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ABSTRACT

During the past twenty years there has been considerable research on
the biclique cover and partition numbers of bipartite graphs and digraphs and
several related matrix ranks. These include the boolean rank, nonnegative in-
teger rank, term rank, and real rank. The main goal of the work in this thesis
is to find classes of graphs with equal biclique cover and partition numbers or
classes of {0,1}-matrices with at least two of the matrix ranks equal.

In 1991, Lundgren and Maybee showed that all four matrix ranks
of nearly reducible matrices are equal. In 1977, Lovasz and Plummer gave
bipartite graph representations of nearly decomposable and fully indecompos-
able matrices. New results in this thesis complement this work. Three of the
matrix ranks for nearly decomposable matrices are determined and bipartite
graph representations of nearly reducible and irreducible matrices will be given.

In 1991, de Caen proved that the real rank of an n-tournament ma-
trix is at least n — 1. This lower bound implies that the term rank of an
n-tournament matrix is also at least n — 1. A new result in this thesis char-
acterizes those tournaments with term rank n. The classification of singular
tournaments remains an open problem, but some results are known for spe-
cific subclasses of tournaments. In 1990, Shader characterized singular upset
tournament matrices and proved that the nonnegative integer rank of upset
tournament matrices is equal to the real rank.

New results concerning the boolean rank and term rank of upset tour-

nament matrices are discussed in this thesis. Specifically, a characterization
of upset tournament matrices with respect to their boolean rank and a best

il



possible lower bound for the boolean rank is given. In addition, it is shown
that the number of nonisomorphic upset tournaments with equal biclique cover
and partition numbers can be given in terms of convolutions of the Fibonacci
sequence. These results, together with Shader’s work, give a complete char-
acterization of upset tournament matrices with respect to each rank and with
respect to their biclique cover and partition numbers.

This abstract accurately represents the content of the candidate’s thesis. 1
recommend its publication.

Signed
J. Richard Lundgren
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1. Introduction

1.1 Background

The covering of bipartite graphs and digraphs with bicliques has ap-
plications in many areas. Amilhastre et al. [AVJ98] gave references regarding
applications in automata and language theories, graph compression, partial
orders, artificial intelligence, and biology [NMWAT78]. During the past twenty
years there has been considerable research on the biclique cover and partition
numbers of bipartite graphs and digraphs and several related matrix ranks
including the boolean rank, nonnegative integer rank, term rank, and the
real rank. See Alexe et al. [AAFT] Brualdi et al. [BHMS80], de Caen et
al. [dCGP81], Fishburn and Hammer [FH93], Gregory et al. [GJLP91], Mon-
son et al. [MPR95], Orlin [Or]77], and Shader [Sha90]. Biclique covering and
partitioning numbers and related matrix ranks for some individual classes of
graphs have been determined. For example, for domino-free bipartite graphs,
see Amilhastre et al. [AVJ98]; for tournaments, see Bain et al. [BLM92| and
Shader [Sha90]; for unipathic digraphs, see Hefner et al. [HLM93|; and for

directed cockades, see Lundgren and Maybee [LM91]. The main goal of the



work in this thesis is to find classes of graphs with equal biclique cover and
partition numbers or classes of {0,1}-matrices with at least two of the matrix
ranks equal.

In 1991, Lundgren and Maybee showed that all four matrix ranks of
nearly reducible matrices are equal [LM91]. In 1977, Lovasz and Plummer gave
bipartite graph representations of nearly decomposable and fully indecompos-
able matrices [LP77]. New results in this thesis will complement this work.
Three of the matrix ranks for nearly decomposable matrices are determined
and bipartite graph representations of nearly reducible and irreducible matri-
ces will be given.

In 1991, de Caen proved that the real rank of an n-tournament matrix
is at least n — 1 [dC91]. This lower bound implies that the term rank of an
n-tournament matrix is also at least n — 1. A new result in this thesis char-
acterizes those tournaments with term rank n. The classification of singular
tournaments remains an open problem, but some results are known for spe-
cific subclasses of tournaments. In 1990, Shader characterized singular upset
tournament matrices and proved that the nonnegative integer rank of upset
tournament matrices is equal to the real rank [Sha90]. New results concerning
the boolean rank and term rank of upset tournament matrices are discussed in

this thesis. Specifically, a characterization of upset tournament matrices with



respect to their boolean rank and a best possible lower bound for the boolean
rank is given. In addition, it is shown that the number of nonisomorphic upset
tournaments with equal biclique cover and partition numbers can be given in
terms of convolutions of the Fibonacci sequence. These results, together with
Shader’s work, give a complete characterization of upset tournament matrices
with respect to each rank and with respect to their biclique cover and partition
numbers.

Chapter 1 will give the necessary background and preliminary infor-
mation concerning biclique covers and partitions and related matrix ranks.
Chapter 2 will focus on classes of graphs where at least two of the matrix
ranks are equal for the corresponding adjacency matrix. Chapter 3 will give
the ranks of nearly reducible and nearly decomposable matrices and will dis-
cuss a bipartite graph representation of each of these classes. Chapter 4 will
give rank results for tournaments in general and for some specific classes of
tournaments. Chapter 5 gives a complete classification of upset tournaments
with respect to each rank and shows that the number of upset tournaments
with equal biclique cover and partition numbers can be given in terms of con-
volutions of the Fibonacci sequence. Chapter 6 summarizes the known results,

both new and old, and gives some open problems.



1.2 Preliminaries

Throughout this thesis, A(D) will be the adjacency matrix corre-
sponding to the digraph D(A) and A(B) will be the reduced adjacency matrix
corresponding to the bipartite graph B(A). The reduced adjacency matrix of
a bipartite graph is the submatrix of the adjacency matrix that corresponds
to the arcs from one set of the bipartition to the other set of the bipartition.

That is, if A is the adjacency matrix of a bipartite graph B, then

A:[A?;?S)T}Ao(’f)]'

1.2.1 Biclique Cover and Partition Numbers The biclique
cover number of a graph G, denoted by bc(G), is the smallest number of com-
plete bipartite subgraphs that cover the edges of GG. For example, the digraph
D, given in Figure 1.1, can be covered with two bicliques. See Figure 1.2. The
bicliques in the covering must have the same orientation as in the digraph D
and all the arcs my be from one bipartition set to the other bipartition set.

The biclique partition number of a graph G, denoted by bp(G), is the
smallest number of complete bipartite subgraphs that partition the edges of G.
For example, the digraph D, given in Figure 1.1, can be partitioned into three

bicliques. See Figure 1.3.



Figure 1.1. Digraph D.

1 4 1
2
3
2 5
5
4
3 6 6

Figure 1.2. The digraph D, given in Figure 1.1, can be covered with two
bicliques.

1 4 1
3 5

2 5 2 4
5 6

3 6 6

Figure 1.3. The digraph D, given in Figure 1.1, can be partitioned into three
bicliques.



1.2.2 Boolean Rank  The boolean rank of an mxn {0,1}-matrix
A, denoted by b(A), is defined to be the smallest k& for which there is an
m X k {0,1}-matrix B and a k x n {0,1}-matrix C' such that A = BC where
boolean arithmetic is used (1 + 1 = 1). The boolean rank of a {0,1}-matrix
A is equivalent to the minimum number of {0,1}-matrices of rank one whose
boolean sum is A. For example, let A = A(D) be the adjacency matrix of the

digraph given in Figure 1.1. Then

010111
000111
010111
A =100000 0
010100
(01 0100/,
S
10
11 l000111]
00 010100],,
0 1
—01—6><2
1 .
1 ¥
_ ! 000111]+1[010100
~ lo 0
0 1
0] 1]
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The two rank one matrices correspond to the two bicliques used to cover the

digraph D = D(A). See Figure 1.2. Every factorization

Anxm = ankckxm

of A into {0,1}-matrices corresponds to a biclique covering of size k. Conversely,

every biclique covering of size k, corresponds to a factorization

Anxm - ankckxm

of A into {0,1}-matrices.

The same result holds for bipartite graphs. Thus, we have Lemma 1.2.1.

Lemma 1.2.1 (Gregory et al. [GIJLPI1]) If D is a digraph and B is a

bipartite graph, then

1.2.3 Nonnegative Integer Rank

The nonnegative integer rank

of an m x n matrix A, denoted by r,+(A), is defined to be the smallest & for



which there is an m x k matrix B and a k& x n matrix C', over the nonnega-
tive integers, such that A = BC. If A is a {0,1}-matrix, then B and C are
{0,1}-matrices. The nonnegative integer rank of a matrix A is equivalent to the
minimum number of rank one matrices, over the nonnegative integers, whose
sum is A. For example, let A = A(D) be the adjacency matrix of the digraph

given in Figure 1.1. Then

(010111
000111
010111
A ="100000 0
010100
{010100_6X6
(110'
POl g
= 15 0 0 010000
011 000100],,
“11-6“
17 17
B ¥
— 1[000111]+1[010000
0 0
0 1
0 1
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The three rank one matrices correspond to the three bicliques used to partition
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the digraph D = D(A). See Figure 1.3. Every factorization

Anxm = ankckxm

of A into matrices B and C over the nonnegative integers corresponds to a
biclique partition of size k. Conversely, every biclique partition of size k, cor-

responds to a factorization

Anxm = ankckxm

of A into matrices B and C over the nonnegative integers.

The same result holds for bipartite graphs. Thus, we have Lemma 1.2.2.

Lemma 1.2.2 (Gregory et al. [GIJLPI1]) If D is a digraph and B is a

bipartite graph, then

r+(A(D)) = bp(D) and 1.+ (A(B)) = bp(B).



1.2.4 Real Rank The real rank (usual rank) of the matrix A,
denoted by r(A), can be defined as the smallest k& for which there is an m x k
matrix B and a k£ x n matrix C, over the real numbers, such that A = BC.
The real rank of a matrix A is equivalent to the minimum number of rank one
matrices, over the real numbers, whose sum is A. This factorization into rank

one matrices can be found using the LU-decomposition of A. For example,

OO = = = O
O = = =0 O
_ == O OO
_—_0 O O =
— O o O~ =

LO - 6x6

o = OO OO
_— o O O O O
OO = O OO

O OO OO
[lielalal ™)
O OO = OO

<4 6%x6 L - 6%x6

o = OO
_— o O O
|
—_

—_— == O OO —_— == O OO
o OO
o O = O

1

— =
OO =M= = O OOk F=O
O PR R, OO O F~HKF OO

- 6x4

—

[100011]+

S OO MHMHEH OO

OO = = = O

li
L
T
L
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O = = = OO

1.2.5 Term Rank The term rank of a matrix A, denoted by
t(A), is the smallest number of rows and columns containing all the nonzero
entries of A. If A is a {0,1}-matrix, a set of 1's of A is called an independent
set if no two 1’s in this set are in the same row or column of A. Hence, ¢(A)
is the maximum number of independent 1’s in A. Also, if A is the adjacency

matrix of a bipartite graph B, then #(A) is the size of a maximum matching

in B. For example, let

—_ O

A:
0

Then rows one and three and column three form a minimum line cover of all
the 1’s in A and the three bold 1’s give a maximum set of independent 1’s.

These independent 1’s correspond to a maximum matching in the bipartite

graph B(A). See Figure 1.4.

0
0
1

0

11

—_— O - =

[00100—1}+

- o O

0

_ =0 O O

[000111



Figure 1.4. Maximum matching in the bipartite graph B(A).

1.2.6 Lower Bounds Lemma 1.2.3, Lemma 1.2.4, and Corol-
lary 1.2.5 will be useful in finding lower bounds for the boolean rank and the

biclique covering number.

Lemma 1.2.3 (Gregory et al. [GIJLP91]) If a bipartite graph B contains
a matching S, no two edges of which are in a four-cycle of B, then be(B) > |S],

the number of edges in S.

A set S of independent 1’s of a {0,1}-matrix is said to be isolated if

no two 1’s of S are in a submatrix of the form

ol

Lemma 1.2.4 is a matrix formulation of Lemma 1.2.3.

12



Lemma 1.2.4 (Gregory et al. [GIJLP91]) If the adjacency matriz A of a

bipartite graph B has an isolated set of k 1’s, then b(A) = be(B) > k.

Corollary 1.2.5 If the adjacency matriz A of a digraph D has an isolated set

of k 1’s, then b(A) = be(D) > k.

Corollary 1.2.6 If a {0,1}-matriz A has an isolated set of k 1’s, then

b(A) > k.

For example, the bold 1’s in the adjacency matrix

_— = O =

1
0
1
0
1
1

S oo oo o
oo o oo
S OO =
S OO = = =

of the digraph D, given in Figure 1.1, give a set of two isolated 1’s. By Corol-
lary 1.2.5, b(A) = be(D) > 2. Thus, b(A) = be(D) = 2, since we previously

exhibited a biclique covering of size two.

1.2.7 Basic Rank Relationships From the definitions of non-

negative integer rank and real rank, it is clear that r(A) < r,+(A). Since

13



every biclique partition is a biclique covering, Lemmas 1.2.1 and 1.2.2 imply
that b(A) < r,+(A), for any {0,1}-matrix A. Also, for any {0,1}-matrix A,
r+(A) < t(A).

There is no relationship between b(A) and r(A) for a {0,1}-matrix A.

To illustrate this, consider

(100011
110001
111000

A=10111 0 0
001110
0001 1 1]

which has 7(A) = 4. The 1’s on the main diagonal of A give a set of six isolated

1’s. By Corollary 1.2.5, b(A) > 6. Thus,

4 = r(A) < b(A) = 6.

But, for the adjacency matrix A of the digraph D, given in Figure 1.1, we have

3= r(A) > b(A) = 2.

We can summarize the basic relationships between the ranks in the

following way. If A is a {0,1}-matrix, then

b(A) <1+ (A) <t(A) and  r(A) <r.+(A) <t(A).

14



2. Classes With Equal Ranks

2.1 Bipartite graphs
A domino is a 6-cycle with exactly one chord and this chord creates
two four-cycles. See figure 2.1. Bipartite domino-free graphs are bipartite

graphs without any induced subgraphs isomorphic to a domino [AV.J98].

o—9©

Figure 2.1. Domino.

A recent breakthrough concerning the problem of determining what

bipartite graphs B have the property that bc(B) = bp(B) is the following result.

Theorem 2.1.1 (Amilhastre et al. [AVJI98]) If B is a bipartite domino-

free graph, then be(B) = bp(B).

A bipartite C/-free graph is a bipartite graph without any induced

subgraphs isomorphic to a four-cycle. By definition, a bipartite C4-free graph

15



is necessarily domino-free. Corollary 2.1.2 follows from the fact that every set
of independent 1’s is isolated in an adjacency matrix corresponding to a C4-free

bipartite graph.

Corollary 2.1.2 If A is the reduced adjacency matriz of a C4-free bipartite
graph B, then

r(A) < b(A) = 1,4 (A) = t(A).

The following example shows that we can have r(A) < t(A) if A is

the reduced adjacency matrix of a C4-free bipartite graph. Let

S O = =
O == O
—_——_= O O
_—o O =

B(A) is C4-free and 3 = r(A) < b(A) =7r.+(A) =t(A) = 4.

Open problem: If B(A) is a C4-free bipartite graph, find a lower bound

for
r(4)
b(A)’
Recall, if A is the reduced adjacency matrix of a domino-free bipartite
graph, then

r(A) < b(A) = 1,4 (A) < t(A).

16



The following two examples show there exists a class of domino-free bipartite

graphs with

and a class with

b(A)  r(A) 3

t(A)  t(A) 4

where A is the reduced adjacency matrix of any graph in the particular class.

First, let
1 0 01 0 0 00
1 1 00 0 0 00
Ev=lg 110 =]00 00| 2

0 0 1 1 1 1 0 0

(El F1 OIS_

E, F|
Alz :
Fy
Lo's By

Then A, is of order n = 4m, for some positive integer m. Since the 1’s on the

main diagonal of A; are isolated, b(A;) > n and hence

Furthermore, 7(A;) = 3m since

Thus,

17



Second, let

110 1 0000
1101 0000
Er=1log 1 11029000 2
0010 1000
"EQFQ 0/9_

E, F,
AQZ
Fy
s B

Then A, is of order n = 4m, for some positive integer m. Since the bold 1’s
in each of the F,’s are isolated, b(As) > 3m. Clearly, there exists a biclique

covering of
sk n)

consisting of three bicliques. Thus,

Furthermore, r(As) = 3m since

Since the bold 1’s and the upper left 1 in the Fy’s give an independent set in

A,y of cardinality 4m, t(Ay) = 4m. Thus,

18



Open problems: 1f B(A) is a domino-free bipartite graph, find lower

bounds for

2.2 Digraphs
A digraph is strongly connected if there is a directed path between
any two vertices. A digraph is strongly unipathic if it has exactly one directed

path between any two vertices.

Theorem 2.2.1 (Hefner et al. [HLM93]) If D is a strongly unipathic di-

graph, then

b(A(D)) = r(A(D)) = r.+(A(D)) = 1(A(D)).

Hefner et al. [HLMO93] showed that the simultaneous value of the
ranks of strongly unipathic digraphs of order n is any number in the range 2
though n. Each of these values can be realized for any n > 2. A strongly
connected digraph is called minimally strong if the removal of any arc results
in a digraph that is not strongly connected. Lundgren and Maybee [LM91]
showed that minimally strong digraphs are a subclass of a class of digraphs,
called directed cockades, for which all four matrix ranks are equal and every

biclique is a claw. Theorem 2.2.2 and Lemma 2.2.3 follow from this work.

19



Theorem 2.2.2 (Lundgren and Maybee [LM91]) If D is a minimally strong

digraph, then

Lemma 2.2.3 (Lundgren and Maybee [LM91]) If A is the adjacency ma-
triz of a minimally strong digraph, then B(A) is a C4-free, hence domino-free,

bipartite graph.

Lemma 2.2.4 If D is a strongly connected unipathic digraph, then D is min-
imally strong.

Proof: Suppose D is a strongly unipathic digraph. Suppose ¢ is an arc in D.
Then e is in a directed path from some vertex v; to some other vertex v;. If e is

removed, there is no directed path from v; to v;. Thus, D is minimally strong. m

The digraph in figure 2.2 is minimally strong, but not unipathic, so

the converse of Lemma 2.2.4 is false. Lemma 2.2.4, and the fact that the con-

verse is not true, will be useful in section 3.1.
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Figure 2.2. Digraph that is minimally strong but not unipathic.

Corollary 2.2.5 If A is the adjacency matriz of a strongly unipathic digraph,

then B(A) is a C4-free, hence domino-free, bipartite graph.

2.3 Examples With Dominos

Recall, bp(G) = be(G) if G is a domino-free bipartite graph or if G
is a unipathic or minimally strong digraph. From Lemma 2.2.3 and Corollary
2.2.5, B(A(G)) is domino-free for these three classes of graphs. The following
two examples show that we can have bp(B) = bc(B) with B containing a large
number of dominos relative to n. Furthermore, both examples have subclasses
with

b(A(B)) = r(A(B)) = .+ (A(B)) = t(A(B)).

The first example is straight forward to construct from a bipartite
graph and the resulting graph is such that bp(B) = be(B) = n. Let B’
be a bipartite graph with disjoint vertex sets X = {xy,29,..,2,} and YV =

{y1,99, .., Yo} where n = 3m + 1. Suppose B’ has the form given in figure 2.3.
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Figure 2.3. Bipartite graph with be(B') = bp(B') = n and more than [*:!]
dominos.

Now construct a bipartite graph B, with the same bipartition sets as B’, by
adding any edges to B’ with the following two restrictions:

(1) If (z;,y,), i # j, is an edge in B, then (z;,y;) is not an edge in B.

(2) (x34,y3j-1) and (z35_2,y3j41) are not an edges in B for j > 1.
B contains at least m dominos and be(B) = bp(B) = n since the set {(z;,y;) :
i = 1,2,...,n} is a perfect matching of B with no two edges in a four-cycle.
Furthermore, the B's’s give a class of bipartite graphs with at least m dominos

and

b(A(B)) = r(A(B')) = r.+(A(B')) = t(A(B')) = n.

The second example is not as straight forward as the first example,
but its properties are more significant. For each k, 3 < k < n = 5m, m any
positive integer, we will construct a bipartite graph By on 2n vertices with at

least m dominos,

BA(BL)) = r(A(By)) = o+ (A(BY) = (A(By)) = k
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for k=575 +14,i€{0,1}, j € {1,2,3,...}, and

b(A(Br)) = r(A(B)) = ra+(A(Bk)) = k

for all k. Furthermore, for each n = 5m, the graphs will have 11m edges for

all k. We will construct these graphs from a matrix perspective. Let

10 000 100 00
10 0 00 01 000
Ci=|111100(,Co=|11120 0/,
01100 01100
1011 1] 1011 1]
100 00 0000O0O1TO0O0O0O0
01 000 0000O0OT1TO0O0TO0®
C;3=111100,C4,=1011T00100O00O0O0],
01110 01 1.000000°0O0
101 01 0011110000
00 00O0T1O0O0O0O0
0000O0T1O0O0TO0FO
Cs=10000O01110 0],
0O0000O0O0OT1T1TUO0FQO0
0011110000
and O be the 5 x 5 zero matrix. Let n = 5m, m a positive integer. For each k,

3 < k < n, define the 5m x bm matrix Ay = Ay, = A(By) inductively.

c, O -~ O Cy, O -+ O
A3,m - . . . aA4,m - . . . )
Cl O -0 CQ O O
Cs O @) C; O O @)
Cs O @) Cy @) O
A‘% m — s AG,m = . )
Cy O @) Cy @) O
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c; O O --- 0
Cs O -+ O
A?,m - . . . > and
Cs O -+ O
Cs O o O
O
Apm = ) for k> 8.
: Ak75,m71
e J

Since Ay, is lower triangular, the £ 1’s on the diagonal form a set of £ isolated
I’s. Thus, b(Ag,,) > k. Using the inductive construction of Ay, it is not
difficult, but tedious, to find a partition of By = B(A,,) consisting of k
bicliques. Hence, r,; (Axm) < k for 3 < k < n. This implies that b(Ay,) =
724 (Agm) = k. When the first £ entries on the main diagonal are nonzero,

they will form a set of independent 1’s of largest cardinality in Ay ,,. Thus,
t(Agm) =k for k=5j+1ii€{0,1},5€ {1,2,3,...}.

Using the inductive construction of Ay ,, it is easy to verify that r(A,,) =k

for £ > 3. In matrix form, a domino is a permutation of the submatrix

1 11
01 1
1 0 1
Such submatrices occur at least m times in Ay,,. Thus, By = B(4;) =

B(A,, x) has the desired properties. Note that for small &, the above construc-
tion gives a bipartite graph with many isolated vertices. These isolated vertices
were included so the class could be constructed inductively. If & > n — 3, there

are no isolated vertices.

24



3. Matrices

3.1 Nearly Reducible Matrices
The {0,1}-matrix A is reducible if there exists a permutation matrix
P such that

PAPT:[Al O]

Ay Ay

where A, and A, are square of order at least one and O is the zero matrix. If A
is not reducible, then A is irreducible. An irreducible matrix A is called nearly
reducible provided the replacement of any 1 with a 0 results in a reducible

matrix. The matrix

0100
0010
10 0 1
0100

is an example of a nearly reducible matrix. The matrix

0101
{00 10
1001
[010 OJ

is irreducible, but not nearly reducible since the 1 in position (1,4) can be
changed to a 0 without resulting in a reducible matrix. The following theorem

is a well known result that was given in [BR92].
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Theorem 3.1.1 The matriz A is irreducible if and only if the digraph D(A)

18 strongly connected.

Corollary 3.1.2 The matriz A is nearly reducible if and only if the digraph

D(A) is minimally strong.
Corollary 3.1.3 follows from Corollary 3.1.2 and Theorem 2.2.2.

Corollary 3.1.3 If A is a nearly reducible matriz, then

b(A) = r(A) = 1,4 (A) = t(A).

The following example shows that, for any n > 2, we can construct
a nearly reducible matrix where the simultaneous value of the ranks is k, for
any k, 2 < k <mn. Let
B C

where B is an (n — k +2) x (n — k 4+ 1) matrix of the form

01 1 1
100 -+ 0
B=[100 - 0],
(100 0
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Cisan (n—k+2) x (k— 1) matrix of the form

(0---001'

0 --- 0 0
C=10 000/,

6 000

D is an (k — 2) x (k — 1) matrix of the form

10 --- 00

01 00
D=1 . o

00 -- 120

and O is the (k—2) x (n —k+1) zero matrix. The matrix A is nearly reducible
since the digraph D(A) is minimally strong. See figure 3.1. Clearly, r(A) = k.

Hence,

7. ”k\.n-kﬂ B R

n-k+1

Figure 3.1. Minimally strong digraph with b(A(D)) = r,+(A(D)) =
r(A(D)) =t(A(D)) = k.

Note that D(A) is also a strongly unipathic digraph. Hence, this example
shows that for every k, 2 < k < n, we can find a strongly unipathic digraph

on n vertices such that
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3.2 Nearly Decomposable Matrices

3.2.1 Preliminaries The {0,1}-matrix A is partly decomposable
if there exists an integer £ with 1 < k£ < n — 1 and permutation matrices P
and () such that

o[ 52

where O is the kx (n—k) zero matrix. A is fully indecomposableif it is not partly
decomposable. A fully indecomposable matrix is called nearly decomposable
provided the replacement of any 1 with a 0 results in a partly decomposable

matrix [BR92|. The matrix

-0 O =
_— O = O
—_——_= O O
O = =

is an example of a nearly decomposable matrix. The matrix

—_ o O =
_— O = O
— =0 O
L i i

is fully indecomposable, but not nearly decomposable since the 1 in position
(4,4) can be changed to a 0 without resulting in a partly decomposable matrix.
Lemma 3.2.1 summarizes some properties of these matrices as discussed by
Brualdi and Ryser in [BR92]. Lemma 3.2.2 gives a sufficient condition for a

fully indecomposable matrix to be nearly decomposable.
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Lemma 3.2.1 (Brualdi and Ryser [BR92]) Let A be a {0,1}-matriz of or-
dern. A is partly decomposable if and only if it has a minimum line cover other
than the all rows cover or the all columns cover. Hence, A is fully indecompos-
able if and only if t(A) = n. Furthermore, every line of a fully indecomposable

matrixz has at least two ones.

Lemma 3.2.2 Let A be a fully indecomposable matriz. If a;; = 1 implies row
i or column j (or both) has exactly two 1’s, then A is nearly decomposable

Proof: Suppose A is a fully indecomposable matrix, a;; = 1, and row ¢ or
column j has exactly two 1’s. Without loss of generality, assume a;; = a;; = 1

and a; =0 for 1 <t <n,t+#j, and t # k.

] k
i 010 010
If a;; = 1 is changed to a;; = 0, the resulting matrix can be covered with

column k and all rows except row 1.

Thus, A has a line cover that is not the all rows cover or the all columns cover.

Therefore, by Lemma 3.2.1, A is nearly decomposable. m

29



Theorem 3.2.3 shows how irreducible and fully indecomposable ma-
trices are related. This will be used to verify matrices are fully indecomposable
and to find bipartite graph representations of irreducible and nearly reducible
matrices. The inductive structure given in Lemma 3.2.4 will be used to deter-

mine the boolean rank of nearly decomposable matrices.

Theorem 3.2.3 (Brualdi and Ryser [BR92]) Let A be a {0,1}-matriz of
order n. Let A* be the matriz obtained from A by replacing each entry on
the main diagonal with a 1. Then A is irreducible if and only if A* is fully

indecomposable.

Lemma 3.2.4 (Brualdi and Ryser [BR92]) Let A be a nearly decompos-
able {0,1}-matriz of order n > 2. Then there exists permutation matrices P

and ) of order n and an integer m with 1 < m < n — 1 such that

(100---00 7
110 ---00
01 1 --- 00| F
PAQ — :
@ 00 0 10
00 0 11
L Fy B ]

where B is a nearly decomposable matriz of order m. The matriz Fy contains a

unique 1 and it belongs to its first row and column j for some j with 1 < j < m.
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The matriz Fy contains a unique 1 and it belongs to its last column and row 1
for some i with 1 <1 <m. If m > 2, then m # 2 and the element in position

(i,7) of B is 0.

3.2.2 Ranks In this section we will discuss the term rank, boolean
rank, nonnegative integer rank, and real rank of nearly decomposable matri-
ces. The term rank, boolean rank, and nonnegative integer rank of a nearly
decomposable matrix is equal to the order of the matrix; however, the real
rank can be less. The term rank of a fully indecomposable matrix of order n
is equal to n [BR92]. Thus, the term rank of a nearly decomposable matrix
of order n is equal to n. This is stated in Lemma 3.2.5. This result will be
used in determining the boolean rank and nonnegative integer rank of nearly

decomposable matrices given in Theorem 3.2.6.

Lemma 3.2.5 (Brualdi and Ryser [BR92]) If A is a nearly decomposable

matriz, then t(A) = n.

Theorem 3.2.6 If A is a nearly decomposable matriz of order n > 3, then

b(A) = 1.+ (A) = n.
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Proof: To prove the theorem, we will use induction on n to show that if A is

a nearly decomposable matrix of order n > 3, then A does not contain the

ol

Let A be a nearly decomposable {0,1}-matrix of order n = 3. By Lemma 3.2.4,

submatrix

there exists permutation matrices P and () such that
1 01
PAQ =11 1|0
0 1)1
Thus, A does not contain the submatrix
11
1 11
Now assume that any nearly decomposable matrix of order k, 3 < k < n, does

il

Let A be a nearly decomposable {0,1}-matrix of order n > 3. By Lemma 3.2.4,

not contain the submatrix

there exists permutation matrices P and @ of order n and an integer m with
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1 <m <n—1such that

(10 0 - 00 }
11 0 00
11 00| F
PAQ:OO(:) 10
00 0 11
B B |

where B is a nearly decomposable matrix of order m. The matrix F; contains a
unique 1 and it belongs to its first row and column 5 for some j with 1 < 5 < m.
The matrix F, contains a unique 1 and it belongs to its last column and row ¢
for some 7 with 1 <7 < m. If m > 2, then m # 2 and the element in position

(i,7) of B is 0. By the induction hypothesis, B does not contain the submatrix

il
|

then the unique 1 in F} and the unique 1 in F, must be the upper right 1 and

If A contained the submatrix

lower left 1, respectively, of this submatrix. This implies that m =n — 1 > 2

and hence the element in position (i, j) of B is 0. Thus, A cannot contain the

ol

submatrix
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By Lemma 3.2.5, A has a set of n independent 1’s. Since A does not contain

il

every set of independent 1’s is isolated. Therefore, by Corollary 1.2.6,

any submatrices of the form

The only nearly decomposable matrices of order one or two are

Alz[l} and AQZ[} i],

respectively. Trivially, #(Ay) = 2 and

The real rank of a nearly decomposable matrix of order n can be less

than n. The following examples show that r(A) = n,n — 1, and n — 2 can be

34



obtained for a nearly decomposable matrix A of order n. Let

(1 00 -~ 00 17
11 - 00
11 000
A= 1 1 0
000 --100
000 --- 11
Lo 00 --- 011 ]

The digraph D(A, — I) is strongly connected since it is a cycle of length n.
Thus, by Theorem 3.1.1, A, — I is irreducible. Hence, by Theorem 3.2.3, A,
is fully indecomposable. Finally, by Lemma 3.2.2, A, is nearly decomposable
since every row and column of A, has exactly two 1’s. If n is odd, then
r(A,) = n. If n is even, then r(A4,) = n — 1 since the last row is a linear
combination of the first n — 1 rows.

The numerous examples of nearly decomposable matrices of order n
we constructed all had real rank n or n — 1. This lead us to conjecture that
the real rank of a nearly decomposable matrix is at least n — 1. However, the
proof of this was illusive and we now know it is not true. Finding an example
of a nearly decomposable matrix A of order n with r(A) < n — 2 was difficult,
but was finally accomplished in the following way. From Lemma 3.2.4, if A is a

nearly decomposable matrix of order n > 2 there exists permutation matrices
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P and @ of order n and an integer m with 1 < m < n — 1 such that

(1 o 0 --- 00 W
11 0 --- 00
o1 1 --- 00 F
VN o
@ 0 0 O 1 0
0 0 O 1 1
L Fy B |

where B is a nearly decomposable matrix of order m. The matrix F; contains a
unique 1 and it belongs to its first row and column 5 for some j with 1 < 5 < m.
The matrix F, contains a unique 1 and it belongs to its last column and row ¢
for some 7 with 1 < ¢ < m. The converse of Lemma 3.2.4 is not true; however,
the inductive structure gives insight regarding constructions that may give a
nearly decomposable matrix. We construct a nearly decomposable matrix A

of order n with r(A) = n — 2 by letting

1 0 0
1 1 0
0 1 1

£y
F, |B

where B is a nearly decomposable matrix of order m with r(B) = m — 1. The
unique 1’s in F; or F5, must be placed so that a;; = 1 implies row ¢ or column j
(or both) has exactly two 1’s. Furthermore, B is such that a vector in the left
nullspace and a vector in the right nullspace of B have zeros in the positions

corresponding to the row or column of the unique 1 in F} or Fy, respectively.
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The smallest matrix B that we could find that satisfied these conditions is

1000007 000O0000O00O0
11 0(0 0 0/00O0O0O0O0O0O0O0
01 1{0 0 0}(0OO0OO0OO0OO0OO0O0OO0O
0001 00{0OO0OO0O1O0O0O0GO0O0
0001 10(00O0O0O0O0O0T®O0®O
00 0{01 10 0O0O0O0O0GO0GO0O
00 0{0O0O0}]1 00O0O0O0CO0O01
00 0{00O0}[1 1T0O00O0O0O00O0

(

00 0{00O0[0OT1T1TO0O0O0O0O0O0
00 0{00O0[0OO0O11O0O0O0O00O0
00 0{0O0O0OO0O01TT1TO0O0TO0O®O0
00 1{000}(O0O0O0O0OT1TT1T0TO0O
00 0{0O0O0OO0O0OO0OO0O1T1TG0F® 0
00 0{00O0[0O0O0O0O0OO0T1TT1@0
00 0{00T1T]00O0O0O0O0O0T1

|

B—

where

11 4]3:0

1 11000 -1 1

1)1

[ -1 1

and
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Now, let

OO OO OO OO o oo o
S OO OO O OO o oo oNCc o0
_— O O OO OO0 OO OO oo OO0
OO OO OO RFEOOOOCOR|oooo
SO OO OO - OOCOoOoOIOoC ool o o
O OO OO M= OOoOOCOoOOoOo o oo oo
CSC OO O R OOOoO OO HEOOOoO|II OO0
O OO MHOOOOoOoOoOOoOoOoo ool oo
SO R = OO OO oo OO o ooc oo
SRR OO OO OO oo o0 o
—__ 0O OO OO0 OO0 O oo OO0l oo
_ o OO O O O HOOOoOIDo oo oo

S DO OO OO+ HOOOoOIIOoC oo
O OO OO OO OO OO O oo oo

SO OO O OO OO OO0 oHRH=IIOOO
SO OO O OO OO OO oo oo

S OO OO OO OO OO OO0 oo = -
SO OO O OO OO OO0 000 oo - Oo

With the assistance of computer software, we can show that r(A) = 16 = n—2.
We can use similar reasoning as we did with A,, to show that A is nearly de-
composable. Tt is not difficult, but tedious, to show the digraph D(A — I) is
strongly connected. Thus, by Theorem 3.1.1, A — [ is irreducible. Hence, by
Theorem 3.2.3, A is fully indecomposable. Finally, by Lemma 3.2.2, A is nearly
decomposable since a;; = 1 implies row ¢ or column j (or both) has exactly
two 1’s. This construction has been extended to construct nearly decompos-
able matrices of orders n = 36 and n = 54 with real rank n — 3 = 33 and

n — 4 = 50, respectively. This leads us to make the following conjecture.
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Conjecture 3.2.8 For every nonnegative integer k, there exists a nearly de-
composable matriz of order n = 18k with r(A) =n —k —1 =17k — 1. Thus,

there exists a class of nearly decomposable matrices such that

r(A) 17
— — as n — oc.
n 18

Open problems: If A is a nearly decomposable matrix, find a lower

bound for the ratio

r(4)

n

Find a characterization of nearly decomposable matrices with respect to their

real rank. Specifically, classify nonsingular nearly decomposable matrices.

3.3 Bipartite Graph Representations

Every {0,1}-matrix is the reduced adjacency matrix of a bipartite
graph. In this section we will study the bipartite graph representation of ir-
reducible, nearly reducible, fully indecomposable, and nearly decomposable
matrices. In [LP77], a bipartite graph is called elementary if it is connected
and each edge is contained in a perfect matching. A minimal elementary bi-
partite graph is one in which the removal of any edge results in a bipartite

graph which is not elementary.
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Theorem 3.3.1 (Brualdi and Ryser [BR92]) A {0,1}-matriz A is fully in-

decomposable if and only if B(A) is an elementary bipartite graph.

Corollary 3.3.2 (Brualdi and Ryser [BR92]) A {0,1}-matriz A is nearly

decomposable if and only if B(A) is a minimal elementary bipartite graph.

From the proof of Theorem 3.2.6, bipartite graphs with nearly de-
composable adjacency matrices of order n > 3 are C4-free. Thus, we can use

Corollaries 3.3.2 and 3.2.7 to give a class of domino-free bipartite graphs with

b(A(B)) = 1.+ (A(B)) = H(A(B)) = n.

This is stated in Corollary 3.3.3.

Corollary 3.3.3 If A is the reduced adjacency matriz of order n > 3 corre-

sponding to a minimal elementary bipartite graph, then

b(A) = r,+(A) = t(A) = n.

One can find a similar characterization of bipartite graphs corre-

sponding to irreducible and nearly reducible matrices. To do this, we will
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need the following definitions. Let B be a bipartite graph with bipartition

X ={z1,29,....,7,} and Y = {y1, 9o, ..., yn}. A subgraph B of B will be called

uniform if z; € v(B) if and only if y; € v(B). See Figure 3.2. B will be called

sub-elementary if each edge is contained in a perfect matching of a uniform
subgraph B of B. A minimal sub-elementary bipartite graph is one in which

the removal of any edge results in a bipartite graph that is not sub-elementary.

wl

e N

Figure 3.2. Perfect matching of a uniform subgraph B.

Theorem 3.3.4 Let A be a {0,1}-matriz. A is irreducible if and only if B(A)
15 a sub-elementary bipartite graph.
Proof: Suppose B is a sub-elementary bipartite graph with reduced adjacency

matrix A = A(B). Let A* be the matrix obtained by replacing all the 0’s on
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the main diagonal of A with 1’s. Suppose e € ¢(B). Then e is an edge in a per-
fect matching My of some uniform subgraph H C B. M along with all edges
(24, y;) with z; & v(H) (y; & v(H)) is a perfect matching of B(A*). See Figure
3.3. B(A*") is connected since B(A) is sub-elementary. This implies that B(A*)
is an elementary bipartite graph. Hence, A? is fully indecomposable. Thus, by
Theorem 3.2.3, A is irreducible.

Conversely, let A be an irreducible matrix and B = B(A) the cor-
responding bipartite graph with reduced adjacency matrix A. By Theorem
3.2.3, A% is fully indecomposable and hence, by Theorem 3.3.1, B(A¥) is an
elementary bipartite graph. Suppose e € e(B). Then e € e(B(A")) which
implies e is in a perfect matching M of B(A¥). Removing all edges (z;,y;) ¢ B
forms a perfect matching My of a uniform subgraph H C B. See Figure 3.3.
Furthermore, B(AF) is connected since it is elementary. Therefore, B is a sub-

elementary bipartite graph. m

For example, consider the matrix
0 01

o O = =
—_

oSO OO
oSO = OO

1
0
0
0
1
As illustrated in Figure 3.4, every edge in B = B(A) is in a perfect matching

of one or more of the uniform subgraphs By, By, B3, or B4. Thus, by Theorem
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My
M
o - °
o - °
o - °

Figure 3.3. Perfect matchings My of H C B(A) and M of B(A").

3.3.4, A is irreducible. One can easily verify that A is irreducible by observing
that the digraph D(A) is strongly connected. See Theorem 3.1.1. Now note
that B is not an elementary bipartite graph since not every edge is in a perfect
matching of B. In particular, the edge between the first vertex and the fourth
vertex cannot be in a perfect matching that involves the fifth vertex in each set
of the bipartition. Thus, A is not fully indecomposable. One can also observe
that A is partly decomposable since row three and columns one, two, four, and
five cover all the 1’s in A and hence A has a minimum line cover that is not

the all rows cover or the all columns cover.

Corollary 3.3.5 Let A be a {0,1}-matriz. A is nearly reducible if and only if

B(A) is a minimal sub-elementary bipartite graph.
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Figure 3.4. Every edge in the bipartite graph B is in a perfect matching of a
uniform subgraph B;.
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Corollary 3.3.6 follows from Corollaries 3.3.5 and 3.1.2. We can then
use Corollaries 3.3.5, 3.3.6, and 3.1.3 and Lemma 2.2.3 to give a class of domino-

free bipartite graphs with all four ranks equal. This is stated in Corollary 3.3.7.

Corollary 3.3.6 Let A be a {0,1}-matriz. B(A) is a minimal sub-elementary

bipartite graph if and only if D(A) is a minimally strong digraph.

Corollary 3.3.7 Let A be an adjacency matriz corresponding to a minimal

sub-elementary bipartite graph, then

b(A) = r(A) = 1,4 (A) = t(A).

Proposition 3.3.8 summarizes the relationships between irreducible

and fully indecomposable matrices and their bipartite graph representations.

Proposition 3.3.8 Let A be a square {0,1}-matriz. Let A* be the matriz
obtained from A by replacing each entry on the main diagonal with a 1. Then
the following statements are equivalent.

(1) B(A) is a sub-elementary bipartite graph.

(2) A is an irreducible matriz.
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(3) A" is a fully indecomposable matriz.
(4) B(A%) is an elementary bipartite graph.
Proof: (1) & (2), (2) & (3), and (3) < (4) are Theorems 3.3.4, 3.2.3, and

3.3.1, respectively. Therefore, (1) < (4). m
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4. Tournaments

4.1 Preliminaries

A digraph T is called a tournament if for each pair of vertices u and
v, either (u,v) is an arc in T or (v,u) is an arc in T, but not both. We will
call A an n-tournament matriz if A is the adjacency matrix corresponding to
a tournament on n-vertices. T'(A) will denote the tournament with adjacency
matrix A. A square {0,1}-matrix A is a tournament matrix if and only if
A+ AT + 1 = J, where I is the identity matrix and .J is the all 1’s matrix. In
this chapter we will discuss the ranks of various classes of tournament matrices,

we will give several classes of tournament matrices with

B(A) = r(4) = .1 (4) = 1(A),

and we will construct examples of tournament matrices to show that all of
the above equalities can be strict inequalities. First, we will give some general
results concerning the ranks of tournament matrices and a property of vectors

in the null space of singular tournament matrices.
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4.2 General Results

In 1991, de Caen found a lower bound for the real rank of an n-
tournament matrix. See Theorem 4.2.1. This was a significant result, not only
because it was an open problem for many years, but because it allows only two
possible values for the real rank, n or n — 1. Hence, the nonnegative integer
rank and the term rank are also n or n— 1, since the real rank is a lower bound

for these two ranks. See Corollary 4.2.2.

Theorem 4.2.1 (de Caen [dC91]) If A is an n-tournament matriz, then

r(A) >n—1.

Corollary 4.2.2 If A is an n-tournament matriz, then

n—1<r(A) <r,«(A) <t(A) <n.

Corollary 4.2.3 For every tournament matriz, at least two ranks are equal.

Specifically, if A is an n-tournament matriz, then

r+(A) =r(4)=n—-1 or  r,+(A)=1t(A)=n
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Open problem: Classify singular tournaments as mentioned by de
Caen [dC91]. See Katzenberger et. al [KS90] for some results on the form
of a vector spanning the null space of a singular tournament.

From Corollary 4.2.2, we know that three of the ranks are either n
or n — 1. Classifying those tournament matrices with 7(A) = n — 1 and those
tournament matrices with r,+(A) = n — 1 are very difficult unsolved problems.
However, we do know which tournament matrices have ¢(A) = n — 1 and this

classification is given in Theorem 4.2.4.

Theorem 4.2.4 Let A be an n-tournament matriz. Then t(A) =n — 1 if and
only if there exists a strongly connected component of T(A) containing exactly
one vertex. Hence, t(A) = n if and only if every strongly connected component
of T(A) has three or more vertices.

Proof: Tournaments can be partitioned into strongly connected components
Ch, Oy, ..., Ck such that there is an arc from v € C; to v € C; if and only if

1 < 7. Thus, there exists a permutation matrix P such that

Al 1's
PAPT = 42
O’S Ak

where A;, 1 < j <k, is the adjacency matrix of order n; corresponding to the

component C}.
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Suppose t(A) =n—1and n; > 1for 1 < j < k. Since Cj is a strongly
connected tournament on three or more vertices, C; contains a Hamiltonian
cycle [Camb9, Fou59]. This implies that ¢(A;) = n; for 1 < j < k and hence
t(PAPT) = n. This contradicts t(A) = n — 1. Thus, there exists a strongly
connected component of T'(A) containing exactly one vertex.

Conversely, suppose n; = 1 for some j. Then the submatrix A; is a 0
on the diagonal of PAPT. Suppose this 0 is in the position (m, m) of PAPT.
Then the first m — 1 rows and the last n — m columns form a line cover of

PAPT. Thus,

t(A) =t(PAP")<m —14+n-—m=n—1.

Therefore, by Corollary 4.2.2, t(A) =n—1. =

Since r(A) = n or n — 1 for an n-tournament matrix A, we know the
null space of a singular tournament matrix is spanned by one vector. Maybee
et. al [MP90] showed that if a vector spans the null space of a tournament
matrix, then the sum of the squares of its components equals the square of the
sum. This is called the admissible property and it will be used to prove that

the real rank of a regular n-tournament is n.
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Lemma 4.2.5 (Maybee and Pullman [MP90]) Ifx = (21,29, ...,2,)" spans

the null space of an n-tournament matrix, then

n 2 n
i=1 =1

4.3 Regular and Near-Regular Tournaments

A tournament is reqular if all its vertices have equal scores. Thus,
a regular n-tournament matrix is a tournament matrix with equal row sums.
If A is a regular n-tournament, then n must be odd. A tournament is near-
reqular if the maximum difference between its scores is 1. Thus, a near-regular

n-tournament matrix is a tournament matrix where half of the row sums equal

n

5 — 1 and half of the row sums equal 7. If A is a near-regular n-tournament,

then n must be even. There have been several proofs that regular tournament
matrices are nonsingular, including de Caen [dC91] and Maybee and Pullman

IMP90]. We give the following simple proof that uses Lemma 4.2.5.

Theorem 4.3.1 A reqular tournament matriz is nonsingular.
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Proof: Let A be a regular n-tournament matrix and let v = (v1, vy, ..., v,)" be

a vector such that Av = 0. Then
v dicA, Vi 0
Al = : =1 : 1,
Up, dicA, Vi 0
where A; = {i:j — i}. This implies that
v+ 4+ > v =0.

€A 1€A,

In the above sum, each v; must appear exactly”T’1 times which corresponds to
the number of vertices which beat vertex 7. Thus,

n—1
2

(U1+...+Un) =0
:>ZUZZO
=1
n 2
= (Z?)l) =0
=1
:>Zvi2:0
i=1
=v=0.

Therefore, A is nonsingular. =

Corollary 4.3.2 If A is a regular n-tournament matrix, then

r(A) =r,+(A) =t(A) =n.
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The proof that near-regular tournament matrices are nonsingular is
not as straight forward and it requires Theorem 4.3.3. Theorem 4.3.3 could

also be used to prove nonsingularity for regular tournament matrices.

Theorem 4.3.3 (Katzenberger and Shader [KS90]) Lets = (s1, 89, ..., Sp)7

be a score vector. If

|2 < nQ(n B 1)

s ,
4

then every n-tournament with this score vector is nonsingular.

Theorem 4.3.4 Forn > 4, a near-reqular n-tournament matrix is nonsingu-
lar.

Proof: The score vector of a near-regular n-tournament matrix is some permu-
tation of

s:(ﬁ—l,...

2 Dy
2 279

n
"2

where each of the two different terms occurs exactly 3 times. Thus,

n n3 4+ 2n — 2n?
S I (el I S e
) +355) 1

Now n? + 2n — 2n%2 < n® — n? for n > 4. Thus,

2
, n*(n—1)
< —
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Therefore, by Theorem 4.3.3, near-regular tournament matrices are nonsingu-

lar. m

Open problem: Is the boolean rank of a regular or near-regular n-

tournament matrix, n > 3, equal to n as well?

4.4 Boolean Rank
By Corollary 4.2.2, the real, nonnegative integer, and term rank of an
n-tournament matrix are each either n or n—1. However, the boolean rank can

be much smaller. Bain et al. [BLM92] constructed the following tournament.

Let T be the tournament defined by

[ T J-Qny I Qpo o J-Q5 J-QF ]
Qm— T J=Qpy - J-Qy J-Q
T — me2 mel Tk e J = Z J — Qg
@2 @3 R4 e Ty J—=Qf
| @ @2 @3 o Qme T
where K = m? + m + 1, P is the permutation matrix of order k given by
( 010 -+ 00 07
001 .---000
000 --000
P — E . E . . ,
000 010
0 00 0 01
L 100 - 0 0 0]
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and

Q2

mel

Pm

Pm2fm71 4 Pm27m

Pm27(z¥1)m7(i71) _l_Pme(ifl)mf(z?Q)_'_

Pm+2+Pm+3+___+P2m
P+ P> 4.+ pP"
Ay

A+ A

Ay + Ao+ 4+ Ay

Ay + Ay + -+ A

95

cee szf(ifl)m



14, then

(2)(7)

For example, if n = mk

T
— e = o 4 4 O A O — — O
—N O A O - OO
N O A~ — O~ — O OO
O A "4 4 4 4 "4 O — 4 O O O
o = O = - OO O O
— o O OO O D
— e O o H O OO O
O o H O A OO HO O oo
O —H O - 4 O O o OO o oo
—N O —H—H OO OoO 000000 oo
O — - O O O O O OO O O
— - O O O - O oo oo O
— O OO O O oo - OO
OO OO AT O =" 2O O OO
1 ]

I

~

S - — O O O

— — O O O - O

—N o o O — O -

oo —H O~ -

oo —=H O — — O

O —=H O - - O O

—. O - - O O O

SO o OO o H

c o c oo H o

oo oo —H oo

oSO oo —H O oo

oo - O O o O

o — O O O o O

—N o O O O o O

1 1
T 1
COH O H+H OO0 O 0O O oo
S —H O - - O O o4O o O oo
— O A4 OO 0000 o oo
o — - O o OO oo OO
—N— O O - O OO oo o —H O
—N O O o - - OO oo - OO
OO O 4O = OO0 O —H O OO
1

BC using boolean arithmetic where B is 14 x 7 and C' is 7 x 14,

Since A
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Lemma 4.4.1 (Bain et al. [BLM92]) For each integer m > 2 and n suffi-

ciently large,

min{b(T) : T is an n X n tournament matriz} < .
m

Open problem: Can this bound be improved, or is it best possible?

Conjecture 4.4.2 Let T be the tournament defined above. Then A(T) is non-

singular and hence

It has not been proven that A(T) is nonsingular; however, by The-
orem 4.4.3, we know that #(7) = n. Also, using Lemma 4.4.4, it has been
shown that A(T') is nonsingular for all possible values of £ and m up through
n=mk = (10)(111) = 1110.

We will need the following terminology in the proof of the next the-
orem. The diagonal beginning in column j of a matrix A of order n is the n

elements
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Theorem 4.4.3 If T is the tournament defined above, then t(A(T)) = n.

Proof: Let T be the tournament defined above. We will show that the diagonal
that begins with column m? + 1 of T' will give a set of n independent 1’s. The
1’s on any diagonal will be independent, so we just need to show that every

element on this diagonal is a 1.

where A; = P™. Thus, the diagonal of T; that begins with column m? + 1

will be all 1’s.
m?+1
1

m+ 1 1
(m24m+1)x(m?2+m+1)

The diagonal of ),,,_; that begins with column m + 2 will be all zeros
since P™*! does not occur in the sum that gives @Q,, . Thus, the diagonal of

J — Q7 | that begins with row m + 2 will be all 1’s. Thus, we have

[T | T—Qh ] =

m? + 1

( 1

m + 2 1

L Lo 4 (m24+m+1)x2(m24+m+1).
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Lastly, since

Qi =P" = 1
m+2| 1

L 1 4 (m24m+1)x(m2+m+1)

has a diagonal of all 1’s beginning with row m + 2, the diagonal of 7" beginning
with column m? + 1 will give mk = m(m? + m + 1) = n independent 1’s.

Therefore, t(T) =n. m

Lemma 4.4.4 Let N(M) be the number of 1’s in each row and column of a

regular {0,1}-matriz M and let

( Ty J-Qpny J—Qpno - J-0Q; J—-Qf ]
Qm-—1 T J-Qr., - J-Qy J-Q)
T — me2 mel Tk e = QI J — Qg
Q2 Q:& Q4 : Tk J — qu
L (@1 (2 @3 o Qe Ty
be the tournament defined above. Then A(T) is nonsingular if N =
[ N k= N(@,) k= N(@, ) -+ k=N@Q,) k—N(@Q) ]
N(Qm-) N(Ty) k—N(@n) - k= N(@Q;) k—N@Q3)
NQ)  N(@s) NQ) e NI k- N(@QE)
| N@Q) N(@) N@) o N@u) N
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r om(m+1) o (mUm o (me2m-1) g g L1
2 9 B}
(m—1)m m(m+1) (m-1)m
(m-2jlm—1)  (m1) ol Rm6 k-3
_ 2 2 — e k=10 k—6
6 10 . m(m;+1) . ({n;)m
L 1 3 6 . (mgl)m m(n2z+1> J

18 nonsingular.
Proof: Let N(M) be the number of 1’s in each row and column of a regular

{0,1}-matrix M and let N =

N(Ty) k- N@QL ) k- N@QL,) - k- N@D k- N@QY)
N(@ma)  NT)  k=N@L ) o k= N@QD) k- N(QD)
N@Q)  N(Qa) N@Q) - NI k- N(@QL )
L N(@) N(Q2) N(Q3) o N(Qum—1) N(Ty)
Let
[ T, QL J-QL., - J-QF J—-QT ]
Qm-—1 T J-QF , - J—=QF J-Q}
T — me2 mel Tk e J = Z J — z
) Qi - T J-QT
N Q2 Qs o Qe Ty

be the tournament defined above. N(7}) = N(Qn) = m(";“) and N(Q,) =

@ since (), is the sum of ](72—+1) distinct powers of the permutation matrix
P. Let v be a vector such that Tv = 0. Consider the system of km equations
and km unknowns given by Tv = 0. Adding equations 1 through k, k& + 1

through 2k,...,(m — 1)k + 1 through mk will give the following system of m
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equations and mk unknowns.

m(m + 1

0 = (2 )(U1+"'+Uk)+"'+(k_1)(U(m—1)k+1+"'+vmk)
m — 1)m

0 = %(Ul+"'+Uk)+"'(k_3)(v(m1)k+1+"'+vmk)

o

m—1)m
= 3+ Fuv)+--+ (k %) (Vim—1)kt1 + =+ Vi)

m(m + 1)
2

)

= (vl—i----—i-vk)—l—---—i-( )(v(ml)k+1+---+vmk)

This is equivalent to
(5 W el n V)%
w Uk+1+'."+v2k o
Uim—1)k+1 + =+ Umik
If N is nonsingular, then
(5 W el o V)%
N vk+1+-.--+02k _ o

V(m—1)k+1 + o Uk

implies

0 = vi+---+u

0 = kg1 + -+ vy
0 = V(m—1)k+1 + ot Uk
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Thus, by Lemma 4.2.5,

Conjecture 4.4.5 Let N(M) be the number of 1’s in each row and column of

a reqular {0,1}-matriz M and let

( T, J-QL, J-Q,, - J-Q J-Qi ]
Qm-1 Ty, J=Ql ., - J-QF J-QJ
T — me2 mel Tk e = QI J — Qz
Q2 Qs Q4 e Ty J — QﬁA
o @ Qs Qua Tk
be the tournament defined above. Then N =
( N(Ty) k—N(@Q), ) k—N(@Q, ) -+ k-N(@Q5) k—N@Q7) ]
N(Qn-1) N(Tk) k—=N@QF 1) - k=N@QF) k—N(@Q5)
N(Qo) N(Qs) N(Qq) N(Ty) k= N(@QJ1)
L N@) N(Q) N(Qs) N@Qu:) NI
r m(m+1) 2 (m—1)m 2 (m72)2(m71) k—3 E—1 "
(m;l)m (n;+1) k— (m;l)m kE—6 kE—3
m—2)(m—1 m—1)m m(m+1
_ ( )2( ) ( 2) (2+) e k=10 E—6
é 1'0 . m(’éﬂ) k— w
m—1)m m(m+1
i 1 3 6 U . ) ( 2+ ) ]

1s nonsingular.
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4.5 Classes With All Four Ranks Equal

4.5.1 Rotational Tournaments A regular tournament is called
a rotational tournament if its vertices can be labeled 0,1, 2, ...r in such a way
that for some subset S of {1,2,...,r}, vertex i beats i + j mod (r + 1) for all

j € S. For example,

(0100 101 1 07
001 0O01O0T1T1
100100101
110010010
A=101 1001001
101100100
010110010
001011001
LlOOlO 110 0]

is an adjacency matrix corresponding to a rotational tournament on r + 1 =

n =9 vertices determined by the set S = {1,4,6,7}.

Lemma 4.5.1 LetT be a rotational tournament onn = r+1 vertices, 0,1,2,...,r,

given by a subset S of {1,2,...,r}. Then |S| =% and

jes & r+1—-j5¢68.

Proof: Let T be a rotational tournament on n = r 4+ 1 vertices, 0,1,2,...,r,
given by a subset S of {1,2,...,r}. |S| = § since, by definition, 7" is a regular

tournament. Suppose j € S. Since T is a tournament, A(T) + A(T)" + 1 =J
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where

0 J r+1-—7 r
0(0 1 0 1
0 1
0
Tl 0 1
A(T) =
0 0
1
r+1—j|1 0 0
| 1 0 0|

and .J is the all 1’s matrix. Hence, r +1 — j € S. Similarly, if r+1— 5 & S,

then j € 5. m

Theorem 4.5.2 Let T be a rotational tournament on n = r + 1 wvertices,
0,1,2,...,r, given by a subset S of {1,2,...,r}. If there exists a j € S such
that

j+kmod(r+1)eS <& j—kmod(r+1)¢S

forall k€ {1,2,...,r}, then be(T) = n.
Proof: Let T be a rotational tournament on n = r 4+ 1 vertices, 0,1,2,...,r,

given by a subset S of {1,2,...,r}. Suppose there exists a j € S such that

j+kmod(r+1)eS < j—kmod(r+1)¢5S
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for all k € {1,2,...,r}. Let W be the set of 1’s of the adjacency matrix A(T)

corresponding to the arcs
i—i+jmod (r+1)fori=0,1,...r

By definition, W consists of n independent 1’s; hence, we just need to show

that all the 1’s in W are isolated. Suppose two 1’s of W are in a submatrix of

il

First, suppose the bold 1’s in

K

are in W. By the definition of a rotational tournament, we can assume the

A(T) of the form

top row or the left column of this submatrix is in the top row or left column,
respectively, of A(T). Without loss of generality, assume the top row of the

submatrix is the top row of A(T'). There are two cases to consider. If j—k > 0,
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then

0 1 1 1 ]
0 1 1 1
A = 0 1 1
0 1

0 J

and j — k € S. This contradicts the assumption that j — k mod (r +1) & S.

If 7 — k <0, then

0 j j+k
ol 0 1 1 |
k=71 0 1 1
A(T) = 1 0 1 :
1 0 1
L 1 0_

k—j¢S andr+1— (k—j)€S. But,
r+1—(k—j)=r+14+j—k=j—kmod (r+1).

This contradicts j — k mod (r +1) € S.

Second, suppose the bold 1’s in the submatrix
1 1
11
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are in W. Again, without loss of generality, we can assume the top row of the
submatrix is the top row of A(T). If the two non-bold 1’s are on the same

diagonal modulo r + 1, then

0 Jj—k J
1 1 ]
o
AT)= r+1-75|1 0 1
1 0 1

and r 4+ 1 = 2k, since the bold 1’s are on the same diagonal. This is a contra-
diction since regular tournaments have odd order. If the two non-bold 1’s are
not on the same diagonal modulo r 4 1, then there are three cases to consider.

First suppose j + k < r + 1. Then the submatrix

i

0 Jj—k J J+k

has the form

ol 0 1 1 1
r+1—j—k|1 0 1 1
A(T) = . . .
r+1—3j |1 1 0 1
1 1 0

in A(T). This implies that,

r+l—j—k=r+1—(j+k)mod (r+1)¢S5.
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Thus, by Lemma 4.5.1, 7 + k € S. This contradicts the assumption that

j—kes.

Second, suppose j + k > r + 1 and the submatrix

]

has the form

0 G-k Gtk i
0 0 1 1 1
r+1—j|1 o ) 1
A(T) = 1 0 1 1
1 0 1
1 0

in A(T). Then j + k € S. This contradicts the assumption that j — k € S.

Third, suppose 7 + k > r + 1 and the submatrix

i
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has the form

0 Gtk ok j ]
ol 0 1 1 1
r+1—j|1 ) 0 ’ 1 ) 1
A(T) = 1 0 1 1
1 0 1
1 0

in A(T). Then j + k € S. This contradicts the assumption that j — k € S.

Thus, two 1’s of W cannot be in a submatrix

i

of A(T). Therefore, by Corollary 1.2.5, be(T) = bp(T) =n. m
Corollary 4.5.3 gives s sufficient condition, in graph theoretic terms,
for rotational tournament 7" on n vertices to have the property that be(T) = n.

It follows directly from Theorem 4.5.2 and Corollary 4.3.2.

Corollary 4.5.3 Let A be an adjacency matriz corresponding to a rotational

tournament T" on n = r + 1 wvertices, 0,1,2,...,r, given by a subset S of
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{1,2,...,r}. If there exists a j € S such that
v,
vi_k — o <:
Uj+k

inT for all k € {1,2,...,7} modulo r + 1, then

Theorem 4.5.2 and Corollary 4.5.3 may appear to be quite restrictive.
However, for every n one can easily construct a rotational tournament with the
desired property. See Section 4.5.2. Furthermore, only one rotational tourna-

ment of order n < 11 does not have the specified property.

4.5.2 U, Tournaments U, is defined to be a tournament on n-
vertices where 7 — j if and only if 7 —i is even and positive or odd and negative.
U, is a regular tournament if n is odd and a near-regular tournament if n is
even. Also, note that if n is odd, U, is a rotational tournament. Uj is given in

Figure 4.1.
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[N
N
w
N
U".

Figure 4.1. U;

Now consider the adjacency matrices of U,,.

(001 10 17
100 010
010 --001
AUp) =]+ ¢ Do for n odd, and
0 1 00 1
1 1 100
LOlo 01 0.
(001 01 07
1 0 1 1
10 1
AU, = | + + Do for n even.
101 --001
010 --100
{101---010_

The sets {a13; 24, 435, ---y An—2.n, An—1,1, an?} and {a13, 24, A35, ---, An—2.n, An—1,2, anl}
will give a set of n isolated 1’s for n odd and n even, respectively. Thus,

b(A,) = n. Hence,

BA(U)) = r(A(Un)) = o (A(U)) = HA(U,)) = n.

Now we will give two classes of tournaments where all four ranks equal
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n — 1. A transitive tournament matrix has the form

(011--- 17
01
0

O
O o e

0 J

A has a zero column and the 1’s on the super diagonal give a set of n — 1

isolated 1’s. Thus,

Note that transitive tournaments have a source and a sink which correspond to
a zero row and a zero column in the adjacency matrix. Next, we will construct

a class of tournaments without a source or sink and where all four ranks equal

n — 1. Define
01 00 -0 0 0 07
0000 - 0001
1 100 -0 0 01
1 11 1
A= U, :
1 11 1
1 11 1
1 11 1
11000 --- 000 O]

where U, is the regular or near-regular tournament matrix described previ-
ously. The 1’s in the top two rows and the 1 in the lower left position of A are

isolated from the m isolated 1’s in U,,, since they are each in a row or column
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with all other elements are 0. Thus, A has a set of m +3 = n — 1 isolated
1’s. Now suppose there was a set of n independent 1’s in A. The above three
mentioned 1’s would have to be in this set which would leave no possible inde-
pendent 1 for the third row. Thus, A is a tournament matrix with no source

or sink and

b(A) =r(A) =r,+(A) =t(A) =n—1.

Note that the above result will hold if the submatrix

o0 0 --- 0 ]
1

A =11
: Un
_1 -

of A is replaced by any matrix with a 0-row, no 0-column, and a set of m = n—3

isolated 1’s.

4.6 Existence of Strict Inequalities

In all of the previous results and examples of tournament matrices,

n—1<r(A) =r+A) =tA) <n

The next example, given by Maybee and Pullman [MP90], is a class of singular

irreducible tournament matrices. This example also shows it is possible to find
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a class of singular tournament matrices with ¢(A) = n. For n > 6, let

_[P @]
M=|r s

where

P =

_— o O

1
0
0

oS = O

S is any (n — 3) X (n — 3) tournament matrix with

Sp-31 = S12 = 893 = ... = Sp_dpm-3 = 1,

the ith row of R is [0,0,0] if s;; = 0 or [1,0,0] if s;; = 1, and Q = J3,, 3 — R’.

M is singular since

The 1’s on the super diagonal and the 1 in the position (0,1) give a set of n

independent 1’s. Thus,

n—1=r(A) <t(4) =n.
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The following is an example of a singular n-tournament matrix with

r,+ = n. Let

01001 1|1 1 1]
00 1|10 1|1 11
1 00[1 10111
100010011
A=]0o 1 0f0o0 1|1 01
00 1/100[1 10
00 0[10O0[010
00 0[010[00°1
100000 1|10 0

A is a singular tournament matrix. In particular,

S
1
1
1
-1 -1 -1 1111 11[|A=A]| 1 =0.
1
-1
-1
=
Let
(—1' 1 7
—1 1
—1 1
1 1
X, = 1 and X, = 1
1 1
1 -1
1 -1
1 [ 1]

be the vectors that span the left and right null spaces of A, respectively. Any

biclique partition of T'(A) is equivalent to a sum of n or n— 1 rank one matrices
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with nonnegative entries. That is,

A=AM 1 A@ L ... 4 A6

fors=nors=n-—1.

x/A = 0" and Ax, =0

= XZTA(k) = 07 and A(k)xr =0 for 1<k<s
= x'A® = o f '

x; A7 = 0 for 1<j<n and 1<k<s
and AEF)XT = 0 for 1<i<n and 1<k <s.

Suppose P is a biclique partition of T'(A) of size eight and suppose the bicliques
in P have bipartition sets X; and Y; where all arcs go from the set X; to the
set Y; for 1 <7 < s. Since

xlTA,(JI-C) =0,
the biclique in the partition of T'(A) that contains the arc
V3 — U1

must also contain the arc

Vg —> V1.

That is, since the first three elements of x; are -1's and the last six are +1’s,

every bipartition set X; of each biclique in P must contain an equal number of
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vertices from the subsets {v1, ve,v3} and {vy, vs, vs, v7, V3, vg}. Similarly, every
bipartition set Y; of each biclique in P must contain an equal number of vertices
from the subsets {v1, vo, v3, v4, v5, U6} and {v7,vs,v9}. This implies that each
bipartition set in every biclique in P must have even order. Hence, the number
of arcs in every biclique in P must be divisible by four. It follows that the

pairs of arcs
vg — vy and vg — vy
v — vy and vs — U
v9g — vy and vg — U3
v9g — vg and wvg — v
vg — vs and wvg — Uy
vy = vsg and v7 — vg

must be in the same biclique in P. These arcs correspond to the bold 1’s in

(010011 1 1 17
00110 1|1 11
1001101 11
100 01 0]0 11
A=]101 0 0 0 1|1 0 1
001 1001 10
000100010
000010001
LOOOOOIIOO_

T(A) consists of @ = 36 arcs. Since r,«+ =n— 1= |P| =8, at
least one biclique in P has eight or more arcs or at least two bicliques in P
have six or more arcs. Thus, we can assume there is a biclique in P that has
eight or more arcs since the number of arcs in each biclique is divisible by four.
Simple observation shows that any biclique with eight or more vertices must

be of one of the two forms given in Figure 4.2.
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/ g .
®
Figure 4.2. Only two possible forms of bicliques in the biclique partition P
of T(A)

Without loss of generality, by symmetry, we can assume that one of

the bicliques in P corresponds to a submatrix of the form

1111
A:l1111]'

There are three possible submatrices of A of this form. These correspond to

the bold 1’s in the matrices given below.

01001 11 1 17 (010011111'
001101111 060011011171
100110111 100110111
100010011 100010011
A=(01 00 01 1 0 1/, 0601 0001101],
001100110 001100110
0001O0O0O0OT1PO0 00010O0O0T10
00001O0O0O0T1 00001O0TO0TQO0T1
L0 0000110 0]} LOOOOOllOO_
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or

SO OO =M= OO
SO O = OO O -

o
]

O O = O OO =0

)

OO - == OO MO

_— o O O == O

)

SO O = OO ==

—_

SO = O

—_

O = O = e =

o

—_— O O = = e

)

In each case, one can easily verify that we get a contradiction. For example,

suppose the biclique of size eight is represented by the bold 1’s in

o
—_

0

(

SO = OO o -

O OO OO =-O
SO OO = O OO

|

0

o

SO == OO = =

1

—_— O O O O

[u—y

_ o O O = O O =

[u—y

—_ O O = O =

—_

CO PO M e

C L OO e

]

Every biclique must have at least four arcs, so there is only one possible choice

for the biclique containing the arcs

Vg — Us

and

This biclique is given by the additional 1’s in

ja)
)

(

SO OO = OO O

O OO OO = -OD
S OO RO OO -

o

SO = = O O = =
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Vg — Vg.

COoO RO MM

O O O H =




There is only one possible choice for the biclique containing the arcs

vr — vs  and vy — vs.

This biclique is given by the additional bold 1’s in

(010011111'
001101111
100110111
100010011

A=10 100 0 1 1 0 1
001100110
000100010
000 01O0O0CO0T1
LOOOOUllOO_

There is only one possible choice for the biclique containing the arcs

v — vy and  vs — vUs.

This biclique is given by the additional bold 1’s in

01 001111 17
001101111
100110111
100010011
A=101 00 01 101
001100110
0001 0O0O010O0
0000 1O0O0O01
L0 00 0 01 1 0 0]

Finally, there is only one possible choice for the biclique containing the arcs

V9 — v and vg — vs.
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This biclique is given by the additional bold 1’s in

0

OO OO MO

0

OO OO OO

0

0

OO = OO O -

0

o

O O = O O =

O OO MO

—_

— O oo~k OO

o

R O O O =

O MO

ja)

_ O O b e e

o

This gives a contradiction since there is there is no possible biclique with four

or more arcs that contains the arcs

Vg — Vg

and

Vg — V7.

All other cases are similar. Thus, there is no biclique partition of T(A) con-

sisting of eight bicliques. Thus,

n—1=r(A) <r.+=n.

Lastly, the following is an example of a n-tournament matrix with

n—2=>0bA) <r(A) =r+(A) <t(A) =n.

Let

—_ = = = === O

—

O Wy ST S s B T

— = = OO = O

e =l =l W e Sl )
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—_— -0 OO = OO

—_— oo, OO o oo
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Then the factorization

100 00O0O0O00O0
01000O0O0O0O®O
00100O0O0O0O®O
000100000
000001000
00001TO01O00O0
000O0O0OOO0OT@®O
000O0O0OO0OO0OOQ 01

01 0 0 0 0 0 07

001 00O0O0O0
10010000
11001000
11T 110000
11100100
11110010
11111001
11111100

A:

n — 1 = 8. The factorization

shows that r,+(A)

oo oo o -
o oo O o - O
oo oo H OO
oo —HO O o
[l Ba il
oSO —H O O oo
o H OO O o oo
—N O O O O o O
OO~ - — OO
1 ]
T 1
S oo CcC oo o —HOo
S oo oo o o o
SO oD o oo —HO O
SO o —H OO O~ A
OO —H O —H O =~
O - O O H =~ —~
— O O~ o~
1 i
I
<t

using boolean arithmetic shows that 6(A) < n —2=7. The bold 1’s in

010 00 0 0 0 07

001 00O0O0O0O0

100100000

110001000

111100 000

111010100

111110010

111111001

111111100

A=

By Corollary 1.2.6, b(A) = n—2 =T.

82

give a set of n — 2 = 7 isolated 1’s.



Furthermore, the 1’s in,

'0100000001
001000000
100100000
110001000

A=]11 1100000
111010100
111110010
111111001

_111111100J

give a set of n = 9 independent 1’s. Thus,

n—2=>0A) <r(A) =r+(A) <t(A) =n.

Note: This is an example of an upset tournament matrix. This class of tour-
nament matrices will be studied in detail in Chapter 5.
Open problem: Does there exist a singular n-tournament matrix (or

class) with b(A) = n?
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5. Upset Tournaments

5.1 Definitions and Standard Form
The score-list of a tournament is the multiset of the outdegrees of its

vertices. An upset tournament is a tournament on n. > 4 vertices with score-list

{1,1,2,3,..,n—4,n—3,n—2,n— 2}.

An upset tournament is in standard form provided its vertices are labeled
U1, Vg, ..., U, such that the score of v is 1, the score of v, is n — 2, the score of
vertex v; is ¢ — 1 for 2 < 4 < n — 1, and arcs (v1,v3) and (v, 1,v,) are arcs
in the tournament. As stated in [PS], each upset tournament is isomorphic to
exactly one upset tournament in standard form.

It is customary to represent an upset tournament by lining up the
vertices vy, vg, ..., v, vertically from bottom to top and including in the picture
only those arcs with upward orientation. An arc (v;,v;) of an upset tourna-
ment is an upset arc if the score of v; is at least the score of v;. In an upset
tournament in standard form, (v;,v;) is an upset arc if and only if i < j.
Equivalently, (v;, v;) is an upset arc if and only if it is present in the customary

representation of an upset tournament. See Figure 5.1.
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n i
n-1

A
<--3 Upset arcs
y

2 i

1
Figure 5.1. Upset tournament in standard form. Upset arcs are directed
upward and non-upset arcs (not shown) are directed downward. The arcs
v1 — vy and v, 1 — v, are always present in the tournament.
Lemma 5.1.1 (Poet and Shader [PS]) Let T be an upset tournament in

standard form. Then T has a unique path from vertex vy to vertex v,, and this

path consists of the upset arcs of T.

The unique path given in Lemma 5.1.1 will be called the upset path of
an upset tournament. The upset path includes the arcs (vy,v9) and (v, 1, v,)
since the upset tournament is in standard form. See Figure 5.2. In an ad-
jacency matrix of an upset tournament in standard form, the 1’s above the

main diagonal represent the upset path. For example, the 1’s in the upset
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tournament matrix

01 0 0 0 0 0 0 07
0O 01 00O0O0O0TUO
1 0 0100 0O0O
1 1.0 0010 0O
A=(1 1 1 1 0 0 0 0 O
1 1101010 0
111110010
111 111001

11 11 111 1 0 0 |

represent the upset path of T(A). There are n—4 vertices, vs, vy, -+, Up_3, Un_2,

that may or may not be included in the upset path. Thus, there are 2”4 non-

isomorphic upset tournaments on n vertices.

n i
n-1

~ Upset
path

2 i
1
Figure 5.2. For upset tournaments in standard form, there exists a unique

path from vertex v; to vertex v, and this path includes the arcs (v, v9) and
(U1, Up).
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5.2 Term Rank

As stated by Poet and Shader [PS98], upset tournaments are strongly
connected. Thus, by Theorem 4.2.4, upset tournament matrices of order n
have term rank n. This gives us Lemma 5.2.1. Lemma 5.2.2 gives another way
of showing that upset tournaments have term rank n by constructing a set of

n independent 1’s.

Lemma 5.2.1 Let A be an adjacency matriz corresponding to an upset tour-

nament on n > 4 vertices. Then t(A) = n.

Lemma 5.2.2 Let A be an adjacency matriz corresponding to an upset tourna-
ment on n > 4 vertices in standard form. Let S be a set of 1’s of A constructed
by mouving from row 1 to row n selecting for S the furthest right 1 in each row
that is not in a column of a 1 already represented in S, if such a 1 exists. Then
S| =n and hence t(A) = n.

Proof: Let A be an adjacency matrix corresponding to an upset tournament
on n > 4 vertices in standard form. Suppose S is a set of 1’s of A constructed
by moving from row 1 to row n and selecting for S the furthest right 1 in each
row that is not in a column of a 1 already in S, if such a 1 exists. All 1’s above

the main diagonal of A are in S, since these correspond to arcs in the unique
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upset path. S contains the lone 1’s from the the first two rows and last two
columns of A, since A is in standard form. Furthermore, the 1 in S from row 1
is in column 2 and the 1 from column n is in row n — 1. Now suppose that for
some k, 3 < k <n-—3,all I's in row k are in columns which contain 1’s already
in S. Then v, is not a vertex in the upset path since otherwise it would be in

S. Thus, row k has the form

1 1 -~ 1 00 --- 0.

v~

k-1 1's k+1 1’s

This implies that the 1’s in S from rows 1 through k& —1 must be from columns
1 through £ — 1. Since v, is not a vertex in the upset path, there exists an
upset arc (v;,v;) with i < k < j. Thus, the 1 in S from row i would be from
column j. This contradicts all 1’s in S from rows 1 through £ — 1 being from

columns 1 through & — 1. Therefore, |S| = n and hence t(A) =n. m

For example, the 1’s in the upset tournament matrix

7001000000 07
001000000
100100000
110001000

A=]11110000 0
111010100
111110010
111111001
_111111100J

are the n = 9 independent 1’s in the set S given by Lemma 5.2.2.
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5.3 Real Rank and Nonnegative Integer Rank
Complete results concerning the real rank and nonnegative integer
rank of upset tournaments are given in [KS90] and [Sha90]. Theorem 5.3.1 is

an upset path formulation of a result given in [KS90].

Theorem 5.3.1 (Katzenberger and Shader [KS90]) Let A be an adjacency
matrixz of order n > 4 corresponding to a upset tournament T in standard form.
A is singular if and only if the upset path of T has one or more of the structures

given in Figure 5.5.

Theorem 5.3.2 (Shader [Sha90]) Let A be an adjacency matriz of order

n > 4 corresponding to a upset tournament. Then

r(A) = .+ (A).

Corollary 5.3.3, which follows from Theorems 5.3.1 and 5.3.2, char-
acterizes upset tournaments which have bp(7) = n — 1. Since bp(T) = n — 1
or bp(T') = n, this completely characterizes upset tournaments with respect to

their biclique partitioning number.
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Solid vertices are
isolated in upset path

Gi n i
5 50 n-1 i+2@

40 40 n2Q i+1Q

30 30 n30
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Zi ZE nde i-1e
1 1

Hp Hy  Hiz
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n i
l4e@ n-1 i+lle

130> n2§ |+1oo>
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n-5Q i+7Q

\—/v

n-6 Q i+6Q

n-7 O> i+50

n-8 O i+40Q

> i+30

50 n-10 O> i+20

~_v

40 n11Q  i+1Q

~_v ~_ v
O\/\/\/\/\/\/\/\/\/
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b
"
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i n13. i-l @
1

He H7 Hg

Figure 5.3. Structures of upset path that cause singularity.
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Corollary 5.3.3 Let ' an upset tournament on n vertices in standard form.
bp(T) = n—1 if and only if the upset path of T has one or more of the structures

given n Figure 5.5.

5.4 Boolean Rank

In this section, a characterization of upset tournament matrices with
respect to their boolean rank and a best possible lower bound for the boolean
rank is given. In addition, it is shown that the number of nonisomorphic upset
tournaments with equal biclique cover and partition numbers can be given in
terms of convolutions of the Fibonacci sequence. These results, together with
Shader’s work [Sha90], give a complete characterization of upset tournament
matrices with respect to each rank and with respect to their biclique cover and

partition numbers.

Theorem 5.4.1 Let A be an adjacency matriz of order n > 4 corresponding
to a upset tournament T in standard form. Then be(T) = b(A) =n — q if and
only if the upset path of T contains q copies (total) of the subgraphs Hy and H

gien in Figure 5.4.
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4 O i+20
2 > i ® —=--isolated in upset path
.

Figure 5.4. Subgraphs which reduce the biclique covering number.

Proof: Let A be an adjacency matrix of order n > 4 corresponding to an
upset tournament 7' in standard form. First, we will show that if the upset
path of T" contains ¢ copies of the subgraphs Hy and H, then bc(T) < n — q.
Second, we will show that if be(T) = n — g, then the upset path of T" contains
at least ¢ copies of the subgraphs Hy and H. This will complete the proof
since if the upset path of T contains ¢ copies of the subgraphs Hy, and H
and be(T) < n — g, then we have a contradiction to the second statement.
Furthermore, if b¢(T') = n — ¢ and the upset path of T contains more than ¢
copies of the subgraphs Hy and H, then we have a contradiction to the first
statement.

Suppose the upset path of T' contains ¢ copies of the subgraphs Hj
and H. We need to show that bc(T) < n—q. To do this, we will show that for

each copy, be(T) is reduced by at least one. Suppose Hy occurs in the upset
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path of T'. Then

123 4 j k
1[0 100 0 0 -]
210 01 0 0 0
30100 1 0 0
41100 1 0

A(T) = L :
il1 110 0 1
Kl 1111 0 0

and
column 1 = column 4 + column j 4 column £k
using boolean arithmetic (1+1=1). Thus, the four columns 1,4, j, and k& cor-

respond to a subdigragh that can be covered with three bicliques and be(7T) is

reduced by one. Suppose H occurs in the upset path of T'. Then

i j 2
0 01 0 0 0

i 1 00 0 0 0
101 0 0

A(T) = 1 100 1 0
] 1 11 0 0 1

k 1 111 0 0

and

column 7 = column (i 4+ 2) + column j + column &
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using boolean arithmetic. Thus, the four columns 7,7 + 2, 7, and k£ correspond
to a subdigragh that can be covered with three bicliques and be(T) is reduced
by one.

If all copies of Hy and H in the upset path of 1" are pairwise arc
disjoint, then ¢ copies of Hy and H will imply that bc(T) < n — ¢q. Suppose
that the upset path of 7" contains a copy of Hy and a copy of H that are not

arc disjoint. Since the overlap can occur in only one way,

12 3 4 i j k
1 0 1 0 0 0 0 0 0 0o - W
9 0O 01 0 0O 0 0 0 0o -
3 1 0 0 1 0O 0 0 0 0o -
A 1 1 0 0 01 0 0 0 -
711 1 1 1 0 0 0 0 0
A(T) = 1110 101 0 0
1 1 1 1 1 0 0 1 0
j 1 11 1 1 1 0 0 1
kEl1 111 111 0 0
and
column 1 = column 4 4+ column i+ column (i 4 1)

+ columns (i +2) + column j + column k
= column 4 + column (i + 1)

+ columns (i +2) + column j + column &
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using boolean arithmetic. See Figure 5.5. Thus, the seven columns 1,4, ¢ +
1,74 2,7, and k correspond to a subdigragh that can be covered with five
bicliques and bc(T') is reduced by two. Similarly, suppose the upset path of T
contains two copies of H that are not arc disjoint. Since the overlap can occur

in only one way,

~_

e o
i+20 i+20

~_
~_

i+10 i+10

:
T

~— ¥
T
o
T~

Figure 5.5. Hy and an H or two H’s can share at most one arc.
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j 00 0 00 0 0 0
101 00 0 0 0

10 0 01 0 0 0

j 111 00 0 0 0

A(T) = 110 101 0
111 10 0 1 0

k 11 1 110 0 1
L1101 11 1 0 0

and

column ¢ = column (i + 2) + column j + column (j + 1)
+ columns (j +2) + column k + column [
= column (i +2) + column (j + 1)

+ columns (j 4+ 2) + column & + column [

using boolean arithmetic. See Figure 5.5. Thus, the seven columns 7,7 +
2,5,7+ 1,54 2,k, and [ correspond to a subdigragh that can be covered with
five bicliques and bc(T) is reduced by two. Hence, for each copy of Hy and H
in the upset path of T, bc(T) is reduced by one. Specifically, if the upset path

of T' contains ¢ copies of the subgraphs H, and H, then bc(T) < n — g.
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Conversely, suppose bc(T) = n — gq. We need to show that the upset
path of T contains at least ¢ copies of the subgraphs Hy and H. If ¢ = 0, the
statement is trivially true. If ¢ > 1, there exists a set S of m columns of A
such that D(S) can be covered with less than m bicliques. Existence of this
set follows from the fact that we could choose S to be the set of all columns.
Without loss of generality, we can assume that S is minimal in the sense that
there is no subset S C S such that D(S) can be covered with less than |S]
bicliques. Every biclique in a biclique covering of D(S) must involve at least
two columns of S. To see this, suppose a biclique in a biclique covering of
D(S) involves just one column ¢ € S. Then S — ¢ C S such that D(S — ¢)
can be covered with |S| — 2 bicliques which contradicts the minimal property
of S. Assume the columns in S are in the same order as they appear in A (in
standard form) and that ¢ is the index of the first column in S.

Suppose ¢ = 1. Then

1 2 3 4
1(0100 1
210 0
A=AM) = J|1
4|1 0
|

First, we will show that the arc (v3, v4) must be included in the upset
path and the arcs (v3,v1) and (v3, v4) must be covered by the same biclique.

Since every biclique covering S must involve at least two columns of S, the arc
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(v3,v1) must be covered with a biclique involving some column ¢ # 1,3 of S.
Column two cannot be in S since the 1 in position A(1,2) is the only 1 in the
first row. This implies that ¢ # 2 and hence ¢ > 4. Thus, the vertices vy,vs,
vy, and v, must be included in the upset path of 7. Similarly, since the 1 in
position A(2, 3) is the only 1 in row two, column three cannot be in S. The arc
(vg,v1) must be covered with a biclique involving some other column j, j > 5
of S. Hence, the vertex vy must be in the upset path of T. Thus, the upset
path of T" must contain

1=-2—=3—24—

for some 7, 5 < 7 <n, and

12 3 4 j
1[0 100 0 o]
5|0 010 0 -
511001 0
AT)= 41110 0 1
j{lllO---O---

The arc (vj,v1) must be covered in D(S) with a biclique involving
some other column k£ of S with 5 <k <jorj <k <n. If5 <k <j, then
column £ is not in the upset path. This implies that 7 < n since 4 — j cannot

be the end of the upset path. Thus, the upset path must have the form

1-2—>-3—->4—7—1
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for some [ > j and

12 3 4 k j l

1[0 100 0 - 0 0 ]

910 0 1 0 0 -+ 0 0

a1 00 1 0 -+ 0 0

411100 0 - 1 0
AT)= k|11 11 0 0 0

1110 1 0 1

j

/11111 -1 -0 --- 0

Suppose j < k < n. Then column k£ must be in the upset path and

the upset path contains the subgraph
1-2—-3—>4—7—k

Thus, in both cases Hj is in the upset path. Now since the upset path contains
the subgraph Hy, columns 1,2,7, and k£ can be covered in D(S) with three

bicliques. By the minimal property of S, |S| = 4 and, in particular,
S = {columns 1,4, j, k}.

Suppose ¢ > 1. If v; was in the upset path, then the biclique covering
the arc to v; in D(S) could not involve any other columns in S. This implies
that vertex v; cannot be in the upset path of 1" since every biclique covering
D(S) must involve at least two columns of S. Thus, column i must be of the

following form
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Note that 7 # 2 since v; — vy is always in the upset path when the
upset tournament is in standard form. Since every biclique covering D(S) must
involve at least two columns of S, the arc (v;41,v;) must be covered in D(S)
with a biclique involving some other column ¢ > ¢+ 2 of S. Similarly, the
biclique covering the arc (v;42,v;) in D(S) must involve a column j > i+ 1.
Since ¢ + 1 is in the upset path, 7 # i 4+ 1; hence, 7 > ¢ + 2. Thus, ¢ + 2 is in

the upset path. Furthermore, ¢ =i+ 2 and

1+1—=0+2.

Thus, the upset path must contain the subgraph

1+1—=14+2—=

but it cannot contain i and
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0 010 0 ---
i 1 00 0
AT) = 1 0 1 0
1 1 00 1
J 1 110 0

Covering the arc (v, v;) in D(S) with a biclique involving some other
column in S must involve a column £ € S with 1 +2 <k < jorj <k <n.
If i +2 < k < 7, then column k is not in the upset path. This implies that
J < m since i + 2 — j cannot be the end of the upset path. Thus, the upset

path must have the form

1+1—=i14+2—=7—=1

for some [ > j. Suppose j < k < n. Then column k& must be in the upset path,

the upset path contains the subgraph

1+1—=14+2—>75 >k,

and
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e 0 010 0 0

L 1 0 0 0 0

1 0 1 0 0

1 100 1 0

J 1 110 0 1
E{... 1 -+ 111 -+ 0 -0 ---

Thus, in both cases H is in the upset path. Now since the upset path
contains the subgraph H, columns i,i + 2, j, and k£ can be covered in D(S)

with three bicliques. By the minimal property of S, |S| = 4 and, in particular,

S = {columns 4,7 + 2, j, k}.

Thus, if b¢(T) = n — g, then the upset path of T contains at least g copies of

the subgraphs Hy and H. m

Since the biclique covering number can be much less than the biclique
partitioning number, which is bounded below by n — 1, we would like a lower
bound for the biclique covering number of upset tournaments. For an upset
tournament 7" in standard form, the 1’s in A(7T) corresponding to the upset

arcs of T are all isolated 1’s. Thus, by Corollary 1.2.5, the number of upset
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arcs of T" give a lower bound for the biclique cover number of 7. This simple
result is stated in Lemma 5.4.2. Lemma 5.4.4 gives a best possible lower bound
on the biclique covering number of upset tournaments. The proof of Lemma

5.4.4 follows directly from Lemma 5.4.3 and Theorem 5.4.1.

Lemma 5.4.2 Let A be an adjacency matriz of order n > 4 corresponding to
a upset tournament T in standard form. If the upset path of T consists of k
arcs, then be(T) = b(A) > k.

Lemma 5.4.3 If the upset path of an upset tournament in standard form on
n > 4 vertices contains q copies of the subgraphs Hy and H given in Figure
5.4, then

<n
q 3

Furthermore, there exists a class of upset tournaments such that

as mn — Q.

S I
W | =

Proof: To maximize ¢, we have to minimize the number of vertices needed to
construct copies of Hy and H. The subgraphs Hy and H or two H’s can share

at most one arc. See Figure 5.5. Thus, ¢ will be maximized if the upset path
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consists of the sequence Hy, H, H, ... with exactly one arc shared between each

copy. See Figure 5.6. Thus,

<2 1<l
=3 3
For the example of an upset tournament on n = 3k, k > 3, vertices given in

Figure 5.5,

as n—00. N

Lemma 5.4.4 If the upset path of an upset tournament T in standard form
on n > 4 vertices, with corresponding adjacency matriz A, contains q copies of

the subgraphs Hy and H given in Figure 5.4, then

as n — oQ.

Proposition 5.4.5, which follows from Lemma 5.2.1 and Theorem 5.3.2,
summarizes the rank relationships for upset tournaments. As discussed in Sec-

tion 1.2.7, there is no relationship between the boolean rank and the real rank
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Figure 5.6. Upset path which maximizes copies of the subgraphs Hy, and H.
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for any {0,1}-matrix. Upset tournaments give a large class of matrices with
b(A) < r(A).
Proposition 5.4.5 If A is n-tournament matriz corresponding to an upset

tournament, then

5.5 Equal Biclique Cover and Partition Numbers

One of the problems of interest for any class of graphs is finding sub-
classes that have equal biclique covering and partitioning numbers. Since the
biclique covering number and partitioning numbers are known for all upset
tournaments, we can determine precisely which upset tournaments have equal
biclique covering and partitioning numbers. Furthermore, we will show that the
number of nonisomorphic upset tournaments with equal biclique covering and
partitioning numbers can be given in terms of convolutions of the Fibonacci
sequence.

First, we will characterize and count the upset tournaments on n ver-

tices where the biclique cover and partition numbers both equal n. Second,
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we will characterize and count the upset tournaments on n vertices where the
biclique cover and partition numbers both equal n—1. Third, we will put these
results together to characterize and count the upset tournaments with equal

biclique cover and partition numbers.

Theorem 5.5.1 Let T be an upset tournament in standard form on n > 6
vertices. Then bc(T) = n if and only if the upset path does not contain any
arcs of the form (v;,vi4q) for 3 <i<n — 3.
Proof: Let T be an upset tournament in standard form on n vertices. Sup-
pose the upset path of 7' does not contain any arcs of the form (v;, v;1) for
3 < i < n—3. Thus, there are no copies of the subgraphs H, or H, given in
Figure 5.4, in the upset path of 7. Hence, by Theorem 5.4.1, be(T') = n.
Conversely, suppose bc(T) = n and suppose the upset path of 7" con-
tains an arc of the form (v;,v;11) for some i, 3 < i < n—3. If i = 3, then
the upset path contains a copy of Hy. If i > 4, then the upset path contains a

copy of H. This contradicts Theorem 5.4.1. m

Theorem 5.5.2 Let T be an upset tournament in standard form on n vertices.

Let b, be the number of nonisomorphic upset tournaments on n vertices such

that be(T) =n. Then by =1, by = 2, and b,y = b1 + by, for n > 4.
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Proof: by = 1 and b5 = 2 follow easily from the fact that all upset tournaments
on n < 5 vertices have bc(T) = n. See Figure 5.7. The proof that b, =
bpi1 + by, for n > 4, is by induction n. Suppose n = 4. By Lemma 5.5.1, the
upset path of an upset tournament on six vertices with be(T) = 6 does not
contain an arc of the form (vs,v4). As can be seen in Figure 5.7, there are only
three nonisomorhic upset tournaments on six vertices with this property. The
equality by + bs = bg is illustrated by the removal of the circled vertices.

4 5 5 6 6 6

S B B

Zi 3¢ 30 40)

2 i 2 i 3@5
1 1 2 i
1

40

1 30

d

Figure 5.7. by + b5 = bg.

Now suppose b, 19 = b1 + b, for any n, 4 < n < k, for some k. First
consider the number of upset tournaments on k + 2 vertices with be(T) = k+2
such that the arc

Vg — V3

is in the tournament. Since vy — v3 we know that vs 4 v4. Thus, the vertex

vy must be isolated in the upset path. Hence, the number of nonisomporhic
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upset tournaments on k + 2 vertices with be(7') = k + 2 and

Vg — Vs

in the upset path is equivalent to the number of upset tournaments on £ vertices
for which be(T) = k. These are equivalent since we are essentially removing
the two vertices v3 and v, from the tournament because their inclusion in or
exclusion from the upset path is fixed. Second, consider the number of upset

tournaments on k + 2 vertices with be(T") = k + 2 such that

vy /> v3.

This number is equivalent to the number of nonisomorphic tournaments on
k — 1 vertices for which be(T) = k — 1 since we are essentially removing the
vertex vs from the tournament since its exclusion from the upset path is fixed.

Thus, by19 = by +b,. m

Recall, the boolean rank is a lower bound for the nonnegative integer
rank, and for upset tournaments, the nonnegative integer rank is always equal
to the real rank. Thus, if the boolean rank of an upset tournament on n vertices
is n, all four ranks must be n. Using these facts, we can restate Theorem 5.5.2
in terms of all four ranks. Specifically, Corollary 5.5.3 follows from Theorem

5.5.2 and Theorem 5.3.2.
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Corollary 5.5.3 Let b, be the number of nonisomorphic upset tournament

matrices of order n such that

Then by =1, bs = 2, and b,19 = b, + b, forn > 4.

Corollary 5.5.4 Let b, be the number of nonisomorphic upset tournament

matrices of order n such that

Let a,, be the Fibonnaci sequence ag = 1, a; = 1, and a,4o = a,1 + a, for

a > 2. Then

by = Gp_3 =

Proof: Let b, be the number of nonisomorphic upset tournament matrices of

order n such that
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Let a, be the Fibonnaci sequence ay = 1, a; = 1, and a,49 = a,1 + a, for
a > 2. From [Bog90], we have

L(H\/B)"“ 1 (1\/5>"“.

NG 2 V5 2

From Corollary 5.5.3, we have by = 1, b5 = 2, and b, o = b, + b, for n > 4.

a, =

Thus,

bn =ap—3 =

L)

Theorem 5.5.5 Let A be an adjacency matriz of order n > 6 corresponding
to a upset tournament T in standard form. Then
b(A) =r,+(A) =r(4) =n— L.

if and only if the upset path of T has exactly one of the structures given in
Figure 5.3 and the upset path of T does not contain any additional arcs of the
form (vi, viyq) for 3 <i<mn - 3.

Proof: Let A be an adjacency matrix of order n > 6 corresponding to a upset

tournament 7" in standard form. Suppose
b(A) =r,+(A)=r(A) =n—1.

Since b(A) = be(T) = n — 1, the upset path of T' contains exactly one of the

subgraphs Hy or H given in Figure 5.4. Since A is singular, the upset path of
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T has one or more of the eight structures given in Figure 5.3. Each of these
structures contains exactly one copy of Hy or H. Any additional arcs of the
form (v, v;y1) for 3 < i < n — 3 would give additional copies of the subgraphs
Hy and H. This would contradict 5(A) = n — 1. Thus, the upset path of T
cannot contain any additional arcs of the form (v;, v;1) for 3 <i <n — 3.
Conversely, suppose the upset path of 7" has exactly one of the struc-
tures given in Figure 5.3 and the upset path of 7" does not contain any addi-
tional arcs of the form (v;,v;41) for 3 < i < n — 3. Then T contains exactly
one of either the subgraph H, or the subgraph H given in Figure 5.4. Thus,
by Theorem 5.4.1, be(T) = b(A) = n — 1. Now since the upset path of T has

one the structures given in Figure 5.3, A is singular. Thus,

b(A)=r,+(A)=r(A)=n—-1. =

Theorem 5.5.6 Let ¢, be the number of nonisomorphic upset tournament ma-

trices of order n such that

b(A) =r,+(A)=r(A) =n—1.

Let {a,} be the Fibonnaci sequence ag = 1, a; = 1, and a9 = ani1 + ay for

a>2. Then
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( 0 if n<b5
1 if n==~6
2 if n==17
n—7
o = 20,6 + Y. QrQp_p_g if 8<n<14
n = k=1
421 if n=15
746 if n=16
n—"7 n—16 )
20,6 + 20,15 + > Qplp_p_+ > Qpay_p_15 if 0 >17
k=1 k=1

Proof: The results ¢,, = 0 for n < 5 and ¢g = 1 follow directly from Theorem
5.5.5, since there are no singular tournaments of order n < 5 and only one
of order n = 6. Suppose n = 7. From Theorem 5.5.5, we know that H, and
H; are the two possible structures of an upset path of an upset tournament 7'
satisfying
b(A(T)) =r,+(A(T)) =r(A(T)) =n— 1.

Furthermore, there is only one such tournament of each structure on n =7
vertices. Thus, ¢; = 2.

Suppose 8 < n < 14. From Theorem 5.5.5, Hy, H3, and H, are the

three possible structures of an upset path of an upset tournament 7" satisfying
b(A(T)) =r,+(A(T)) =r(A(T)) =n — 1.
There are b, 3 = a, ¢ upset tournaments having the structure Hy and satis-

fying

b(A(T)) = 1o+ (A(T)) = r(A(T)) = n — 1,
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since this is equivalent to the number of upset tournament matrices on n — 3
vertices having full boolean rank. Similarly, b,_3 = a,,_g will give the number

of upset tournaments having the structure H3 and satisfying
b(A(T)) =r,+(A(T)) =r(A(T)) =n— 1.

For each i, 4 < i < n — 4, there are b, ; possible configurations for the arcs in
the upset path above the arc (v;, v;+1), since this is equivalent to the number of
upset tournaments on n — ¢ vertices with full boolean rank. Similarly, there are
b; possible configurations for the arcs in the upset path below the arc (v;, v;+1),
since this is equivalent to the number of upset tournaments on 7 vertices with
full boolean rank. Thus, for each i, 4 <1 < n —4 there are b;b,, ; = a; 3a, ; 3

upset tournaments that have the structure H, and that satisfy
BA(T)) = s (A(T)) = r(A(T)) = n— 1.

Thus,

n—4
Cp = 2an,6 + Z A;—3Ap—;—3 if 8 S n S 14.
S—— i—4

H,’s and m3’s
H4'S

Shifting the index of the sum by three gives

n—"7
Cp = 20, _¢ + Z ApOn_p—g 1if 8 <n <14.
) ) k=1
Hy’s and m3’s
Hi'S
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If n = 15, then ¢, is given by the above expression plus one for the
structure Hy. Specifically,

8

Cls = 2a + apag_r+ 1 = 421.
15 9 Z kAg— + L1
) ) k=1 Hs
Hy’s and H3'S S———o
H4'S

Now suppose n > 17. From Theorem 5.5.5, the structure of the upset
path could be any of the six structures Hy, H3, Hy, Hg, H;, and Hg. The struc-
tures Hg,H7, and Hg are similar to the structures Hy, H3 and H,, respectively.
Thus, we just need to adjust the indices by nine in the appropriate formulas
since there are nine additional consecutive vertices in the upset paths having

the structures Hg,H;, and Hyg. It follows that for n > 17,

n—"7 n—16
Cn = 2a,_¢ + 20,15 + Z QfCp—f—6 + Z AkOp—k-15 -
3 3 ) ) k=1 k=1
H,’s and ;'S He's and H'S - ~ .~ ~ .
Hi'S Hs'S

If n = 16, then the structure of the upset path could be any of the
five structures H,, Hs, Hy, Hg, and H;. Thus, ¢, is given by the above expres-
sion minus the term counting those tournaments whose upset path have the

structure Hg. Hence,

9
Cig = 2a4 + 2aq + E Arpag_p = 746. m
v M k=1
H,'’s and H;'s Hg's and H,S ~—0V——
M)
H4'S
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Using Theorems 5.5.1 and 5.5.2, we can characterize upset tourna-
ments with equal biclique cover and partition numbers. This is given in Corol-

lary 5.5.7.

Corollary 5.5.7 Let T be an upset tournament in standard form onn > 6

vertices. Then

if and only if the upset path does not contain any arcs of the form (v;, viyq) for
3 <1< n—3 orthe upset path of T has exactly one of the structures given in
Figure 5.3 and the upset path of T does not contain any additional arcs of the

form (vi,viy1) for 3 <i<mn-—3.

Combining Theorems 5.5.5 and 5.5.6 gives the number of upset tour-

naments with equal biclique cover and partition numbers. This is given in

Corollary 5.5.8.

Corollary 5.5.8 Let d,, be the number of nonisomorphic upset tournament

matrices of order n such that
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Let {a,} be the Fibonnaci sequence ag = 1, a1 = 1, and a9 = ani1 + ay for

n > 2. Then
( 2 if n<b5
4 if n==~6
7 if n==17
n—7
d. = (p—3 + 2(]'”76 + Z A Op—k—6 Zf 8 <n< 14
n = k=1
654 if n =15
1123 if n =16
n—"7 n—16 .
Up—3 + 20,6+ 20,15 + 2 Qpln_p—6+ > pan_g—15 4f n>17
\ k=1 k=1
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6. Summary

6.1 Bipartite
e If B is a bipartite domino-free graph, then b(A(B)) = r,+(A(B)).

e If B is a bipartite C4-free graph, then

e If B is a minimal elementary bipartite graph with reduced adjacency

matrix A(B) of order n > 3, then

and a class with
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e For each £k, 3 < k < n = 5m, there exists a bipartite graph B contain-

ing at least m dominos with

b(A(B)) = r(A(B)) = r.+(A(B)) = k.

e Foreach k,3<k <n=>5m, k=5j+4, i€ {01}, j€{1,2,3,..},

there exists a bipartite graph B containing at least m dominos with

Open Problems:

e If B(A) is a C4-free bipartite graph, find a lower bound for

,——, and

~—

e Find new classes of bipartite graphs with bc(B) = bp(B) or two or more

of the matrix ranks equal for the corresponding adjacency matrix.

6.2 Digraphs

e If D is a strongly unipathic digraph, then

119



Open

6.3

6.4

e If D is a minimally strong digraph, then

Problem:
e Find new classes of digraphs with be(B) = bp(B) or two or more of the

matrix ranks equal for the corresponding adjacency matrix.

Nearly Reducible Matrices

e If A is a nearly reducible matrix, then

b(A) =r(A) =7r,+(A) =1t(A).

e For each k, 2 < k < n, there exists a nearly reducible matrix A with

b(A) = r(A) = 1.+ (A) = t(A) = k.

e A is a nearly reducible matrix if and only if B(A) is a minimal sub-

elementary bipartite graph.

Nearly Decomposable Matrices

e If A is a nearly decomposable matrix of order n > 3, then

b(A) = 1,4+ (A) = t(A) = n.

e There exists a class of nearly decomposable matrices of order n with

r(A) =nif nis odd and r(A) =n — 1 if n is even.
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e There exists a nearly decomposable matrix of order n with r(A) = n—2.
e A is a nearly decomposable matrix if and only if B(A) is a minimal

elementary bipartite graph.

Open Problems:

6.5

e Find a lower bound for the ratio

r(4)

n

if A is a nearly decomposable matrix.
e Find a characterization of nearly decomposable matrices with respect
to their real rank.

e Specifically, classify singular nearly decomposable matrices.

Tournaments

e If A is an n-tournament matrix, then

n—1<r(A) <r+A4) <t(4) <n.

e If A is an n-tournament matrix, then ¢(A) = n if and only if every
strong component of T'(A) has at least three vertices.

e If A is a regular or near-regular n-tournament matrix, n > 3, then
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e For each integer m > 2 and n sufficiently large,

min{b(7) : T is an n X n tournament matrix} < -

3

e There exists a class of n-tournament matrices with

b(A) = r(A) = r,+(A) = £(A) = n.

e There exists a class of n-tournament matrices with no source or sink
and

b(A) =r(A) =r,+(A) =t(A) =n—1.

e There exists a singular n-tournament matrix A with ¢(A) = n.
e There exists a singular n-tournament matrix A with r,+(A) = n.

e There exists a singular n-tournament matrix A with

n—2=>0bA) <r(A) =r,+(A) <t(A) =n.

Open Problems:
e Classify singular tournament matrices.
e Improve the bounds for the boolean rank of tournament matrices or
show the above is best possible.
e What is the boolean rank of regular or near-regular tournament ma-
trices?

e Does there exist a singular n-tournament matrix with b(A) = n?
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Upset Tournaments
e Upset tournament matrices have been classified with respect to each
rank.

e If Ais n-tournament matrix corresponding to a upset tournament, then

gn < B(A) < r(A) = 1,4 (A) < H(A) = 1.

e There exists a class of upset n-tournament matrices such that

HA)

as n — oQ.

Wl N

e The number of nonisomorphic upset tournaments with

be(T) =bp(T)=n and be(T)=bp(T)=n—1

can be given in terms of convolutions of the Fibonacci sequence.
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