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1. Introdu
tion1.1 Ba
kgroundThe 
overing of bipartite graphs and digraphs with bi
liques has ap-pli
ations in many areas. Amilhastre et al. [AVJ98℄ gave referen
es regardingappli
ations in automata and language theories, graph 
ompression, partialorders, arti�
ial intelligen
e, and biology [NMWA78℄. During the past twentyyears there has been 
onsiderable resear
h on the bi
lique 
over and partitionnumbers of bipartite graphs and digraphs and several related matrix ranksin
luding the boolean rank, nonnegative integer rank, term rank, and thereal rank. See Alexe et al. [AAF+℄, Brualdi et al. [BHM80℄, de Caen etal. [dCGP81℄, Fishburn and Hammer [FH93℄, Gregory et al. [GJLP91℄, Mon-son et al. [MPR95℄, Orlin [Orl77℄, and Shader [Sha90℄. Bi
lique 
overing andpartitioning numbers and related matrix ranks for some individual 
lasses ofgraphs have been determined. For example, for domino-free bipartite graphs,see Amilhastre et al. [AVJ98℄; for tournaments, see Bain et al. [BLM92℄ andShader [Sha90℄; for unipathi
 digraphs, see Hefner et al. [HLM93℄; and fordire
ted 
o
kades, see Lundgren and Maybee [LM91℄. The main goal of the
1



work in this thesis is to �nd 
lasses of graphs with equal bi
lique 
over andpartition numbers or 
lasses of f0,1g-matri
es with at least two of the matrixranks equal.In 1991, Lundgren and Maybee showed that all four matrix ranks ofnearly redu
ible matri
es are equal [LM91℄. In 1977, Lov�asz and Plummer gavebipartite graph representations of nearly de
omposable and fully inde
ompos-able matri
es [LP77℄. New results in this thesis will 
omplement this work.Three of the matrix ranks for nearly de
omposable matri
es are determinedand bipartite graph representations of nearly redu
ible and irredu
ible matri-
es will be given.In 1991, de Caen proved that the real rank of an n-tournament matrixis at least n � 1 [dC91℄. This lower bound implies that the term rank of ann-tournament matrix is also at least n � 1. A new result in this thesis 
har-a
terizes those tournaments with term rank n. The 
lassi�
ation of singulartournaments remains an open problem, but some results are known for spe-
i�
 sub
lasses of tournaments. In 1990, Shader 
hara
terized singular upsettournament matri
es and proved that the nonnegative integer rank of upsettournament matri
es is equal to the real rank [Sha90℄. New results 
on
erningthe boolean rank and term rank of upset tournament matri
es are dis
ussed inthis thesis. Spe
i�
ally, a 
hara
terization of upset tournament matri
es with
2



respe
t to their boolean rank and a best possible lower bound for the booleanrank is given. In addition, it is shown that the number of nonisomorphi
 upsettournaments with equal bi
lique 
over and partition numbers 
an be given interms of 
onvolutions of the Fibona

i sequen
e. These results, together withShader's work, give a 
omplete 
hara
terization of upset tournament matri
eswith respe
t to ea
h rank and with respe
t to their bi
lique 
over and partitionnumbers.Chapter 1 will give the ne
essary ba
kground and preliminary infor-mation 
on
erning bi
lique 
overs and partitions and related matrix ranks.Chapter 2 will fo
us on 
lasses of graphs where at least two of the matrixranks are equal for the 
orresponding adja
en
y matrix. Chapter 3 will givethe ranks of nearly redu
ible and nearly de
omposable matri
es and will dis-
uss a bipartite graph representation of ea
h of these 
lasses. Chapter 4 willgive rank results for tournaments in general and for some spe
i�
 
lasses oftournaments. Chapter 5 gives a 
omplete 
lassi�
ation of upset tournamentswith respe
t to ea
h rank and shows that the number of upset tournamentswith equal bi
lique 
over and partition numbers 
an be given in terms of 
on-volutions of the Fibona

i sequen
e. Chapter 6 summarizes the known results,both new and old, and gives some open problems.
3



1.2 PreliminariesThroughout this thesis, A(D) will be the adja
en
y matrix 
orre-sponding to the digraph D(A) and A(B) will be the redu
ed adja
en
y matrix
orresponding to the bipartite graph B(A). The redu
ed adja
en
y matrix ofa bipartite graph is the submatrix of the adja
en
y matrix that 
orrespondsto the ar
s from one set of the bipartition to the other set of the bipartition.That is, if A is the adja
en
y matrix of a bipartite graph B, thenA = " 00s A(B)A(B)T 00s # :1.2.1 Bi
lique Cover and Partition Numbers The bi
lique
over number of a graph G, denoted by b
(G), is the smallest number of 
om-plete bipartite subgraphs that 
over the edges of G. For example, the digraphD, given in Figure 1.1, 
an be 
overed with two bi
liques. See Figure 1.2. Thebi
liques in the 
overing must have the same orientation as in the digraph Dand all the ar
s my be from one bipartition set to the other bipartition set.The bi
lique partition number of a graph G, denoted by bp(G), is thesmallest number of 
omplete bipartite subgraphs that partition the edges of G.For example, the digraph D, given in Figure 1.1, 
an be partitioned into threebi
liques. See Figure 1.3.
4
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Figure 1.2. The digraph D, given in Figure 1.1, 
an be 
overed with twobi
liques.
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Figure 1.3. The digraph D, given in Figure 1.1, 
an be partitioned into threebi
liques.
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1.2.2 Boolean Rank The boolean rank of anm�n f0,1g-matrixA, denoted by b(A), is de�ned to be the smallest k for whi
h there is anm � k f0,1g-matrix B and a k � n f0,1g-matrix C su
h that A = BC whereboolean arithmeti
 is used (1 + 1 = 1). The boolean rank of a f0,1g-matrixA is equivalent to the minimum number of f0,1g-matri
es of rank one whoseboolean sum is A. For example, let A = A(D) be the adja
en
y matrix of thedigraph given in Figure 1.1. Then
A = 2666666664 0 1 0 1 1 10 0 0 1 1 10 1 0 1 1 10 0 0 0 0 00 1 0 1 0 00 1 0 1 0 0

37777777756�6= 2666666664 1 11 01 10 00 10 1
37777777756�2 " 0 0 0 1 1 10 1 0 1 0 0 #2�6

= 2666666664 111000
3777777775 h 0 0 0 1 1 1 i + 2666666664 101011

3777777775 h 0 1 0 1 0 0 i

6



= 2666666664 0 0 0 1 1 10 0 0 1 1 10 0 0 1 1 10 0 0 0 0 00 0 0 0 0 00 0 0 0 0 0
3777777775 +

2666666664 0 1 0 1 0 00 0 0 0 0 00 1 0 1 0 00 0 0 0 0 00 1 0 1 0 00 1 0 1 0 0
3777777775 :The two rank one matri
es 
orrespond to the two bi
liques used to 
over thedigraph D = D(A). See Figure 1.2. Every fa
torizationAn�m = Bn�kCk�mofA into f0,1g-matri
es 
orresponds to a bi
lique 
overing of size k. Conversely,every bi
lique 
overing of size k, 
orresponds to a fa
torizationAn�m = Bn�kCk�mof A into f0,1g-matri
es.The same result holds for bipartite graphs. Thus, we have Lemma 1.2.1.Lemma 1.2.1 (Gregory et al. [GJLP91℄) If D is a digraph and B is abipartite graph, thenb(A(D)) = b
(D) and b(A(B)) = b
(B):

1.2.3 Nonnegative Integer Rank The nonnegative integer rankof an m � n matrix A, denoted by rz+(A), is de�ned to be the smallest k for7



whi
h there is an m � k matrix B and a k � n matrix C, over the nonnega-tive integers, su
h that A = BC. If A is a f0,1g-matrix, then B and C aref0,1g-matri
es. The nonnegative integer rank of a matrix A is equivalent to theminimum number of rank one matri
es, over the nonnegative integers, whosesum is A. For example, let A = A(D) be the adja
en
y matrix of the digraphgiven in Figure 1.1. Then
A = 2666666664 0 1 0 1 1 10 0 0 1 1 10 1 0 1 1 10 0 0 0 0 00 1 0 1 0 00 1 0 1 0 0

37777777756�6= 2666666664 1 1 01 0 01 1 00 0 00 1 10 1 1
37777777756�3

264 0 0 0 1 1 10 1 0 0 0 00 0 0 1 0 0 3753�6
= 2666666664 111000

3777777775 h 0 0 0 1 1 1 i+ 2666666664 101011
3777777775 h 0 1 0 0 0 0 i

+ 2666666664 000011
3777777775 h 0 0 0 1 0 0 i

8



= 2666666664 0 0 0 1 1 10 0 0 1 1 10 0 0 1 1 10 0 0 0 0 00 0 0 0 0 00 0 0 0 0 0
3777777775+

2666666664 0 1 0 0 0 00 0 0 0 0 00 1 0 0 0 00 0 0 0 0 00 1 0 0 0 00 1 0 0 0 0
3777777775 +

2666666664 0 0 0 0 0 00 0 0 0 0 00 0 0 0 0 00 0 0 0 0 00 0 0 1 0 00 0 0 1 0 0
3777777775 :The three rank one matri
es 
orrespond to the three bi
liques used to partitionthe digraph D = D(A). See Figure 1.3. Every fa
torizationAn�m = Bn�kCk�mof A into matri
es B and C over the nonnegative integers 
orresponds to abi
lique partition of size k. Conversely, every bi
lique partition of size k, 
or-responds to a fa
torization An�m = Bn�kCk�mof A into matri
es B and C over the nonnegative integers.The same result holds for bipartite graphs. Thus, we have Lemma 1.2.2.Lemma 1.2.2 (Gregory et al. [GJLP91℄) If D is a digraph and B is abipartite graph, thenrz+(A(D)) = bp(D) and rz+(A(B)) = bp(B):

9



1.2.4 Real Rank The real rank (usual rank) of the matrix A,denoted by r(A), 
an be de�ned as the smallest k for whi
h there is an m� kmatrix B and a k � n matrix C, over the real numbers, su
h that A = BC.The real rank of a matrix A is equivalent to the minimum number of rank onematri
es, over the real numbers, whose sum is A. This fa
torization into rankone matri
es 
an be found using the LU -de
omposition of A. For example,
A = 2666666664 1 0 0 0 1 11 1 0 0 0 11 1 1 0 0 00 1 1 1 0 00 0 1 1 1 00 0 0 1 1 1

37777777756�6= LU= 2666666664 1 0 0 0 0 01 1 0 0 0 01 1 1 0 0 00 1 1 1 0 00 0 1 1 1 00 0 0 1 0 1
37777777756�6

2666666664 1 0 0 0 1 10 1 0 0 �1 00 0 1 0 0 �10 0 0 1 1 10 0 0 0 0 00 0 0 0 0 0
37777777756�6= 2666666664 1 0 0 01 1 0 01 1 1 00 1 1 10 0 1 10 0 0 1

37777777756�4
26664 1 0 0 0 1 10 1 0 0 �1 00 0 1 0 0 �10 0 0 1 1 1 377754�6

= 2666666664 111000
3777777775 h 1 0 0 0 1 1 i + 2666666664 011100

3777777775 h 0 1 0 0 �1 0 i
10



+ 2666666664 001110
3777777775 h 0 0 1 0 0 �1 i + 2666666664 000111

3777777775 h 0 0 0 1 1 1 i

1.2.5 Term Rank The term rank of a matrix A, denoted byt(A), is the smallest number of rows and 
olumns 
ontaining all the nonzeroentries of A. If A is a f0,1g-matrix, a set of 1's of A is 
alled an independentset if no two 1's in this set are in the same row or 
olumn of A. Hen
e, t(A)is the maximum number of independent 1's in A. Also, if A is the adja
en
ymatrix of a bipartite graph B, then t(A) is the size of a maximum mat
hingin B. For example, let A = 26664 1 0 1 00 0 1 01 1 0 10 0 1 0 37775 :Then rows one and three and 
olumn three form a minimum line 
over of allthe 1's in A and the three bold 1's give a maximum set of independent 1's.These independent 1's 
orrespond to a maximum mat
hing in the bipartitegraph B(A). See Figure 1.4.
11



�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

Figure 1.4. Maximum mat
hing in the bipartite graph B(A):1.2.6 Lower Bounds Lemma 1.2.3, Lemma 1.2.4, and Corol-lary 1.2.5 will be useful in �nding lower bounds for the boolean rank and thebi
lique 
overing number.Lemma 1.2.3 (Gregory et al. [GJLP91℄) If a bipartite graph B 
ontainsa mat
hing S, no two edges of whi
h are in a four-
y
le of B, then b
(B) � jSj,the number of edges in S.A set S of independent 1's of a f0,1g-matrix is said to be isolated ifno two 1's of S are in a submatrix of the form" 1 11 1 # :Lemma 1.2.4 is a matrix formulation of Lemma 1.2.3.
12



Lemma 1.2.4 (Gregory et al. [GJLP91℄) If the adja
en
y matrix A of abipartite graph B has an isolated set of k 1's, then b(A) = b
(B) � k.Corollary 1.2.5 If the adja
en
y matrix A of a digraph D has an isolated setof k 1's, then b(A) = b
(D) � k.Corollary 1.2.6 If a f0,1g-matrix A has an isolated set of k 1's, thenb(A) � k:
For example, the bold 1's in the adja
en
y matrix

A = 2666666664 0 1 0 1 1 10 0 0 1 1 10 1 0 1 1 10 0 0 0 0 00 1 0 1 0 00 1 0 1 0 0
3777777775of the digraph D, given in Figure 1.1, give a set of two isolated 1's. By Corol-lary 1.2.5, b(A) = b
(D) � 2. Thus, b(A) = b
(D) = 2, sin
e we previouslyexhibited a bi
lique 
overing of size two.1.2.7 Basi
 Rank Relationships From the de�nitions of non-negative integer rank and real rank, it is 
lear that r(A) � rz+(A). Sin
e

13



every bi
lique partition is a bi
lique 
overing, Lemmas 1.2.1 and 1.2.2 implythat b(A) � rz+(A), for any f0,1g-matrix A. Also, for any f0,1g-matrix A,rz+(A) � t(A).There is no relationship between b(A) and r(A) for a f0,1g-matrix A.To illustrate this, 
onsiderA = 2666666664 1 0 0 0 1 11 1 0 0 0 11 1 1 0 0 00 1 1 1 0 00 0 1 1 1 00 0 0 1 1 1
3777777775whi
h has r(A) = 4. The 1's on the main diagonal of A give a set of six isolated1's. By Corollary 1.2.5, b(A) � 6. Thus,4 = r(A) < b(A) = 6:But, for the adja
en
y matrix A of the digraph D, given in Figure 1.1, we have3 = r(A) > b(A) = 2:We 
an summarize the basi
 relationships between the ranks in thefollowing way. If A is a f0,1g-matrix, thenb(A) � rz+(A) � t(A) and r(A) � rz+(A) � t(A):

14



2. Classes With Equal Ranks2.1 Bipartite graphsA domino is a 6-
y
le with exa
tly one 
hord and this 
hord 
reatestwo four-
y
les. See �gure 2.1. Bipartite domino-free graphs are bipartitegraphs without any indu
ed subgraphs isomorphi
 to a domino [AVJ98℄.
Figure 2.1. Domino.A re
ent breakthrough 
on
erning the problem of determining whatbipartite graphs B have the property that b
(B) = bp(B) is the following result.Theorem 2.1.1 (Amilhastre et al. [AVJ98℄) If B is a bipartite domino-free graph, then b
(B) = bp(B).A bipartite C4-free graph is a bipartite graph without any indu
edsubgraphs isomorphi
 to a four-
y
le. By de�nition, a bipartite C4-free graph

15



is ne
essarily domino-free. Corollary 2.1.2 follows from the fa
t that every setof independent 1's is isolated in an adja
en
y matrix 
orresponding to a C4-freebipartite graph.Corollary 2.1.2 If A is the redu
ed adja
en
y matrix of a C4-free bipartitegraph B, then r(A) � b(A) = rz+(A) = t(A):
The following example shows that we 
an have r(A) < t(A) if A isthe redu
ed adja
en
y matrix of a C4-free bipartite graph. LetA = 26664 1 0 0 11 1 0 00 1 1 00 0 1 1 37775 :B(A) is C4-free and 3 = r(A) < b(A) = rz+(A) = t(A) = 4.Open problem: If B(A) is a C4-free bipartite graph, �nd a lower boundfor r(A)b(A) :Re
all, if A is the redu
ed adja
en
y matrix of a domino-free bipartitegraph, then r(A) � b(A) = rz+(A) � t(A):

16



The following two examples show there exists a 
lass of domino-free bipartitegraphs with r(A)b(A) = r(A)t(A) = 34and a 
lass with b(A)t(A) = r(A)t(A) = 34 ;where A is the redu
ed adja
en
y matrix of any graph in the parti
ular 
lass.First, letE1 = 26664 1 0 0 11 1 0 00 1 1 00 0 1 1 37775 ; F1 = 26664 0 0 0 00 0 0 00 0 0 01 1 0 0 37775 ; and
A1 = 266666664 E1 F1 � � � 00sE1 F1... ...F100s � � � E1

377777775 :Then A1 is of order n = 4m, for some positive integer m. Sin
e the 1's on themain diagonal of A1 are isolated, b(A1) � n and hen
eb(A1) = t(A1) = 4m:Furthermore, r(A1) = 3m sin
er(E1) = r " F1E1 # = 3:Thus, r(A1)b(A1) = r(A1)t(A1) = 34 :17



Se
ond, letE2 = 26664 1 1 0 11 1 0 10 1 1 10 0 1 0 37775 ; F2 = 26664 0 0 0 00 0 0 00 0 0 01 0 0 0 37775 ; and
A2 = 266666664 E2 F2 � � � 00sE2 F2... ...F200s � � � E2

377777775 :Then A2 is of order n = 4m, for some positive integer m. Sin
e the bold 1'sin ea
h of the F2's are isolated, b(A2) � 3m. Clearly, there exists a bi
lique
overing of B �h E2 F2 i�
onsisting of three bi
liques. Thus,b(A2) = 3m:Furthermore, r(A2) = 3m sin
er(A2) = r " F2E2 # = 3:Sin
e the bold 1's and the upper left 1 in the E2's give an independent set inA2 of 
ardinality 4m, t(A2) = 4m. Thus,b(A2)t(A2) = r(A2)t(A2) = 34 :
18



Open problems: If B(A) is a domino-free bipartite graph, �nd lowerbounds for r(A)b(A) ; b(A)t(A) ; and r(A)t(A) :2.2 DigraphsA digraph is strongly 
onne
ted if there is a dire
ted path betweenany two verti
es. A digraph is strongly unipathi
 if it has exa
tly one dire
tedpath between any two verti
es.Theorem 2.2.1 (Hefner et al. [HLM93℄) If D is a strongly unipathi
 di-graph, then b(A(D)) = r(A(D)) = rz+(A(D)) = t(A(D)):Hefner et al. [HLM93℄ showed that the simultaneous value of theranks of strongly unipathi
 digraphs of order n is any number in the range 2though n. Ea
h of these values 
an be realized for any n > 2. A strongly
onne
ted digraph is 
alled minimally strong if the removal of any ar
 resultsin a digraph that is not strongly 
onne
ted. Lundgren and Maybee [LM91℄showed that minimally strong digraphs are a sub
lass of a 
lass of digraphs,
alled dire
ted 
o
kades, for whi
h all four matrix ranks are equal and everybi
lique is a 
law. Theorem 2.2.2 and Lemma 2.2.3 follow from this work.
19



Theorem 2.2.2 (Lundgren and Maybee [LM91℄) IfD is a minimally strongdigraph, then b(A(D)) = r(A(D)) = rz+(A(D)) = t(A(D)):
Lemma 2.2.3 (Lundgren and Maybee [LM91℄) If A is the adja
en
y ma-trix of a minimally strong digraph, then B(A) is a C4-free, hen
e domino-free,bipartite graph.Lemma 2.2.4 If D is a strongly 
onne
ted unipathi
 digraph, then D is min-imally strong.Proof: Suppose D is a strongly unipathi
 digraph. Suppose e is an ar
 in D.Then e is in a dire
ted path from some vertex vi to some other vertex vj. If e isremoved, there is no dire
ted path from vi to vj. Thus, D is minimally strong.The digraph in �gure 2.2 is minimally strong, but not unipathi
, sothe 
onverse of Lemma 2.2.4 is false. Lemma 2.2.4, and the fa
t that the 
on-verse is not true, will be useful in se
tion 3.1.
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1

2 4

3

Figure 2.2. Digraph that is minimally strong but not unipathi
.Corollary 2.2.5 If A is the adja
en
y matrix of a strongly unipathi
 digraph,then B(A) is a C4-free, hen
e domino-free, bipartite graph.
2.3 Examples With DominosRe
all, bp(G) = b
(G) if G is a domino-free bipartite graph or if Gis a unipathi
 or minimally strong digraph. From Lemma 2.2.3 and Corollary2.2.5, B(A(G)) is domino-free for these three 
lasses of graphs. The followingtwo examples show that we 
an have bp(B) = b
(B) with B 
ontaining a largenumber of dominos relative to n. Furthermore, both examples have sub
lasseswith b(A(B)) = r(A(B)) = rz+(A(B)) = t(A(B)):The �rst example is straight forward to 
onstru
t from a bipartitegraph and the resulting graph is su
h that bp(B) = b
(B) = n. Let B0be a bipartite graph with disjoint vertex sets X = fx1; x2; ::; xng and Y =fy1; y2; ::; yng where n = 3m+ 1. Suppose B0 has the form given in �gure 2.3.
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y y y y

x x x x
1 2 3

1 2 3
y y y

x x x
4 5 6 7

4 5 6 7Figure 2.3. Bipartite graph with b
(B0) = bp(B0) = n and more than bn�13 
dominos.Now 
onstru
t a bipartite graph B, with the same bipartition sets as B0, byadding any edges to B0 with the following two restri
tions:(1) If (xi; yj), i 6= j, is an edge in B, then (xj; yi) is not an edge in B.(2) (x3j ; y3j�1) and (x3j�2; y3j+1) are not an edges in B for j � 1.B 
ontains at least m dominos and b
(B) = bp(B) = n sin
e the set f(xi; yi) :i = 1; 2; :::; ng is a perfe
t mat
hing of B with no two edges in a four-
y
le.Furthermore, the B0s's give a 
lass of bipartite graphs with at least m dominosand b(A(B0)) = r(A(B0)) = rz+(A(B0)) = t(A(B0)) = n:The se
ond example is not as straight forward as the �rst example,but its properties are more signi�
ant. For ea
h k, 3 � k � n = 5m, m anypositive integer, we will 
onstru
t a bipartite graph Bk on 2n verti
es with atleast m dominos,b(A(Bk)) = r(A(Bk)) = rz+(A(Bk)) = t(A(Bk)) = k
22



for k = 5j + i, i 2 f0; 1g, j 2 f1; 2; 3; :::g, andb(A(Bk)) = r(A(Bk)) = rz+(A(Bk)) = kfor all k. Furthermore, for ea
h n = 5m, the graphs will have 11m edges forall k. We will 
onstru
t these graphs from a matrix perspe
tive. LetC1 = 26666664 1 0 0 0 01 0 0 0 01 1 1 0 00 1 1 0 01 0 1 1 1
37777775 ; C2 = 26666664 1 0 0 0 00 1 0 0 01 1 1 0 00 1 1 0 01 0 1 1 1

37777775 ;
C3 = 26666664 1 0 0 0 00 1 0 0 01 1 1 0 00 1 1 1 01 0 1 0 1

37777775 ; C4 = 26666664 0 0 0 0 0 1 0 0 0 00 0 0 0 0 1 0 0 0 00 1 1 0 0 1 0 0 0 00 1 1 0 0 0 0 0 0 00 0 1 1 1 1 0 0 0 0
37777775 ;

C5 = 26666664 0 0 0 0 0 1 0 0 0 00 0 0 0 0 1 0 0 0 00 0 0 0 0 1 1 1 0 00 0 0 0 0 0 1 1 0 00 0 1 1 1 1 0 0 0 0
37777775 ;and O be the 5� 5 zero matrix. Let n = 5m, m a positive integer. For ea
h k,3 � k � n, de�ne the 5m� 5m matrix Ak = Ak;m = A(Bk) indu
tively.A3;m = 266664 C1 O � � � OC1 O � � � O... ... ...C1 O � � � O 377775 ; A4;m = 266664 C2 O � � � OC2 O � � � O... ... ...C2 O � � � O 377775 ;

A5;m = 266664 C3 O � � � OC3 O � � � O... ... ...C3 O � � � O 377775 ; A6;m = 266664 C3 O O � � � OC4 O � � � O... ... ...C4 O � � � O 377775 ;
23



A7;m = 266664 C3 O O � � � OC5 O � � � O... ... ...C5 O � � � O 377775 ; and
Ak;m = 266664 C3 O � � � OO... Ak�5;m�1O 377775 for k � 8:Sin
e Ak;m is lower triangular, the k 1's on the diagonal form a set of k isolated1's. Thus, b(Ak;m) � k. Using the indu
tive 
onstru
tion of Ak;m it is notdiÆ
ult, but tedious, to �nd a partition of Bk = B(Ak;m) 
onsisting of kbi
liques. Hen
e, rz+(Ak;m) � k for 3 � k � n. This implies that b(Ak;m) =rz+(Ak;m) = k. When the �rst k entries on the main diagonal are nonzero,they will form a set of independent 1's of largest 
ardinality in Ak;m. Thus,t(Ak;m) = k for k = 5j + i; i 2 f0; 1g; j 2 f1; 2; 3; :::g:Using the indu
tive 
onstru
tion of Ak;m, it is easy to verify that r(Ak;m) = kfor k � 3. In matrix form, a domino is a permutation of the submatrix264 1 1 10 1 11 0 1 375 :Su
h submatri
es o

ur at least m times in Ak;m. Thus, Bk = B(Ak) =B(Am;k) has the desired properties. Note that for small k, the above 
onstru
-tion gives a bipartite graph with many isolated verti
es. These isolated verti
eswere in
luded so the 
lass 
ould be 
onstru
ted indu
tively. If k � n� 3, thereare no isolated verti
es. 24



3. Matri
es3.1 Nearly Redu
ible Matri
esThe f0,1g-matrix A is redu
ible if there exists a permutation matrixP su
h that PAP T = " A1 OA21 A2 #where A1 and A2 are square of order at least one and O is the zero matrix. If Ais not redu
ible, then A is irredu
ible. An irredu
ible matrix A is 
alled nearlyredu
ible provided the repla
ement of any 1 with a 0 results in a redu
iblematrix. The matrix 26664 0 1 0 00 0 1 01 0 0 10 1 0 0 37775is an example of a nearly redu
ible matrix. The matrix26664 0 1 0 10 0 1 01 0 0 10 1 0 0 37775is irredu
ible, but not nearly redu
ible sin
e the 1 in position (1,4) 
an be
hanged to a 0 without resulting in a redu
ible matrix. The following theoremis a well known result that was given in [BR92℄.
25



Theorem 3.1.1 The matrix A is irredu
ible if and only if the digraph D(A)is strongly 
onne
ted.Corollary 3.1.2 The matrix A is nearly redu
ible if and only if the digraphD(A) is minimally strong.Corollary 3.1.3 follows from Corollary 3.1.2 and Theorem 2.2.2.Corollary 3.1.3 If A is a nearly redu
ible matrix, thenb(A) = r(A) = rz+(A) = t(A):
The following example shows that, for any n � 2, we 
an 
onstru
ta nearly redu
ible matrix where the simultaneous value of the ranks is k, forany k, 2 � k � n. Let A = " B CO D #where B is an (n� k + 2)� (n� k + 1) matrix of the formB = 266666664 0 1 1 � � � 11 0 0 � � � 01 0 0 � � � 0... ... ... ...1 0 0 � � � 0

377777775 ;
26



C is an (n� k + 2)� (k � 1) matrix of the formC = 266666664 0 � � � 0 0 10 � � � 0 0 00 � � � 0 0 0... ... ... ...0 � � � 0 0 0
377777775 ;D is an (k � 2)� (k � 1) matrix of the formD = 266664 1 0 � � � 0 00 1 � � � 0 0... ... ... ...0 0 � � � 1 0 377775 ;and O is the (k�2)� (n�k+1) zero matrix. The matrix A is nearly redu
iblesin
e the digraph D(A) is minimally strong. See �gure 3.1. Clearly, r(A) = k.Hen
e, b(A) = rz+(A) = r(A) = t(A) = k:

. . .

1
2

3
n-k+1

n-k+2
. . .

n-1 nFigure 3.1. Minimally strong digraph with b(A(D)) = rz+(A(D)) =r(A(D)) = t(A(D)) = k:Note that D(A) is also a strongly unipathi
 digraph. Hen
e, this exampleshows that for every k, 2 � k � n, we 
an �nd a strongly unipathi
 digraphon n verti
es su
h thatb(A(D)) = rz+(A(D)) = r(A(D)) = t(A(D)) = k:27



3.2 Nearly De
omposable Matri
es3.2.1 Preliminaries The f0,1g-matrix A is partly de
omposableif there exists an integer k with 1 � k � n � 1 and permutation matri
es Pand Q su
h that PAQ = " B OD C #where O is the k�(n�k) zero matrix. A is fully inde
omposable if it is not partlyde
omposable. A fully inde
omposable matrix is 
alled nearly de
omposableprovided the repla
ement of any 1 with a 0 results in a partly de
omposablematrix [BR92℄. The matrix 26664 1 0 0 10 1 0 10 0 1 11 1 1 0 37775is an example of a nearly de
omposable matrix. The matrix26664 1 0 0 10 1 0 10 0 1 11 1 1 1 37775is fully inde
omposable, but not nearly de
omposable sin
e the 1 in position(4,4) 
an be 
hanged to a 0 without resulting in a partly de
omposable matrix.Lemma 3.2.1 summarizes some properties of these matri
es as dis
ussed byBrualdi and Ryser in [BR92℄. Lemma 3.2.2 gives a suÆ
ient 
ondition for afully inde
omposable matrix to be nearly de
omposable.
28



Lemma 3.2.1 (Brualdi and Ryser [BR92℄) Let A be a f0,1g-matrix of or-der n. A is partly de
omposable if and only if it has a minimum line 
over otherthan the all rows 
over or the all 
olumns 
over. Hen
e, A is fully inde
ompos-able if and only if t(A) = n. Furthermore, every line of a fully inde
omposablematrix has at least two ones.Lemma 3.2.2 Let A be a fully inde
omposable matrix. If aij = 1 implies rowi or 
olumn j (or both) has exa
tly two 1's, then A is nearly de
omposableProof: Suppose A is a fully inde
omposable matrix, aij = 1, and row i or
olumn j has exa
tly two 1's. Without loss of generality, assume aij = aik = 1and ait = 0 for 1 � t � n, t 6= j, and t 6= k.j ki26664 ... ...� � � 0 1 0 � � � 0 1 0 � � �... ... 37775If aij = 1 is 
hanged to aij = 0, the resulting matrix 
an be 
overed with
olumn k and all rows ex
ept row i.j ki26664 ... ...� � � 0 0 0 � � � 0 1 0 � � �... ... 37775Thus, A has a line 
over that is not the all rows 
over or the all 
olumns 
over.Therefore, by Lemma 3.2.1, A is nearly de
omposable.
29



Theorem 3.2.3 shows how irredu
ible and fully inde
omposable ma-tri
es are related. This will be used to verify matri
es are fully inde
omposableand to �nd bipartite graph representations of irredu
ible and nearly redu
iblematri
es. The indu
tive stru
ture given in Lemma 3.2.4 will be used to deter-mine the boolean rank of nearly de
omposable matri
es.Theorem 3.2.3 (Brualdi and Ryser [BR92℄) Let A be a f0,1g-matrix oforder n. Let A℄ be the matrix obtained from A by repla
ing ea
h entry onthe main diagonal with a 1. Then A is irredu
ible if and only if A℄ is fullyinde
omposable.Lemma 3.2.4 (Brualdi and Ryser [BR92℄) Let A be a nearly de
ompos-able f0,1g-matrix of order n � 2. Then there exists permutation matri
es Pand Q of order n and an integer m with 1 � m � n� 1 su
h that
PAQ =

2666666666666664
1 0 0 � � � 0 01 1 0 � � � 0 00 1 1 � � � 0 0 F1... ... ... . . . ... ...0 0 0 � � � 1 00 0 0 � � � 1 1F2 B

3777777777777775where B is a nearly de
omposable matrix of order m. The matrix F1 
ontains aunique 1 and it belongs to its �rst row and 
olumn j for some j with 1 � j � m.30



The matrix F2 
ontains a unique 1 and it belongs to its last 
olumn and row ifor some i with 1 � i � m. If m � 2, then m 6= 2 and the element in position(i; j) of B is 0.3.2.2 Ranks In this se
tion we will dis
uss the term rank, booleanrank, nonnegative integer rank, and real rank of nearly de
omposable matri-
es. The term rank, boolean rank, and nonnegative integer rank of a nearlyde
omposable matrix is equal to the order of the matrix; however, the realrank 
an be less. The term rank of a fully inde
omposable matrix of order nis equal to n [BR92℄. Thus, the term rank of a nearly de
omposable matrixof order n is equal to n. This is stated in Lemma 3.2.5. This result will beused in determining the boolean rank and nonnegative integer rank of nearlyde
omposable matri
es given in Theorem 3.2.6.Lemma 3.2.5 (Brualdi and Ryser [BR92℄) If A is a nearly de
omposablematrix, then t(A) = n.Theorem 3.2.6 If A is a nearly de
omposable matrix of order n � 3, thenb(A) = rz+(A) = n:
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Proof: To prove the theorem, we will use indu
tion on n to show that if A isa nearly de
omposable matrix of order n � 3, then A does not 
ontain thesubmatrix " 1 11 1 # :Let A be a nearly de
omposable f0,1g-matrix of order n = 3. By Lemma 3.2.4,there exists permutation matri
es P and Q su
h thatPAQ = 264 1 0 11 1 00 1 1 375 :Thus, A does not 
ontain the submatrix" 1 11 1 # :Now assume that any nearly de
omposable matrix of order k, 3 � k < n, doesnot 
ontain the submatrix " 1 11 1 # :Let A be a nearly de
omposable f0,1g-matrix of order n � 3. By Lemma 3.2.4,there exists permutation matri
es P and Q of order n and an integer m with
32



1 � m � n� 1 su
h that
PAQ =

2666666666666664
1 0 0 � � � 0 01 1 0 � � � 0 00 1 1 � � � 0 0 F1... ... ... . . . ... ...0 0 0 � � � 1 00 0 0 � � � 1 1F2 B

3777777777777775where B is a nearly de
omposable matrix of order m. The matrix F1 
ontains aunique 1 and it belongs to its �rst row and 
olumn j for some j with 1 � j � m.The matrix F2 
ontains a unique 1 and it belongs to its last 
olumn and row ifor some i with 1 � i � m. If m � 2, then m 6= 2 and the element in position(i; j) of B is 0. By the indu
tion hypothesis, B does not 
ontain the submatrix" 1 11 1 # :If A 
ontained the submatrix " 1 11 1 # ;then the unique 1 in F1 and the unique 1 in F2 must be the upper right 1 andlower left 1, respe
tively, of this submatrix. This implies that m = n� 1 � 2and hen
e the element in position (i; j) of B is 0. Thus, A 
annot 
ontain thesubmatrix " 1 11 1 # :
33



By Lemma 3.2.5, A has a set of n independent 1's. Sin
e A does not 
ontainany submatri
es of the form " 1 11 1 # ;every set of independent 1's is isolated. Therefore, by Corollary 1.2.6,b(A) = n:Corollary 3.2.7 If A is a nearly de
omposable matrix of order n � 3, thenb(A) = rz+(A) = t(A) = n:
The only nearly de
omposable matri
es of order one or two areA1 = h 1 i and A2 = " 1 11 1 # ;respe
tively. Trivially, t(A2) = 2 andb(A1) = rz+(A1) = r(A1) = t(A1) = b(A2) = rz+(A2) = r(A2) = 1:The real rank of a nearly de
omposable matrix of order n 
an be lessthan n. The following examples show that r(A) = n; n � 1, and n� 2 
an be
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obtained for a nearly de
omposable matrix A of order n. Let
An = 2666666666664

1 0 0 � � � 0 0 11 1 0 � � � 0 0 00 1 1 � � � 0 0 0... ... ... . . . ... ... ...0 0 0 � � � 1 0 00 0 0 � � � 1 1 00 0 0 � � � 0 1 1
3777777777775 :The digraph D(An � I) is strongly 
onne
ted sin
e it is a 
y
le of length n.Thus, by Theorem 3.1.1, An � I is irredu
ible. Hen
e, by Theorem 3.2.3, Anis fully inde
omposable. Finally, by Lemma 3.2.2, An is nearly de
omposablesin
e every row and 
olumn of An has exa
tly two 1's. If n is odd, thenr(An) = n. If n is even, then r(An) = n � 1 sin
e the last row is a linear
ombination of the �rst n� 1 rows.The numerous examples of nearly de
omposable matri
es of order nwe 
onstru
ted all had real rank n or n � 1. This lead us to 
onje
ture thatthe real rank of a nearly de
omposable matrix is at least n� 1. However, theproof of this was illusive and we now know it is not true. Finding an exampleof a nearly de
omposable matrix A of order n with r(A) � n� 2 was diÆ
ult,but was �nally a

omplished in the following way. From Lemma 3.2.4, if A is anearly de
omposable matrix of order n � 2 there exists permutation matri
es
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P and Q of order n and an integer m with 1 � m � n� 1 su
h that
PAQ =

2666666666666664
1 0 0 � � � 0 01 1 0 � � � 0 00 1 1 � � � 0 0 F1... ... ... . . . ... ...0 0 0 � � � 1 00 0 0 � � � 1 1F2 B

3777777777777775where B is a nearly de
omposable matrix of order m. The matrix F1 
ontains aunique 1 and it belongs to its �rst row and 
olumn j for some j with 1 � j � m.The matrix F2 
ontains a unique 1 and it belongs to its last 
olumn and row ifor some i with 1 � i � m. The 
onverse of Lemma 3.2.4 is not true; however,the indu
tive stru
ture gives insight regarding 
onstru
tions that may give anearly de
omposable matrix. We 
onstru
t a nearly de
omposable matrix Aof order n with r(A) = n� 2 by lettingA = 26664 1 0 01 1 00 1 1 F1F2 B 37775where B is a nearly de
omposable matrix of order m with r(B) = m� 1. Theunique 1's in F1 or F2, must be pla
ed so that aij = 1 implies row i or 
olumn j(or both) has exa
tly two 1's. Furthermore, B is su
h that a ve
tor in the leftnullspa
e and a ve
tor in the right nullspa
e of B have zeros in the positions
orresponding to the row or 
olumn of the unique 1 in F1 or F2, respe
tively.
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The smallest matrix B that we 
ould �nd that satis�ed these 
onditions is
B =

26666666666666666666666666666664

1 0 0 0 0 0 1 0 0 0 0 0 0 0 01 1 0 0 0 0 0 0 0 0 0 0 0 0 00 1 1 0 0 0 0 0 0 0 0 0 0 0 00 0 0 1 0 0 0 0 0 1 0 0 0 0 00 0 0 1 1 0 0 0 0 0 0 0 0 0 00 0 0 0 1 1 0 0 0 0 0 0 0 0 00 0 0 0 0 0 1 0 0 0 0 0 0 0 10 0 0 0 0 0 1 1 0 0 0 0 0 0 00 0 0 0 0 0 0 1 1 0 0 0 0 0 00 0 0 0 0 0 0 0 1 1 0 0 0 0 00 0 0 0 0 0 0 0 0 1 1 0 0 0 00 0 1 0 0 0 0 0 0 0 1 1 0 0 00 0 0 0 0 0 0 0 0 0 0 1 1 0 00 0 0 0 0 0 0 0 0 0 0 0 1 1 00 0 0 0 0 1 0 0 0 0 0 0 0 1 1

37777777777777777777777777777775whereh �1 1 �1 1 �1 1 1 0 0 0 �1 1 �1 1 �1 iB = 0and
B
26666666666666666666666666666664

1�11�11�1�11�11�10001

37777777777777777777777777777775
= 0:
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Now, let
A =

2666666666666666666666666666666666666664

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 01 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 00 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 00 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 00 0 1 0 0 0 0 0 0 0 1 1 0 0 0 0 0 00 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 00 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 00 0 0 0 0 1 0 0 0 0 0 0 0 1 1 0 0 00 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 00 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 00 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 1

3777777777777777777777777777777777777775
:

With the assistan
e of 
omputer software, we 
an show that r(A) = 16 = n�2.We 
an use similar reasoning as we did with An to show that A is nearly de-
omposable. It is not diÆ
ult, but tedious, to show the digraph D(A � I) isstrongly 
onne
ted. Thus, by Theorem 3.1.1, A � I is irredu
ible. Hen
e, byTheorem 3.2.3, A is fully inde
omposable. Finally, by Lemma 3.2.2, A is nearlyde
omposable sin
e aij = 1 implies row i or 
olumn j (or both) has exa
tlytwo 1's. This 
onstru
tion has been extended to 
onstru
t nearly de
ompos-able matri
es of orders n = 36 and n = 54 with real rank n � 3 = 33 andn� 4 = 50, respe
tively. This leads us to make the following 
onje
ture.
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Conje
ture 3.2.8 For every nonnegative integer k, there exists a nearly de-
omposable matrix of order n = 18k with r(A) = n � k � 1 = 17k � 1. Thus,there exists a 
lass of nearly de
omposable matri
es su
h thatr(A)n ! 1718 as n!1:
Open problems: If A is a nearly de
omposable matrix, �nd a lowerbound for the ratio r(A)n :Find a 
hara
terization of nearly de
omposable matri
es with respe
t to theirreal rank. Spe
i�
ally, 
lassify nonsingular nearly de
omposable matri
es.

3.3 Bipartite Graph RepresentationsEvery f0,1g-matrix is the redu
ed adja
en
y matrix of a bipartitegraph. In this se
tion we will study the bipartite graph representation of ir-redu
ible, nearly redu
ible, fully inde
omposable, and nearly de
omposablematri
es. In [LP77℄, a bipartite graph is 
alled elementary if it is 
onne
tedand ea
h edge is 
ontained in a perfe
t mat
hing. A minimal elementary bi-partite graph is one in whi
h the removal of any edge results in a bipartitegraph whi
h is not elementary. 39



Theorem 3.3.1 (Brualdi and Ryser [BR92℄) A f0,1g-matrix A is fully in-de
omposable if and only if B(A) is an elementary bipartite graph.Corollary 3.3.2 (Brualdi and Ryser [BR92℄) A f0,1g-matrix A is nearlyde
omposable if and only if B(A) is a minimal elementary bipartite graph.From the proof of Theorem 3.2.6, bipartite graphs with nearly de-
omposable adja
en
y matri
es of order n � 3 are C4-free. Thus, we 
an useCorollaries 3.3.2 and 3.2.7 to give a 
lass of domino-free bipartite graphs withb(A(B)) = rz+(A(B)) = t(A(B)) = n:This is stated in Corollary 3.3.3.Corollary 3.3.3 If A is the redu
ed adja
en
y matrix of order n � 3 
orre-sponding to a minimal elementary bipartite graph, thenb(A) = rz+(A) = t(A) = n:
One 
an �nd a similar 
hara
terization of bipartite graphs 
orre-sponding to irredu
ible and nearly redu
ible matri
es. To do this, we will40



need the following de�nitions. Let B be a bipartite graph with bipartitionX = fx1; x2; :::; xng and Y = fy1; y2; :::; yng. A subgraph �B of B will be 
alleduniform if xi 2 v( �B) if and only if yi 2 v( �B). See Figure 3.2. B will be 
alledsub-elementary if ea
h edge is 
ontained in a perfe
t mat
hing of a uniformsubgraph �B of B. A minimal sub-elementary bipartite graph is one in whi
hthe removal of any edge results in a bipartite graph that is not sub-elementary.
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Figure 3.2. Perfe
t mat
hing of a uniform subgraph �B.Theorem 3.3.4 Let A be a f0,1g-matrix. A is irredu
ible if and only if B(A)is a sub-elementary bipartite graph.Proof: Suppose B is a sub-elementary bipartite graph with redu
ed adja
en
ymatrix A = A(B). Let A℄ be the matrix obtained by repla
ing all the 0's on
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the main diagonal of A with 1's. Suppose e 2 e(B). Then e is an edge in a per-fe
t mat
hing MH of some uniform subgraph H � B. M along with all edges(xi; yi) with xi 62 v(H) (yi 62 v(H)) is a perfe
t mat
hing of B(A℄). See Figure3.3. B(A℄) is 
onne
ted sin
e B(A) is sub-elementary. This implies that B(A℄)is an elementary bipartite graph. Hen
e, A℄ is fully inde
omposable. Thus, byTheorem 3.2.3, A is irredu
ible.Conversely, let A be an irredu
ible matrix and B = B(A) the 
or-responding bipartite graph with redu
ed adja
en
y matrix A. By Theorem3.2.3, A℄ is fully inde
omposable and hen
e, by Theorem 3.3.1, B(A℄) is anelementary bipartite graph. Suppose e 2 e(B). Then e 2 e(B(A℄)) whi
himplies e is in a perfe
t mat
hingM of B(A℄). Removing all edges (xi; yi) 62 Bforms a perfe
t mat
hing MH of a uniform subgraph H � B. See Figure 3.3.Furthermore, B(A℄) is 
onne
ted sin
e it is elementary. Therefore, B is a sub-elementary bipartite graph.For example, 
onsider the matrixA = 26666664 0 0 1 1 01 0 0 0 01 1 0 0 10 1 0 0 00 0 0 1 0
37777775 :As illustrated in Figure 3.4, every edge in B = B(A) is in a perfe
t mat
hingof one or more of the uniform subgraphs B1; B2; B3, or B4. Thus, by Theorem42



M

Me
H

Figure 3.3. Perfe
t mat
hings MH of H � B(A) and M of B(A℄).3.3.4, A is irredu
ible. One 
an easily verify that A is irredu
ible by observingthat the digraph D(A) is strongly 
onne
ted. See Theorem 3.1.1. Now notethat B is not an elementary bipartite graph sin
e not every edge is in a perfe
tmat
hing of B. In parti
ular, the edge between the �rst vertex and the fourthvertex 
annot be in a perfe
t mat
hing that involves the �fth vertex in ea
h setof the bipartition. Thus, A is not fully inde
omposable. One 
an also observethat A is partly de
omposable sin
e row three and 
olumns one, two, four, and�ve 
over all the 1's in A and hen
e A has a minimum line 
over that is notthe all rows 
over or the all 
olumns 
over.Corollary 3.3.5 Let A be a f0,1g-matrix. A is nearly redu
ible if and only ifB(A) is a minimal sub-elementary bipartite graph.
43



�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

��
��
��
��

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

B B B B
_ _ _ _

1 2 3 4

B

Figure 3.4. Every edge in the bipartite graph B is in a perfe
t mat
hing of auniform subgraph �Bj.
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Corollary 3.3.6 follows from Corollaries 3.3.5 and 3.1.2. We 
an thenuse Corollaries 3.3.5, 3.3.6, and 3.1.3 and Lemma 2.2.3 to give a 
lass of domino-free bipartite graphs with all four ranks equal. This is stated in Corollary 3.3.7.Corollary 3.3.6 Let A be a f0,1g-matrix. B(A) is a minimal sub-elementarybipartite graph if and only if D(A) is a minimally strong digraph.Corollary 3.3.7 Let A be an adja
en
y matrix 
orresponding to a minimalsub-elementary bipartite graph, thenb(A) = r(A) = rz+(A) = t(A):
Proposition 3.3.8 summarizes the relationships between irredu
ibleand fully inde
omposable matri
es and their bipartite graph representations.Proposition 3.3.8 Let A be a square f0,1g-matrix. Let A℄ be the matrixobtained from A by repla
ing ea
h entry on the main diagonal with a 1. Thenthe following statements are equivalent.(1) B(A) is a sub-elementary bipartite graph.(2) A is an irredu
ible matrix.
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(3) A℄ is a fully inde
omposable matrix.(4) B(A℄) is an elementary bipartite graph.Proof: (1) , (2), (2) , (3), and (3) , (4) are Theorems 3.3.4, 3.2.3, and3.3.1, respe
tively. Therefore, (1), (4).
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4. Tournaments4.1 PreliminariesA digraph T is 
alled a tournament if for ea
h pair of verti
es u andv, either (u; v) is an ar
 in T or (v; u) is an ar
 in T , but not both. We will
all A an n-tournament matrix if A is the adja
en
y matrix 
orresponding toa tournament on n-verti
es. T (A) will denote the tournament with adja
en
ymatrix A. A square f0,1g-matrix A is a tournament matrix if and only ifA+AT + I = J , where I is the identity matrix and J is the all 1's matrix. Inthis 
hapter we will dis
uss the ranks of various 
lasses of tournament matri
es,we will give several 
lasses of tournament matri
es withb(A) = r(A) = rz+(A) = t(A);and we will 
onstru
t examples of tournament matri
es to show that all ofthe above equalities 
an be stri
t inequalities. First, we will give some generalresults 
on
erning the ranks of tournament matri
es and a property of ve
torsin the null spa
e of singular tournament matri
es.
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4.2 General ResultsIn 1991, de Caen found a lower bound for the real rank of an n-tournament matrix. See Theorem 4.2.1. This was a signi�
ant result, not onlybe
ause it was an open problem for many years, but be
ause it allows only twopossible values for the real rank, n or n � 1. Hen
e, the nonnegative integerrank and the term rank are also n or n�1, sin
e the real rank is a lower boundfor these two ranks. See Corollary 4.2.2.Theorem 4.2.1 (de Caen [dC91℄) If A is an n-tournament matrix, thenr(A) � n� 1:
Corollary 4.2.2 If A is an n-tournament matrix, thenn� 1 � r(A) � rz+(A) � t(A) � n:
Corollary 4.2.3 For every tournament matrix, at least two ranks are equal.Spe
i�
ally, if A is an n-tournament matrix, thenrz+(A) = r(A) = n� 1 or rz+(A) = t(A) = n
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Open problem: Classify singular tournaments as mentioned by deCaen [dC91℄. See Katzenberger et. al [KS90℄ for some results on the formof a ve
tor spanning the null spa
e of a singular tournament.From Corollary 4.2.2, we know that three of the ranks are either nor n� 1. Classifying those tournament matri
es with r(A) = n� 1 and thosetournament matri
es with rz+(A) = n� 1 are very diÆ
ult unsolved problems.However, we do know whi
h tournament matri
es have t(A) = n� 1 and this
lassi�
ation is given in Theorem 4.2.4.Theorem 4.2.4 Let A be an n-tournament matrix. Then t(A) = n� 1 if andonly if there exists a strongly 
onne
ted 
omponent of T (A) 
ontaining exa
tlyone vertex. Hen
e, t(A) = n if and only if every strongly 
onne
ted 
omponentof T (A) has three or more verti
es.Proof: Tournaments 
an be partitioned into strongly 
onne
ted 
omponentsC1; C2; :::; Ck su
h that there is an ar
 from u 2 Ci to v 2 Cj if and only ifi < j. Thus, there exists a permutation matrix P su
h thatPAP T = 266664 A1 10sA2 . . .00s Ak 377775where Aj, 1 � j � k, is the adja
en
y matrix of order nj 
orresponding to the
omponent Cj. 49



Suppose t(A) = n�1 and nj > 1 for 1 � j � k. Sin
e Cj is a strongly
onne
ted tournament on three or more verti
es, Cj 
ontains a Hamiltonian
y
le [Cam59, Fou59℄. This implies that t(Aj) = nj for 1 � j � k and hen
et(PAP T ) = n. This 
ontradi
ts t(A) = n � 1. Thus, there exists a strongly
onne
ted 
omponent of T (A) 
ontaining exa
tly one vertex.Conversely, suppose nj = 1 for some j. Then the submatrix Aj is a 0on the diagonal of PAP T . Suppose this 0 is in the position (m;m) of PAP T .Then the �rst m � 1 rows and the last n � m 
olumns form a line 
over ofPAP T . Thus, t(A) = t(PAP T ) � m� 1 + n�m = n� 1:Therefore, by Corollary 4.2.2, t(A) = n� 1.Sin
e r(A) = n or n� 1 for an n-tournament matrix A, we know thenull spa
e of a singular tournament matrix is spanned by one ve
tor. Maybeeet. al [MP90℄ showed that if a ve
tor spans the null spa
e of a tournamentmatrix, then the sum of the squares of its 
omponents equals the square of thesum. This is 
alled the admissible property and it will be used to prove thatthe real rank of a regular n-tournament is n.
50



Lemma 4.2.5 (Maybee and Pullman [MP90℄) If x = (x1; x2; :::; xn)T spansthe null spa
e of an n-tournament matrix, then nXi=1 xi!2 = nXi=1 xi2:
4.3 Regular and Near-Regular TournamentsA tournament is regular if all its verti
es have equal s
ores. Thus,a regular n-tournament matrix is a tournament matrix with equal row sums.If A is a regular n-tournament, then n must be odd. A tournament is near-regular if the maximum di�eren
e between its s
ores is 1. Thus, a near-regularn-tournament matrix is a tournament matrix where half of the row sums equaln2 � 1 and half of the row sums equal n2 . If A is a near-regular n-tournament,then n must be even. There have been several proofs that regular tournamentmatri
es are nonsingular, in
luding de Caen [dC91℄ and Maybee and Pullman[MP90℄. We give the following simple proof that uses Lemma 4.2.5.Theorem 4.3.1 A regular tournament matrix is nonsingular.
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Proof: Let A be a regular n-tournament matrix and let v = (v1; v2; :::; vn)T bea ve
tor su
h that Av = 0. ThenA 2664 v1...vn 3775 = 2664 Pi2A1 vi...Pi2An vi 3775 = 2664 0...0 3775 ;where Aj = fi : j ! ig. This implies thatXi2A1 vi + ::: + Xi2An vi = 0:In the above sum, ea
h vi must appear exa
tlyn�12 times whi
h 
orresponds tothe number of verti
es whi
h beat vertex i. Thus,n� 12 (v1 + ::: + vn) = 0) nXi=1 vi = 0)  nXi=1 vi!2 = 0) nXi=1 v2i = 0) v = 0:Therefore, A is nonsingular.Corollary 4.3.2 If A is a regular n-tournament matrix, thenr(A) = rz+(A) = t(A) = n:
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The proof that near-regular tournament matri
es are nonsingular isnot as straight forward and it requires Theorem 4.3.3. Theorem 4.3.3 
ouldalso be used to prove nonsingularity for regular tournament matri
es.Theorem 4.3.3 (Katzenberger and Shader [KS90℄) Let s = (s1; s2; :::; sn)Tbe a s
ore ve
tor. If jsj2 < n2(n� 1)4 ;then every n-tournament with this s
ore ve
tor is nonsingular.Theorem 4.3.4 For n � 4, a near-regular n-tournament matrix is nonsingu-lar.Proof: The s
ore ve
tor of a near-regular n-tournament matrix is some permu-tation of s = (n2 � 1; :::; n2 � 1; n2 ; :::; n2 )Twhere ea
h of the two di�erent terms o

urs exa
tly n2 times. Thus,jsj2 = n2 (n2 � 1)2 + n2 (n2 )2 = n3 + 2n� 2n24Now n3 + 2n� 2n2 < n3 � n2 for n � 4. Thus,jsj2 < n2(n� 1)4 :
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Therefore, by Theorem 4.3.3, near-regular tournament matri
es are nonsingu-lar. Open problem: Is the boolean rank of a regular or near-regular n-tournament matrix, n � 3, equal to n as well?
4.4 Boolean RankBy Corollary 4.2.2, the real, nonnegative integer, and term rank of ann-tournament matrix are ea
h either n or n�1. However, the boolean rank 
anbe mu
h smaller. Bain et al. [BLM92℄ 
onstru
ted the following tournament.Let T be the tournament de�ned by

T = 26666666664
Tk J �QTm�1 J �QTm�2 � � � J �QT2 J �QT1Qm�1 Tk J �QTm�1 � � � J �QT3 J �QT2Qm�2 Qm�1 Tk � � � J �QT4 J �QT3... ... ... . . . ... ...Q2 Q3 Q4 � � � Tk J �QTm�1Q1 Q2 Q3 � � � Qm�1 Tk

37777777775where k = m2 +m+ 1, P is the permutation matrix of order k given by
P = 2666666666664

0 1 0 � � � 0 0 00 0 1 � � � 0 0 00 0 0 � � � 0 0 0... ... ... . . . ... ... ...0 0 0 � � � 0 1 00 0 0 � � � 0 0 11 0 0 � � � 0 0 0
3777777777775 ;
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and A1 = Pm2A2 = Pm2�m�1 + Pm2�m...Ai = Pm2�(i�1)m�(i�1) + Pm2�(i�1)m�(i�2) + � � �+ Pm2�(i�1)m...Am�1 = Pm+2 + Pm+3 + � � �+ P 2mAm = P + P 2 + � � �+ PmQ1 = A1Q2 = A1 + A2...Qm�1 = A1 + A2 + � � �+ Am�1Tk = A1 + A2 + � � �+ Am:
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For example, if n = mk = (2)(7) = 14, then
T =

26666666666666666666666666664

0 1 1 0 1 0 0 1 1 1 0 1 1 10 0 1 1 0 1 0 1 1 1 1 0 1 10 0 0 1 1 0 1 1 1 1 1 1 0 11 0 0 0 1 1 0 1 1 1 1 1 1 00 1 0 0 0 1 1 0 1 1 1 1 1 11 0 1 0 0 0 1 1 0 1 1 1 1 11 1 0 1 0 0 0 1 1 0 1 1 1 10 0 0 0 1 0 0 0 1 1 0 1 0 00 0 0 0 0 1 0 0 0 1 1 0 1 00 0 0 0 0 0 1 0 0 0 1 1 0 11 0 0 0 0 0 0 1 0 0 0 1 1 00 1 0 0 0 0 0 0 1 0 0 0 1 10 0 1 0 0 0 0 1 0 1 0 0 0 10 0 0 1 0 0 0 1 1 0 1 0 0 0

37777777777777777777777777775
=
26666666666666666666666666664

0 1 1 0 1 0 00 0 1 1 0 1 00 0 0 1 1 0 11 0 0 0 1 1 00 1 0 0 0 1 11 0 1 0 0 0 11 1 0 1 0 0 00 0 0 0 1 0 00 0 0 0 0 1 00 0 0 0 0 0 11 0 0 0 0 0 00 1 0 0 0 0 00 0 1 0 0 0 00 0 0 1 0 0 0

37777777777777777777777777775
2666666666664
1 0 0 0 0 0 0 1 0 0 0 1 1 00 1 0 0 0 0 0 0 1 0 0 0 1 10 0 1 0 0 0 0 1 0 1 0 0 0 10 0 0 1 0 0 0 1 1 0 1 0 0 00 0 0 0 1 0 0 0 1 1 0 1 0 00 0 0 0 0 1 0 0 0 1 1 0 1 00 0 0 0 0 0 1 0 0 0 1 1 0 1

3777777777775 :
Sin
e A = BC using boolean arithmeti
 where B is 14 � 7 and C is 7 � 14,b(T ) � 7.

56



Lemma 4.4.1 (Bain et al. [BLM92℄) For ea
h integer m � 2 and n suÆ-
iently large,minfb(T ) : T is an n� n tournament matrixg � nm:Open problem: Can this bound be improved, or is it best possible?Conje
ture 4.4.2 Let T be the tournament de�ned above. Then A(T ) is non-singular and hen
e r(A(T )) = rz+(A(T )) = t(A(T )) = n:
It has not been proven that A(T ) is nonsingular; however, by The-orem 4.4.3, we know that t(T ) = n. Also, using Lemma 4.4.4, it has beenshown that A(T ) is nonsingular for all possible values of k and m up throughn = mk = (10)(111) = 1110.We will need the following terminology in the proof of the next the-orem. The diagonal beginning in 
olumn j of a matrix A of order n is the nelementsA(1; j); A(2; j+1); � � � ; A(n�j; n); A(n�j+1; 1); A(n�j+2; 2); � � � ; A(n; j�1):
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Theorem 4.4.3 If T is the tournament de�ned above, then t(A(T )) = n:Proof: Let T be the tournament de�ned above. We will show that the diagonalthat begins with 
olumn m2 + 1 of T will give a set of n independent 1's. The1's on any diagonal will be independent, so we just need to show that everyelement on this diagonal is a 1.Tk = A1 + A2 + � � �+ Amwhere A1 = Pm2 . Thus, the diagonal of Tk that begins with 
olumn m2 + 1will be all 1's.Tk = m2 + 1m+ 12666664 � � � 1 . . . 1...
3777775 : (m2+m+1)�(m2+m+1)The diagonal of Qm�1 that begins with 
olumn m+2 will be all zerossin
e Pm+1 does not o

ur in the sum that gives Qm�1. Thus, the diagonal ofJ �QTm�1 that begins with row m + 2 will be all 1's. Thus, we haveh TK J �QTm�1 i =m2 + 1

m+ 2266666666664
� � � 1 . . . 1 1 . . . 1 � � �

377777777775 (m2+m+1)�2(m2+m+1):58



Lastly, sin
e
Q1 = Pm2 = m2 + 1

m+ 2266666666664
1 . . . 11 . . . 1

377777777775 (m2+m+1)�(m2+m+1)has a diagonal of all 1's beginning with row m+2, the diagonal of T beginningwith 
olumn m2 + 1 will give mk = m(m2 + m + 1) = n independent 1's.Therefore, t(T ) = n.Lemma 4.4.4 Let N(M) be the number of 1's in ea
h row and 
olumn of aregular f0,1g-matrix M and let
T = 26666666664

Tk J �QTm�1 J �QTm�2 � � � J �QT2 J �QT1Qm�1 Tk J �QTm�1 � � � J �QT3 J �QT2Qm�2 Qm�1 Tk � � � J �QT4 J �QT3... ... ... . . . ... ...Q2 Q3 Q4 � � � Tk J �QTm�1Q1 Q2 Q3 � � � Qm�1 Tk
37777777775be the tournament de�ned above. Then A(T ) is nonsingular if �N =26666666664

N(Tk) k �N(QTm�1) k �N(QTm�2) � � � k �N(QT2 ) k �N(QT1 )N(Qm�1) N(Tk) k �N(QTm�1) � � � k �N(QT3 ) k �N(QT2 )N(Qm�2) N(Qm�1) N(Tk) � � � k �N(QT4 ) k �N(QT3 )... ... ... . . . ... ...N(Q2) N(Q3) N(Q4) � � � N(Tk) k �N(QTm�1)N(Q1) N(Q2) N(Q3) � � � N(Qm�1) N(Tk)
37777777775
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= 266666666664
m(m+1)2 k � (m�1)m2 k � (m�2)(m�1)2 � � � k � 3 k � 1(m�1)m2 m(m+1)2 k � (m�1)m2 � � � k � 6 k � 3(m�2)(m�1)2 (m�1)m2 m(m+1)2 � � � k � 10 k � 6... ... ... . . . ... ...3 6 10 � � � m(m+1)2 k � (m�1)m21 3 6 � � � (m�1)m2 m(m+1)2

377777777775is nonsingular.Proof: Let N(M) be the number of 1's in ea
h row and 
olumn of a regularf0,1g-matrix M and let �N =26666666664
N(Tk) k �N(QTm�1) k �N(QTm�2) � � � k �N(QT2 ) k �N(QT1 )N(Qm�1) N(Tk) k �N(QTm�1) � � � k �N(QT3 ) k �N(QT2 )N(Qm�2) N(Qm�1) N(Tk) � � � k �N(QT4 ) k �N(QT3 )... ... ... . . . ... ...N(Q2) N(Q3) N(Q4) � � � N(Tk) k �N(QTm�1)N(Q1) N(Q2) N(Q3) � � � N(Qm�1) N(Tk)

37777777775Let
T = 26666666664

Tk J �QTm�1 J �QTm�2 � � � J �QT2 J �QT1Qm�1 Tk J �QTm�1 � � � J �QT3 J �QT2Qm�2 Qm�1 Tk � � � J �QT4 J �QT3... ... ... . . . ... ...Q2 Q3 Q4 � � � Tk J �QTm�1Q1 Q2 Q3 � � � Qm�1 Tk
37777777775be the tournament de�ned above. N(Tk) = N(Qm) = m(m+1)2 and N(Qj) =j(j+1)2 sin
e Qj is the sum of j(j+1)2 distin
t powers of the permutation matrixP . Let v be a ve
tor su
h that Tv = 0. Consider the system of km equationsand km unknowns given by Tv = 0. Adding equations 1 through k, k + 1through 2k,: : :,(m � 1)k + 1 through mk will give the following system of m60



equations and mk unknowns.0 = m(m + 1)2 (v1 + � � �+ vk) + � � �+ (k � 1)(v(m�1)k+1 + � � �+ vmk)0 = (m� 1)m2 (v1 + � � �+ vk) + � � � (k � 3)(v(m�1)k+1 + � � �+ vmk)...0 = 3(v1 + � � �+ vk) + � � �+  k � (m� 1)m2 ! (v(m�1)k+1 + � � �+ vmk)0 = (v1 + � � �+ vk) + � � �+  m(m + 1)2 ! (v(m�1)k+1 + � � �+ vmk)This is equivalent to �N 266664 v1 + � � �+ vkvk+1 + � � �+ v2k...v(m�1)k+1 + � � �+ vmk 377775 = 0:If �N is nonsingular, then�N 266664 v1 + � � �+ vkvk+1 + � � �+ v2k...v(m�1)k+1 + � � �+ vmk 377775 = 0implies 0 = v1 + � � �+ vk0 = vk+1 + � � �+ v2k...0 = v(m�1)k+1 + � � �+ vmk
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Thus, by Lemma 4.2.5,  nXi=1 vi!2 = nXi=1 vi2 = 0:) v = 0:
Conje
ture 4.4.5 Let N(M) be the number of 1's in ea
h row and 
olumn ofa regular f0,1g-matrix M and letT = 26666666664

Tk J �QTm�1 J �QTm�2 � � � J �QT2 J �QT1Qm�1 Tk J �QTm�1 � � � J �QT3 J �QT2Qm�2 Qm�1 Tk � � � J �QT4 J �QT3... ... ... . . . ... ...Q2 Q3 Q4 � � � Tk J �QTm�1Q1 Q2 Q3 � � � Qm�1 Tk
37777777775be the tournament de�ned above. Then �N =26666666664

N(Tk) k �N(QTm�1) k �N(QTm�2) � � � k �N(QT2 ) k �N(QT1 )N(Qm�1) N(Tk) k �N(QTm�1) � � � k �N(QT3 ) k �N(QT2 )N(Qm�2) N(Qm�1) N(Tk) � � � k �N(QT4 ) k �N(QT3 )... ... ... . . . ... ...N(Q2) N(Q3) N(Q4) � � � N(Tk) k �N(QTm�1)N(Q1) N(Q2) N(Q3) � � � N(Qm�1) N(Tk)
37777777775

= 266666666664
m(m+1)2 k � (m�1)m2 k � (m�2)(m�1)2 � � � k � 3 k � 1(m�1)m2 m(m+1)2 k � (m�1)m2 � � � k � 6 k � 3(m�2)(m�1)2 (m�1)m2 m(m+1)2 � � � k � 10 k � 6... ... ... . . . ... ...3 6 10 � � � m(m+1)2 k � (m�1)m21 3 6 � � � (m�1)m2 m(m+1)2

377777777775is nonsingular.
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4.5 Classes With All Four Ranks Equal4.5.1 Rotational Tournaments A regular tournament is 
alleda rotational tournament if its verti
es 
an be labeled 0; 1; 2; :::r in su
h a waythat for some subset S of f1; 2; : : : ; rg, vertex i beats i+ j mod (r + 1) for allj 2 S. For example,
A =

26666666666666664
0 1 0 0 1 0 1 1 00 0 1 0 0 1 0 1 11 0 0 1 0 0 1 0 11 1 0 0 1 0 0 1 00 1 1 0 0 1 0 0 11 0 1 1 0 0 1 0 00 1 0 1 1 0 0 1 00 0 1 0 1 1 0 0 11 0 0 1 0 1 1 0 0

37777777777777775is an adja
en
y matrix 
orresponding to a rotational tournament on r + 1 =n = 9 verti
es determined by the set S = f1; 4; 6; 7g.Lemma 4.5.1 Let T be a rotational tournament on n = r+1 verti
es, 0; 1; 2; : : : ; r,given by a subset S of f1; 2; : : : ; rg. Then jSj = r2 andj 2 S , r + 1� j 62 S:
Proof: Let T be a rotational tournament on n = r + 1 verti
es, 0; 1; 2; : : : ; r,given by a subset S of f1; 2; : : : ; rg. jSj = r2 sin
e, by de�nition, T is a regulartournament. Suppose j 2 S. Sin
e T is a tournament, A(T ) +A(T )T + I = J63



where
A(T ) =

0 j r + 1� j r0jr + 1� jr
2666666666666666666664
0 1 00 1 . . .. . . . . . 00 0 10 0 . . .. . . . . . 11 0 0. . . . . . . . .1 0 0

3777777777777777777775
and J is the all 1's matrix. Hen
e, r + 1� j 62 S. Similarly, if r + 1� j 62 S,then j 2 S.Theorem 4.5.2 Let T be a rotational tournament on n = r + 1 verti
es,0; 1; 2; : : : ; r, given by a subset S of f1; 2; : : : ; rg. If there exists a j 2 S su
hthat j + k mod (r + 1) 2 S , j � k mod (r + 1) 62 Sfor all k 2 f1; 2; : : : ; rg, then b
(T ) = n.Proof: Let T be a rotational tournament on n = r + 1 verti
es, 0; 1; 2; : : : ; r,given by a subset S of f1; 2; : : : ; rg. Suppose there exists a j 2 S su
h thatj + k mod (r + 1) 2 S , j � k mod (r + 1) 62 S64



for all k 2 f1; 2; : : : ; rg. Let W be the set of 1's of the adja
en
y matrix A(T )
orresponding to the ar
si! i+ j mod (r + 1) for i = 0; 1; : : : r:By de�nition, W 
onsists of n independent 1's; hen
e, we just need to showthat all the 1's in W are isolated. Suppose two 1's of W are in a submatrix ofA(T ) of the form " 1 11 1 # :First, suppose the bold 1's in" 1 11 1 #are in W . By the de�nition of a rotational tournament, we 
an assume thetop row or the left 
olumn of this submatrix is in the top row or left 
olumn,respe
tively, of A(T ). Without loss of generality, assume the top row of thesubmatrix is the top row of A(T ). There are two 
ases to 
onsider. If j�k � 0,
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then
A(T ) =

0 j � k j j + k266666666666666666664
0 1 1 1. . . . . . . . . . . .0 1 1 1. . . . . . . . .0 1 1. . . . . .0 1. . . 0

377777777777777777775and j � k 2 S. This 
ontradi
ts the assumption that j � k mod (r + 1) 62 S.If j � k < 0, then
A(T ) =

0 j j + k0k � j266666666666666666664
0 1 1. . . . . . . . .1 0 1 1. . . . . . . . .1 0 1. . . . . . . . .1 0 1. . . . . .1 0

377777777777777777775 ;k � j 62 S, and r + 1� (k � j) 2 S. But,r + 1� (k � j) � r + 1 + j � k � j � k mod (r + 1):This 
ontradi
ts j � k mod (r + 1) 62 S.Se
ond, suppose the bold 1's in the submatrix" 1 11 1 #66



are in W . Again, without loss of generality, we 
an assume the top row of thesubmatrix is the top row of A(T ). If the two non-bold 1's are on the samediagonal modulo r + 1, then
A(T ) = 0 j � k j0r + 1� j 2666666666664

0 1 1. . . . . . . . .1 0 1. . . . . . . . .1 0 1. . . . . . . . .
3777777777775and r + 1 = 2k, sin
e the bold 1's are on the same diagonal. This is a 
ontra-di
tion sin
e regular tournaments have odd order. If the two non-bold 1's arenot on the same diagonal modulo r+1, then there are three 
ases to 
onsider.First suppose j + k < r + 1. Then the submatrix" 1 11 1 #has the form

A(T ) =
0 j � k j j + k0r + 1� j � kr + 1� j

266666666666666664
0 1 1 1. . . . . . . . . . . .1 0 1 1. . . . . . . . . . . .1 1 0 1. . . . . . . . . . . .1 1 0. . . . . . . . .

377777777777777775in A(T ). This implies that,r + 1� j � k � r + 1� (j + k) mod (r + 1) 62 S:67



Thus, by Lemma 4.5.1, j + k 2 S. This 
ontradi
ts the assumption thatj � k 2 S.Se
ond, suppose j + k � r + 1 and the submatrix" 1 11 1 #has the form
A(T ) =

0 j � k j + k j0r + 1� j266666666666666666666664
0 1 1 1. . . . . . . . . . . .1 0 1 1. . . . . . . . . . . .1 0 1 1. . . . . . . . . . . .1 0 1. . . . . . . . .1 0. . . . . .

377777777777777777777775in A(T ). Then j + k 2 S. This 
ontradi
ts the assumption that j � k 2 S.Third, suppose j + k � r + 1 and the submatrix" 1 11 1 #
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has the form
A(T ) =

0 j + k j � k j0r + 1� j266666666666666666666664
0 1 1 1. . . . . . . . . . . .1 0 1 1. . . . . . . . . . . .1 0 1 1. . . . . . . . . . . .1 0 1. . . . . . . . .1 0. . . . . .

377777777777777777777775in A(T ). Then j + k 2 S. This 
ontradi
ts the assumption that j � k 2 S.Thus, two 1's of W 
annot be in a submatrix" 1 11 1 #of A(T ). Therefore, by Corollary 1.2.5, b
(T ) = bp(T ) = n.Corollary 4.5.3 gives s suÆ
ient 
ondition, in graph theoreti
 terms,for rotational tournament T on n verti
es to have the property that b
(T ) = n.It follows dire
tly from Theorem 4.5.2 and Corollary 4.3.2.Corollary 4.5.3 Let A be an adja
en
y matrix 
orresponding to a rotationaltournament T on n = r + 1 verti
es, 0; 1; 2; : : : ; r, given by a subset S of
69



f1; 2; : : : ; rg. If there exists a j 2 S su
h thatvj�k ! v0 vj%& vj+kin T for all k 2 f1; 2; : : : ; rg modulo r + 1, thenb(A) = r(A) = rz+(A) = t(A) = n:
Theorem 4.5.2 and Corollary 4.5.3 may appear to be quite restri
tive.However, for every n one 
an easily 
onstru
t a rotational tournament with thedesired property. See Se
tion 4.5.2. Furthermore, only one rotational tourna-ment of order n � 11 does not have the spe
i�ed property.4.5.2 Un Tournaments Un is de�ned to be a tournament on n-verti
es where i! j if and only if j�i is even and positive or odd and negative.Un is a regular tournament if n is odd and a near-regular tournament if n iseven. Also, note that if n is odd, Un is a rotational tournament. U5 is given inFigure 4.1.
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1 2 3 4 5Figure 4.1. U5Now 
onsider the adja
en
y matri
es of Un.
A(Un) = 2666666666664

0 0 1 � � � 1 0 11 0 0 � � � 0 1 00 1 0 � � � 0 0 1... ... ... ... ... ...0 1 0 � � � 0 0 11 0 1 � � � 1 0 00 1 0 � � � 0 1 0
3777777777775 for n odd, and

A(Un) = 2666666666664
0 0 1 � � � 0 1 01 0 0 � � � 1 0 10 1 0 � � � 0 1 0... ... ... ... ... ...1 0 1 � � � 0 0 10 1 0 � � � 1 0 01 0 1 � � � 0 1 0

3777777777775 for n even.
The sets fa13; a24; a35; :::; an�2;n; an�1;1; an2g and fa13; a24; a35; :::; an�2;n; an�1;2; an1gwill give a set of n isolated 1's for n odd and n even, respe
tively. Thus,b(An) = n. Hen
e,b(A(Un)) = r(A(Un)) = rz+(A(Un)) = t(A(Un)) = n:Now we will give two 
lasses of tournaments where all four ranks equal
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n� 1. A transitive tournament matrix has the form
A = 2666666666664

0 1 1 � � � 10 10... ...0 1 10 10 � � � 0
3777777777775 :A has a zero 
olumn and the 1's on the super diagonal give a set of n � 1isolated 1's. Thus, b(A) = r(A) = rz+(A) = t(A) = n� 1:Note that transitive tournaments have a sour
e and a sink whi
h 
orrespond toa zero row and a zero 
olumn in the adja
en
y matrix. Next, we will 
onstru
ta 
lass of tournaments without a sour
e or sink and where all four ranks equaln� 1. De�ne

A =
266666666666666664
0 1 0 0 � � � 0 0 0 00 0 0 0 � � � 0 0 0 11 1 0 0 � � � 0 0 0 11 1 1 1... ... ... Um ...1 1 1 11 1 1 11 1 1 11 0 0 0 � � � 0 0 0 0

377777777777777775 :where Um is the regular or near-regular tournament matrix des
ribed previ-ously. The 1's in the top two rows and the 1 in the lower left position of A areisolated from the m isolated 1's in Um, sin
e they are ea
h in a row or 
olumn
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with all other elements are 0. Thus, A has a set of m + 3 = n � 1 isolated1's. Now suppose there was a set of n independent 1's in A. The above threementioned 1's would have to be in this set whi
h would leave no possible inde-pendent 1 for the third row. Thus, A is a tournament matrix with no sour
eor sink and b(A) = r(A) = rz+(A) = t(A) = n� 1:Note that the above result will hold if the submatrixA0 = 266666664 0 0 � � � 011... Um1
377777775of A is repla
ed by any matrix with a 0-row, no 0-
olumn, and a set ofm = n�3isolated 1's.

4.6 Existen
e of Stri
t InequalitiesIn all of the previous results and examples of tournament matri
es,n� 1 � r(A) = rz+(A) = t(A) � n:The next example, given by Maybee and Pullman [MP90℄, is a 
lass of singularirredu
ible tournament matri
es. This example also shows it is possible to �nd
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a 
lass of singular tournament matri
es with t(A) = n. For n � 6, letM = " P QR S #where P = 264 0 1 00 0 11 0 0 375 ;S is any (n� 3)� (n� 3) tournament matrix withsn�3;1 = s12 = s23 = ::: = sn�4;n�3 = 1;the ith row of R is [0,0,0℄ if si1 = 0 or [1,0,0℄ if si1 = 1, and Q = J3;n�3 � RT .M is singular sin
e M 26666664 111�10
37777775 = 0:The 1's on the super diagonal and the 1 in the position (0; 1) give a set of nindependent 1's. Thus, n� 1 = r(A) < t(A) = n:
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The following is an example of a singular n-tournament matrix withrz+ = n: Let
A =

266666666666666664
0 1 0 0 1 1 1 1 10 0 1 1 0 1 1 1 11 0 0 1 1 0 1 1 11 0 0 0 1 0 0 1 10 1 0 0 0 1 1 0 10 0 1 1 0 0 1 1 00 0 0 1 0 0 0 1 00 0 0 0 1 0 0 0 10 0 0 0 0 1 1 0 0

377777777777777775 :A is a singular tournament matrix. In parti
ular,
h �1 �1 �1 1 1 1 1 1 1 iA = A

26666666666666664
111111�1�1�1
37777777777777775 = 0:

Let
xl =

26666666666666664
�1�1�1111111

37777777777777775 and xr =
26666666666666664

111111�1�1�1
37777777777777775be the ve
tors that span the left and right null spa
es of A, respe
tively. Anybi
lique partition of T (A) is equivalent to a sum of n or n�1 rank one matri
es
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with nonnegative entries. That is,A = A(1) + A(2) + � � �+ A(s)for s = n or s = n� 1.xTl A = 0T and Axr = 0) xTl A(k) = 0T and A(k)xr = 0 for 1 � k � s) xTl A(k)�j = 0 for 1 � j � n and 1 � k � sand A(k)i� xr = 0 for 1 � i � n and 1 � k � s:Suppose P is a bi
lique partition of T (A) of size eight and suppose the bi
liquesin P have bipartition sets Xi and Yi where all ar
s go from the set Xi to theset Yi for 1 � i � s. Sin
e xTl A(k)�j = 0;the bi
lique in the partition of T (A) that 
ontains the ar
v3 ! v1must also 
ontain the ar
 v4 ! v1:That is, sin
e the �rst three elements of xl are -1's and the last six are +1's,every bipartition set Xi of ea
h bi
lique in P must 
ontain an equal number of76



verti
es from the subsets fv1; v2; v3g and fv4; v5; v6; v7; v8; v9g. Similarly, everybipartition set Yi of ea
h bi
lique in P must 
ontain an equal number of verti
esfrom the subsets fv1; v2; v3; v4; v5; v6g and fv7; v8; v9g. This implies that ea
hbipartition set in every bi
lique in P must have even order. Hen
e, the numberof ar
s in every bi
lique in P must be divisible by four. It follows that thepairs of ar
s v3 ! v1 and v4 ! v1v1 ! v2 and v5 ! v2v2 ! v3 and v6 ! v3v9 ! v6 and v9 ! v7v8 ! v5 and v8 ! v9v7 ! v4 and v7 ! v8must be in the same bi
lique in P . These ar
s 
orrespond to the bold 1's in
A =

26666666666666664
0 1 0 0 1 1 1 1 10 0 1 1 0 1 1 1 11 0 0 1 1 0 1 1 11 0 0 0 1 0 0 1 10 1 0 0 0 1 1 0 10 0 1 1 0 0 1 1 00 0 0 1 0 0 0 1 00 0 0 0 1 0 0 0 10 0 0 0 0 1 1 0 0

37777777777777775 :T (A) 
onsists of n(n�1)2 = 36 ar
s. Sin
e rz+ = n � 1 = jP j = 8, atleast one bi
lique in P has eight or more ar
s or at least two bi
liques in Phave six or more ar
s. Thus, we 
an assume there is a bi
lique in P that haseight or more ar
s sin
e the number of ar
s in ea
h bi
lique is divisible by four.Simple observation shows that any bi
lique with eight or more verti
es mustbe of one of the two forms given in Figure 4.2.77
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Figure 4.2. Only two possible forms of bi
liques in the bi
lique partition Pof T (A) Without loss of generality, by symmetry, we 
an assume that one ofthe bi
liques in P 
orresponds to a submatrix of the formA = " 1 1 1 11 1 1 1 # :There are three possible submatri
es of A of this form. These 
orrespond tothe bold 1's in the matri
es given below.
A =

26666666666666664
0 1 0 0 1 1 1 1 10 0 1 1 0 1 1 1 11 0 0 1 1 0 1 1 11 0 0 0 1 0 0 1 10 1 0 0 0 1 1 0 10 0 1 1 0 0 1 1 00 0 0 1 0 0 0 1 00 0 0 0 1 0 0 0 10 0 0 0 0 1 1 0 0

37777777777777775 ;
26666666666666664
0 1 0 0 1 1 1 1 10 0 1 1 0 1 1 1 11 0 0 1 1 0 1 1 11 0 0 0 1 0 0 1 10 1 0 0 0 1 1 0 10 0 1 1 0 0 1 1 00 0 0 1 0 0 0 1 00 0 0 0 1 0 0 0 10 0 0 0 0 1 1 0 0

37777777777777775 ;
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or
26666666666666664
0 1 0 0 1 1 1 1 10 0 1 1 0 1 1 1 11 0 0 1 1 0 1 1 11 0 0 0 1 0 0 1 10 1 0 0 0 1 1 0 10 0 1 1 0 0 1 1 00 0 0 1 0 0 0 1 00 0 0 0 1 0 0 0 10 0 0 0 0 1 1 0 0

37777777777777775 :In ea
h 
ase, one 
an easily verify that we get a 
ontradi
tion. For example,suppose the bi
lique of size eight is represented by the bold 1's in
A =

26666666666666664
0 1 0 0 1 1 1 1 10 0 1 1 0 1 1 1 11 0 0 1 1 0 1 1 11 0 0 0 1 0 0 1 10 1 0 0 0 1 1 0 10 0 1 1 0 0 1 1 00 0 0 1 0 0 0 1 00 0 0 0 1 0 0 0 10 0 0 0 0 1 1 0 0

37777777777777775 :Every bi
lique must have at least four ar
s, so there is only one possible 
hoi
efor the bi
lique 
ontaining the ar
sv8 ! v5 and v8 ! v9:This bi
lique is given by the additional 1's in
A =

26666666666666664
0 1 0 0 1 1 1 1 10 0 1 1 0 1 1 1 11 0 0 1 1 0 1 1 11 0 0 0 1 0 0 1 10 1 0 0 0 1 1 0 10 0 1 1 0 0 1 1 00 0 0 1 0 0 0 1 00 0 0 0 1 0 0 0 10 0 0 0 0 1 1 0 0

37777777777777775 :
79



There is only one possible 
hoi
e for the bi
lique 
ontaining the ar
sv7 ! v4 and v7 ! v8:This bi
lique is given by the additional bold 1's in
A =

26666666666666664
0 1 0 0 1 1 1 1 10 0 1 1 0 1 1 1 11 0 0 1 1 0 1 1 11 0 0 0 1 0 0 1 10 1 0 0 0 1 1 0 10 0 1 1 0 0 1 1 00 0 0 1 0 0 0 1 00 0 0 0 1 0 0 0 10 0 0 0 0 1 1 0 0

37777777777777775 :There is only one possible 
hoi
e for the bi
lique 
ontaining the ar
sv1 ! v2 and v5 ! v2:This bi
lique is given by the additional bold 1's in
A =

26666666666666664
0 1 0 0 1 1 1 1 10 0 1 1 0 1 1 1 11 0 0 1 1 0 1 1 11 0 0 0 1 0 0 1 10 1 0 0 0 1 1 0 10 0 1 1 0 0 1 1 00 0 0 1 0 0 0 1 00 0 0 0 1 0 0 0 10 0 0 0 0 1 1 0 0

37777777777777775 :Finally, there is only one possible 
hoi
e for the bi
lique 
ontaining the ar
sv2 ! v3 and v6 ! v3:
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This bi
lique is given by the additional bold 1's in
A =

26666666666666664
0 1 0 0 1 1 1 1 10 0 1 1 0 1 1 1 11 0 0 1 1 0 1 1 11 0 0 0 1 0 0 1 10 1 0 0 0 1 1 0 10 0 1 1 0 0 1 1 00 0 0 1 0 0 0 1 00 0 0 0 1 0 0 0 10 0 0 0 0 1 1 0 0

37777777777777775 :This gives a 
ontradi
tion sin
e there is there is no possible bi
lique with fouror more ar
s that 
ontains the ar
sv9 ! v6 and v9 ! v7:All other 
ases are similar. Thus, there is no bi
lique partition of T (A) 
on-sisting of eight bi
liques. Thus,n� 1 = r(A) < rz+ = n:Lastly, the following is an example of a n-tournament matrix withn� 2 = b(A) < r(A) = rz+(A) < t(A) = n:Let
A =

26666666666666664
0 1 0 0 0 0 0 0 00 0 1 0 0 0 0 0 01 0 0 1 0 0 0 0 01 1 0 0 0 1 0 0 01 1 1 1 0 0 0 0 01 1 1 0 1 0 1 0 01 1 1 1 1 0 0 1 01 1 1 1 1 1 0 0 11 1 1 1 1 1 1 0 0

37777777777777775 :
81



Then the fa
torization
A =

26666666666666664
0 1 0 0 0 0 0 00 0 1 0 0 0 0 01 0 0 1 0 0 0 01 1 0 0 1 0 0 01 1 1 1 0 0 0 01 1 1 0 0 1 0 01 1 1 1 0 0 1 01 1 1 1 1 0 0 11 1 1 1 1 1 0 0

37777777777777775
266666666666664
1 0 0 0 0 0 0 0 00 1 0 0 0 0 0 0 00 0 1 0 0 0 0 0 00 0 0 1 0 0 0 0 00 0 0 0 0 1 0 0 00 0 0 0 1 0 1 0 00 0 0 0 0 0 0 1 00 0 0 0 0 0 0 0 1

377777777777775shows that rz+(A) = n� 1 = 8. The fa
torization
A =

26666666666666664
1 0 0 0 0 0 00 1 0 0 0 0 00 0 1 0 0 0 01 0 0 1 0 0 01 1 1 0 0 0 01 1 0 0 1 0 01 1 1 0 0 1 01 1 1 1 0 0 11 1 1 1 1 0 0

37777777777777775
2666666666664
0 1 0 0 0 0 0 0 00 0 1 0 0 0 0 0 01 0 0 1 0 0 0 0 01 0 0 0 0 1 0 0 01 0 0 0 1 0 1 0 00 0 0 0 1 0 0 1 00 0 0 0 1 0 0 0 1

3777777777775using boolean arithmeti
 shows that b(A) � n� 2 = 7. The bold 1's in
A =

26666666666666664
0 1 0 0 0 0 0 0 00 0 1 0 0 0 0 0 01 0 0 1 0 0 0 0 01 1 0 0 0 1 0 0 01 1 1 1 0 0 0 0 01 1 1 0 1 0 1 0 01 1 1 1 1 0 0 1 01 1 1 1 1 1 0 0 11 1 1 1 1 1 1 0 0

37777777777777775 :give a set of n � 2 = 7 isolated 1's. By Corollary 1.2.6, b(A) = n � 2 = 7.
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Furthermore, the 1's in,
A =

26666666666666664
0 1 0 0 0 0 0 0 00 0 1 0 0 0 0 0 01 0 0 1 0 0 0 0 01 1 0 0 0 1 0 0 01 1 1 1 0 0 0 0 01 1 1 0 1 0 1 0 01 1 1 1 1 0 0 1 01 1 1 1 1 1 0 0 11 1 1 1 1 1 1 0 0

37777777777777775give a set of n = 9 independent 1's. Thus,n� 2 = b(A) < r(A) = rz+(A) < t(A) = n:Note: This is an example of an upset tournament matrix. This 
lass of tour-nament matri
es will be studied in detail in Chapter 5.Open problem: Does there exist a singular n-tournament matrix (or
lass) with b(A) = n?
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5. Upset Tournaments5.1 De�nitions and Standard FormThe s
ore-list of a tournament is the multiset of the outdegrees of itsverti
es. An upset tournament is a tournament on n � 4 verti
es with s
ore-listf1; 1; 2; 3; :::; n� 4; n� 3; n� 2; n� 2g:An upset tournament is in standard form provided its verti
es are labeledv1; v2; :::; vn su
h that the s
ore of v1 is 1, the s
ore of vn is n� 2, the s
ore ofvertex vi is i � 1 for 2 � i � n � 1, and ar
s (v1; v2) and (vn�1; vn) are ar
sin the tournament. As stated in [PS℄, ea
h upset tournament is isomorphi
 toexa
tly one upset tournament in standard form.It is 
ustomary to represent an upset tournament by lining up theverti
es v1; v2; :::; vn verti
ally from bottom to top and in
luding in the pi
tureonly those ar
s with upward orientation. An ar
 (vi; vj) of an upset tourna-ment is an upset ar
 if the s
ore of vj is at least the s
ore of vi. In an upsettournament in standard form, (vi; vj) is an upset ar
 if and only if i < j.Equivalently, (vi; vj) is an upset ar
 if and only if it is present in the 
ustomaryrepresentation of an upset tournament. See Figure 5.1.84
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2

1

n-1

n

Upset arcs 

Figure 5.1. Upset tournament in standard form. Upset ar
s are dire
tedupward and non-upset ar
s (not shown) are dire
ted downward. The ar
sv1 ! v2 and vn�1 ! vn are always present in the tournament.Lemma 5.1.1 (Poet and Shader [PS℄) Let T be an upset tournament instandard form. Then T has a unique path from vertex v1 to vertex vn, and thispath 
onsists of the upset ar
s of T .The unique path given in Lemma 5.1.1 will be 
alled the upset path ofan upset tournament. The upset path in
ludes the ar
s (v1; v2) and (vn�1; vn)sin
e the upset tournament is in standard form. See Figure 5.2. In an ad-ja
en
y matrix of an upset tournament in standard form, the 1's above themain diagonal represent the upset path. For example, the 1's in the upset
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tournament matrix
A =

26666666666666664
0 1 0 0 0 0 0 0 00 0 1 0 0 0 0 0 01 0 0 1 0 0 0 0 01 1 0 0 0 1 0 0 01 1 1 1 0 0 0 0 01 1 1 0 1 0 1 0 01 1 1 1 1 0 0 1 01 1 1 1 1 1 0 0 11 1 1 1 1 1 1 0 0

37777777777777775represent the upset path of T (A). There are n�4 verti
es, v3; v4; � � � ; vn�3; vn�2,that may or may not be in
luded in the upset path. Thus, there are 2n�4 non-isomorphi
 upset tournaments on n verti
es.
n-1

n

2

1

...
...

...

Upset
 path

Figure 5.2. For upset tournaments in standard form, there exists a uniquepath from vertex v1 to vertex vn and this path in
ludes the ar
s (v1; v2) and(vn�1; vn).
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5.2 Term RankAs stated by Poet and Shader [PS98℄, upset tournaments are strongly
onne
ted. Thus, by Theorem 4.2.4, upset tournament matri
es of order nhave term rank n. This gives us Lemma 5.2.1. Lemma 5.2.2 gives another wayof showing that upset tournaments have term rank n by 
onstru
ting a set ofn independent 1's.Lemma 5.2.1 Let A be an adja
en
y matrix 
orresponding to an upset tour-nament on n � 4 verti
es. Then t(A) = n.Lemma 5.2.2 Let A be an adja
en
y matrix 
orresponding to an upset tourna-ment on n � 4 verti
es in standard form. Let S be a set of 1's of A 
onstru
tedby moving from row 1 to row n sele
ting for S the furthest right 1 in ea
h rowthat is not in a 
olumn of a 1 already represented in S, if su
h a 1 exists. ThenjSj = n and hen
e t(A) = n.Proof: Let A be an adja
en
y matrix 
orresponding to an upset tournamenton n � 4 verti
es in standard form. Suppose S is a set of 1's of A 
onstru
tedby moving from row 1 to row n and sele
ting for S the furthest right 1 in ea
hrow that is not in a 
olumn of a 1 already in S, if su
h a 1 exists. All 1's abovethe main diagonal of A are in S, sin
e these 
orrespond to ar
s in the unique
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upset path. S 
ontains the lone 1's from the the �rst two rows and last two
olumns of A, sin
e A is in standard form. Furthermore, the 1 in S from row 1is in 
olumn 2 and the 1 from 
olumn n is in row n� 1. Now suppose that forsome k, 3 � k � n�3, all 1's in row k are in 
olumns whi
h 
ontain 1's alreadyin S. Then vk is not a vertex in the upset path sin
e otherwise it would be inS. Thus, row k has the form1 1 � � � 1| {z }k�1 10s 0 0 � � � 0| {z }k+1 10s :This implies that the 1's in S from rows 1 through k�1 must be from 
olumns1 through k � 1. Sin
e vk is not a vertex in the upset path, there exists anupset ar
 (vi; vj) with i < k < j. Thus, the 1 in S from row i would be from
olumn j. This 
ontradi
ts all 1's in S from rows 1 through k � 1 being from
olumns l through k � 1. Therefore, jSj = n and hen
e t(A) = n.For example, the 1's in the upset tournament matrix
A =

26666666666666664
0 1 0 0 0 0 0 0 00 0 1 0 0 0 0 0 01 0 0 1 0 0 0 0 01 1 0 0 0 1 0 0 01 1 1 1 0 0 0 0 01 1 1 0 1 0 1 0 01 1 1 1 1 0 0 1 01 1 1 1 1 1 0 0 11 1 1 1 1 1 1 0 0

37777777777777775are the n = 9 independent 1's in the set S given by Lemma 5.2.2.88



5.3 Real Rank and Nonnegative Integer RankComplete results 
on
erning the real rank and nonnegative integerrank of upset tournaments are given in [KS90℄ and [Sha90℄. Theorem 5.3.1 isan upset path formulation of a result given in [KS90℄.Theorem 5.3.1 (Katzenberger and Shader [KS90℄) Let A be an adja
en
ymatrix of order n � 4 
orresponding to a upset tournament T in standard form.A is singular if and only if the upset path of T has one or more of the stru
turesgiven in Figure 5.3.Theorem 5.3.2 (Shader [Sha90℄) Let A be an adja
en
y matrix of ordern � 4 
orresponding to a upset tournament. Thenr(A) = rz+(A):
Corollary 5.3.3, whi
h follows from Theorems 5.3.1 and 5.3.2, 
har-a
terizes upset tournaments whi
h have bp(T ) = n � 1. Sin
e bp(T ) = n � 1or bp(T ) = n, this 
ompletely 
hara
terizes upset tournaments with respe
t totheir bi
lique partitioning number.
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H H H H H H H1 2 3 4 5 6 7 H8Figure 5.3. Stru
tures of upset path that 
ause singularity.
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Corollary 5.3.3 Let T an upset tournament on n verti
es in standard form.bp(T ) = n�1 if and only if the upset path of T has one or more of the stru
turesgiven in Figure 5.3.
5.4 Boolean RankIn this se
tion, a 
hara
terization of upset tournament matri
es withrespe
t to their boolean rank and a best possible lower bound for the booleanrank is given. In addition, it is shown that the number of nonisomorphi
 upsettournaments with equal bi
lique 
over and partition numbers 
an be given interms of 
onvolutions of the Fibona

i sequen
e. These results, together withShader's work [Sha90℄, give a 
omplete 
hara
terization of upset tournamentmatri
es with respe
t to ea
h rank and with respe
t to their bi
lique 
over andpartition numbers.Theorem 5.4.1 Let A be an adja
en
y matrix of order n � 4 
orrespondingto a upset tournament T in standard form. Then b
(T ) = b(A) = n� q if andonly if the upset path of T 
ontains q 
opies (total) of the subgraphs H0 and Hgiven in Figure 5.4.
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1
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...
......
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...

isolated in upset path

H 0 : :H

i+1

i

i+2

Figure 5.4. Subgraphs whi
h redu
e the bi
lique 
overing number.Proof: Let A be an adja
en
y matrix of order n � 4 
orresponding to anupset tournament T in standard form. First, we will show that if the upsetpath of T 
ontains q 
opies of the subgraphs H0 and H, then b
(T ) � n � q.Se
ond, we will show that if b
(T ) = n� q, then the upset path of T 
ontainsat least q 
opies of the subgraphs H0 and H. This will 
omplete the proofsin
e if the upset path of T 
ontains q 
opies of the subgraphs H0 and Hand b
(T ) < n � q, then we have a 
ontradi
tion to the se
ond statement.Furthermore, if b
(T ) = n � q and the upset path of T 
ontains more than q
opies of the subgraphs H0 and H, then we have a 
ontradi
tion to the �rststatement.Suppose the upset path of T 
ontains q 
opies of the subgraphs H0and H. We need to show that b
(T ) � n� q. To do this, we will show that forea
h 
opy, b
(T ) is redu
ed by at least one. Suppose H0 o

urs in the upset
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path of T . Then
A(T ) =

1 2 3 4 j k1234jk
26666666666666666664
0 1 0 0 � � � 0 � � � 0 � � �0 0 1 0 � � � 0 � � � 0 � � �1 0 0 1 � � � 0 � � � 0 � � �1 1 0 0 � � � 1 � � � 0 � � �... ... ... ... . . . ... ...1 1 1 0 � � � 0 � � � 1 � � �... ... ... ... ... . . . ...1 1 1 1 � � � 0 � � � 0 � � �... ... ... ... ... ... . . .

37777777777777777775and 
olumn 1 = 
olumn 4 + 
olumn j + 
olumn kusing boolean arithmeti
 (1+1=1). Thus, the four 
olumns 1; 4; j; and k 
or-respond to a subdigragh that 
an be 
overed with three bi
liques and b
(T ) isredu
ed by one. Suppose H o

urs in the upset path of T . Then
A(T ) =

i j k
i
jk

26666666666666666666666664

. . . ... ... ... ... ... ...� � � 0 � � � 0 1 0 � � � 0 � � � 0 � � �... . . . ... ... ... ... ...� � � 1 � � � 0 0 0 � � � 0 � � � 0 � � �� � � 0 � � � 1 0 1 � � � 0 � � � 0 � � �� � � 1 � � � 1 0 0 � � � 1 � � � 0 � � �... ... ... ... . . . ... ...� � � 1 � � � 1 1 0 � � � 0 � � � 1 � � �... ... ... ... ... . . . ...� � � 1 � � � 1 1 1 � � � 0 � � � 0 � � �... ... ... ... ... ... . . .

37777777777777777777777775and 
olumn i = 
olumn (i + 2) + 
olumn j + 
olumn k93



using boolean arithmeti
. Thus, the four 
olumns i; i + 2; j; and k 
orrespondto a subdigragh that 
an be 
overed with three bi
liques and b
(T ) is redu
edby one. If all 
opies of H0 and H in the upset path of T are pairwise ar
disjoint, then q 
opies of H0 and H will imply that b
(T ) � n � q. Supposethat the upset path of T 
ontains a 
opy of H0 and a 
opy of H that are notar
 disjoint. Sin
e the overlap 
an o

ur in only one way,
A(T ) =

1 2 3 4 i j k1234i
jk

266666666666666666666666666664

0 1 0 0 � � � 0 0 0 � � � 0 � � � 0 � � �0 0 1 0 � � � 0 0 0 � � � 0 � � � 0 � � �1 0 0 1 � � � 0 0 0 � � � 0 � � � 0 � � �1 1 0 0 � � � 0 1 0 � � � 0 � � � 0 � � �... ... ... ... . . . ... ... ... ... ...1 1 1 1 � � � 0 0 0 � � � 0 � � � 0 � � �1 1 1 0 � � � 1 0 1 � � � 0 � � � 0 � � �1 1 1 1 � � � 1 0 0 � � � 1 � � � 0 � � �... ... ... ... ... ... ... . . . ... ...1 1 1 1 � � � 1 1 0 � � � 0 � � � 1 � � �... ... ... ... ... ... ... ... . . . ...1 1 1 1 � � � 1 1 1 � � � 0 � � � 0 � � �... ... ... ... ... ... ... ... ... . . .

377777777777777777777777777775and 
olumn 1 = 
olumn 4 + 
olumn i+ 
olumn (i + 1)+ 
olumns (i + 2) + 
olumn j + 
olumn k= 
olumn 4 + 
olumn (i+ 1)+ 
olumns (i + 2) + 
olumn j + 
olumn k94



using boolean arithmeti
. See Figure 5.5. Thus, the seven 
olumns 1; 4; i; i +1; i + 2; j; and k 
orrespond to a subdigragh that 
an be 
overed with �vebi
liques and b
(T ) is redu
ed by two. Similarly, suppose the upset path of T
ontains two 
opies of H that are not ar
 disjoint. Sin
e the overlap 
an o

urin only one way,
...
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...

...
...
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i i

Figure 5.5. H0 and an H or two H's 
an share at most one ar
.
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A(T ) =
i j k li

jkl

2666666666666666666666666666664

. . . ... ... ... ... ... ... ... ...� � � 0 0 0 � � � 0 0 0 � � � 0 � � � 0 � � �� � � 1 0 1 � � � 0 0 0 � � � 0 � � � 0 � � �� � � 1 0 0 � � � 0 1 0 � � � 0 � � � 0 � � �... ... ... . . . ... ... ... ... ...� � � 1 1 1 � � � 0 0 0 � � � 0 � � � 0 � � �� � � 1 1 0 � � � 1 0 1 � � � 0 � � � 0 � � �� � � 1 1 1 � � � 1 0 0 � � � 1 � � � 0 � � �... ... ... ... ... ... . . . ... ...� � � 1 1 1 � � � 1 1 0 � � � 0 � � � 1 � � �... ... ... ... ... ... ... . . . ...� � � 1 1 1 � � � 1 1 1 � � � 0 � � � 0 � � �... ... ... ... ... ... ... ... . . .

3777777777777777777777777777775and
olumn i = 
olumn (i + 2) + 
olumn j + 
olumn (j + 1)+ 
olumns (j + 2) + 
olumn k + 
olumn l= 
olumn (i + 2) + 
olumn (j + 1)+ 
olumns (j + 2) + 
olumn k + 
olumn lusing boolean arithmeti
. See Figure 5.5. Thus, the seven 
olumns i; i +2; j; j + 1; j + 2; k; and l 
orrespond to a subdigragh that 
an be 
overed with�ve bi
liques and b
(T ) is redu
ed by two. Hen
e, for ea
h 
opy of H0 and Hin the upset path of T , b
(T ) is redu
ed by one. Spe
i�
ally, if the upset pathof T 
ontains q 
opies of the subgraphs H0 and H, then b
(T ) � n� q.96



Conversely, suppose b
(T ) = n � q. We need to show that the upsetpath of T 
ontains at least q 
opies of the subgraphs H0 and H. If q = 0, thestatement is trivially true. If q > 1, there exists a set S of m 
olumns of Asu
h that D(S) 
an be 
overed with less than m bi
liques. Existen
e of thisset follows from the fa
t that we 
ould 
hoose S to be the set of all 
olumns.Without loss of generality, we 
an assume that S is minimal in the sense thatthere is no subset �S � S su
h that D( �S) 
an be 
overed with less than j �Sjbi
liques. Every bi
lique in a bi
lique 
overing of D(S) must involve at leasttwo 
olumns of S. To see this, suppose a bi
lique in a bi
lique 
overing ofD(S) involves just one 
olumn 
 2 S. Then S � 
 � S su
h that D(S � 
)
an be 
overed with jSj � 2 bi
liques whi
h 
ontradi
ts the minimal propertyof S. Assume the 
olumns in S are in the same order as they appear in A (instandard form) and that i is the index of the �rst 
olumn in S.Suppose i = 1. Then
A = A(T ) = 1 2 3 41234 266666664 0 1 0 0 � � �0 01 01 0... . . .

377777775First, we will show that the ar
 (v3; v4) must be in
luded in the upsetpath and the ar
s (v3; v1) and (v3; v4) must be 
overed by the same bi
lique.Sin
e every bi
lique 
overing S must involve at least two 
olumns of S, the ar
97



(v3; v1) must be 
overed with a bi
lique involving some 
olumn 
 6= 1; 3 of S.Column two 
annot be in S sin
e the 1 in position A(1; 2) is the only 1 in the�rst row. This implies that 
 6= 2 and hen
e 
 � 4. Thus, the verti
es v1,v2,v3, and v
 must be in
luded in the upset path of T . Similarly, sin
e the 1 inposition A(2; 3) is the only 1 in row two, 
olumn three 
annot be in S. The ar
(v4; v1) must be 
overed with a bi
lique involving some other 
olumn j, j � 5of S. Hen
e, the vertex v4 must be in the upset path of T . Thus, the upsetpath of T must 
ontain 1! 2! 3! 4! jfor some j, 5 � j � n, and
A(T ) = 1 2 3 4 j1234j

26666666666664
0 1 0 0 � � � 0 � � �0 0 1 0 � � � 0 � � �1 0 0 1 � � � 0 � � �1 1 0 0 � � � 1 � � �... ... ... ... . . . ...1 1 1 0 � � � 0 � � �... ... ... ... ... . . .

37777777777775 :The ar
 (vj; v1) must be 
overed in D(S) with a bi
lique involvingsome other 
olumn k of S with 5 � k < j or j < k � n. If 5 � k < j, then
olumn k is not in the upset path. This implies that j < n sin
e 4! j 
annotbe the end of the upset path. Thus, the upset path must have the form1! 2! 3! 4! j ! l98



for some l > j and
A(T ) =

1 2 3 4 k j l1234kjl

26666666666666666666666664

0 1 0 0 � � � 0 � � � 0 � � � 0 � � �0 0 1 0 � � � 0 � � � 0 � � � 0 � � �1 0 0 1 � � � 0 � � � 0 � � � 0 � � �1 1 0 0 � � � 0 � � � 1 � � � 0 � � �... ... ... ... . . . ... ... ...1 1 1 1 � � � 0 � � � 0 � � � 0 � � �... ... ... ... ... . . . ... ...1 1 1 0 � � � 1 � � � 0 � � � 1 � � �... ... ... ... ... ... . . . ...1 1 1 1 � � � 1 � � � 0 � � � 0 � � �... ... ... ... ... ... ... . . .

37777777777777777777777775
:

Suppose j < k � n. Then 
olumn k must be in the upset path andthe upset path 
ontains the subgraph1! 2! 3! 4! j ! k:Thus, in both 
ases H0 is in the upset path. Now sin
e the upset path 
ontainsthe subgraph H0, 
olumns 1; 2; j, and k 
an be 
overed in D(S) with threebi
liques. By the minimal property of S, jSj = 4 and, in parti
ular,S = f
olumns 1; 4; j; kg:Suppose i > 1. If vi was in the upset path, then the bi
lique 
overingthe ar
 to vi in D(S) 
ould not involve any other 
olumns in S. This impliesthat vertex vi 
annot be in the upset path of T sin
e every bi
lique 
overingD(S) must involve at least two 
olumns of S. Thus, 
olumn i must be of thefollowing form 99



ii 266666664 . . . ...� � � 0 0 0 � � �1 01 0... . . .
377777775 :Note that i 6= 2 sin
e v1 ! v2 is always in the upset path when theupset tournament is in standard form. Sin
e every bi
lique 
overing D(S) mustinvolve at least two 
olumns of S, the ar
 (vi+1; vi) must be 
overed in D(S)with a bi
lique involving some other 
olumn 
 � i + 2 of S. Similarly, thebi
lique 
overing the ar
 (vi+2; vi) in D(S) must involve a 
olumn j � i + 1.Sin
e i + 1 is in the upset path, j 6= i + 1; hen
e, j > i + 2. Thus, i + 2 is inthe upset path. Furthermore, 
 = i + 2 andi + 1! i + 2:Thus, the upset path must 
ontain the subgraphi + 1! i + 2! jbut it 
annot 
ontain i and
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A(T ) =
i j

ij
266666666666666666664
. . . ... ... ... ... ...� � � 0 � � � 0 1 0 � � � 0 � � �... . . . ... ... ... ...� � � 1 � � � 0 0 0 � � � 0 � � �� � � 0 � � � 1 0 1 � � � 0 � � �� � � 1 � � � 1 0 0 � � � 1 � � �... ... ... ... . . . ...� � � 1 � � � 1 1 0 � � � 0 � � �... ... ... ... ... . . .

377777777777777777775 :Covering the ar
 (vj; vi) in D(S) with a bi
lique involving some other
olumn in S must involve a 
olumn k 2 S with i + 2 < k < j or j < k � n:If i + 2 < k < j, then 
olumn k is not in the upset path. This implies thatj < n sin
e i + 2 ! j 
annot be the end of the upset path. Thus, the upsetpath must have the form i + 1! i + 2! j ! lfor some l > j. Suppose j < k � n. Then 
olumn k must be in the upset path,the upset path 
ontains the subgraphi + 1! i + 2! j ! k;and
101



i j k
i
jk

26666666666666666666666664

. . . ... ... ... ... ... ...� � � 0 � � � 0 1 0 � � � 0 � � � 0 � � �... . . . ... ... ... ... ...� � � 1 � � � 0 0 0 � � � 0 � � � 0 � � �� � � 0 � � � 1 0 1 � � � 0 � � � 0 � � �� � � 1 � � � 1 0 0 � � � 1 � � � 0 � � �... ... ... ... . . . ... ...� � � 1 � � � 1 1 0 � � � 0 � � � 1 � � �... ... ... ... ... . . . ...� � � 1 � � � 1 1 1 � � � 0 � � � 0 � � �... ... ... ... ... ... . . .

37777777777777777777777775Thus, in both 
ases H is in the upset path. Now sin
e the upset path
ontains the subgraph H, 
olumns i; i + 2; j; and k 
an be 
overed in D(S)with three bi
liques. By the minimal property of S, jSj = 4 and, in parti
ular,S = f
olumns i; i+ 2; j; kg:Thus, if b
(T ) = n � q, then the upset path of T 
ontains at least q 
opies ofthe subgraphs H0 and H.Sin
e the bi
lique 
overing number 
an be mu
h less than the bi
liquepartitioning number, whi
h is bounded below by n� 1, we would like a lowerbound for the bi
lique 
overing number of upset tournaments. For an upsettournament T in standard form, the 1's in A(T ) 
orresponding to the upsetar
s of T are all isolated 1's. Thus, by Corollary 1.2.5, the number of upset102



ar
s of T give a lower bound for the bi
lique 
over number of T . This simpleresult is stated in Lemma 5.4.2. Lemma 5.4.4 gives a best possible lower boundon the bi
lique 
overing number of upset tournaments. The proof of Lemma5.4.4 follows dire
tly from Lemma 5.4.3 and Theorem 5.4.1.Lemma 5.4.2 Let A be an adja
en
y matrix of order n � 4 
orresponding toa upset tournament T in standard form. If the upset path of T 
onsists of kar
s, then b
(T ) = b(A) � k.Lemma 5.4.3 If the upset path of an upset tournament in standard form onn � 4 verti
es 
ontains q 
opies of the subgraphs H0 and H given in Figure5.4, then q < n3 :Furthermore, there exists a 
lass of upset tournaments su
h thatqn ! 13 as n!1:
Proof: To maximize q, we have to minimize the number of verti
es needed to
onstru
t 
opies of H0 and H. The subgraphs H0 and H or two H's 
an shareat most one ar
. See Figure 5.5. Thus, q will be maximized if the upset path
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onsists of the sequen
e H0; H;H; ::: with exa
tly one ar
 shared between ea
h
opy. See Figure 5.6. Thus, q � n3 � 1 < n3 :For the example of an upset tournament on n = 3k, k � 3, verti
es given inFigure 5.5, qn = k � 13k ! 13 as n!1:
Lemma 5.4.4 If the upset path of an upset tournament T in standard formon n � 4 verti
es, with 
orresponding adja
en
y matrix A, 
ontains q 
opies ofthe subgraphs H0 and H given in Figure 5.4, thenb(A) = b
(T ) > n3 :Furthermore, there exists a 
lass of upset tournaments su
h thatb(A)n = b
(T )n ! 23 as n!1:

Proposition 5.4.5, whi
h follows from Lemma 5.2.1 and Theorem 5.3.2,summarizes the rank relationships for upset tournaments. As dis
ussed in Se
-tion 1.2.7, there is no relationship between the boolean rank and the real rank104
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Figure 5.6. Upset path whi
h maximizes 
opies of the subgraphs H0 and H.
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for any f0,1g-matrix. Upset tournaments give a large 
lass of matri
es withb(A) � r(A).Proposition 5.4.5 If A is n-tournament matrix 
orresponding to an upsettournament, then 23n < b(A)n� 1 ) � r(A) = rz+(A) � t(A) = n:
5.5 Equal Bi
lique Cover and Partition NumbersOne of the problems of interest for any 
lass of graphs is �nding sub-
lasses that have equal bi
lique 
overing and partitioning numbers. Sin
e thebi
lique 
overing number and partitioning numbers are known for all upsettournaments, we 
an determine pre
isely whi
h upset tournaments have equalbi
lique 
overing and partitioning numbers. Furthermore, we will show that thenumber of nonisomorphi
 upset tournaments with equal bi
lique 
overing andpartitioning numbers 
an be given in terms of 
onvolutions of the Fibona

isequen
e.First, we will 
hara
terize and 
ount the upset tournaments on n ver-ti
es where the bi
lique 
over and partition numbers both equal n. Se
ond,106



we will 
hara
terize and 
ount the upset tournaments on n verti
es where thebi
lique 
over and partition numbers both equal n�1. Third, we will put theseresults together to 
hara
terize and 
ount the upset tournaments with equalbi
lique 
over and partition numbers.Theorem 5.5.1 Let T be an upset tournament in standard form on n � 6verti
es. Then b
(T ) = n if and only if the upset path does not 
ontain anyar
s of the form (vi; vi+1) for 3 � i � n� 3.Proof: Let T be an upset tournament in standard form on n verti
es. Sup-pose the upset path of T does not 
ontain any ar
s of the form (vi; vi+1) for3 � i � n � 3. Thus, there are no 
opies of the subgraphs H0 or H, given inFigure 5.4, in the upset path of T . Hen
e, by Theorem 5.4.1, b
(T ) = n.Conversely, suppose b
(T ) = n and suppose the upset path of T 
on-tains an ar
 of the form (vi; vi+1) for some i, 3 � i � n � 3. If i = 3, thenthe upset path 
ontains a 
opy of H0. If i � 4, then the upset path 
ontains a
opy of H. This 
ontradi
ts Theorem 5.4.1.Theorem 5.5.2 Let T be an upset tournament in standard form on n verti
es.Let bn be the number of nonisomorphi
 upset tournaments on n verti
es su
hthat b
(T ) = n. Then b4 = 1, b5 = 2, and bn+2 = bn+1 + bn for n � 4.
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Proof: b4 = 1 and b5 = 2 follow easily from the fa
t that all upset tournamentson n � 5 verti
es have b
(T ) = n. See Figure 5.7. The proof that bn+2 =bn+1 + bn, for n � 4, is by indu
tion n. Suppose n = 4. By Lemma 5.5.1, theupset path of an upset tournament on six verti
es with b
(T ) = 6 does not
ontain an ar
 of the form (v3; v4). As 
an be seen in Figure 5.7, there are onlythree nonisomorhi
 upset tournaments on six verti
es with this property. Theequality b4 + b5 = b6 is illustrated by the removal of the 
ir
led verti
es.
1
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4
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2

1 1

2

3

4

5 6 6 6

5 5 5

4 4 4

3 3 3

2 2 2

1 1 1Figure 5.7. b4 + b5 = b6.Now suppose bn+2 = bn+1+ bn for any n, 4 � n < k, for some k. First
onsider the number of upset tournaments on k+2 verti
es with b
(T ) = k+2su
h that the ar
 v2 ! v3is in the tournament. Sin
e v2 ! v3 we know that v3 6! v4. Thus, the vertexv4 must be isolated in the upset path. Hen
e, the number of nonisomporhi
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upset tournaments on k + 2 verti
es with b
(T ) = k + 2 andv2 ! v3in the upset path is equivalent to the number of upset tournaments on k verti
esfor whi
h b
(T ) = k. These are equivalent sin
e we are essentially removingthe two verti
es v3 and v4 from the tournament be
ause their in
lusion in orex
lusion from the upset path is �xed. Se
ond, 
onsider the number of upsettournaments on k + 2 verti
es with b
(T ) = k + 2 su
h thatv2 6! v3:This number is equivalent to the number of nonisomorphi
 tournaments onk � 1 verti
es for whi
h b
(T ) = k � 1 sin
e we are essentially removing thevertex v3 from the tournament sin
e its ex
lusion from the upset path is �xed.Thus, bn+2 = bn+1 + bn.Re
all, the boolean rank is a lower bound for the nonnegative integerrank, and for upset tournaments, the nonnegative integer rank is always equalto the real rank. Thus, if the boolean rank of an upset tournament on n verti
esis n, all four ranks must be n. Using these fa
ts, we 
an restate Theorem 5.5.2in terms of all four ranks. Spe
i�
ally, Corollary 5.5.3 follows from Theorem5.5.2 and Theorem 5.3.2. 109



Corollary 5.5.3 Let bn be the number of nonisomorphi
 upset tournamentmatri
es of order n su
h thatb(A) = rz+(A) = r(A) = t(A) = n:Then b4 = 1, b5 = 2, and bn+2 = bn+1 + bn for n � 4.Corollary 5.5.4 Let bn be the number of nonisomorphi
 upset tournamentmatri
es of order n su
h thatb(A) = rz+(A) = r(A) = t(A) = n:Let an be the Fibonna
i sequen
e a0 = 1, a1 = 1, and an+2 = an+1 + an fora � 2. Then bn = an�3 = 1p5  1 +p52 !n�2 � 1p5  1�p52 !n�2 :
Proof: Let bn be the number of nonisomorphi
 upset tournament matri
es oforder n su
h that b(A) = rz+(A) = r(A) = n:
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Let an be the Fibonna
i sequen
e a0 = 1, a1 = 1, and an+2 = an+1 + an fora � 2. From [Bog90℄, we havean = 1p5  1 +p52 !n+1 � 1p5  1�p52 !n+1 :From Corollary 5.5.3, we have b4 = 1, b5 = 2, and bn+2 = bn+1 + bn for n � 4.Thus, bn = an�3 = 1p5  1 +p52 !n�2 � 1p5  1�p52 !n�2 :
Theorem 5.5.5 Let A be an adja
en
y matrix of order n � 6 
orrespondingto a upset tournament T in standard form. Thenb(A) = rz+(A) = r(A) = n� 1:if and only if the upset path of T has exa
tly one of the stru
tures given inFigure 5.3 and the upset path of T does not 
ontain any additional ar
s of theform (vi; vi+1) for 3 � i � n� 3.Proof: Let A be an adja
en
y matrix of order n � 6 
orresponding to a upsettournament T in standard form. Supposeb(A) = rz+(A) = r(A) = n� 1:Sin
e b(A) = b
(T ) = n � 1, the upset path of T 
ontains exa
tly one of thesubgraphs H0 or H given in Figure 5.4. Sin
e A is singular, the upset path of111



T has one or more of the eight stru
tures given in Figure 5.3. Ea
h of thesestru
tures 
ontains exa
tly one 
opy of H0 or H. Any additional ar
s of theform (vi; vi+1) for 3 � i � n� 3 would give additional 
opies of the subgraphsH0 and H. This would 
ontradi
t b(A) = n � 1. Thus, the upset path of T
annot 
ontain any additional ar
s of the form (vi; vi+1) for 3 � i � n� 3.Conversely, suppose the upset path of T has exa
tly one of the stru
-tures given in Figure 5.3 and the upset path of T does not 
ontain any addi-tional ar
s of the form (vi; vi+1) for 3 � i � n � 3. Then T 
ontains exa
tlyone of either the subgraph H0 or the subgraph H given in Figure 5.4. Thus,by Theorem 5.4.1, b
(T ) = b(A) = n � 1. Now sin
e the upset path of T hasone the stru
tures given in Figure 5.3, A is singular. Thus,b(A) = rz+(A) = r(A) = n� 1:Theorem 5.5.6 Let 
n be the number of nonisomorphi
 upset tournament ma-tri
es of order n su
h thatb(A) = rz+(A) = r(A) = n� 1:Let fang be the Fibonna
i sequen
e a0 = 1, a1 = 1, and an+2 = an+1 + an fora � 2. Then
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n =
8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

0 if n � 51 if n = 62 if n = 72an�6 + n�7Pk=1 akan�k�6 if 8 � n � 14421 if n = 15746 if n = 162an�6 + 2an�15 + n�7Pk=1 akan�k�6 + n�16Pk=1 akan�k�15 if n � 17Proof: The results 
n = 0 for n � 5 and 
6 = 1 follow dire
tly from Theorem5.5.5, sin
e there are no singular tournaments of order n � 5 and only oneof order n = 6. Suppose n = 7. From Theorem 5.5.5, we know that H2 andH3 are the two possible stru
tures of an upset path of an upset tournament Tsatisfying b(A(T )) = rz+(A(T )) = r(A(T )) = n� 1:Furthermore, there is only one su
h tournament of ea
h stru
ture on n = 7verti
es. Thus, 
7 = 2.Suppose 8 � n � 14. From Theorem 5.5.5, H2, H3, and H4 are thethree possible stru
tures of an upset path of an upset tournament T satisfyingb(A(T )) = rz+(A(T )) = r(A(T )) = n� 1:There are bn�3 = an�6 upset tournaments having the stru
ture H2 and satis-fying b(A(T )) = rz+(A(T )) = r(A(T )) = n� 1;113



sin
e this is equivalent to the number of upset tournament matri
es on n � 3verti
es having full boolean rank. Similarly, bn�3 = an�6 will give the numberof upset tournaments having the stru
ture H3 and satisfyingb(A(T )) = rz+(A(T )) = r(A(T )) = n� 1:For ea
h i, 4 � i � n� 4, there are bn�i possible 
on�gurations for the ar
s inthe upset path above the ar
 (vi; vi+1), sin
e this is equivalent to the number ofupset tournaments on n� i verti
es with full boolean rank. Similarly, there arebi possible 
on�gurations for the ar
s in the upset path below the ar
 (vi; vi+1),sin
e this is equivalent to the number of upset tournaments on i verti
es withfull boolean rank. Thus, for ea
h i, 4 � i � n� 4 there are bibn�i = ai�3an�i�3upset tournaments that have the stru
ture H4 and that satisfyb(A(T )) = rz+(A(T )) = r(A(T )) = n� 1:Thus, 
n = 2an�6| {z }H2's and H3's + n�4Xi=4 ai�3an�i�3| {z }H4's if 8 � n � 14:Shifting the index of the sum by three gives
n = 2an�6| {z }H2's and H3's + n�7Xk=1 akan�k�6| {z }H4's if 8 � n � 14:
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If n = 15, then 
n is given by the above expression plus one for thestru
ture H5. Spe
i�
ally,
15 = 2a9|{z}H2's and H3's + 8Xk=1 aka9�k| {z }H4's + 1|{z}H5 = 421:Now suppose n � 17. From Theorem 5.5.5, the stru
ture of the upsetpath 
ould be any of the six stru
tures H2; H3; H4; H6; H7; and H8. The stru
-tures H6,H7, and H8 are similar to the stru
tures H2, H3 and H4, respe
tively.Thus, we just need to adjust the indi
es by nine in the appropriate formulassin
e there are nine additional 
onse
utive verti
es in the upset paths havingthe stru
tures H6,H7, and H8. It follows that for n � 17,
n = 2an�6| {z }H2's and H3's + 2an�15| {z }H6's and H7's + n�7Xk=1 akan�k�6| {z }H4's + n�16Xk=1 akan�k�15| {z }H8's :If n = 16, then the stru
ture of the upset path 
ould be any of the�ve stru
tures H2; H3; H4; H6; and H7. Thus, 
n is given by the above expres-sion minus the term 
ounting those tournaments whose upset path have thestru
ture H8. Hen
e,
16 = 2a10| {z }H2's and H3's + 2a0|{z}H6's and H7's + 9Xk=1 aka9�k| {z }H4's = 746:
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Using Theorems 5.5.1 and 5.5.2, we 
an 
hara
terize upset tourna-ments with equal bi
lique 
over and partition numbers. This is given in Corol-lary 5.5.7.Corollary 5.5.7 Let T be an upset tournament in standard form on n � 6verti
es. Then b
(T ) = bp(T )if and only if the upset path does not 
ontain any ar
s of the form (vi; vi+1) for3 � i � n� 3 or the upset path of T has exa
tly one of the stru
tures given inFigure 5.3 and the upset path of T does not 
ontain any additional ar
s of theform (vi; vi+1) for 3 � i � n� 3.Combining Theorems 5.5.5 and 5.5.6 gives the number of upset tour-naments with equal bi
lique 
over and partition numbers. This is given inCorollary 5.5.8.Corollary 5.5.8 Let dn be the number of nonisomorphi
 upset tournamentmatri
es of order n su
h that b
(T ) = bp(T ):
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Let fang be the Fibonna
i sequen
e a0 = 1, a1 = 1, and an+2 = an+1 + an forn � 2. Then
dn =

8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:
2 if n � 54 if n = 67 if n = 7an�3 + 2an�6 + n�7Pk=1 akan�k�6 if 8 � n � 14654 if n = 151123 if n = 16an�3 + 2an�6 + 2an�15 + n�7Pk=1 akan�k�6 + n�16Pk=1 akan�k�15 if n � 17 :
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6. Summary6.1 Bipartite� If B is a bipartite domino-free graph, then b(A(B)) = rz+(A(B)).� If B is a bipartite C4-free graph, thenb(A(B)) = rz+(A(B)) = t(A(B)):� If B is a minimal elementary bipartite graph with redu
ed adja
en
ymatrix A(B) of order n � 3, thenb(A(B)) = rz+(A(B)) = t(A(B)) = n:� If B is minimal sub-elementary bipartite graph, thenb(A(B)) = r(A(B)) = rz+(A(B)) = t(A(B)):� There exists a 
lass of domino-free bipartite graphs withr(A)b(A) = r(A)t(A) = 34and a 
lass with b(A)t(A) = r(A)t(A) = 34 :
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� For ea
h k, 3 � k � n = 5m, there exists a bipartite graph B 
ontain-ing at least m dominos withb(A(B)) = r(A(B)) = rz+(A(B)) = k:� For ea
h k, 3 � k � n = 5m, k = 5j + i, i 2 f0; 1g, j 2 f1; 2; 3; :::g,there exists a bipartite graph B 
ontaining at least m dominos withb(A(B)) = r(A(B)) = rz+(A(B)) = t(A(B)) = k:Open Problems:� If B(A) is a C4-free bipartite graph, �nd a lower bound forr(A)b(A) :� If B(A) is a domino-free bipartite graph, �nd lower bounds forr(A)b(A) ; b(A)t(A) ; and r(A)t(A) :� Find new 
lasses of bipartite graphs with b
(B) = bp(B) or two or moreof the matrix ranks equal for the 
orresponding adja
en
y matrix.6.2 Digraphs� If D is a strongly unipathi
 digraph, thenb(A(D)) = r(A(D)) = rz+(A(D)) = t(A(D)):
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� If D is a minimally strong digraph, thenb(A(D)) = r(A(D)) = rz+(A(D)) = t(A(D)):Open Problem:� Find new 
lasses of digraphs with b
(B) = bp(B) or two or more of thematrix ranks equal for the 
orresponding adja
en
y matrix.6.3 Nearly Redu
ible Matri
es� If A is a nearly redu
ible matrix, thenb(A) = r(A) = rz+(A) = t(A):� For ea
h k, 2 � k � n, there exists a nearly redu
ible matrix A withb(A) = r(A) = rz+(A) = t(A) = k:� A is a nearly redu
ible matrix if and only if B(A) is a minimal sub-elementary bipartite graph.6.4 Nearly De
omposable Matri
es� If A is a nearly de
omposable matrix of order n � 3, thenb(A) = rz+(A) = t(A) = n:� There exists a 
lass of nearly de
omposable matri
es of order n withr(A) = n if n is odd and r(A) = n� 1 if n is even.120



� There exists a nearly de
omposable matrix of order n with r(A) = n�2.� A is a nearly de
omposable matrix if and only if B(A) is a minimalelementary bipartite graph.Open Problems:� Find a lower bound for the ratior(A)nif A is a nearly de
omposable matrix.� Find a 
hara
terization of nearly de
omposable matri
es with respe
tto their real rank.� Spe
i�
ally, 
lassify singular nearly de
omposable matri
es.6.5 Tournaments� If A is an n-tournament matrix, thenn� 1 � r(A) � rz+(A) � t(A) � n:� If A is an n-tournament matrix, then t(A) = n if and only if everystrong 
omponent of T (A) has at least three verti
es.� If A is a regular or near-regular n-tournament matrix, n � 3, thenr(A) = rz+(A) = t(A) = n:
121



� For ea
h integer m � 2 and n suÆ
iently large,minfb(T ) : T is an n� n tournament matrixg � nm:� There exists a 
lass of n-tournament matri
es withb(A) = r(A) = rz+(A) = t(A) = n:� There exists a 
lass of n-tournament matri
es with no sour
e or sinkand b(A) = r(A) = rz+(A) = t(A) = n� 1:� There exists a singular n-tournament matrix A with t(A) = n.� There exists a singular n-tournament matrix A with rz+(A) = n.� There exists a singular n-tournament matrix A withn� 2 = b(A) < r(A) = rz+(A) < t(A) = n:Open Problems:� Classify singular tournament matri
es.� Improve the bounds for the boolean rank of tournament matri
es orshow the above is best possible.� What is the boolean rank of regular or near-regular tournament ma-tri
es?� Does there exist a singular n-tournament matrix with b(A) = n?122



6.6 Upset Tournaments� Upset tournament matri
es have been 
lassi�ed with respe
t to ea
hrank.� If A is n-tournament matrix 
orresponding to a upset tournament, then23n < b(A) � r(A) = rz+(A) � t(A) = n:� There exists a 
lass of upset n-tournament matri
es su
h thatb(A)n ! 23 as n!1:� The number of nonisomorphi
 upset tournaments withb
(T ) = bp(T ) = n and b
(T ) = bp(T ) = n� 1
an be given in terms of 
onvolutions of the Fibona

i sequen
e.
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