition 3.2 Let C(G) be the set of all cliques and M(G) be the set of all

maximal cliques in a graph G.

Theorem 3.5 Let G; <> G5 be an arbitrary graph resulting from gluing G
and Gy at any isomorphic subgraphs Hy = Hy with respect to any of their iso-
morphisms. Then

C(Gl <> GQ) = C(Gl) UC(G2)

Proof Because G and G are subgraphs of G; <> Gy, C(G;) C C(G1 <> Gy)
and C(Gs) C C(G1 <> G3). Hence, C(G1) UC(Gs) C C(Gy1 <> G3). Conversely,
let C € C(Gy <> Gs). Note that if v € V(Gy \ Hi) and u € V(Gy \ Hy),
then v is not adjacent to u. Hence, C' € C(G;) or C € C(G;). Therefore,

C(Gl <> GQ) = C(Gl) UC(GQ) |

That is, graph gluing does not create any new cliques or destroy any cliques
in the original graphs, but it identifies each pair of corresponding cliques in H;

and H,. The next theorem determines the number of cliques in a glued graph.
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Theorem 3.6 Let Gy <> Gy be an arbitrary graph resulting from gluing G,
and Gy at any isomorphic subgraphs Hy = Hy with respect to any of their iso-

morphisms. Then
IC(Gy <> Go)| = |C(G1)| + |C(Ge)| — |C(H;)| where i =1 or 2.

Proof
IC(G1 <> Go)| = |C(G1) UC(G2)
= |C(G1)| + |C(G2)| — [C(G1) NC(Go)|
= |C(Gy1)| +|C(G2)| — |C(H;)| where i =1 or 2.

However, graph gluing may destroy the maximality of cliques. Consider the

next example.

Example 3.3 Let H; and H, be subgraphs of G; and G5, respectively, where
H, = H, as in Figure 3.4:

Gl G2

Figure 3.4: H; is not maximal in G; whereas H, is maximal in Go
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A glued graph of Gy and G5 at H; and Hy with respect to an isomorphism

oo - <2
i, @2 N 4

H, is a maximal triangle in G5. However, its copy in G; < (G5 is not
H1~H,

is as follows:

Gy

maximal. Hence, graph gluing may destroy the maximality of a clique in the

original graph.

Theorem 3.7 Let Gy <> G5 be an arbitrary graph resulting from gluing G
and Gy at arbitrary isomorphic subgraphs Hy C Gy and Hy C Go with respect to

any of their isomorphisms. Then
M(Gl <> GQ) g M(Gl) U M(Gz)

Moreover, M(G; <& G2) = M(G1) U M(Gs) if and only if for any pair of
corresponding cliques Cy in Hy and Cy in Hy, Cy is maximal in G1 and Cy is

mazimal in Gy, or Cy is not mazximal in G1 and Cs is not maximal in Go.

Proof Let M be a maximal clique in M(G; <> G3). Since M(G; <> Gs)
C C(G; <> @G3), by Theorem 3.5, either M € C(G;) or M € C(G3). Assume
M € C(G;), for i = 1 or 2. Because G; C G; <> G5 and M is maximal in
G1 < (s, then M is maximal in G;. Therefore, M € M(G;) for i =1 or 2,
ie, M € M(Gy) UM(G,).

Now, to show a necessary and sufficient condition for equality, it suffices to
show a necessary and sufficient condition for M(G1)UM(Gy) C M(G; <> Gs).

(=) Assume there exists a clique C; in H; that is maximal in Gp, but its
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corresponding clique Cy in Hs is not maximal in G5. Then there exists a larger
clique X containing Cs. It follows that X contains C; in G; <> G5. Hence, C}
is not maximal in Gy <> G5. Thus, C; € M(G,), but C} € M(G; <> Gy), i.e.,
M(G) UM(G2) € M(Gy <> Go).

(<) Assume for any pair of corresponding cliques Cy in Hy and Cy in Hy, C4
and (5 are maximal in G'; and G5, respectively, or C; and Cs are not maximal in
G and Go, respectively. Let C' € M(G;) UM(Gy). Without loss of generality,
assume C' € M(Gy), i.e., C is maximal in Gy. If C contains a vertex outside
Hy, then C is also maximal in G5 <> (2 because gluing does not effect any
vertices outside H;. Thus, assume C' is in H;. Let C’ be the corresponding
clique of C' in Hs. Since C' is maximal in Gy, no vertex in Gy \ C' is adjacent
to all vertices of C. By the assumption, C’ is also maximal in GG5. Then no
vertex in Go \ C' is adjacent to all vertices of C’. Hence, identifying C' and C’
yields that C' is maximal in G; <©> G3. Therefore, C € M(G; <> G3). Hence,
M(G1) UM(G2) €T M(Gy <> Go). |

Theorem 3.8 Let G <> Gy be an arbitrary graph resulting from gluing G
and Gy at any isomorphic subgraphs Hy C Gy and Hy C G5 with respect to any
of their isomorphisms. Let A be the set of cliques in Hy that are mazimal in G4
and whose corresponding cliques are also mazimal in Gy. Let By be the set of
cliques in Hy that are maximal in Gy but whose corresponding cliques in Hy are
not maximal in Go. Let By be the set of cliques in Hy that are mazimal in Gy

but whose corresponding cliques in Hy are not maximal in G1. Then

IM(Gr <> Ga)| = [IM(GL)| + [M(G2)| = [A] = [Bi| — | Bal.
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Proof We can derive the number of cliques in the glued graph M(G; <
> Go) by discarding the number of cliques in |[M(Gy)| + |M(G2)| that are not
counted in |[M(G; <> G2)|. The result follows directly from Theorem 3.7. If
both cliques of a pair of corresponding cliques are maximal, they are counted
twice in the glued graph. Hence, one of them must be discarded by being in A.
If a clique C' is maximal in one original graph while its corresponding clique is
not maximal in the other original graph, then C' is not maximal in the glued

graph. Hence, it will be discarded by being in either By or B. [ ]

Theorem 3.9 The glued graph of two clique-inseparable graphs is clique-

inseparable.

Proof Let G; and G5 be graphs. Let G; <t> G5 be the glued graph between
G1 and Gy at H; C G7 and Hy C (G5. Suppose G7 <> G5 is clique-separable.
That is, there exists a proper nonempty subgraph H of G; <> (G5 separating
cliques in Gy <> G5. By Theorem 3.5, C(G; <> G3) = C(G1) UC(Gs). Then it
follows that H NG, separates cliques in G and H NG, separates cliques in Go. If
HNG, = Gy, then HNGy = Hy and it follows that Hy separates G5, Since Hy is
a proper nonempty subgraph of Gy, G5 is clique-separable. If H NG = (), then
H NG5 is nonempty and H NGy # Go. Thus, Gy is clique-separable. Otherwise,
H is a proper nonempty subgraph of G;. It follows that G is clique-separable.

3.3 Maximal-clique Partitions of k Different Sizes
When n > 5, L(K,) is a clique-inseparable graph having maximal-clique

partitions of two different sizes. A disjoint union of a number of L(K,) has
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maximal-clique partitions of various sizes. The graph composed of a number of
L(K,) all of which share a vertex is a connected graph with maximal-clique parti-
tions of various sizes. However, neither of these examples are clique-inseparable.
Pullman, Shank and Wallis (PSW) [32] showed a graph Hj with & maximal-
clique partitions of the same size by using k — 1 copies of L(K,). By Theorem
2.3 and Theorem 3.9, we can conclude that Hj is a clique-inseparable graph.
The objective of this section is to construct a clique-inseparable graph with
maximal-clique partitions of k different sizes. Our construction is similar in
concept to PSW’s construction. We will reintroduce Hj, in terms of a construc-
tion using the glue operator for insight into the construction of a graph with k
maximal-clique partitions of k different sizes.
3.3.1 Graphs with £ Maximal-clique Partitions
of the Same Size

From Lemma 2.2, L(K,) has two maximal-clique partitions M, and N,

where M, is the vertex-induced partition and N is the triangle partition shown

in Figure 3.5. These two maximal-clique partitions have the same size, which is

4.

Figure 3.5: L(K,4) with two maximal-clique partitions, My and N,
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Consider k — 1 copies of L(Kj), called L(K4)', L(K,)?, ..., L(K,)**. For
i=1,...,k—1,let M and N} be the vertex-induced partition and the triangle
partition of L(Ky)", respectively, and for each i, let S; be any triangle in the
triangle partition N}.

Let S; be the middle triangle in Figure 3.5, and for i # j € {1,...,k — 1},
any isomorphism between S; and S; gives the same resulting graph. Then it is

well-defined to define

H, = <> (L(Ky)', LK), ..., LK)
S12S592... &S,

That is, Hy is the graph obtained by gluing £ — 1 copies of L(K}) together
at the middle triangle of each copy as shown in Figure 3.6. Rename the middle
triangle in the resulting graph Hjy as S. Hence, S = S; = ... = S;_1 in Hy.

It is easy to see that for each i, covering L(K,)"\ S in Hy by Nj \ {S:}
yields a maximal-clique partition of Hj \ S. Let Y = {S} U U (Wi \ {S:});
then ) is a maximal-clique partition of Hy, and |Y| = |{S}|+ S0 (INi| 1) =
1+ 4—1) =1+3k—3 = 3k—2 Now, we obtain other maximal
clique partitions of Hy. Fix t € {1,...,k — 1} and cover L(K,)" by its vertex-
induced partition M. Note that M} has already covered S. Since other copies
of L(K4) in Hy share S with L(Kj3)!, it follows that the remaining edges in
L(Ky)"\ {S;} with i # t are in the unique maximal-clique partition which is
the collection of nine triangles in N} \ {S;}. That is, for t = 1,...,k — 1, let

= M, U UZ;HZ (NI {Si}). Thus, &, is a maximal-clique partition of Hy,
and 12, = [MS]+ S50 (NG = 1) = 4+ S50 (= 1) = 4+ 3(k—2) =
4+ 3k — 6 = 3k — 2. Therefore, {), X1, ..., Xx_1} is a collection of maximal-
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Figure 3.6: Hj

clique partitions of Hj, and each of them has size 3k —2. Moreover, since L(K})
is clique-inseparable (by Lemma 2.3) and the glued graph of clique-inseparable
graphs is clique-inseparable (by Theorem 3.9), we have Hy, is clique-inseparable.

Thus, we can conclude the following:

Theorem 3.10 (Theorem 3 in [32]) For any positive integer k, there exists

a graph with k maximal-clique partitions of the same size.

Proof K, is a graph with one maximal-clique partition. When k > 2, then

Hy, is a graph with & maximal-clique partitions of the same size. ]
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Corollary 3.2 For any positive integer k, there exists a clique-inseparable graph

with k mazimal-clique partitions of the same size.

Proof K5 is clique-inseparable. When k > 2, by Theorem 2.3, Theorem
3.9, and Theorem 3.10, H}, is a clique-inseparable graph with k& maximal-clique

partitions of the same size. [ ]

3.3.2 Graphs with Maximal-clique Partitions of
k Different Sizes

For k > 2, let V) be the graph constructed in this section having £ maximal-
clique partitions of k different sizes. Similar to the construction of Hj, Vj will
be obtained by gluing k£ — 1 graphs. Since we need the target graph to have
maximal-clique partitions of different sizes, we will glue graphs with maximal-
clique partitions of different sizes. Recall from Section 2.3, for an integer i > 5,
L(K;) has two maximal-clique partitions of two different sizes. This is the vital
property to get our target graph.

The graph Vj will be constructed from L(Kj), L(Kg),..., and L(Kjys3), a
total of & — 1 graphs. Recall that N is the triangle partition of L(K;). For
i =5,...,k+ 3, let R; be any triangle in N;. We will glue the above k — 1
graphs together at R;. Since L(K,) is a vertex transitive graph, all isomorphisms

between R; and R;, where ¢ # j, give the isomorphic graphs. Thus,

Vi = <> (L(Ks5), L(Ke), -y L(Kpy3))

Rs~Re¢™>=..2Rj43

is well-defined. Rename the triangle representing all R; in the glued graph V;
as R. So, R=Rs; = ... = Ry.3 in Vj.
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Theorem 3.11 For k > 2, Vi has k maximal-clique partitions of k different

S1Z€S.

Proof It is easy to see that for each i = 5, ..., k+3, covering L(K;)\ R; in V}
by N;\{R;} yields a maximal-clique partition of V;\ R. Let Y = {R}UUk+3( i\
{R;}), then Y is a maximal-clique partition of Vj, and by Lemma 2.2, |Y| =
{RY + S (NG = 1) = 1+ S (2 — 1) = S 2 — (k- 2).

Next we will obtain other maximal-clique partitions of V. Fix t €
{5,...,k +3}. Cover L(K;) in V; by its vertex-induced partition M;, then
R in Vj, has already been covered by M;. Since L(K;) where i # t in V}, share R
with L(K;), it follows that the remaining edges in L(K;) \ {R;} are partitioned
by the unique maximal-clique partition which is the collection of triangles in
N;\ {R;}. That is, for t = 5,... k+ 3, let X; = M; U Uf;,i:g,(/\@ \ {R:});
then X, is a maximal-clique partition of V;, and by Lemma 2.2, |X,| = |M,| +
s (N = 1) = 1 0 (2 1) = o 0, 2 (k—2),
Furthermore, there are only two ways to partition edges in L(K;) \ S; by its
maximal cliques. One way uses cliques in M; and the other uses cliques in NV,
and they induce maximal-clique partitions of V} as mentioned above. Therefore,
{V, &5, ..., Xikis} is the collection of all £ maximal-clique partitions of V.

We have |Y| # |&;| because for ¢ > 5, i # W, and |X;| # |X;| because

fori # j € {5,...,k + 3}, i(i_lé(i_Q) + j(j_lé(j_Q). Hence, V}, has k different

maximal-clique partitions, and they all have different sizes. [ ]
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Theorem 3.12 For any positive integer k, there exists a clique-inseparable

graph with k maximal-clique partitions, and they all have different sizes.

Proof K, is a clique-inseparable graph with one maximal-clique partition.
Since for each natural number n, L(K,) is clique-inseparable (by Lemma 2.3),
and the glued graph of clique-inseparable graphs is clique-inseparable (by The-
orem 3.9), we have V} is clique-inseparable for k£ > 2. Therefore, by Theorem
3.11, for k > 2, V} is a clique-inseparable graph with k£ maximal-clique partitions

of k different sizes. m
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4. Graphs with cc = e¢p < mcep

The rest of the dissertation emphasizes the three clique parameters cc, cp and
mcp. Since a clique partition is a clique covering, cc < ¢p. Since a maximal-
clique partition is a clique partition, cp < mcp. Hence, it is always true that
the three clique parameters of a graph satisfy cc < ¢p < mep. These clique
parameters of a graph are not always equal. However, all graphs of at most
nine vertices have the same three clique parameter values. This fact was proved
by Monson in her Ph.D. Dissertation in 1995 [22]. Thus, the three parameters
could be different when a graph has at least ten vertices. From Chapter 2, if
a line graph has a maximal-clique partition, it has cc = ¢p = mcp. Interval
graphs [20] and graphs with norm at most 4 [32] are also examples of graphs
having cc = ¢p = mcep.

As cc < ¢p < mcep, there are three more relationships possible among the
three clique parameters, which are cc < ¢p = mep, cc = ¢p < mep and cc <
cp < mep. Monson found the graph of ten vertices with cc < ¢p = mep shown
in Figure 4.1. This graph has cc = 8 < ¢p = mcep = 9. Since ten vertices is the
minimum number of vertices needed to get different values of clique parameters,
Monson’s graph is a graph with the minimum number of vertices satisfying
cc < cp = mep.

The question of the existence of graphs with cc = ¢p < mep has been
investigated previously to no avail. In this chapter we solve this open problem

by constructing an infinite family of graphs with cc = ¢p < mep. We will
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Figure 4.1: Monson’s graph

start by constructing our first target graph U* in Section 4.1. Using the glue
operator we generalize this construction to obtain a family of graphs satisfying
cc = cp < mep. It will be shown in Section 4.3 that the smallest graph among

those constructed in this fashion has 68 vertices and 234 edges.
4.1 Our First Target Graph

In this chapter we refer to graphs satisfying cc = ¢p < mcp as target graphs.
Let U* be our first target graph. It will be constructed by gluing 12 copies
of L(K5) to a graph called B. The graph B is an extension of another graph
L. Graphs L and B are constructed to have some special properties so that
B, glued with a number of L(Kj3), gives the target graph U* with the desired

property cc = cp < mcp.
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4.1.1 The Construction

Definition 4.1 The notation K; 3(a : b, ¢, d) represents the complete bipartite

graph with bipartition {a} and {b, ¢, d}.

4.1.1.1 The Graph L

Figure 4.2: The link graph L

Let L be the graph with 20 vertices and 36 edges as in Figure 4.2. Two
important characteristics of L are stated in Lemma 4.1. They are keys to getting

the target graph U™.
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Lemma 4.1 (Characteristics of L)
(i) E(L) can be partitioned into 12 triangles.
(11) E(L) can be partitioned into 12 induced subgraphs K 5, named A, ..., A1q

where for all 0 < 1,5 <11, A; and A; have at most one vertex in common.

Proof (i) Here is the list of 12 triangles partitioning E(L):

Let Y ={Y;:i=0,...,11} be the set composed of 12 triangles partitioning
E(L). Hence, Y is a clique partition of L. Figure 4.3 shows the partition of

E(L) into 12 triangles.

Figure 4.3: The partition of E(L) into 12 triangles
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(i7) The edge set of L can be partitioned into 12 copies of K 3 as follows:

Ay =Ky aO:bbCOadS Ag = K13(a0 53750761)

As = Ky 3(ay - 52701,610 Ay = 13(a1 50,51762)

A = K4 3(a2 by, b2,€3)

az . b37 Ca, dl

)
)
)
A7 = Ky 3(as : by, c3,d2) A1n = Ky 3(as : be, bs, ep)

Figure 4.4 illustrates A = {A; : ¢ = 0,...,11} partitioning F(L). Further-

more, any two members of A have at most one vertex in common. [ ]

Figure 4.4: The partition of E(L) into 12 copies of K 3
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4.1.1.2 The Graph B

For ¢ = 0,...11, let T; be the graph that is the complement of A; on the

vertex set of A;. They are:

To = A(co, do, e0) Ty = A(by,co,d3) Ts = A(bs, by, €1)
Ty = A(c1,dy,er) Ts = A(by, cr,dy) Ty = A(bo, by, e2)
Ty = A(ca, do,eq) To = A(bs,ca,dy) Tio = A(by, o, €3)
Ty = A ) ( )

A

Tr = A(bo, c3,de) T11 = A(be, b3, ep)

cs,ds, e3

Since A; is an induced subgraph K 3 of L, the triangle T; does not contain any
edges of L. Since for any i # j € {0,...,11}, A; and A; share at most one

vertex, T; and T cannot share an edge.

Figure 4.5: B:LUT()UTlUUTH:X()UUXH
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Let 7 ={T;:i=0,...,11}. Now, B is constructed by adding all triangles
T; in 7 to L. Then B has the same vertex set as L which has 20 vertices, and
since B contains 36 edges from L and 36 edges from the 12 triangles in 7, then
B has a total of 72 edges. B is illustrated in Figure 4.5.

Now, for i = 0,...,11, define X; = A, UT;. Let X = {X; ::1=0,...,11},

then X is a collection of 4-cliques that is a clique partition of B.

4.1.1.3 A Target Graph U~

For each i = 0,...,11, let L(K5)" be the ith copy of L(Kj5). Recall from
Section 2.3 that L(Kj5) has two maximal-clique partitions, the vertex-induced
partition and the triangle partition. Let S; be a triangle in the triangle partition
of L(K3)". For each i, L(Kj5)" is glued to B at triangles S; and T;. Let U* be

the resulting graph. That is,

> L(K5)°
To=So

> L(Ks)!
U*=DB 715

<> L(K5)11
L T1122511

An example of gluing L(K3)' to B at S; and T; is illustrated in Figure 4.6.
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Figure 4.6: A copy of L(Kj3) glued to B at a triangle

Since for each 7 = 0,...,11, L(K5)® shares exactly three vertices with B,
the number of vertices of U* is |V(B)| + 12 - |[V(L(K3))| — 12 - |[V(K3)| = 20 +
12-10 — 12 -3 = 104. Also, U* can be considered to be the edge-disjoint union

of 12 copies of L(K5) and L. Hence, the number of edges in U* is

|BE(U*)| =12 - |E(L(K5))| + |E(L)| = 12 - 30 + 36 = 396.

4.1.2 The Clique Numbers of U*

In this subsection, all three clique numbers cc(U*), cp(U*) and mep(U™)
will be determined. The vertex-induced partition of each copy of L(K5) and
Y composed of triangles Y; partitioning L will determine cc(U*) and ep(U*),
while mep(U*) can be deduced from the triangle partition of each copy of L(K5)
together with A ={A;:i=0,...,11} in B.
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Lemma 4.2 ¢p(U*) < 72.

Proof Since U* is an edge-disjoint union of subgraphs L(Kj3)?, L(K3)?,
..., L(K35)" and L, the union of clique partitions of these subgraphs is a clique
partition of U*. For each 1 = 0,...,11, let M; be the vertex-induced partition
of L(K5)". Recall that Y = {Y; : i = 0,...,11} composed of 12 triangles
partitioning L (in Lemma 4.1(7)) is a clique partition of L.

Hence, let P = MogUM;U...UM;;UY. Then P is a clique partition of
U* with |P| = |[Mo| + M|+ ...+ | Mu|+ Y| =5+5+...+5+12=T2.

12
Thus, U* has a clique partition P of size 72. Therefore, cp(U*) < 72. ]

Lemma 4.3 cc(U*) > 72.

Proof Let C be any clique covering of U*. First note that {L(K3)° \ B,
L(K3)'\B,...,L(K5)"\ B, L} is a collection of pairwise edge-disjoint subgraphs
of U*, and there is no clique in U* covering two edges from different subgraphs.
Hence,

\C\Zn0+n1++n11+l

where for i=0,...,11, n; is the minimum number of cliques in U* covering edges

in L(K5)"\ B, and [ is the minimum number of cliques in U* covering edges in

L.

Since the largest clique in L(K35)’ \ B has order 4, each clique can cover at

most six edges of L(Kj5)"\ B. Because L(K5)"\ B has 27 edges, it needs at
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least five cliques to cover its edges, i.e., n; > 5 for all ¢+ = 0,...,11. Thus,

IC| >5+...+ 5+
12

as

Figure 4.7: 12 cliques needed to cover the 12 thick edges

Note that no two of the 12 edges in Figure 4.7 are contained in the same
clique in U*. In other words, there is no clique that covers any two of these 12
edges at the same time. Hence, L needs at least 12 cliques to cover all its edges,

and [ > 12. Hence, |[C| > 5+ 5+ ... +5+12 =60+ 12 = 72 cliques. Since C is
————

12
arbitrary, cc(U*) > 72. n
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Lemma 4.4 mcep(U*) = 120.

Proof First note that not every clique in the partition P defined in
Lemma 4.2 is maximal in U*. For example, Y5 € P, but Ys = A(ag,b1,e1) C
X(ag, b1, e1,bo) in U*. Since P uses the vertex-induced partition to cover L(K3)?,
now we will cover L(K3)? by using the triangle partition. For i = 0,...,11, let
N; be the triangle partition of L(K3)". Then N is composed of ten triangles.
Recall that S; € NV;. Because for each i, B is glued with L(Kj)" at T; and S;,
we have that U* is a disjoint union of B and L(K3)"\ S;:i=0,...,11.

Let N7 = N;\{S;}. Then N/ is a clique partition of L(K3)*\S; and |N]| = 9.
From Subsection 4.1.1.2, X = {X; : i =0,...,11} is a collection of 4-cliques in
U* that partitions B. Let M = X UNJUN]U...UN];. Since X; and nine
triangles in V; \ {S;} are maximal in U*, M is a maximal-clique partition of U*.
In fact M is the only maximal-clique partition of U*. Thus, mep(U*) = |[M| =

X+ M|+ N+ ..+ N | =12+9+...+9 =12+ 108 = 120. ]
12

Theorem 4.1 There exists a graph U* with cc(U*) = ecp(U*) < mep(U*).

Proof Consider U* that has been constructed with 104 vertices and 396
edges. By Lemma 4.2 and Lemma 4.3, cp(U*) < 72 < cc(U*). However, because
a clique partition is always a clique covering, cc(U*) is always at most cp(U™).
Hence, cc(U*) = ¢p(U*) = 72. By Lemma 4.4, mep(U*) = 120. Therefore,
cc(U*) = ep(U*) < mep(U™). ]
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4.2 A Family of Target Graphs

Two characteristics of the graph L in Lemma 4.1 and the property of L(K5)
that it has two maximal-clique partitions of different sizes are crucial to obtain-
ing U* with cc = ¢p < mcp. Hence, other graphs with cc = ¢p < mep can
possibly be constructed in the same fashion as in the last section by general-
izing U* using two approaches. The first approach is replacing L(Kj5) by any
graph with two maximal-clique partitions of different sizes, for example L(K,)
when n > 5. The other one is generalizing L in a way that preserves the two

characteristics in Lemma 4.1.
4.2.1 Link Graphs L, and Base Graphs By

For k > 3, let Ly be the graph defined as follows:

V(Ly) ={vi:v=ua,bc,dye, andi=0,1,... k—1}.

E(Li)= {aici, aidi—1(mod k), @ibit1(mod k)> @ibi, Aibi_1(mod k), @i€it1(mod k)» iCi,
bid;, bie; i =0,1,... . k—1}.

Therefore, Ly has 5k vertices and 9k edges. Ly is illustrated in Figure 4.8.

We call Ly a link graph.

64



Figure 4.8: The link graph L

When k =4, Ly = L, i.e., L is a generalization of L. The following two

lemmas give characteristics of L, analogous to those of L in Lemma 4.1.

Lemma 4.5 For k > 3, E(Ly) can be partitioned into 3k copies of 3-cliques
which are Yy; :1=0,1,...,3k — 1, where fori=0,1,..., k-1,

Yk,i = A(aiabiyci)
Yikri = D@, bi1(mod k) di—1(mod k)

Yk,2k+i = A(aiabi+1(mod k)s €it-1(mod k))

Let Yy, = {Yy;i:i=0,...,3k = 1}. Then Yy is a clique partition of Ly.
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Lemma 4.6 For k > 3, E(Ly) can be partitioned into 3k copies of K 3 which

are Ayt =0,1,...,3k — 1, where fort=10,1,...,k —1,

Alm = KLS(bi : Cz‘,di,@z‘)
Ak,k—i—i = Kl,3(ai : bi+1(mod k)s Ciy di—l(mod k))
Aponri = Ki3(ai © b1 mod £)» bi, €it1 (mod k)

Moreover, Ay = {Ay; : ¢ = 0,1,...,3k — 1} has the property that any two

members of Ay have at most one vertex in common.

Next, the link graph L, will be extended to a base graph Bj. For k > 3,

i =0,...,3k — 1, let T}, ; be the graph complement of A;; on the vertex set of
Ag;. That is, for e =0,1,...,k -1,

Ty = A(Ci,dz‘,ei)
Tigri = A(bit1(mod k) Cir dim1(mod k)
Trokri = O(bim1(mod k)» Di, €it1(mod ) )-

For each ¢, A, is an induced K 3 of Ly. So, T}, is a triangle that does not
contain any edges in Lj. Since for any i # j € {0,...,3k — 1}, Aj,; and Ay ;
share at most one vertex, T} ; and T} ; do not share an edge. For k > 3, let
T, ={Tk;:1=0,...,3k—1}. By is constructed by adding all triangles in 7} to
L;. Then By has the same vertex set as L, which contains 5k vertices, and B,
contains 9% edges from L; and 9k more edges from the 3k triangles in 7j; so,
By, has a total of 18k edges. For future reference, the numbers of vertices and

edges in Ly and Bj are summarized in the next Lemma.
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Lemma 4.7 For k > 3,
(i) Ly has 5k vertices and 9k edges.
(i) By has 5k vertices and 18k edges.

As in the previous section, For k£ > 3, ¢« = 0,...,3k — 1, define X, =
Ag; UTy,;. Then Xy ; is a 4-clique. Let X, = {Xx,; : ¢ =0,...,3k — 1}. Thus,
Xy is a clique partition of By. When k& > 4, for+ =0,...,k — 1, X}, is maximal

in By. This fact will be shown in the next Lemma.

Lemma 4.8 For k > 4, X, = {Xy,; : ¢ = 0,...,3k — 1} is a mazimal-clique

partition of By.

Proof Let k£ > 4. Let t € {0,...,3k — 1}. Consider X, in By. Let
v € V(By) \ V(Xp).

Case 1 v € {by,...,b_1}. Say v = b;. First note that b; is adjacent to
b; if and only if j = i — 1(mod k) or j = ¢+ 1(mod k). If X, contains b,
where j # i — 1(mod k) and j # ¢ 4+ 1(mod k), then v is not adjacent to b;.
Thus, Xj; U {v} is not a clique. Otherwise, X}, does not contain b; where
Jj #i—1(mod k) or j # i+ 1(mod k). From the definition of X}, in Bj where
k > 4, the only possible form for X}, is X(b;, ¢;, d;, e;) where j = i+1(mod k) or
j =i — 1(mod k). However, b; is not adjacent to either Cit1(mod k) OF Ci—1(mod k)-
Hence, v = b; is not adjacent to all vertices of X} ;. Hence, the induced subgraph
on V(Xy.) U {v} is not a clique.

Case 2 v & {by,...,bp_1}. Then v is contained in exactly two members
of Ay, = {Ax; : i =0,...,3k — 1}, say Ay, and Aj, where p # ¢. Suppose

v is adjacent to all vertices in V' (Xj,). By the Pigeon Hole Principle, at least
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one of {Ay,, Ak} contains at least two vertices in V(Xj,). Without loss of
generality say it is Ay ,. This yields that Ay, and A; share at least two vertices,
contradicting the property of Ay in Lemma 4.6. Hence, v cannot be adjacent to
all vertices in V/(Xy,).

Hence, for any vertex v in By \ Xy, vertex v cannot be combined with X,
to get a larger clique containing Xj ;. Therefore, X ; is maximal in Bj. Since
X ={Xk;:1=0,...,3k — 1} is a clique partition of By, we have proved X} is

a maximal-clique partition of By. [

4.2.2 Target Graphs Uy

For any integer k > 3, let U, be the target graph resulting from gluing By
to 3k copies of L(Ks5). For i = 0,1,...,3k — 1, let L(Kj5)" be the ith copy of
L(Ks). Let S; be any triangle in the triangle partition of L(Kj5)". Recall that

T}, is a triangle added to Ly to get Bj. Define

< L(K5)"
Tx,0=2S0
> L(K5)!

U, = By, T, 12251

<> L(K5)3k71

L Tk, 3k—1=53,—1
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Lemma 4.9 For k > 3, Uy has 26k vertices and 99k edges.

Proof Since Uy is the graph that results from gluing copies of L(Kj) at

triangles of By, by Lemma 4.7 the number of vertices in Uy, is
\V(B)| + 3k - |V(L(K5))| — 3k - |V(K3)| = 5k + 3k - 10 — 3k - 3 = 26k.

Since Uy, can be considered to be the edge-disjoint union of L and 3k copies

of L(Kj3), the number of edges in Uy, is

|E(Ly)| + 3k - |E(L(K5))| = 9% + 3k - 30 = 99k.

Lemma 4.10 For k > 3, c¢p(Uy) < 18k.

Proof Similar to the proof in Lemma 4.2, for each ¢+ = 0,...,3k—1, let M;
be the vertex-induced partition of L(K5)". Let 7T, = {Ty; : i =0,...,3k — 1}
partitioning E(Ly). Let P = T, UMoU...UMasz,_1. Then Py is a clique parti-

tion of Uy. Moreover, |Py| = |Tx|+|Mo|+. ..+ |Mszp_1| =3k+5+5+...+5=
—_—

3k
3k + 15k = 18k. Hence, cp(Uy) < 18k. [

If n is a number of edges in a graph G so that no pair of edges is contained in
the same clique of GG, then the clique covering number of G is at least n. Hence,
finding the maximum such n is the dual problem for finding the minimum size

of clique coverings of G.
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Definition 4.2 Let e and f be any two edges in a graph G. If there is no clique
in G containing both e and f, then e and f are clique-independent with respect

to G.

Figure 4.9: 3k pairwise clique-independent edges

Although the graph in Figure 4.9 does not show all edges in By, the set of
3k thick edges in the figure demonstrates 3k pairwise clique-independent edges
with respect to By, i.e., there is no clique in By that can cover any two thick

edges in Figure 4.9.
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Lemma 4.11 For k > 3, Ly contains a set of 3k pairwise clique-independent

edges with respect to Bj.

Proof Let I} = {cibi, aid;—1(mod k), @i€it1(mod k) : @ = 0,..., k—1}. Let e # f
be in I.

Case 1 Ji € {0,...,k}, a; € e and a; € f. Since d;_1(mod k) is not adjacent
t0 €it1(mod k); We have e and f are clique-independent with respect to By.

Case 2 3 3j € {0,...,k}, a; € e and a; € f. Since when i # j, a; is not
adjacent to aj, then e and f are clique-independent with respect to Bj,.

Case 3 3i € {0,....k} Vj € {0,...,k}, a; € e but a; € f. Note that a; is
not adjacent to ¢; when j # 7, di_i(mod k) is not adjacent to bi;1(mod k), and ¢; is
not adjacent to €;41(mod k). Hence, e and f are clique-independent with respect
to By.

Case 4 Vi € {0,...,k}, a; ¢ e and a; ¢ f. Since ¢; is not adjacent to c¢;
when ¢ # 7, then e and f are clique-independent with respect to By.

Since the above four cases include all possibilities, the lemma is proved. =

Lemma 4.12 For k > 3, cc(Uy) > 18k.

Proof Let Cj be a clique covering of Uy. First note that {L(K5)° \ By,
L(K5)' \ By,..., L(K35)**7t\ By, Ly} is a collection of pairwise edge-disjoint
subgraphs of Uy, and there is no clique in Uy covering any two edges from

different ones of these subgraphs. Hence,
|Ck‘ Z n0+n1—|—...—|—n3k,1—|—l

where for i = 0,...,3k — 1, n; is the minimum number of cliques in U}, covering
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edges in L(K5)" \ By, and [ is the minimum number of cliques in U}, covering

edges in Ly.

Since for each ¢ = 0,...,3k — 1, the largest clique in L(K5)*\ By has order
4, each clique can cover at most six edges of L(K5)"\ By. Because L(Kj5)'\ By

has 27 edges, it needs at least five cliques to cover its edges, i.e., n; > 5 for all

i=0,...,11. Thus, [C;| > 5+ ...+ 5+L.
N———

3k
By Lemma 4.11, L, contains 3k pairwise clique-independent edges with

respect to By. Besides, since there is no clique in U, containing edges in both
By, and in Uy \ By, these 3k edges also form a set of 3k pairwise clique-independent

edges with respect to Ug. Thus, [ > 3k. Hence, |Cx| > 5+5+...+5+3k =
————

3k
15k + 3k = 18k. Since Cy, is arbitrary, cc(Uy) > 18k. [

By Lemma 4.8, for £ > 4, B, has a maximal-clique partition which induces
a maximal-clique partition of Uy. The maximal-clique partition number of Uy

will be discussed in the next Lemma.

Lemma 4.13 For k > 4, mcep(Uy) = 30k.

Proof First note that P, in Lemma 4.10 is not a maximal-clique partition of
Uy because Yo, = A(ag, by, e1) € X(ag, by, e1,bp) in Uy, but Yz € Pr. We can get
a maximal-clique partition of Uy similarly to Lemma 4.4. For ¢ =0,...,3k — 1,
let \V; be the triangle partition of L(Kj3)". Then N is composed of ten triangles.
Recall that S; € N;. Since for each i, By is glued with L(K5)" at T}; and S;, we
have Uy, is a disjoint union of By, and L(K5)"\S;:1=0,...,3k — 1.
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For i = 0,...,3k — 1, let N/ = N;\ {S;}. Then N/ is a clique partition
of L(K5)"\ S; and |N]| = 9. By Lemma 4.8, X, = {X}; :i=0,...,3k — 1}
is a maximal-clique partition of By. Let My = X, UNJUN U ... UN}, ;.
Since X}, and nine triangles in N; \ {S;} are maximal in Uy, we have that M,
is a maximal-clique partition of Uy, and in fact My is the only maximal-clique
partition of Uy. Thus, mep(Uy) = |(My| = |Xk| + NG| + [N+ ...+ [N5,_1| =

3k+9+4+...+9=3k+ 27k = 30k. |
k
3

Figure 4.10: The base graph B3 and its subgraph Ljz represented by the thick
edges

The graphs L3 and Bj are shown in Figure 4.10. Consider Asg = K 3(ao :
b2, by, e1) and Ts 6 = A(ba, by, €1) in Bs. Hence, X356 = X(ao, b2, by, €1). However,
b, is adjacent to all vertices in X3¢; so, X3¢ is contained in a 5-clique. Hence,
X3 is not maximal in Bs. It follows that B3 does not have a maximal-clique

partition and neither does Us. Hence, Us does not have the property cc = cp <
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mcp. Therefore, Uy, which is our first target graph U* described in Section 4.1,

is the smallest graph in this family.

Theorem 4.2 There exist infinitely many graphs with cc = cp < mep.

Proof Consider Uy, for & > 4. By Lemma 4.10 and Lemma 4.12,
ep(Ugp) < 18k < cc(Ug). However, because a clique partition is always a
clique covering, cc(Uy) is always at most ¢p(Uy). Thus, cc(Uy) = cp(Uy). By
Lemma 4.13, mep(Ug) = 30k. Hence, for k > 4, cc(Uy) = ep(U) < mep(Uy).
Let F = {Uy : k > 4}. Then F is a family of infinitely many graphs with

cc = cp < mcep. [

4.3 The Smaller Target Graphs

The fact that L(Kj5) has two maximal-clique partitions of different sizes is
an essential property for our construction of target graphs in this fashion. By
Lemma 2.2, L(K,), for all n > 5, has two maximal-clique partitions. So, they
can be used to replace L(K5) in the construction. Hence, the graph constructed
by gluing By with any 3k graphs in {L(K,) : n > 5} always has the property
of cc = ¢p < mep. Now we are interested in finding a graph smaller than Uy
(‘or U*) that results from gluing By with 12 copies of L(K5). Because L(K}y)
has two maximal-clique partitions, all copies of L(Kj5) could be replaced by
L(K,) in the construction to obtain a graph with two clique partitions; one is
maximal but the other is not. However, unlike L(K3), which has two maximal-

clique partitions of the same size, replacing all copies of L(Kj5) by L(Ky) yields
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a graph with cc = cp = mcp. However, it is not necessary to use all copies
of L(K35) to get cc = cp < mep. Thus, the sizes of the target graphs can be
reduced by replacing some copies of L(Kj) by L(K4) but not all. For & > 4 and
0 < d < 3k, let Uy 4 be the graph resulted by gluing By, to d copies of L(K5) and
3k —d copies of L(Ky). Fori=0,...,d—1, let L(Kj5)" be the ith copy of L(Kj5),
and S; be a triangle in the triangle partition of L(Kj5)!. For i =d,...,3k — 1,
let L(K4)" be the (i — d)th copy of L(K}), and S; be a triangle in the triangle

partition of L(K})*. Define

L L(K5)°
Tk,OgSO

<> L(K5)d—1
Ti,q—1=Sq—1

Uk.a = B

T L(Ky)
Tk,a=54

<> L(K4)3k—1

Tk, 3k —1=S3k-1

Note that if d = 3/{3, Uk,?)k: = Uk
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Lemma 4.14 For k > 4 and 0 < d < 3k, Ugq has 14k + 4d wvertices and

45k + 18d edges.

Proof Since Uy 4 is the glued graph of Bj with each copy of L(Kj) and
L(K4) at a triangle, then by Lemma 4.7, the number of vertices in Uy 4 is
V(Uka)l = [V(By)| +d- V(LK) + 3k — d)|V(L(K4))| = 3k - [V (£)|
= bk+d-10+ (3k—d)-6—3k-3
= 5k 4 10d + 18k — 6d — 9k

= 14k + 4d.

The graph Uy 4 can be considered to be an edge-disjoint union of d copies of
L(K5), 3k — d copies of L(K,) and L. Hence, the number of edges in Uy 4 is
|E(Uka)l = |E(Ly)| +d - [E(L(Ks5))| + 3k — d) - | E(L(K4))]
= 9k +d-30+ (3k —d)-12
= 9k + 30d + 36k — 12d
= 45k + 18d.

Lemma 4.15 For k >4 and 0 < d < 3k, let My, q be a clique partition of Uy 4
induced by the vertez-induced partitions of L(K5)', i =0,...,d—1 and L(K,)’,
j=d,...,3k = 1. Let Ny 4 be a clique partition of Uy q induced by the triangle
partitions of L(K5)', i = 0,...,d — 1 and L(K,)’, j = d,...,3k — 1. Then
| My.al = 15k + d and |Nyq| = 12k + 6d.

Proof Fori=0,...,d—1andforj=d,...,3k—1, let Mi and M be the

vertex-induced partition of L(K5)" and L(K,)’, respectively. Recall that 7, =
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{Thi:i=0,...,3k—1}. Let Myg=T,UMU.. . UMITUMIU...UMP .

Then

| M.l

= |T| + MO + . I ME + MY+ M

— Bk+5+... +5+4+... +4

g

d 3k—d

— 3k +5d+4(3k — d)
— 3k +5d+ 12k —4d
= 15k +d.

Next, for i = 0,...,d — 1 and for j = d,...,3k — 1, let N} and]\/;f be

the triangle partition of L(Kj3)" and L(K,)’, respectively. Recall that X, =

{)(kJ P = O,...

3k — 1}, S, € Ni, and S; € V. Let (Mi) = N\ {S;} and

(M) = NI\{S;}. Let Nia = X UND) UL . UNEY U UL U

Then

WNeal =

2]+ VDY (VY T Y [V

Bk+9+... +9+3+...+3

g

~
d 3k—d

3k + 9d + 3(3k — d)
3k + 9d + 9k — 3d
12k + 6d.
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Theorem 4.3 For k > 4, if 0 < d < %, then cc(Ugq) = cp(Uka) =

mep(Uyg) = 12k + 6d. If 3= < d < 3k, then cc(Uga) = cp(Upa) < mep(Uka).

Proof For integers k and d where £ > 4 and 0 < d < 3k, similar to
the proof of Lemma 4.13, we can prove that N4 in Lemma 4.15 is the only
maximal-clique partition of Uy 4. So, mep(Ug.a) = |Ni.a| = 12k + 6d.

However, both M, 4 and N, 4 in Lemma 4.15 are clique coverings and clique
partitions of Uy 4. The one with smaller size will determine cc(Uy 4) and ep(Uy.q).

If 0 <d <3 then 15k +d > 12k + 6d. Thus, [My,4| > [Npa|. Hence, N4
is a minimum clique covering and a minimum clique partition of Uy 4. Hence,
cc(Uga) = cp(Ur.a) = mep(Uy.a) = |Ni.al = 12k + 6d.

If 3 < d < 3k, then 15k + d < 12k + 6d. Thus, [My4| < |Nj4|. Hence,
M} 4 is a minimum clique covering and a minimum clique partition of Uy 4.
Therefore, cc(Uyq) = cp(Uyq) = |[Mpa| = 15k + d. Since 15k + d < 12k + 6d,

cc(Uy,a) = cp(Uy,a) < mep(Uy.q). n

Theorem 4.4 F' = {Uyq : k > 4 and % < d < 3k} is a family of infinitely

many graphs with cc = cp < mcep.

Proof Immediate from Theorem 4.3. [ ]
Note that Uy s, = Uy. Recall that F = {Uj, : k > 4} is defined in Theorem
42 and F' = {Ugq: k > 4 and % < d < 3k} is defined in Theorem 4.4. Hence,
F C F"and U, is the smallest graph in F’. Thus, U, 3 is the smallest possible

graph with cc = ¢p < mep among graphs constructed in this fashion.
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Theorem 4.5 There exists a graph of 68 vertices with cc = c¢p < mcp.

Proof By Lemma 4.14, U3 has 14-4+4-4-3 = 68 vertices and 45-4+18-3 =
180 + 54 = 234 edges. By Theorem 4.3, cc(Us3) = cp(Us3) = 15-4 + 3 = 63,

and mep(Uy3) = 12-4+6 -3 = 66. Hence, cc(Uys) = cp(Uy3) < mep(Uys). ™

We have solved the existence problem. However, there is no guarantee that
U, 3 is the smallest possible graph with cc = ¢p < mep. It remains an open
question whether there exists a graph with cc = ¢p < mep having fewer vertices

than U473.
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5. Clique Partitions of Graphs with Ten Vertices

This chapter continues the investigation of the three clique parameters cc, cp
and mcp. We know that many graphs do not have a maximal-clique partition.
Throughout this chapter, we will explore only graphs with a maximal-clique
partition. From Monson’s Ph.D. Dissertation [22], we know that for any graph of
at most nine vertices with a maximal-clique partition, all three clique parameters
are the same, i.e., cc = c¢p = mcp. Hence, ten is the smallest number that the
three parameters could have different values. Monson [22] found an example of
a graph of ten vertices with c¢p = mcep but different from cc. Thus, graphs with
cc < cp = mcp have a minimum number of ten vertices. For any graph G with
a maximal-clique partition, if G has cp < mcp, then G must have at least two
clique partitions of different sizes and the partitions with the smallest cardinality
cannot be maximal-clique partitions. In Chapter 4, we found a family of graphs
with cc = ¢p < mep. The smallest graph in the family has 68 vertices, which is
somewhat large. However, we do not know whether or not it has the minimum
number of vertices among graphs with cc = ¢p < mep. On the other hand,
there is an example of a graph on as few as 11 vertices with cc < cp < mcp.
Pullman, Shank and Wallis [32] asked whether or not there is such a graph with
fewer than eleven vertices. However, since Monson showed that any graph of
fewer than ten vertices has cc = ¢p = mep [22], it is sufficient to answer the
open problem of Pullman, Shank and Wallis by investigating only graphs with

ten vertices. This chapter will confirm that there is no graph of ten vertices
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with ¢p < mep. Consequently, graphs with cc < ¢p < mcp have a minimum
of 11 vertices. From this we can conclude that any graph of ten vertices has a
minimum clique partition whose cliques are maximal or it has no maximal-clique
partition. In Section 5.1 we study characteristics of maximal-clique partitions
of graphs on ten vertices having clique partitions satisfying various properties.
Finally, the nonexistence of graphs having ten vertices and cp < mep will be
investigated.
5.1 Ten Vertex Graphs with a Maximal-

Clique Partition

The maximal-clique partitions of graphs of ten vertices will be explored in
this section. These results will be used to prove the main theorem in the next
section.
Lemma 5.1 FEwvery clique partition of a graph on ten vertices contains at most

five 4-cliques. Furthermore, if a clique partition of a graph G on ten vertices is

composed of exactly five 4-cliques, then G = L(Ks).

Proof Let P be a clique partition of a graph G of ten vertices. Consider
any vertex v of G. Since G has ten vertices, v can be contained in at most three
4-cliques in P. If v is contained in three 4-cliques in P, then all ten vertices of
G are covered by these 4-cliques. Let K be a clique in P other than those three
4-cliques. Since every two cliques in P can share at most one vertex, K can
contain at most one vertex from each of those three 4-cliques. Thus, K contains
at most three vertices, that is, P cannot have other 4-cliques. Otherwise, every

vertex in G appears in at most two 4-cliques in P. Hence, ten vertices can be
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used at most 10 - 2 = 20 times. Since one 4-clique contains four vertices, the
number of 4-cliques in P is at most % = 5.

Furthermore, if P has five 4-cliques, then each vertex of G belongs to exactly
two 4-cliques. Since every two cliques in P can share at most one vertex, no two
vertices of G can belong to the same pair of 4-cliques in P. Labelling vertices of
G according to the 4-cliques containing them gives a graph isomorphic to L(K).

Lemma 5.2 If a graph has a vertex adjacent to all other vertices, then such a

vertex must be in every clique of each maximal-clique partition of the graph.

Proof Let GG be a graph with a vertex v adjacent to all other vertices. Sup-
pose the statement is not true for a maximal-clique partition M of G, i.e., there
exists a clique C' in M such that v ¢ C. Since, v is connected to every vertex
in C, then C'V {v} (the join graph of C' and {v}) is a larger clique containing

C, which contradicts the maximality of C. ]

Theorem 5.1 Let M be a maximal-clique partition of a graph with ten vertices.

If M does not contain a 2-clique, then |[M| < 10.

Proof Let G be a graph of ten vertices with a maximal-clique partition
M. Then |E(G)| < (})) = 45. Assume there is no 2-clique in M. If there is no
3-clique in M, then |[M| < % = 2 < 10 as desired.

Now, assume that there exists a 3-clique in M, say A(a, b, ¢). Since A(a, b, c)

is maximal, none of the remaining seven vertices can be adjacent to all three
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vertices in A(a, b, ¢). This yields |E(G)| <45 -7 = 38.

Suppose |M| > 11. If M contains a clique of order 5 or more, the total
number of edges of G is minimized when the remaining ten cliques are 3-cliques.
Hence, 38 > |E(G)| > |E(K5)|+10-|E(K3)| = 10410+ 3 = 40, a contradiction.
Thus, there is no clique of order 5 or more in M. If M contains two 4-cliques,
38> |E(G)|>2-|E(Ky)|+9-|E(K3)|=2-64+9-3 =12+ 27 = 39, another
contradiction. Therefore, M contains at most one 4-clique, and the rest of its
cliques are 3-cliques.

Now if each of the seven vertices not in A(a, b, ¢) is adjacent to at most one
vertex of A(a,b,c), then |E(G)| <45 —2-7 =45 — 14 = 31. Since the smallest
clique in M is a 3-clique, |M| < 10 as desired. Otherwise, there exists a vertex
d adjacent to exactly two vertices of A(a,b,c). Without loss of generality, say
d < a,d < bbut d ¥ c. Since A(a,b,d) shares an edge with A(a,b,c) and
A(a,b,c) is in M, it follows that A(a,b,d) cannot be in M. So, there must be

two different maximal cliques C and C5 containing edges ad and bd, respectively.

Figure 5.1: ad € C; and bd € (Y

Because there is at most one 4-clique in M, then either of C, 5 is the
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4-clique or neither of them is.

Case 1 Either ) or C, is the 4-clique. Without loss of generality,
say Cy is the 4-clique and Cy is a 3-clique. Let C} be K(a,d, e, f) and Cy be
A(d,b,g). We note that no two vertices in {a,b,c,d, e, f,g} can be the same.
Next, consider the subgraph of G consisting of these three cliques in M. It has
seven vertices as shown in Figure 5.2. Let W = {a,b,c,d, e, f, g} C V(G). Then
we have three more vertices not in W. We will consider the maximum possible
degree of each vertex in V(G). Note that there is no vertex contained in all of
three subgraphs C;, Cy and A(a, b, ¢). Thus, by Lemma 5.2 no vertex of G can
be adjacent to every other vertex of GG. Hence, each vertex in V(G) has degree

at most &.

Figure 5.2: () is a 4-clique and (5 is a triangle.

However, the degrees of some vertices can be even less than 8. Let = be a

vertex in C;. Since (] is the 4-clique, the set of edges incident to x is partitioned
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into one 4-clique and a number of 3-cliques. This forces x to have odd degree.
Hence, every vertex in C has degree at most 7.

Next, consider vertices not in W. Let y € V(G) \ W. Since A(a,b,c),Cy
and Cy are maximal, y cannot be adjacent to all vertices in any one of them.
This forces y to be nonadjacent to at least two vertices in W and d(y) < 7.
Since y is not in the 4-clique in M, the edges incident to y must be covered by
3-cliques. Hence, d(y) is even and d(y) < 6.

Therefore, the three vertices outside W are of degree at most 6. For ver-
tices in W, four vertices in C; are of degree at most 7, and the remaining
three vertices are of degree at most 8. Hence, the degree sum of G is at most
3:6+4-7+3-8=18+28+ 24 = 70, yielding |E(G)| < ? = 35. But ten
3-cliques and one 4-clique require 3 - 10 + 6 = 36 edges to be disjoint. This is a

contradiction. So, Case 1 cannot occur.

Case 2 Neither C] nor (5 is a 4-clique. Then both Cy and C; are 3-
cliques. Let C} = A(a,d,e) and Cy = A(b,d, f). As in Figure 5.3, the subgraph
composed of A(a,b,c),C; and Cy has six vertices. Let S = {a,b,c,d,e, f} C
V(G). Since G has ten vertices, the degree sum of the six vertices in S is at
most 9-6 = 54. But since A(a,b,c),C; and Cy are maximal, a + f, b + e and
¢ ¥~ d. Then the degree sum of S is at most 54 — 6 = 48. Moreover, to preserve
the maximality of A(a, b, ¢), C} and Cy, each of the remaining four vertices must
be nonadjacent to at least two vertices in .S, this reduces the maximum possible

degree sum of S to 48 —2-4 = 40. Next, we will consider the degrees of vertices
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outside S. Since M contains at most one 4-clique, there are two possibilities.

Figure 5.3: Both () and C; are triangles

Case 2.1 Suppose there exists a 4-clique in M. Let w be any vertex
outside S. Again, to preserve the maximality of A(a,b,c),C; and Cy, ver-
tex w must be nonadjacent to at least two vertices in S making d(w) < 7.
Counting the degree sum of vertices in S, the degree sum of G is at most
7-4+440 = 28+ 40 = 68. Hence, |E(G)| < 2 = 34. Since ten 3-cliques and one

4-clique with disjoint edges cover 36 edges, this is a contradiction.

Case 2.2 Suppose there is no 4-clique in M. Similar to Case 2.1,
vertices not in S have degree at most 7. But because cliques in M are 3-cliques,
each vertex of G must have even degree. Hence, each vertex not in S is of degree
at most 6. Hence, the degree sum of G is at most 6 - 4 + 40 = 64. This yields
|E(G)| < & = 32, which is insufficient to obtain 11 copies of the 3-clique, a

contradiction.
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Thus, there is a contradiction in every possible case, and |[M| < 10. [

Note that the conclusion of Theorem 5.1 may not be true if a maximal-
clique partition contains a 2-clique. For example, the graph in Figure 5.4 has

ten vertices and maximal-clique partition number 13.

Figure 5.4: A graph of ten vertices with a maximal-clique partition containing
a 2-clique.

Remark 5.1 Let G be a graph of ten vertices with a clique partition P. Let
H be the subgraph of G composed of any three 4-cliques Hy, Hy and Hjs in P.
Then, H has 18 edges with either nine or ten vertices. There are three possible

configurations for H as follows:

Configuration 1 Configuration 2 Configuration 3

Figure 5.5: Three configurations of H
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Let I be the subgraph of G composed of any four 4-cliques in P. Then there

is only one possible configuration of I as follows:

Figure 5.6: The configuration of

Let J be the subgraph of G composed of any five 5-cliques in P. By Lemma

5.1, there is one possible configuration of J and it is isomorphic to L(Ks).

N

i

Figure 5.7: The configuration of J
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Definition 5.1 Let H be a graph. Then e is a type-1 edge of H if every maximal

triangle of any supergraph of H containing e does not contain other edges of H.

The next two theorems will show characteristics of maximal-clique partitions
of a graph having a clique partition containing at least three 4-cliques. As
Configuration 1 of H will play a central role in the proofs, let us investigate

some of its properties here.

Definition 5.2 The following terminology is used when G is a graph of ten
vertices containing Configuration 1 of H as a subgraph. Recall that H consists
of three 4-cliques Hy,H; and Hj3 in P. Since Configuration 1 of H has nine
vertices, let z be the vertex in G \ H. Let T be the triangle composed of the
three edges in the middle of Configuration 1 of H. It is simple to verify that
there are three type-1 edges in H as illustrated in Figure 5.8. For the remaining
15 edges in H, let edges outside T" be called type-2 edges and edges in T' be
called type-3 edges. Thus, the edge set of H is partitioned into three groups:

three type-1 edges, 12 type-2 edges and three type-3 edges.

Remark 5.2 Let uv be a type-2 edge in H. Then wv is in a 4-clique in
{Hy, Hy, H3}, say u € H;; and one of vertices {u,v} is in H; N T and the other
one isin H; \ T, say v € H;NT, v € H; \ T. Moreover, v € H; N H; where

i#je{1,2,3).
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type—1 edge

type—2 edge

.......... type—3 edgc

Figure 5.8: The edge set of H is partitioned into three groups

Theorem 5.2 For any graph with ten vertices, if one of its clique partitions
contains at least three 4-cliques, then any of its maximal-clique partitions com-

posed of 2-cliques and 3-cliques has cardinality at least 10.

Proof Let G be a graph of ten vertices with a maximal-clique partition. Let
P and M be a clique partition and a maximal-clique partition of G, respectively.
Assume P has at least three 4-cliques and M is composed of 2-cliques and 3-
cliques. Let H be the subgraph of G composed of any three 4-cliques in P.
Thus, as in Remark 5.1, H has 18 edges with either nine or ten vertices, and
there are three possible configurations for H. Since H is a subgraph of GG, we can
obtain the lower bound on | M| by determining the minimum number possible
of maximal cliques needed to cover H. We first locate type-1 edges in H. Then
we will deal with the remaining edges of H.

Configuration 1 In Figure 5.9, a,b, and c are three type-1 edges of H; so,
they need to be covered by three cliques in M. Next, because M is composed

of 3-cliques and 2-cliques, at most three edges of H can share the same clique in
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PAVAS

H

Figure 5.9: Edges a, b, and c are the type-1 edges in Configuration 1 of H

M. Indeed, there is only one way to get three edges sharing the same maximal
triangle, which are three edges in T'. (Recall from Definition 5.2 that T is the
middle triangle in Figure 5.8.) Otherwise, at most two of the edges in H can
share the same maximal clique in M.

If T is not in M, then 15 edges of H in addition to a,b, and ¢ need to be
covered by at least f%} =8 maximal cliques. Counting three cliques covering the
type-1 edges, M has at least 348 = 11 cliques. If T"is in M, then the remaining
12 edges of H in addition to edges a, b, c or edges in T need to be covered by at
least % = 6 maximal cliques in M. Counting three cliques covering the type-1

edges and the triangle T', there are at least 3+1+6 = 10 maximal cliques in M.

Configuration 2 In Figure 5.10, the seven edges a,b,c,d, e, f and g are
type-1 edges. Hence, they need to be covered by seven maximal cliques in M.
Again, for the remaining 18 — 7 = 11 edges, we have at least [1] = 6 more

cliques in M. Hence, |M| > 7+ 6 = 13.
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Figure 5.10: The seven type-1 edges in Configuration 2 of H

Configuration 3 As before, we need nine maximal cliques in M to cover
the nine type-1 edges in Figure 5.11. And again to cover the remaining 18 —9 = 9
edges, M must contain at least [%1 = 5 more cliques. Hence, |IM| > 945 = 14.
Hence, for every configuration of H, we have shown that M contains at

least ten cliques. [ ]

Figure 5.11: Nine type-1 edges in Configuration 3 of H
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The next lemma continues to examine graphs of ten vertices containing H
as a subgraph. We determine the possible maximal triangles containing edges

of each type in Configuration 1 of H.

Lemma 5.3 Let G be a graph of ten vertices containing Configuration 1 of H
as a subgraph. (Configuration 1 of H is defined in Remark 5.1 and the triangle
T and vertex z are defined in Definition 5.2.) Let uv be an edge of H. Let S be
a maximal triangle of G containing uv. Then we have the following:

(1) If uwv is a type-1 edge, then S = A(u,v, z).

(11) If uv is a type-2 edge where we can assume as in Remark 5.2 thatu € H;NH,
and v € H;\T, then S = AN(u,v,z) or S = A(u,v,w) where w is a vertex in
H;\T.

(11) If uv is a type-3 edge, then S =T or S = A(u,v, 2).

Proof (i) Assume uv is a type-1 edge in H. Let w be a vertex such that
A(u,v,w) is maximal in G. Let uv be in H; for some ¢ = 1,2,3. (Recall that
H,, Hy and Hj are 4-cliques in H.) Then w ¢ H;, otherwise A(u,v,w) C H;, a
contradiction. Suppose w € H;,j #1 € {1,2,3}. Let c € V(H;) NV (H;). Then
c is adjacent to all vertices in H; and H;. Hence, A(u,v,w) C M(u,v,w,c), a

contradiction. Therefore, w = z.

(1) Assume uv is a type-2 edge where u € H;NH; and v € H;\T. Let w be
a vertex such that A(u, v, w) is maximal in G. Then w ¢ H;; otherwise, S C H;,
a contradiction. Let Hj be the other 4-clique among the three 4-cliques, i.e.,

ke {1,2,3},k #1,j. Let ¢ be the vertex shared by H; and Hy. Then w ¢ Hj,

93



otherwise, S C X(u, v, w, ¢), a contradiction. Hence, w must be a vertex outside
H; U Hy. Indeed, there are three possible choices for w: z and two vertices in

H;\T.

(737) Assume uv is a type-3 edge. Then, uv is in T. Let w be a vertex
such that A(u,v,w) is maximal in G. Let ¢ be the third vertex in 7. Sup-
pose w # c or z. Let uv be in H;. Then w ¢ H;, otherwise A(u,v,w) C H;,
contradicting the maximality of A(u,v,w). And w ¢ H;,j # i, otherwise,

A(u,v,w) € K(u,v,w,c), a contradiction. Hence, w can only be ¢ or z. [ ]

Theorem 5.3 For any graph with ten vertices, if one of its clique partitions
contains at least three J-cliques and one of its mazimal-clique partitions is com-

posed of ten triangles, then G = L(K5).

Proof Let GG be a graph of ten vertices with a maximal-clique partition. Let
P and M be a clique partition and a maximal-clique partition of GG, respectively.
Assume P has at least three 4-cliques and M is composed of ten 3-cliques. Let
H be the subgraph of G' composed of any three 4-cliques in P. As in Remark
5.1, there are three possible configurations for H. As we observed in the proof
of Theorem 5.2, if H has Configuration 2 or 3, then the cardinality of M is
more than ten. Since |[M| = 10, H must be Configuration 1. Then recall from
Definition 5.2 that z is the vertex of G not in H. Now, since M is composed of
triangles, by Lemma 5.3(4), there is a unique maximal triangle in G containing

each type-1 edge in H. Thus, each maximal triangle in M containing a type-1
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edge of H contains z. It follows that each maximal triangle in G' containing
a type-2 edge cannot contain z because each type-2 shares an endpoint with a
type-1 edge. Hence, by Lemma 5.3(i7), there are two possible maximal triangles
that can contain each type-2 edge. However, both possibilities yield the same

graph L(K5). Therefore, G = L(Ks3). |

Lemma 5.4 (Properties of a maximal 4-clique of G)

Let G be a graph of ten vertices containing Configuration 1 of H (see Figure
5.8) as a subgraph. Let X be a maximal 4-clique of G, then

(i) X contains at most one type-1 edge of H.

(i) If X is in a maximal-clique partition M of G, then X cannot contain exactly

three vertices of H;, where i = 1,2, or 3.

Proof (i) Recall that the three type-1 edges of H are illustrated in Figure
5.8. Suppose X contains two type-1 edges. Because any two 4-cliques of H con-
taining these two type-1 edges share a common vertex, such a common vertex
is adjacent to every vertex in X. Thus, there is a 5-clique containing X. This

contradicts the maximality of X.

(77) Assume X is in a maximal-clique partition M of G. Suppose X contains
three vertices of H; where ¢ = 1,2, or 3. Without loss of generality, say X
contains three vertices of H;. Then X contains at least one vertex of Hy NT,
say vertex v. There are two type-2 edges vp and vq in H; incident to v. Since
X contains three vertices of H;, we have that X contains either one or both of

the type-2 edges of H; incident to v, i.e., at most one of them is not contained
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in X.

Now, consider another 4-clique in H that shares v with Hy, say Hy. Con-
sider the two type-2 edges vr and vs in Hy incident to v. Let M; and M,
be two maximal cliques in M containing vr and wvs, respectively. By Lemma
5.3(ii), My is a triangle in {A(v,r, 2), A(v, 7, p), A(v, 7, q)} and My is a triangle
in {A(v,s,z2),Av,s,p), Av,s,q)}. However, vp is in X; so, My # A(v,r,p)
and My # A(v,s,p). Moreover, the edge vg cannot belong to both M; and
M,. Hence, one of them must contain vertex z; without loss of generality,
M, = A(v,r,z). However, rs is a type-1 edge and by Lemma 5.3(7), the max-
imal triangle M3 in M containing rs is A(r, s, z). This yields edge rz in both
M; and M3 contradicting that M; and M3 are in a clique partition of G. There-
fore, X cannot contain exactly three vertices of H;. Since Hy, Hy and Hj are

symmetric, the lemma has been proved. [ ]

Theorem 5.4 For any graph of ten vertices, if one of its clique partitions con-
tains at least three 4-cliques, then none of its maximal-clique partitions can be

composed of 3-cliques and exactly one 4-clique.

Proof Let GG be a graph of ten vertices with a maximal-clique partition. Let
P and M be a clique partition and a maximal-clique partition of G, respectively.
Assume P contains at least three 4-cliques. Let Hy, Hy, and H3 be any three
4-cliques in P. Let H be the subset of G composed of Hy, H, and Hs. As
Theorem 5.2, we will examine separately the three configurations of H.

Suppose M is composed of 3-cliques and exactly one 4-clique. Let X be the
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4-clique in M. We will show a contradiction for each configuration of H.

Configuration 1 Recall from Definition 5.2 that T is the middle triangle
in Figure 5.8 and z is the vertex in G \ H. Then either 7 is in M or T is not
in M.

Case 1 Suppose T" ¢ M. Then either T' C X or each edge of T is in its
own maximal clique. If the latter case, since M is composed of triangles and
X, at least two of the maximal cliques containing the three edges of T" are tri-
angles. By Lemma 5.3 (ii7), both triangles contain z; so, they share an edge,
a contradiction. Hence, T C X. Now, let w be the vertex of X \ T. Then w
cannot be in H; where ¢ = 1,2, or 3; otherwise, there are three vertices of X
in H; (i = 1,2 or 3), contradicting Lemma 5.4 (#i). Hence, w = z. Then z is
adjacent to every vertex in T'. Because every vertex in H outside T is a type-1
edge, by Lemma 5.3 (i), z is adjacent to every vertex outside T'. Hence, z joins
all vertices in H. By Lemma 5.2, z is contained in every triangle in M. This
yields that every edge outside X must be in a triangle containing z. Then the
maximal triangles of any two edges outside X that share a vertex will share an

edge, a contradiction.

Case 2 Suppose T' € M. Then either z € X or z ¢ X.

Case 2.1 Assume z € X. First, we claim that both endpoints of a type-1
edge are either in X or neither endpoint is in X . Suppose not. Let uv be a type-
1 edge where u € X but v ¢ X. Then edge uv is not contained in X. By Lemma

5.3 (i), the maximal triangle in M containing uwv is A(u, v, z). Because z € X

97



and v € X, the edge uz is contained in X. Hence, edge uz is in both X and
A(u,v,z) which are disjoint cliques in a clique partition of G, a contradiction.
Hence, the claim is proved.

Next, if none of the type-1 edges is in X, by the claim above, the six vertices
in type-1 edges in H cannot be in X; so, X needs to contain all three vertices
of T, which contradicts the maximality of 7. Now, by Lemma 5.4 (i), at most
one type-1 edge can be in X. Hence, exactly one type-1 edge is in X, say the
type-1 edge is in H;. So, X contains z and two vertices in the type-1 edge in
Hi. Let y be the other vertex of X. Then y ¢ H;; otherwise, three vertices of
H; are in X, contradicting Lemma 5.4 (ii). Besides, y &€ T\ Hy; otherwise, T is
not maximal, a contradiction. However, if y is one of the remaining vertices, y
is in a type-1 edge e, while the other vertex of e is not in X, which contradicts
the claim. Hence, it is not possible to find y. Therefore, Case 2.1 cannot occur.

Case 2.2 Assume z ¢ X. Suppose one vertex s of T is in X. Without
loss of generality, say s € H; N Hy. Since T is maximal, the 4-clique X in M
cannot contain any vertices in Hs. Hence, three more vertices of X must come
from H; and Hs. In any case, it yields three vertices in a clique in H; or Hs,
contradicting Lemma 5.4 (77). Hence, X cannot contain any vertices in T". Thus,
all four vertices of X come from the six vertices of V(G) \ (V(T) U{z}). This
set of six vertices is partitioned into three groups according to their membership
in the three type-1 edges. Thus, by the Pigeon Hole Principle, consider the four
vertices of X as the four pigeons and the three type-1 edges as the three pigeon

holes, we have that at least two vertices of X are in the same type-1 edge, i.e.,
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at least one type-1 edge is in X.

edge in X

b A e T type-2 edge incident to w

type-1 edge incident to w

H, Hj

Figure 5.12: The possible X when 7" € M and z € X

However, by Lemma 5.4 (i), at most one type-1 edge can be in X; hence,
exactly one type-1 edge is in X, without loss of generality, say the type-1 edge
is in Hy. Furthermore, for the other two vertices of X, one of them must be in
the type-1 edge in Hy and the other must be in the type-1 edge in H3. Let w
be the vertex of X in the type-1 edge in Hy. Consider a type-2 edge e that is
incident to w in Figure 5.12.

Examining Figure 5.12 it is easy to see that the maximal triangle containing
e must contain z because the other possibilities in Lemma 5.3(¢7) do not work.
However, the maximal triangle of the type-1 edge incident to w also contains z.
Hence, there exist two maximal triangles in M sharing edge zw, a contradiction.

Therefore, when G contains Configuration 1, we cannot have a maximal-
clique partition composed of 3-cliques and exactly one 4-clique. Next we examine

G when H has Configuration 2.
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Figure 5.13: Seven type-1 edges in Configuration 2 of H

Configuration 2 There are seven type-1 edges a,b,c,d, e, f and g in Con-
figuration 2 of H as indicated in Figure 5.13. Consider edge a. Let S be a
maximal triangle of G containing a, and let u be the vertex in S that is not
an endpoint of a. Then u ¢ Hy; otherwise, S is not maximal, a contradiction.
Thus, u # v or w where v and w are vertices as indicated in Figure 5.13. Also,
u ¢ Hoy; otherwise, SV {v} (the join graph of S and {v}) is a 4-clique containing
S, contradicting the maximality of S. Similarly, u ¢ Hs. Hence, a cannot be
in any maximal triangle of G. This means a belongs to the 4-clique X. Then
b,c and d cannot be in X; otherwise, X V {v} (the join graph of X and {v})
is a 5-clique containing X, contradicting its maximality. Similarly, none of e, f
and ¢ are in X. Moreover, because e,f and ¢ are type-1 edges, they are all
in distinct maximal triangles in M. However, because v is adjacent to all ver-
tices in H; and Hs as in Figure 5.13, edges b, c and d cannot be in a maximal

triangle containing any vertices in H;. Similarly, w prevents e, f and g from
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being in the same maximal triangle with any vertices in H;. Hence, maximal
triangles containing b, ¢, d, e, f and g contain edges between endpoints of {b, ¢, d}
and {e, f, g}. However, we need 12 more edges besides b, ¢, d, e, f and g to be in
the six maximal triangles while only nine edges between vertices of {b, ¢, d} and
{e, f, g} are available, this is a contradiction. Therefore, if G contains Configu-
ration 2, then GG cannot have a maximal-clique partition composed of 3-cliques

and exactly one 4-clique.

type—1 edge

Figure 5.14: Nine type-1 edges in Configuration 3 of H

Configuration 3 There are nine type-1 edges in Configuration 3 of H as
indicated by the thick edges in Figure 5.14. Since the middle vertex of H in
Figure 5.14 is incident to all other vertices, no type-1 edge of Configuration 3
of H can be in any maximal triangle of G. Hence, all of them need to be in X.
However, there are nine type-1 edges while X contains six edges, a contradiction.
Therefore, if G' contains Configuration 3, then GG cannot have a maximal-clique
partition composed of 3-cliques and exactly one 4-clique.

We encounter a contradiction for all possible cases of every configuration of
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H. Therefore, no graph of ten vertices with a clique partition composed of at
least three 4-cliques can have a maximal-clique partition composed of 3-cliques

and exactly one 4-clique. [ ]

Theorem 5.5 For any graph of ten vertices, if one of its clique partitions con-
tains at least four 4-cliques, then none of its maximal-clique partitions can be

composed of 3-cliques and exactly one 5-clique.

Proof Let GG be a graph of ten vertices with a maximal-clique partition M
and a clique partition P. Assume P contains at least four 4-cliques. Let H be
the subgraph of G composed of any four 4-cliques in P, called Hy, Hy, H3 and Hy.
There is only one possible configuration as illustrated in Figure 5.15. Since H has
ten vertices, V(G) = V(H). Label vertex v in H with all subscripts of cliques in
{Hi, Hy, H3, H,} containing v. For example, if v is in cliques H; and Hs, then v
is labelled as 12. Hence, V(G) = V(H) = {1,2,3,4,12,13,14,23,24,34}. Note
that for any two vertices v and w in V(G), we have that v is adjacent to w in
H if and only if their labels share a digit.

Now let & = {A(12,14,24), A(13,14,34), A(23,24,34), A(12,13,23)} be a
set of four triangles in H. Note that each triangle in S is maximal in H.

Let e be any edge of a triangle in S, say e = (xy,yz), where z,y,z €
{1,2,3,4}, = # y # 2. Let T be a maximal triangle of G containing e. Let
u be the third vertex of any maximal triangle T' of G containing e, i.e., T' =
A(zy,yz,u). Note that A(zy,yz,2z) (in S) contains e. Suppose that u # zz. If

u € H,, then A(zy, yz,u) C H,, contradicting the maximality of T'. So, u & H,,.
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Figure 5.15: The subset H of G composed of four 4-cliques in P

If ue H, or H,, then u < zz. Hence, X(zz,zy,yz,u) is a 4-clique containing
T. Thus, u ¢ H, and u ¢ H,. If w € H, where w € {1,2,3,4},w # x,y, z,
then u «+ yw. Since yw € H,, yw « yx and yw < yz. Hence, yw is adjacent
to all vertices in A(yz,yz,u). Thus, T C K(yw,yz,yz,u), a contradiction.
Hence, u = xz and T' = A(zy, yz,xz) in S is the unique maximal triangle in G
containing e.

Now, by way of contradiction suppose M is composed of 3-cliques and one
5-clique. Let X be the 5-clique in M. If T ¢ M, then e € X because there
is no other maximal triangle containing e. It follows that all of the other edges
in the triangle T" are also in X, i.e., T' C X. Hence, either T € M or T C X.
Since e is arbitrary, each triangle in S is either in M or a subset of X, i.e., the
whole triangle is either inside X or outside. On the other hand, it is straight
forward to verify that if X contains two triangles in &, then there would exist

a triangle in S having some edges in X and some edges outside X. Since we
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showed this cannot happen, at most one triangle in S can be a subset of X and
the rest must be in M. Then there are two possible cases as follows:

Case 1 Assume every triangle in S is in M. Consider vertex 12 in
Figure 5.15. It is incident to six edges in H where four of the edges incident to 12
are covered by two triangles in S. Only the remaining two of them can be in X.
Moreover, to preserve the maximality of triangles in S, we have 12 <& 3,12 < 4,
and 12 ¢ 34. Hence, there are no more edges in G\ H incident to 12. Thus,
12 has only two incident edges that could be in X. However, X is a 5-clique;
so, vertices in X have degree four. Thus, 12 cannot be a vertex in X. Similarly,
neither 13, 14, 23, 24, or 34 can be vertices in X. Therefore, there are at most
four vertices that can possibly be in X. Since X contains five vertices, this is a
contradiction.

Case 2 Assume exactly one triangle in S is contained in X. Be-
cause of symmetry, assume without loss of generality that A(12,23,13) C X.
Then A(13,14,34), A(12,14,24) and A(23,24,34) are in M. Moreover, it fol-
lows that 14,24,34 ¢ V(X); otherwise, X shares an edge with a triangle in
S\ {A(12,23,13)}.

Next, consider vertex 12 in X. To preserve the maximality of A(12,14,24),
we have 12 ¢ 34 and 12 ¢ 4. Thus, 12 has either degree six or seven in G
depending on whether or not vertex 12 is adjacent to vertex 3. If 12 < 3,
then 12 has degree seven where four of them are covered by X and two of them
are covered by a triangle in §. Hence, there is only one edge incident to 12

left and it must be in M. However, this 2-clique is not maximal, a contradic-
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tion. Therefore, 12 + 3. Now, since 12 + 3, 12 4 4 and 12 € V(X), we
have 3,4 ¢ V(X); and it is shown above that 14,24,34 ¢ V(X); therefore,
V(X) ={12,13,23,1,2}. Next, consider vertex 13. It has degree six in H, and
13 <> 2 in G because they are vertices in X. However, 13 ¢ 4 and 13 ¢ 24;
otherwise this contradicts the maximality of A(13,14,34). Therefore, 13 has
degree seven in G. Again, four edges incident to 13 in GG are in X and two more
edges are in a triangle in §. Hence, there is one edge incident to 13 in G which

must be in M. But, it is not maximal, a contradiction.

Therefore, M cannot be composed of one 5-clique and a number of triangles.

5.2 The Nonexistence of Graphs having Ten

Vertices and cp < mcp

Now we further explore graphs of ten vertices under the restriction that cp <
mcp. Our objective is to confirm that there is no such graph. We first suppose
that it exists, then hope to encounter a contradiction. We start by inspecting
the numbers of k-cliques in a clique partition and a maximal-clique partition of a
desired graph. At the end, it will be combined with the results in earlier sections
to yield the conclusion that any graph of ten vertices with ¢p < mecp must be
L(Ks3), which is a contradiction because c¢p(L(K5)) = mep(L(K35)). Details will
be shown in this section.

Throughout this section, let G' be a graph having the minimum number of

edges among graphs of ten vertices with a maximal-clique partition satisfying
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cp(G) < mep(G). Let P be any clique partition of G with |P| = ¢p(G) and M
be any maximal-clique partition of G with |[M| = mep(G).

If PN M # 0, remove the common cliques from G. This preserves the
property cp < mep of the resulting graph. By Monson’s Ph.D. Dissertation [22],
all graphs of fewer than ten vertices have ¢p = mcp; thus, removing common
cliques from G cannot reduce the number of vertices. That is, the resulting
graph still has ten vertices and satisfies ¢p < mcp. Since the resulting graph has
fewer edges than G, this contradicts the minimality of G. Hence, P N M = ().
Also note that G' # Ko because cp(Ki9) = mep(Kyg) = 1. So, the maximum

order of cliques in G is 9.

5.2.1 Definitions and Values of p; and m;

For each © = 2,...,9, let P; and M; be the set of all cliques of order ¢ in
P and M, respectively. Then P = (J_, P; and M = |J,_, M,. Because both
P and M partition the edge set in GG, the total number of edges in P and in
M must be the same. That is, 37, ()P = Y, (2)|M;]. Moreover, this
equation can be simplified by counting the difference of the cardinalities of P;
and M; (2<i<9).

Let p; = maz{|P;| — |M;|,0} and m; = maz{|M;| — |P;],0}, for 2 <i <9.
Lemma 5.5 collects trivial properties directly from the definition of p; and m;:
Lemma 5.5 (i) For each integer 2 <i <9, p; >0 and m; > 0
(it) E?:z #pz = Z?:z i(igl)mi'

(#i) If p; > 0 then m; = 0 and if m; > 0 then p; = 0.
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(w) If |Pi] < | M|, then p; = 0. Similarly, if |M;| < |P;| then m; = 0.

Lemma 5.6 (The values of p; and m;)

Let G be a graph of ten vertices with c¢p(G) < mep(G). Let P and M be a
manimum clique partition and a minimum mazimal-clique partition of G, re-
spectively, (such that PN M =0). Let p; and m; be defined as above, then

(i) ma =0 and there is no 2-clique in M.

(i) ¥Yi > 6, p; = 0 and each mazimal clique of order at least 6 must be in M.
(#i) Vi > 8, m; = 0.

(iv) ps = 0 and there is a one to one relation from Ps into M.

(v) p3 =0 and mgz > 0.

(vi) ps > 0 and my = 0.

(vii) my = 0.

(viii) ms = pa(mod 3).

(iz) If py > 5, then G = L(K3).

(x) mg = 0.

(zi) ms = 0.

(xii) So, the only nonzero parameters possible are ps, py and mg.

Proof (i) If a 2-clique is in M, it is a maximal clique. Then it is not contained
in any other cliques. Thus, it must be in P. This contradicts P N M = 0.

Hence, there is no 2-clique in M. Therefore, my = 0.

(17) Let C' be a maximal clique of order ¢ in G where i is at least 6. Suppose
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C' ¢ M. By Theorem 3.2, there are at least six vertices of G not in C. Thus,
G has at least ©« + 6 > 12 > 10 vertices, a contradiction. Therefore, all cliques
of order at least 6 are in M. Tt follows that for i > 6, |P;| < |M;|. By Lemma

5.5 (iv), Vi > 6,p; = 0.

(731) Suppose there exists a clique of order at least 8 in M. If there is an-
other clique in M, by (7), it has at least three vertices. Because two cliques
in M can share at most one vertex and G has ten vertices, M can contain at
most two cliques. Thus, M is also a minimum clique partition of . Hence,

cp(G) = mep(G), a contradiction.

(iv) Let C' be any clique in P5\ Mj. Since C is a 5-clique, G has five vertices
not in C. By Theorem 3.2, C' needs to be covered by five maximal cliques in
M, say M, ..., Ms. By Corollary 3.1, {C N M, :i=1,...,5} is composed of
one 4-clique and four 2-cliques. By Theorem 3.2 (7), each M, contains at least
one vertex outside the other cliques M;,1 < 7 < 5,4 # j. Since G has ten
vertices, for each ¢ = 1,...,5, M; contains exactly one vertex outside C'. Hence,
{M, ..., Ms} is composed of one 5-clique and four 3-cliques. Therefore, a 5-
clique C' in P shares a 4-clique with a 5-clique in M. Moreover, two different
5-cliques in P cannot share a 4-clique with the same 5-clique in M and two
different 5-cliques in M cannot share a 4-clique with the same 5-clique in P.
Hence, we have a one to one relation from P; into Mj. Hence, |P5| < |M;|. By

Lemma 5.5 (iv), ps = 0.
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(v) By (i) — (iv) and Lemma 5.5 (i),

P2+ 3]93 + 6p4 = 3m3 + 6m4 + 10m5 + 15m6 + 21?77,7 (51)

Suppose mg = 0. Since ¢p(G) < mep(G), p2 + p3 + py < My + ms + mg + my.
Hence, 1py + 3p3 + 6ps < 6ps + 6p3 + 6py < 6my + 6ms + 6mg + 6my, <
6m4+ 10ms + 15mg +21my. Thus, 1ps +3ps+6ps < 6my+ 10ms+ 15mg+21my,

contradicting (5.1). Therefore, mg = 0, and by Lemma 5.5 (i), ps = 0.

(vi) By (i) — (v) and Lemma 5.5(it),

p2 + 6])4 = 3m3 + 67714 + 10m5 + 15m6 + 21m7 (52)

Suppose pys = 0. Since ¢p(G) < mep(G), pa < mz + my + ms + mg + my <
3mg + 6my + 10ms + 15mg + 21my. This contradicts (5.2). Therefore, py, > 0,

and by Lemma 5.5 (i4i), my = 0.

(vii) Since G has ten vertices, M cannot contain two 7-cliques. Then m; =0
or 1. Suppose m; = 1, i.e., M has a 7-clique. Then G does not have enough
vertices to also have a H-clique or 6-clique in M. So, ms = 0 and mg = 0.
Together with (i) — (vi) and by Lemma 5.5 (i), we have py +6ps = 3mg+21ms.
Since my; = 1, py + 6py = 3ms + 21. Then p, is divisible by 3 because all other
terms are divisible by 3. Let ps = 3k, where k is a non-negative integer. Then,
3k 4 6ps = 3mg + 21, which yields k + 2py = mg3 + 7; so that mg =k + 2p, — 7.

Because cp(G) < mep(G), we have py + py < ms + my, i.e., poy + ps < mz + 1.
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Next, since msz = k + 2py — 7, we have ps + py < k + 2py — 7+ 1. Hence,
ps > 2k + 6. Now since k > 0, py > 6, which contradicts p, < 5( by Lemma

5.1). Hence, m; = 0.

(viit) By (i) — (vii) and Lemma 5.5(i7), po + 6py = 3mg + 10ms + 15ms.
Then 3(2py — m3 — 5bmg) = 10ms — po. Hence, 3 divides (10ms — p9), i.e.,

10ms = pa(mod 3) or myz = pa(mod 3).

(iz) Assume py > 5. Since py <5 (by Lemma 5.1) and my = 0 (by (vi)), P
contains five 4-cliques and M does not contain 4-cliques. Consider the subgraph
J composed of the five 4-cliques in P of G. As in Remark 5.1, J is L(K5). Let v
be any vertex in J. We examine edges in G \ J incident to v. Since J = L(Kj3),
v is nonadjacent to three vertices in J. But any two vertices among those three
vertices are adjacent in J; so, any edges in G'\ J incident to v are not contained
in a larger clique in P. Since L(Kj) is vertex-transitive, we can conclude that
P is composed of 2-cliques and exactly five 4-cliques. Now since |P| < | M| and
|IM| < 10 (by Theorem 5.1), we have |P| < 9. It follows that P contains at
most four 2-cliques which are edges in G'\ J. Since my = 0 (by (4)), p2 is the
number of 2-cliques in P. By (viii), ms = p2(mod 3) and note that ms < 2
because G has ten vertices. If po = 3, then it follows that |P| = 8, G has 33
edges, and ms = 0. By (i) — (viii), M can contain 3-cliques and 6-cliques. Since
G has ten vertices, M contains at most one 6-clique. If there is a 6-clique in

M since G has 33 edges, M is composed of one 6-clique and six triangles. This
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yields [M| = 7 < |P|, a contradiction. Otherwise, there is no 6-clique in M.
That means M is composed of 11 triangles, contradicting Theorem 5.1. Hence
p2 # 3.

Similarly, if po = 4, then G has 34 edges. Since ms = pa(mod 3) and m; < 2,
we have my = 1. If there exists one 6-clique in M, then M is composed of one
5-clique, one 6-clique and three triangles. This means |M| =5 < 9 = |P|, a
contradiction. Otherwise, there is no 6-clique in M. Hence M is composed of
one 5-clique and eight triangles which yields |M| = 9 = |P|, a contradiction.
Hence, py # 4.

If po = 2, then m5 = 2 and G has two edges outside J. Note that adding
any two edges in L(Kj) cannot yield a 6-clique. Hence, G contains no 6-cliques.
Thus, M is composed of 5-cliques and triangles. Since ms; = 2 and G has 32
edges, M is composed of two 5-cliques and four triangles which yields |[M| =
6 < 7= |P|, a contradiction. Hence, py # 2.

Suppose p = 1. Note that adding one edge in L(K5) cannot yield a 5-clique.
Hence G does not have any 5-cliques, contradicting ms = ps = 1(mod 3). Hence,

p2 # 1.
Therefore, py = 0 which follows that G = J = L(K5).

(x) Since G has ten vertices, M cannot contain two 6-cliques. Then mg = 0
or 1. Suppose mg = 1. If m5 = 1, then since GG has ten vertices, G is composed
of one 6-clique and one 5-clique. This yields ep(G) = mep(G), a contradic-

tion. Hence, ms = 0. Together with (i) — (vii) and by Lemma 5.5(i7), we have
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P2+ 6py = 3ms + 15mg. Since mg = 1, pa + 6ps = 3ms + 15. Since each of other
terms is divisible by 3, so is po. Let py = 3k, where k is a non-negative integer.
Hence, 3k + 6py = 3mg + 15. Therefore, ms = k + 2p; — 5. Next, because
cp(G) < mep(G), pa+ps < mg+mg. Then plug in mg = 1 and mg = k+2ps —5
to get py +pys < k+ 2py — 5+ 1. Hence, py > 2k + 4, ie., py > 5. By (iz),

G = L(Kj3); so, ¢p(G) = mep(G), a contradiction. Hence, mg = 0.

(xi) By (i) — () and Lemma 5.5 (i7),
P2 + 6p4 = 3m3 + 1Om5 (53)

Since G has ten vertices, M cannot contain more than two 5-cliques. Then
ms = 0,1 or 2. Suppose ms = 2. By (viii), p; = 243k, where k is a non-negative
integer. Replace py = 2 + 3k and ms = 2 in (5.3); so, 2 + 3k + 6ps = 3ms + 20.
Hence, mg = k + 2py — 6. Since ep(G) < mep(G), ps + ps < m3 + ms. Rewrite
po and mg in terms of k; so, py > 2k + 6 > 6 contradicting Lemma 5.1. Hence,
ms # 2.

Suppose ms = 1. By (viii), po = 1 + 3k, where k is a non-negative integer.
Rewrite po = 1 4 3k and ms = 1 in (5.3); so, 1 + 3k + 6ps = 3ms + 10. Hence,
ms = k+2ps—3. Since cp(G) < mep(G), pa+ps < ms+ms. Rewrite py and mg
in terms of k; so, 14+3k+ps < k+2pys—3+1. Hence, py > 2k+3 > 3, i.e., there
are at least four 4-cliques in P, and because of M being composed of triangles
and one 5-clique, this contradicts Theorem 5.5. Hence, ms # 1. Therefore, we

have ms = 0 as desired.
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(xi7) Immediate. n

Lemma 5.7 Let G be a graph of ten vertices with cp(G) < mep(G). Then

there is no clique of order 6 or more in G.

Proof By Lemma 5.6 (ii), each maximal clique of order at least 6 must be
in M. However, by Lemma 5.6(7i7), (vii) and (x), we have m; = 0 for i at least
6. Hence, each clique of order at least 6 must also be in P. But PN M = (.

This implies that there is no clique of order at least 6 in G. [

From Lemma 5.6, we finally have that all members of {p;;m; : 2 < i <
9} \ {p2,ps, m3} have zero values. Next we will show that actually ps is also

zero. Consequently, since P # M, we have that ps and mg are positive.

Lemma 5.8 For any graph of ten vertices with a minimum clique partition P
and a minimum maximal-clique partition M where PN M = and |P| < | M|,

then P contains at most four 4-cliques.

Proof Let G be a graph of ten vertices with a maximal-clique partition.
Let P and M be a minimum clique partition and a minimum maximal-clique
partition of G, respectively, satisfying P " M = ) and |P| < |M]. Assume
P contains at least five 4-cliques. By Lemma 5.1, P contains exactly five 4-
cliques. Let H be the subgraph of G composed of the five 4-cliques in P. Hence,
H = L(K5).

Since |P| < |[M] and |[M]| < 10 (by Theorem 5.1), we have |P| < 9. Let v
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be any vertex in H. We examine edges in G\ H incident to v. Since H = L(Kj5),
the vertex v is nonadjacent to three vertices in H. But every edge between these
three vertices is in H. So, any edges in G\ H incident to v must be in P. Hence,
P is composed of 2-cliques and exactly five 4-cliques. Now since |P| < 9, P
contains at most four 2-cliques, the four edges in G \ H.

By Lemma 5.6, m; = 0 for all ¢ # 3. Since m3 > 0, we have M contains
3-cliques. Moreover, it is possible that M contains cliques of order 7 where 7 # 3
as they are discarded to get the values of m;. Since P contains 2-cliques and
4-cliques, M could contain 2-cliques and 4-cliques. However, any edges in H
and 2-cliques in P are not maximal; so, M does not contain 2-cliques. Hence,
we have that M is composed of 3-cliques and 4-cliques. Let a be the number
of 2-cliques in P. Let b and ¢ be the number of 3-cliques and 4-cliques in M.

Recall that P has five 4-cliques. Since both P and M are clique partitions of

(3)5 + (;)a = (‘;’)b + (;l) c.,ie., 30 +a=3b+6e. (5.4)

Then a is divisible by 3. Because P contains at most four edges, a = 0 or 3.

G, we have

If a =0, Gis L(K3), a contradiction. Otherwise, a = 3, i.e., G is the result
of adding three edges to L(K5). Thus, from (5.4), 3b+ 6¢ = 33, i.e., b+ 2c = 11.
But (M| = b+ ¢; since 8 = |P| < M|, we have b+ ¢ > 9. However, M| < 10
(by Theorem 5.1); so, b+ c¢ is either 9 or 10. Together with b+ 2¢ = 11, we have
b is either 7 or 8. However, by Remark 2.1, adding three edges to L(K3) results
in a graph with at most six maximal triangles contradicting b = 7 or 8.

Hence, P can contain at most four 4-cliques. [ ]
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Lemma 5.9 No clique partition of a graph of ten wvertices with ¢cp < mcp

contains 2-cliques. In other words, ps = 0.

Proof Because ms = pa(mod 3) (by Lemma 5.6 (viiz)) and ms = 0 (by
Lemma 5.6 (zi) ), we have po = 3k, where k is a non-negative integer. By
Lemma 5.6 (i) — (zi) and Lemma 5.5 (i), po + 6ps = 3ms. But py = 3k; so,
3k + 6ps = 3ms. Hence, mg = k + 2py. Since cp(G) < mep(G), pa + ps < ms.
Rewrite p; and mg3 in terms of k; so, py > 2k. It follows that ms > 5k. By
Theorem 5.1, mg is at most 10. Thus, £ = 0 or 1. We will prove £ = 0 by
showing that k cannot be 1.

Suppose k = 1. Then ps = 3k = 3 and m3 = k + 2p, = 1 + 2p4. Thus, ms
is an odd number. Since mg > 5k, then ms > 5. Hence, in fact, ms is 7 or 9.
Since mg = 1 + 2py, it follows that p, = 3 or 4.

Next we will consider all possibilities of P and M. We now have only two
possible solutions for p; and m;, for all 2. Recall that p; and m; are the excess
of i-cliques in P and M. Then we need to consider k-cliques that are discarded
from P and M. Let D be the set of cliques discarded from P and M. By Lemma
5.6(i), M cannot have 2-cliques. Since ps > 3, there are at least three 4-cliques
in P. Besides, GG has ten vertices; so, P does not have enough vertices to contain
three 4-cliques and a clique of order 5 or more. Therefore, D is composed of
3-cliques and 4-cliques. Let d3 and d4 be the number of 3-cliques and 4-cliques
in D, respectively. Hence P is composed of py 2-cliques, d3 3-cliques, and ps+ dy

4-cliques, and M is composed of ms3 + d3 3-cliques and dy 4-cliques.
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Case 1: Suppose p; = 3. Since my = 0, all 4-cliques in M are in D.
Suppose dy # 0. Since P has at least three 4-cliques and M is composed of
3-cliques and 4-cliques, by Theorem 5.4, dy > 2. Hence, P is composed of
ps+dy > 3+ 2 =5 4-cliques. By Lemma 5.8, this is a contradiction. Hence,
dy = 0. Thus, D is composed of 3-cliques. Then M is composed of 3-cliques
while P has at least three 4-cliques; hence, by Theorem 5.2, | M| > 10. Since
|IM| < 10 (by Theorem 5.1), it follows that M is composed of ten triangles.
Moreover, G has at least three 4-cliques and by Theorem 5.3, G = L(Kj).
Thus, ¢p(G) = mep(G), a contradiction.

Case 2: Suppose py = 4. If dy > 1, there are at least five 4-cliques in
P. By Lemma 5.8, |P| = | M|, a contradiction. Hence, D is composed of only
3-cliques and so is M. Again by Theorem 5.2 and Theorem 5.1, M is composed
of exactly ten triangles. Since G has at least three 4-cliques, by Theorem 5.3,
G = L(K3). Thus, cp(G) = mep(G), a contradiction.

Hence, there is no graph of this type where k£ = 1. Hence k = 0. Therefore,

p2 = 0. [ |

Lemma 5.10 Let G be a graph of ten vertices with cp(G) < mep(G). Let P
and M be a minimum clique partition and a minimum mazimal-clique partition
of G, respectively. Then each 5-clique in M must share a 4-clique with exactly

one 5-clique in P.

Proof Let P; and Mj be the set of 5-cliques in P and the set of 5-cliques

in M, respectively. Let f be a relation from P5 to M5 defined as follows: for
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A€ Ps, Be Ms, (A B) € fif and only if A shares a 4-cliques with B. By
Lemma 5.6(iv), we have a one to one relation from Ps5 into M. Furthermore,
since ps = 0 (by Lemma 5.6(iv)) and ms = 0 (by Lemma 5.6(xi)), |Ps| = | Ms5].
It follows that f is a one to one correspondence function between My and Ps.
Therefore, each 5-clique in M shares a 4-clique with exactly one 5-clique in P.

5.2.2 The Target Theorem

The main theorem showing the nonexistence of graphs on ten vertices sat-
isfying cp < mep will be proved in this subsection by using all earlier results in
this chapter.

Lemma 5.11 Let M be any maximal-clique partition of a graph. Let K be a
4-clique in the graph that does not belong to M and suppose that the edges of
K are covered by six mazimal cliques in M. If there exist two mazximal cliques
among the siz maximal cliques covering edges of K sharing a vertex not in K,

then there are at least seven vertices not in K.

Proof Let K = K(a,b,c,d). Since K has six edges and there are six
maximal cliques in M covering edges of K, each of these maximal cliques covers
one edge of K. For any i,j € {a,b,c,d}, let M;; be the maximal clique in M
covering edge ij of K. By Lemma 3.1(i), each M;; contains a vertex not in
K. Assume there are two maximal cliques sharing the same vertex not in K.
By Lemma 3.1(i7), they cannot share another vertex, without loss of generality

say M,. and M,y share the same vertex v, outside K. It follows that vertices
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in {vy,a,c,b,d} form a 5-clique X containing the triangle A(vq,a,c). Since
M, is maximal, it cannot be A(vy,a,c). Thus, M,. must contain another
vertex, say vo. Similarly, the 5-clique X contains the triangle A(vy, b, d). Hence,
Mg # A(vy,b,d); so, it contains another vertex, say vs. If vs is the same as vy,
by the same argument as above, M,; must contain another vertex outside K,
which must eventually be a different vertex from vs. Hence, we can assume that
vg is different from vy. Now, let vy and v5 be vertices of M, and M,4 not in K,
respectively. Since edges ab and ad share a, by Lemma 3.1(i7), vy # vs. Since
edges ab and ad share a vertex with both ac and bd, vy, vs & {v1,ve,v3}. Hence,
all vertices in {vy,...,vs} are different.

Next let vg and v; be vertices of M. and M. not in K, respectively.
Since edge be shares a vertex with all edges in {ac,bd,ab,cd}, vertex vg &
{v1,v9,v3,v4}. If vg = v, vertices in {vg,a,b,c,d} form a 5-clique contain-
ing A(vg, b, ). Since M. is maximal, it cannot be A(vg, b, ¢). Thus, My, must
contain another vertex other than vs. Hence, we can assume without loss of
generality vg # vs. Similarly, vertex vy & {vy, v, v3,v5, 06} and we can assume
without loss of generality that v; # v4. Hence, we have at least seven different

vertices not in K. []

Theorem 5.6 There is no graph of ten vertices with a maximal-clique partition

and cp < mcep.

Proof Suppose not. Let G be a graph having the smallest number of edges
among graphs with ten vertices and cp(G) < mep(G). Let P be a minimum

clique partition of G and M be a minimum maximal-clique partition of G.
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Because of the minimality of G, we have PN M = (). Now since each 4-clique in
M can share a triangle with only one 4-clique in P and by Lemma 5.6 (vi), M
has fewer 4-cliques than P, there exists a 4-clique X in P, that does not share a
triangle with any 4-clique in M. Moreover, Lemma 5.10 says that each 5-clique
in M must share a 4-clique with some 5-clique in P; so a 5-clique in M cannot
share a triangle with X. Now by Lemma 5.7, the largest order of cliques in G
is 5. Hence, X does not share a triangle with any clique in M. Therefore, each
clique in M covers at most one edge of X.

Since X has six edges, X has nonempty intersection with six cliques in M.
Since each clique in M is maximal, it contains a vertex not in X. If there exist
two of these maximal cliques sharing the same vertex not in X. By Lemma 5.11,
there are at least seven vertices not in X. However, there are only six vertices
not in X, a contradiction. Hence, each of these six maximal cliques contains a
distinct vertex not in X and each clique can have exactly one vertex outside X.
This yields that those cliques are triangles in M.

Now, let V(X) = {a,b,¢c,d}. For i,j € V(X), let the other vertex of
the triangle intersecting the edge joining vertices ¢ and 7 be named 5. Then
V(G) ={a,b,c,d,ab,ac,ad, bc,bd, cd}.

Let H be the subgraph of G composed of these six triangles {A(i, j,ij) :
i,j € V(X)} in M. Note that X € H C G. Now the clique partition of H
containing X as a member must be composed of X and the remaining 12 edges,
which has cardinality 13 while the six triangles in {A(7, j,ij) : 1,7 € V(X)} are

also a clique partition of H of smaller cardinality. Hence, X is not an element
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cd

Figure 5.16: The subgraph H of G

of a minimum clique partition of H. But X is contained in M a minimum
maximal-clique partition of G. This means H # (. Hence, there is an edge of
G not in H.

Next, let i,7,k € {a,b,c,d} = V(X) where i # j # k. If i < jk, then
X(i,7,k, jk) is a 4-clique containing a maximal A(j, k,jk), a contradiction.
Hence, i < jk, i.e., there are no more edges of G outside H incident to any
vertices of X. Now consider any vertex ¢ of X. There are three edges of H \ X
incident to i. However, by Lemma 5.9, P cannot contain a 2-clique. Hence,
all three edges must be in the same clique in P, which induces a 4-clique in P.
Since X has four vertices, it induces four 4-cliques. Together with X, there are
at least five 4-cliques in P. Therefore, by Lemma 5.8, this is a contradiction.

Hence, a graph of ten vertices with ¢p < mcp does not exist. [
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Corollary 5.1 Graphs of at most ten vertices with a maximal-clique partition

have cp = mcp.

Proof Monson [22] confirms this for graphs of at most nine vertices with a
maximal-clique partition, and Theorem 5.6 confirms it for graphs of ten vertices

with maximal-clique partitions. [

Corollary 5.2 Pullman, Shank and Wallis’s graph in Figure 5.17 has the min-

imum number of vertices to satisfy the property cc < cp < mcp.

Proof Because there is no graph of ten vertices with cp < mep, the smallest

graph with cc < e¢p < mep must have 11 vertices. [ ]

5
v

Figure 5.17: Pullman, Shank and Wallis’s Graph
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Corollary 5.3 Graphs with cc = c¢p < mcp have at least 11 vertices.

Corollary 5.4 For any graph of at most ten vertices, if each of its minimum
clique partitions s not a maximal-clique partition, then the graph does not have

a maximal-clique partition.

Corollary 5.4 is another way to check the existence of a maximal-clique
partition of a graph of ten vertices. In general, it is not necessary that a maximal-
clique partition be a clique partition of minimum size. However, it is true for

graphs satisfying cp = mep.
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6. Conclusion and Open Problems for Future Work
6.1 Conclusion

We have investigated maximal-clique partitions of graphs and relationships
between maximal-clique partition numbers and other clique parameters. We
have solved several open problems and found other new results as follows:

e A line graph that is not a triangle has a maximal-clique partition if and
only if every triangle in its root graph contains no vertex of degree two.
Moreover, if a line graph has a maximal-clique partition, then its three
clique parameters satisfy cc = ¢p = mep. The maximal-clique partition
problem for line graphs can be solved by a linear time algorithm. (Theorem

2.1, Theorem 2.3)

e The minimum number of vertices of a graph having at least two maximal-
clique partitions of different sizes is 10. L(K) is a graph with ten vertices

and two maximal-clique partitions. (Theorem 3.3)

e There exists a clique-inseparable graph V,, with n maximal-clique parti-
tions of n different sizes where n is any natural number. (Theorem 3.11,

Theorem 3.12)

o There exists a family 7' = {Uy 4 : k < 4, % < d < 3k} of infinitely many
graphs with cc = ¢p < mep. The smallest known graph among graphs
with cc = ¢p < mep is the smallest graph in the family F’ which is Uy
with 68 vertices and 234 edges. (Theorem 4.4, Theorem 4.5)
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e There is no graph of ten vertices with c¢p = mcp. Hence, graphs satisfying
cc = ¢p < mep or cc < ¢p < mep have at least 11 vertices. It follows
that PSW’s graph is a graph with the smallest number of vertices having

cc < c¢p < mep. (Theorem 5.6, Corollary 5.2, Corollary 5.3)

6.2 Open Problems for Future Work

This dissertation motivates some open problems for future work:
e Confirm that L(Kj) is the only graph of ten vertices having two maximal-

clique partitions of different sizes.

e Find necessary and sufficient conditions for a line graph to have a maximal-

clique partition without determining its root graph.

e Examine characteristics of other categories of graphs that guarantee that

they have maximal-clique partitions.

e 1, has n maximal-clique partitions of n different sizes. Is there a clique-
inseparable graph with fewer vertices than V,, having n maximal-clique

partitions of n different sizes?
e Find a graph with cc = cp < mcp having fewer vertices than Uy 3.

e Investigate characteristics of a minimum clique partition and a minimum

maximal-clique partition of a graph.

e Investigate other properties of the glue operator and its applications.
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e As many graphs have no maximal-clique partition, it is interesting to con-
sider how much a graph deviates from having a maximal-clique partition.
A way to examine it is by considering its smallest supergraphs or its largest
subgraphs having a maximal-clique partition. We could determine its de-
viation as the difference between the numbers of edges in the graph and its
smallest supergraphs or largest subgraphs with a maximal-clique partition.
Let G be any graph. Let F' and H be one of its largest subgraphs and one
of its smallest supergraphs having a maximal-clique partition, respectively.
Hence, F' C G C H. Note that if G has a maximal-clique partition, then

F' =G = H. Define,

pH(G) = [E(H)| = |E(G)] and p~(G) = [E(G)| — [E(F)|.

For example, in Figure 6.1, H and F are a smallest supergraph and a

largest subgraph of GG, respectively, where

Figure 6.1: A graph illustrating ™ and p~

p(G)

|E(H)| = |E(G)] = 1 and p~(G) = [E(G)| = |E(F)| = 1.
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Now note that a 2-clique is a subgraph of any graph containing at least
one edge, and an n-clique is a supergraph of any graph of n vertices. Let

G be any graph of n vertices with at least one edge; then, we have

0<p™(G) < |E(G)] =1 and 0 < pu™(G) < [E(Ka)| = |E(G)].

This motivates future work to investigate u* and p~ of a variety of graphs

and related problems.
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