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Jones, Jim E. (Ph.D., Applied Mathematics)A Mixed Finite Volume Element Method for Accurate Computation ofFluid Velocities in Porous MediaThesis directed by Professor Stephen F. McCormickABSTRACTA key ingredient in the simulation of 
ow in porous media is the accuratedetermination of the velocities that drive the 
ow. Large-scale irregularitiesof the geology, such as faults, fractures, and layers, suggest the use of irreg-ular grids in the simulation. In this study, the approach to this problem wasto apply the �nite volume element methodology, developed by McCormick,in conjunction with mixed methods, developed by Raviart and Thomas. Theresulting mixed �nite volume element discretization scheme developed herecan be applied in a clear and straightforward way to irregular grids andis appealing because of its local conservation properties and its direct andaccurate representation of physical intercell 
ux terms. Several multilevelalgorithms are developed that provide e�cient methods for solving the set ofequations that this discretization produces. This thesis includes numericalresults from a variety of test problems, from Poisson's equation to prob-lems with anisotropic, discontinuous, and tensor di�usion coe�cients. Theseiii



results show that this approach has the potential to generate accurate ap-proximate 
uid velocities and that the multilevel methods can provide fastsolvers.This abstract accurately represents the content of thecandidate's thesis. I recommend its publication.Signed Stephen F. McCormick
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1 Uniform Grids1.1 The Mixed Finite Volume Element Dis-cretizationIn this �rst section, we introduce the new mixed �nite volume element dis-cretization technique in a familiar context: solving the di�usion equation ona uniform, square grid. However, it should be clear from the presentationthat the discretization developed in this section, and the multigrid algorithmconstructed in the next section, can easily be modi�ed to apply to any tensorproduct grid.We begin by considering the following partial di�erential equation de�nedon some square coordinate-aligned domain 
 in R2:( � r �A(x)r�(x) = f(x); x 2 
;A(x)r�(x) � � = g(x); x 2 @
: (1:1)In the context of reservoir simulation, this is the pressure equation for in-compressible single-phase 
ow, where � is the pressure in the reservoir 
and the boundary condition speci�es the 
ux on @
. Because one of our1



goals for the new discretization is accurate approximations of 
ow velocities,we will begin by reformulating this equation as a �rst-order system of equa-tions, where velocity appears explicitly. This is done by introducing the 
owvelocity variables via the de�nitionv � �Ar�; (1:2)then rewriting the partial di�erential equation in (1.1) asr � v = f: (1:3)In the context of reservoir simulation, de�nition (1.2) is Darcy's law andequation (1.3) is the mass conservation law. In reservoir simulation, thissame approach of treating 
ow velocity explicitly has been used in mixed�nite-element methods with considerable success [11],[12],[18].To continue the derivation of the discretization, assume that A is a diag-onal tensor, A =  ax 00 ay ! :Here, ax and ay may be functions of position. Section 3.1, contains the detailsof the discretization process for the case where A is a full tensor. Let u andv denote the components of the velocity,(u; v)t = v:Then the second-order partial di�erential equation (1.1) may be written in2



the form of a �rst-order system in 
:8><>: ax�1u + @�=@x = 0 (u equation)ay�1v + @�=@y = 0 (v equation)@u=@x + @v=@y = f (p equation), (1:4)with boundary conditions,u(x) = g(x); x 2 @
west [ @
eastv(x) = g(x); x 2 @
south [ @
north:The labels u,v, and p for the three equations in equation (1.4) are introducedsimply for convenience.To discretize this system, we follow the �nite volume element (FVE)principles developed in [7],[13],[14]. The two major components of any FVEdiscretization scheme are the choice of control volumes over which to inte-grate the continuous equation and the choice of �nite element spaces for theunknowns.First, to introduce the control volumes for the FVE discretization, con-sider a uniform square mesh 
h with mesh size h that covers 
. We introducethree sets of control volumes, one for each of the three equations in (1.4).Examples of the control volumes are shown in Figure 1.1. We denote by Uthe set of all volumesU that will be used to discretize the u equation in (1.4).Similarly, we use the notation V and P for the sets of volumes V and P forthe v and p equations, respectively. Note that the control volumes P corre-spond to the grid blocks de�ned by 
h, the control volumes U straddle thevertical grid edges of 
h, and the control volumes V straddle the horizontalgrid edges of 
h. 3
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Next we will introduce the �nite elements for the FVE discretization. Forour �nite element space, we use the lowest order Raviart-Thomas elements[16],[19] on the the control volumes P:uh is linear in x and constant in y on each P 2 P;vh is linear in y and constant in x on each P 2 P;�h is constant on each P 2 P:Note that uh is continuous across vertical edges of the grid and that vh iscontinuous across horizontal edges of the grid. The location of the nodes foreach of the unknowns with their indexing is also shown in Figure 1.1. The
ux boundary condition in equation (1.1) speci�es the values of uh on thewest and east boundaries of 
 and the values of vh on the north and southboundaries of 
. Noting some of the characteristics of the �nite elementspaces, the pressure space contains all functions that are piecewise constanton 
h. A typical basis function for uh is shown in Figure 1.2.Note that the normal component of this basis function is continuous acrossall grid edges, is zero on all edges except the edge shared by the two Pvolumes which are the support of the function where the normal componentequals a nonzero constant. With these properties we can guarantee that thecomputed 
ow velocity will also have continuous normal components acrossgrid edges. This will also be the case for general quadrilateral grids as wewill see in Section 2.1. The true physical solution also has this property -continuous normal component of velocities - but not every numerical schemefor approximating it does, as [17] pointed out.5



Figure 1.2: u Basis FunctionWe are now ready to discretize the equations. Start by taking the uequation in (1.4) and integrating it over each U 2 U . This will result in adiscrete version of Darcy's law. As an example, let Ui;j be the volume in Uthat is centered at the interior uh node (i; j), as shown in Figure 1.3.We then have ZUi;j �ax�1u+ @�=@x� dxdy = 0: (1:5)Consider the two terms in the integral separately. For the �rst term inequation (1.5), we split the integral into two parts, one for each half of Ui;j.This yields,ZUi;j �ax�1u�dxdy = ZUli;j �ax�1u� dxdy + ZUri;j �ax�1u� dxdy; (1:6)6
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Figure 1.3: Ui;j Volume7



where Uli;j and Uri;j denote the left and right halves of the control volume.Now because the �nite element approximation uh is linear in x and constantin y on each of the halves, by direct calculation it follows thatZUli;j �ax�1u�dxdy = h28 ax�1(l) �3uhi;j + uhi�1;j� :A similar expression is obtained for the integral over the right half of Ui;j.Note that here we have assumed ax�1 to equal the constant value ax�1(l) onthe left half of the control volume. If it is instead piecewise constant on some�ner mesh, as will often be the case in the section on computational results,then the integral can be split into parts on this �ner mesh and evaluated.The details of this piecewise integration can be found in Section 3.3, wherewe show, in the more general case of quadrilateral grids, how to use integralscalculated on �ne grids to generate integrals on coarser grids. Now for thesecond term in equation (1.5), we haveZUi;j (@�=@x) dxdy = Z0h  Z0h (@�=@x) dx! dy:Then apply the divergence theorem to getZ0h  Z0h (@�=@x) dx! dy = Z0h (�(h; y)� �(0; y)) dy: (1:7)Then, as the �nite element approximation �h is constant on the vertical edgesx = 0 and x = h, it follows thatZ0h (�(h; y)� �(0; y)) dy = h ��hi;j � �hi�1;j� : (1:8)8



Putting these observations together, the discrete equation that equation (1.5)gives rise to is thush28 hax�1(r) �3uhi;j + uhi+1;j�+ ax�1(l) �3uhi;j + uhi�1;j�i+h ��hi;j � �hi�1;j� = 0:If ax�1 is constant, the equation simpli�es toh28 a�1x �uhi�1;j + 6uhi;j + uhi+1;j�+ h ��hi;j � �hi�1;j� = 0:Note that this expression is quite similar to the expression one would getusing standard cell-centered �nite di�erences to approximate Darcy's law:uhi;j + axh ��hi;j � �hi�1;j� = 0: (1:9)The di�erence between the two expressions is that, with the mixed FVEmethod, tridiagonal mass matrix multiplies the velocities rather than a triv-ially invertible diagonal matrix. One way of viewing equation (1.9), is asa midpoint rule approximation to the integral in equation (1.6). In Sec-tion 1.3, we will show that this can result in less accurate approximations forthe velocities. More importantly, as we will see when we consider irregulargrids, the mixed FVE method has the property of generating discrete ver-sions of Darcy's law for geometries where it is unclear how to use standardcell-centered �nite di�erences.Integrating the v equation in (1.4) over an interior V volume yields asimilar discrete expression involving nodal values of vh and �h.9



To complete the discretization process, integrate the p equation in equa-tion 1.4 over the volume in P centered at the interior �h node (i; j). Wedenote this volume by Pi;j. See Figure 1.4.Integration is simply a matter of applying the divergence theorem. Fromthe de�nition of u and v, we haveZPi;j (@u=@x+ @v=@y) dxdy = ZPi;j r � vdxdy:Transforming the volume integral to a surface integral yields the following:RPi;j r � vdxdy = R@Pi;j v � �ds == R@Pei;j udy � R@Pwi;j udy + R@Pni;j vdx� R@Psi;j vdx;where @Pei;j denotes the east edge of the control volume, and similarly for thewest, north, and south edges. Then, since the �nite element approximationsuh and vh are constant on edges, we haveR@Pei;j udy � R@Pwi;j udy + R@Pni;j vdx� R@Psi;j vdxh(uhi+1;j � uhi;j + vhi;j+1 � vhi;j):The discrete version of the p equation in (1.4) is therefore justh(uhi+1;j � uhi;j + vhi;j+1 � vhi;j) = h2fi;j:Here, on the right hand side, we have assumed that f is a piecewise constantfunction on P, with fi;j denoting the value of f at the � node (i; j). Anotherway of looking at this is: we have used the midpoint approximation to theintegral; if we had assumed that we had more information about f , we couldhave used a more accurate approximation for its integral. For example,10
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knowing f as a function of x and y, we could have used a Gauss quadraturerule to approximate the integral.In summary, the discretization has produced discrete versions of Darcy'slaw for each volume U 2 U and each volume V 2 V. These equations relatethe pressure drop between cells to a linear combination of velocities. The dis-cretization has also produced discrete conservation equations for each volumeP 2 P. For each P volume, we have that the discrete 
ux out of (or into) thevolume balances with the strength of the source (or sink) in the volume. Thisconservative property is an important feature of FVE discretization schemesin general. The mathematical modeling of many physical systems (including
ow in porous media) starts with a conservation law stated in integral form.In going from the continuous mathematical model to the discrete mathe-matical model, preserving some analogy of this conservation law is desirable.For time dependent applications, this discrete conservation property is oftennecessary to generate acceptable solutions.The discretization technique described in this section can easily be gener-alized to handle problems in three dimensions. Also, it can be easily modi�edto handle the Dirichlet problem, where the 
ux boundary condition in equa-tion (1.1) is replaced by �(x) = g(x) x 2 @
:In [10] this mixed FVE discretization is applied to Poisson's equation withDirichlet boundary condition on a three dimensional domain. This reference12



contains the details of the necessary modi�cations.1.2 An FVE Based Multigrid AlgorithmWe begin with a very brief overview of multigrid fundamentals, assuming thatthe reader is already somewhat familiar with the �eld. Good references arethe introductory `tutorial' [6] and the advanced `guide' [3]. Another usefulreference is [14], which presents multigrid (and multilevel adaptive) methodsfor use in conjunction with FVE discretization techniques.Consider the problem of �nding the solution to the discrete set of equa-tions Lhuh = fh: (1:10)We think of equation (1.10) as coming from the discretization of some contin-uous partial di�erential equation on a uniform grid with mesh size h, althoughmultigrid methods can be applied to discrete problems with no continuousorigin (e.g., [4]). If the number of unknowns is too large to solve the equationdirectly, one might try simple Gauss-Seidel relaxation to �nd an approximatesolution, ûh, to (1.10). One typically �nds that the convergence speed of thisprocess degrades very early in the iterations: the �rst few relaxation sweepsmay substantially reduce the residualrh � fh � Lhûh;but, subsequent relaxation sweeps do not. The problem is that relaxationmethods generally do not reduce low-frequency errors very well. In multigrid13



methods, coarser grids are used to solve for and then eliminate this low-frequency error that relaxation alone cannot resolve. This is done by way ofthe error equation Lheh = rh; (1:11)where eh denotes the error in the current approximation:eh = uh � ûh:Because relaxation does work well for high-frequency error, after a few relax-ation sweeps one can represent the error accurately on a coarser grid. Withthis in mind, we consider a coarse grid version of equation (1.11):L2hu2h = I2hh rh: (1:12)Here we think of the operator L2h as coming from the discretization of thesame continuous partial di�erential equation on a uniform grid, but withtwice the mesh size as the original problem (1.10). The operator I2hh is calledthe restriction operator and is used to transfer the �ne grid function rh tothe coarser grid. One may be able to solve equation (1.12) exactly for u2h,remembering that this system is on a coarser grid so it is not as large as theoriginal one. Then one would correct the �ne grid approximation by u2h,which is approximately equal to the error in ûh, according toûh  ûh + Ih2hu2h: (1:13)Here, the operator Ih2h, called the interpolation operator, is used to transferthe coarse grid function u2h to the �ne grid. We now perform a few relaxation14



sweeps to reduce any high-frequency error that we may have introduced. Thiscompletes one multigrid cycle, the steps of which were:1) Relax the �ne grid problem.2) Form the coarse grid version of the error equation.3) Solve the coarse grid version of the error equation.4) Correct the �ne grid approximate solution.5) Relax the �ne grid problem.In practice, one may not be able to solve the coarse grid version of the errorequation for the same reasons one cannot solve the original problem: it isstill too large, so that relaxation alone does not work and direct methodsare too expensive. One then can use the above multigrid cycle recursively onthis problem, using a still coarser grid with mesh size 4h. This process canbe continued until a coarse enough grid is reached, where a direct method orrelaxation by itself is e�ective. One multigrid cycle is represented graphicallyin Figure 1.5.The basic components of a multigrid algorithm are the grids themselves,the discrete operators on each grid (Lh; L2h; L4h; . . .), the relaxation process,and the grid transfer operators (interpolation and restriction). The multigridmethod is an iterative method, but typically one needs only a few cycles toproduce a good approximation. Moreover, the so-called full multigrid algo-rithms, which start with multigrid cycles applied to coarser levels, can achieveapproximations with accuracy comparable to the exact discrete solution inthe equivalent of just two or three �ne grid cycles.Now to develop a multigrid algorithm designed speci�cally for solving15
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the discrete set of equations generated by the mixed FVE discretization ofthe previous section, consider a family of uniform square grids 
h of meshsize h that cover the region 
. Figure 1.6 shows a coarse grid 
2h, withtwice the mesh size of the grid 
h in Figure 1.1. Note that the coarse grid`looks' like the �ne grid. Simply joining four square �ne grid cells producesa square coarse grid cell (for the general quadrilateral grids in Section 2.2producing coarse grids from �ne grids is not so simple). On each grid 
h, wecan apply the mixed FVE discretization process, and we write the discreteset of equations that this process generates asLhzh = gh; (1:14)where zh = (uh; vh; �h)t and gh = (fhu ; fhv ; fh)t, with the unknowns uh, vh,and �h being the nodal values of the corresponding functions u,v, and � ongrid 
h. Note that, in the FVE discretization of the previous section, fhuand fhv were zero. In the multigrid algorithm, on coarse grids these will,in general, be non-zero when we form the coarse grid version of the errorequation.We now must de�ne interpolation and restriction operators and a relax-ation process. For de�ning interpolation operators, we use the same generalprinciples as outlined in [14], but we must be speci�c here. The �nite vol-ume element discretization is based on �nite element spaces for the variablesuh,vh, and �h, so we can simply use the relationship between the �nite ele-ment spaces of the di�erent grids to de�ne interpolation. In particular, the17
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�nite element spaces are nested in that one can write a coarse grid basisfunction as a linear combination of �ne grid basis functions. This nestingproperty simpli�es the de�nition of interpolation operators. To de�ne theinterpolation operator for �, I(�)h2h, note that �2h is constant on the grid 2hvolume PI;J . Referring to Figure 1.7, we thus have the following characteri-zation of �h = I(�)h2h�2h:�hi;j = �hi+1;j = �hi;j+1 = �hi+1;j+1 = �2hI;J : (1:15)To de�ne the interpolation operator for u, I(u)h2h, note that u2h is linear inx and constant in y on the grid 2h volume PI;J . We thus have the followingcharacterization of uh = I(u)h2hu2h (see Figure 1.7):uhi;j = uhi;j+1 = u2hI;J;uhi+2;j = uhi+2;j+1 = u2hI+1;J ;uhi+1;j = uhi+1;j+1 = 1=2(u2hI+1;J + u2hI;J): (1:16)De�nition of the interpolation operator for v is similar.For de�ning restriction operators, we again use the same general prin-ciples as outlined in [14]. In the multigrid algorithm, restriction operatorsare used to transfer right hand sides and residuals of equations, not the un-knowns themselves. The de�nitions of the restriction operators are thereforenaturally based on the relationship between the volumes of the various grids.The idea is to lump several of the grid h right hand sides to produce the grid2h right hand sides. To de�ne the restriction operator for the P equation,I(P )2hh , note that a grid 2h volume PI;J consists of four of the P volumes19
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of grid h. We thus have the following characterization of f2h = I(P )2hh fh,referring again to Figure 1.7:f2hI;J = fhi;j + fhi+1;j + fhi;j+1 + fhi+1;j+1: (1:17)To de�ne the restriction operator for the U equation, I(U)2hh , note that agrid 2h volume UI;J of 
2h contains all of two of the U volumes of gridh and half of four others. We thus have the following characterization off2hu = I(U)2hh fhu , referring to Figure 1.8:f2hu I;J = fhu i;j + fhu i;j+1 + 12(fhu i�1;j + fhu i�1;j+1 + fhu i+1;j + fhu i+1;j+1): (1:18)De�nition of the restriction operator for the V equation is done in a similarfashion.For the equations on grid 
h, there are a variety of relaxation techniquesone could use. We will present the two that have proved to be most e�-cient in our numerical experiments: distributive Gauss-Seidel relaxation andbox Gauss-Seidel relaxation. We consider these two relaxation schemes be-cause there is no one-to-one correspondence between equations and unknowns(point Gauss-Seidel makes no sense per se). There are three types of discreteequations:U equations:h28 a�1x �uhi�1;j + 6uhi;j + uhi+1;j�+ h ��hi;j � �hi�1;j� = fhu i;j;V equations:h28 a�1y �vhi;j�1 + 6vhi;j + vhi;j+1�+ h ��hi;j � �hi;j�1� = fhv i;j;P equations:h(uhi+1;j � uhi;j + vhi;j+1 � vhi;j) = h2fi;j: (1:19)21
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Again, we point out that the labels are used only for convenience; for example,there is no inherent reason to associate the P equation closely with the �variable and, in fact, it does not even appear in this equation.The `guide' [3] contains an excellent description of distributive Gauss-Seidel relaxation schemes, so that here we will be content with a brief de-scription of our scheme. We can naturally associate the U equations withthe velocity variable uhi;j of the grid edge that the U volume straddles. Like-wise, we can naturally associate the V equations with the velocity variablevhi;j of the grid edge that the V volume straddles. We therefore relax theseequations using standard point Gauss-Seidel relaxation. The basic idea isto relax the U, V, and P equations together locally in such a way that theerror is smoothed while the U and V equations are not \damaged", i.e., theirresiduals are essentially unchanged. We can think of the overall relaxationprocess (including point Gauss-Seidel for U and V) as a three step scheme.First, we sweep over all of the uh nodes, change the value of uhi;j in turnso that the U equation at (i; j) is satis�ed. Second, we perform a similarGauss-Seidel relaxation of all of the V equations. Note that these two steps,U and V relaxation, are independent of each other and could be performedin parallel. In fact, for full independence, point Jacobi could be used withineach variable without much loss of e�cient smoothing because of the associ-ated tridiagonal mass matrix. Finally, we sweep over each �h node in turn,simultaneously changing the value of �hi;j and the values of uh and vh that23



lie on the edge of the volume Pi;j (namely, uhi;j, uhi+1;j,vhi;j, and vhi;j+1) so thatthe P equation at (i; j) is satis�ed and so that the residuals of the U equa-tions at (i; j) and (i+ 1; j) and of the V equations at (i; j) and (i; j + 1) areunchanged. To allow for e�ective vectorization, the Gauss-Seidel relaxationprocess in each of these three steps is done using a red/black ordering.The second technique we consider is box relaxation. This approach in-volves only one step, which consists of a sweep over each P volumes in turnchanging the values of the associated �ve unknowns �hi;j,uhi;j,uhi+1;j,vhi;j,andvhi;j+1 so that the corresponding �ve equations are satis�ed. We will oftenneed to use a y-line box Gauss-Seidel relaxation technique, which is the sameas box relaxation except that all of the P volumes sharing the same i indexare relaxed simultaneously as a group. Analogously, x-line box Gauss-Seidelinvolves relaxing all P volumes that share the same j index as a group. Wewill use the term xy or alternating line relaxation to signify a single relax-ation step where we perform x-line relaxation followed by y-line relaxation.As will be evident from the results of numerical experiments the best choiceof relaxation technique, in the sense of the most e�cient solver, is problemdependent. The line relaxation techniques are clearly computationally moreexpensive; but for problems with anisotropic coe�cients, line relaxation isoften needed to achieve acceptable convergence rates for the multigrid algo-rithm. 24



1.3 Computational ResultsThe major motivation in developing the mixed FVE discretization approachwas to have an accurate discretization for irregular grids, where there is noclear way to use standard cell-centered �nite di�erences. However, a casecan be made for using the mixed FVE discretization even on uniform grids,as we will demonstrate in this section.1.3.1 Comparison to Finite Di�erences for PoissonProblemWe begin with the simplest of problems of the type to which our discretizationapplies, namely Poisson's equation on the square domain 
 = [�1; 1]2:( � r � r�(x) = f(x) x 2 
;r�(x) � � = g(x) x 2 @
 (1:20)One can write this equation as a system of �rst-order equations in the waypresented in Section 1.1, then apply the mixed FVE discretization. Wewill call this the mixed FVE approach. Alternatively, one could discretizeequation (1.20) using standard cell-centered �nite di�erences, then solve theresulting discrete set of equations for an approximation to �. If we wereinterested in approximations to velocities or 
uxes, we could then apply ap-propriate standard �nite di�erencing to the approximation of �. We will callthis the �nite di�erence approach.To compare these two approaches, consider the function�(x; y) = cos(k1�x) + cos(k2�y); (1:21)25



where k1 and k2 are integers. If we setf(x; y) = �2(k21 + k22)(cos(k1�x) + cos(k2�y));g(x; y) = 0in equation (1.20), then the function in (1.21) is a solution to the partialdi�erential equation. It is not the only solution because we can add anarbitrary constant to the solution �, while preserving the property of satis-fying the partial di�erential equation and boundary condition. The functionin (1.21) is the unique solution that satis�es the additional condition thatits integral over 
 is zero. By varying k1 and k2, one can see the e�ect thatoscillations in the true solution have on the accuracy of the numerical solu-tions generated by a mixed FVE approach and a �nite di�erence approach.We measure the error in the solutions in the following way. For the mixedFVE approach, we calculate the L2 norm of �� �mfve and call this quantity�mfvee . Because the mixed FVE discretization relies on �nite element spaces,one has an approximation to � everywhere in 
 except at grid interfaces, sothe L2 norm make sense. For the straightforward �nite di�erence approach,one has approximation to � only at the nodes. To create a functional approx-imation to �, we assume that the nodal approximation holds for the entirecell, then calculate the L2 norm of its di�erence with the exact solution. Wecall this quantity �fde . Because we are interested in accurate approximationof velocities, which are here just the components of the gradient of �, wemeasure the error in them as well, which we do in the following way. For the26



mixed FVE approach, we calculate the di�erence between the 
uxes,Ze v � �dsusing the exact and the approximate solutions over each grid edge. Wethen take the `2 norm of the di�erence on vertical edges and call this umfvee .Analogously, we take the `2 norm of the di�erence on horizontal edges andcall this vmfvee . Note that if the exact velocity is V and the mixed FVEapproximation is v, then ((uemfve)2 + (vemfve)2) 12 is equivalent to a discreteH(div) norm of the vector velocity error (which incorporates L2 norms of(v �V)x, (v �V)y, and div(v �V), the last of which is zero by the localconservation property of the mixed FVE method). For the �nite di�erenceapproach, we do the same to calculate ufde and vfde . To get approximationsfor v, we use standard �nite di�erencing of the approximation of �.Tests were run on a grid with 64 cells in each direction and the resultsare shown below. Mixed FVEk1 k2 �mfvee umfvee vmfvee1 1 4.01E-2 2.52E-6 2.52E-61 4 1.17E-1 1.74E-2 4.38E-31 8 2.27E-1 7.14E-2 9.16E-31 12 3.37E-1 1.44E-1 1.28E-21 16 4.41E-1 2.10E-1 1.49E-215 13 5.27E-1 2.59E-1 2.92E-127



Finite Di�erencek1 k2 �fde ufde vfde1 1 4.01E-2 3.89E-12 3.89E-121 4 1.17E-1 3.56E-2 8.96E-31 8 2.32E-1 1.57E-1 2.02E-21 12 3.53E-1 3.62E-1 3.20E-21 16 4.84E-1 6.55E-1 4.51E-215 13 5.46E-1 8.79E-1 9.92E-1One can see that both methods produce approximations to � of roughlyequal quality. When the solution is smooth, the approximations to the 
uxesare also of equal quality. However, for oscillatory solutions, i.e., increasingk2 (k2 = 16 is the most oscillatory function that can be represented on thisgrid), the mixed FVE obtains somewhat more accurate approximations tothe 
uxes. This is also true for the last case where the solution oscillatesin both directions. This is not surprising considering that one can view the�nite di�erence approach as a midpoint rule approximation of the integralin the Darcy equation, as mentioned in Section 1.1. This approximation isaccurate for smooth functions, but not so accurate for more oscillatory ones.To be fair in comparing these two approaches, one should also considerthe work necessary to generate the approximations. For solving the equationsin the �nite di�erence approach, we used black box multigrid [8]. This codeis aimed at solving much more di�cult problems than Poisson's equation, aswe will say more about later, and is therefore not the most e�cient code forsuch a simple problem. For solving the mixed FVE equations, we used themultigrid algorithm of the previous section with distributive relaxation. Both28



multigrid methods proved to have similar worst-case convergence factors,approximately .1, so that the amount of work for solving the mixed FVEequations would be about three times that for the �nite di�erence equations.Loosely speaking, the factor of three comes from the fact that, in the mixedFVE approach, one has roughly three times the number of equations as inthe �nite di�erence approach. A careful comparison of relative costs of thetwo algorithms should compare relaxation complexity: while the mixed FVEscheme is more involved, its individual stencils are a little smaller, so thatthe factor of three is still approximately correct. If one were to comparefully optimized codes, we are con�dent in our belief that the mixed FVEsolver would be no worse than three times slower than the �nite di�erencesolver. For oscillatory solutions we have seen that the error in the mixed FVE
uxes can be up to three times smaller than the error for the �nite di�erenceapproach. So one might argue that the comparison comes out very roughlyeven. However, these tests certainly show that the mixed FVE approach hasthe potential to generate more accurate approximations for 
uxes than thestandard �nite di�erence approach even for simple problems, and for slightlymore complex problems, the di�erence in accuracy between the two methodscan be much greater as will be shown in the next section.29



1.3.2 Discontinuous and Anisotropic Di�usion Coef-�cientsThe results for Poisson's equation, while encouraging, are not of particularinterest from the reservoir simulation point of view. In reservoir simulation,the di�usion coe�cient A is typically anisotropic and may have large jumpsfrom grid cell to grid cell. We will now consider these types of problems.It has been known for some time that to get acceptable multigrid conver-gence factors for anisotropic problems, one needs a relaxation scheme morecomplicated than simple point (or cell) relaxation. The reason is that simplepoint Gauss-Seidel relaxation will smooth the error only between stronglycoupled points. For example, consider the di�usion equation�r �Ar�(x) = f(x); x 2 
;where A =  1 00 � ! :Standard �nite di�erences and a standard multigrid algorithm with pointGauss-Seidel relaxation leads to extremely poor convergence factors when�� 1. In this case, points are much more strongly coupled with neighboringpoints in the x direction than in the y direction. Local mode analysis [3]shows that point Gauss-Seidel relaxation will only smooth the error e�ec-tively in the x direction. Therefore, one cannot properly represent the erroron a grid that is coarser in the y direction. One alternative is to accept30



this smoothing limitation and only coarsen in the x direction, an approachthat has been used in reservoir simulation in [9]. Another alternative is torelax as a group all of the points that are strongly coupled, which, in thiscase, consists of those points that share the same y coordinate. This x-linerelaxation will smooth the error in the weakly coupled direction (the y direc-tion). Then one can represent the error well on a grid that is coarser in they direction. The distributive relaxation scheme as previously discussed is asingle cell relaxation scheme. Only unknowns associated with a particularcell are updated together, and we cannot hope to get acceptable multigridconvergence rates with it for anisotropic problems. The alternative we chooseis line relaxation as discussed in Section 1.2. It may often be the case thatthe strong coupling is in the x direction in parts of the domain and in the ydirection in other parts. For these problems, we will need to use alternatingline relaxation. An alternative, that we will not consider in this thesis, wouldbe to use semi-coarsening in one of the directions and line relaxation in theother as in [9].Later we will discuss in more detail problems with the multigrid algorithmwhen the di�usion coe�cient jumps from cell to cell. However, the algorithmas presented in the previous section yields quite acceptable convergence rateswhen the jumps in the di�usion coe�cient occur (if at all) at grid interfaceson the coarsest grid.We will now present a single numerical example that illustrates the abil-31



ity of the multigrid solver to deal with both anisotropic and discontinuousdi�usion coe�cients. Consider8><>: ax�1u + @�=@x = 0ay�1v + @�=@y = 0@u=@x + @v=@y = fwith boundary conditionsu(x) = g(x); x 2 @
west [ @
eastv(x) = g(x); x 2 @
south [ @
north:The domain of the problem, along with values of ax and ay, is shown in Figure1.9. Note that this problem has regions of strong coupling in the x directionand regions of strong coupling in the y direction. The di�usion coe�cientalso has lines of discontinuity, although they correspond to grid edges on thecoarsest (2 by 2) grid. To obtain asymptotic estimates, the right hand sidef and the boundary condition g were set to zero, a random initial guess wasused, and ten or more multigrid cycles were performed. We then calculatedthe geometrically averaged convergence factor ( factor by which the residualsare reduced per cycle). The results are shown below.Grid Size Convergence Factor8 � 8 .0416 � 16 .1032 � 32 .1864 � 64 .20Alternating line relaxation was used with two pre-relaxations and onepost-relaxation. We see acceptable convergence factors in that they are fairlysmall and seem to stabilize as the number of unknowns is increased.32
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Comparing the mixed FVE method to standard cell-centered �nite di�er-ences, the greater accuracy of the mixed FVE method is much more evidentwhen the di�usion coe�cient is discontinuous. Below we present results fora problem where A is a scalar, but discontinuous. The domain 
 is [�1; 1]2and the di�usion coe�cient has the following values:0:05 for x > 0; y > 00:01 for x < 0; y > 010:0 for x < 0; y < 033:33 for x > 0; y < 0:Boundary conditions speci�ed the normal component of velocity to be 1on the left and right edges of the domain and 0 (no 
ow) on the top andbottom. Because an analytic solution for the problem was not available, themixed FVE solution from a 256�256 grid was used as the \exact" solution incalculating errors. The velocity errors, measured in the same way as in thelast section, for the mixed FVE solution and the �nite di�erence solution areshown below. The �nite di�erence discretization used harmonic averaging ofthe di�usion coe�cient at interfaces as is standard.Mixed FVEGrid Size umfvee vmfvee2�2 3.26E-1 9.53E-14�4 2.25E-2 2.86E-28�8 1.04E-2 1.94E-216�16 5.01E-3 1.03E-232�32 2.46E-3 5.19E-364�64 1.18E-3 2.49E-3128�128 4.89E-4 1.00E-3256�256 0 034



Finite Di�erencesGrid Size ufde vfde2�2 8.28E-1 9.53E-14�4 4.77E-1 5.03E-18�8 2.70E-1 3.07E-116�16 1.47E-1 1.69E-132�32 7.94E-2 9.02E-264�64 4.23E-2 4.77E-2128�128 2.24E-2 2.51E-2256�256 1.18E-2 1.35E-2The superiority of the mixed FVE approach is clear; it computes moreaccurate velocities on a 16�16 grid than �nite di�erences does on a 256�256grid. This is not an artifact of using the 256�256 mixed solution as \exact,"since the 128�128 and 256�256 �nite di�erence solutions di�er from eachother by an order of magnitude more than the corresponding mixed solutionsdi�er from each other. As in the comparison of the previous section, the twomethods exhibit comparable accuracy for the pressure (not shown). Whencomparing solutions on di�erent size grids, the mixed velocities do not showsecond-order convergence as they will in all other tests reported in this thesis.The reason being that the true solution has a singularity at the origin, andthus we cannot expect second-order convergence.1.3.3 An Alternative Multilevel AlgorithmA Two-Level ApproachWe pointed out in the last section that the multigrid algorithm presentedin Section 1.2 is robust with respect to jumps in the di�usion coe�cient as35



long as those jumps occur (if at all) at grid edges on the coarsest grid. Fora given di�usion coe�cient, this limits the number of levels one can use inthe multigrid algorithm: we can coarsen the grid only to the level of thejumps in the di�usion coe�cient. If the di�usion coe�cient has only a fewlines of discontinuity, this is acceptable. However, if the di�usion coe�cienthas many lines of discontinuity, the coarsest grid we can use may be too �ne;there may be too many unknowns to solve the coarse grid version of the errorequation well enough, and we must clearly seek an alternative.The problem that the previous multigrid algorithm has with jumps in thedi�usion coe�cient that do not occur at interfaces of the coarsest grid can betraced to interpolation. The piecewise constant interpolation scheme de�nedin (1.15) is suitable so long as the di�usion coe�cient is continuous withinthe coarse grid cell. To illustrate the problem that arises when this is notthe case, consider the extreme situation shown in Figure 1.10.In the two �ne grid cells on the right, there is no 
ow and � = 0; theseare `dead' cells. In the two �ne grid cells on the left, � is non-zero; these are`live' cells. If we use piecewise constant interpolation from the coarse gridcell, which will generally be `live', then we can expect to interpolate somenonzero value of � to the two `dead' cells, which is completely incorrect. Thesolution to this problem, as discussed in [1], is to use information about thedi�usion coe�cient in interpolating �. This is the basis of the algorithm forblack box multigrid [8], a robust multigrid solver for the di�usion equation36



ax=ay=0ax=ay=CFigure 1.10: `Live' and `Dead' Cells37



with strongly discontinuous coe�cients. It may be possible to incorporatethis operator-based interpolation into the previous multigrid algorithm, butwe choose instead a di�erent more convenient approach.We will explain the approach as a two-level multigrid algorithm, althoughthis is somewhat of a misnomer since we will have only one grid. Consider the�ne level problem as the mixed FVE discretization of the �rst-order systemA�1v+r� = 0;r � v = f:We write the mixed FVE equations in matrix form as M gradhdivh 0 ! vh�h ! =  0fh ! : (1:22)Here, M is the mass matrix that comes from the integration of Darcy'sequation and gradh and divh are the grid h discrete operators correspondingto the continuous operators grad and div. De�ne the residuals according to, rhvrh� ! =  0fh !�  M gradhdivh 0 ! v̂h�̂h ! ; (1:23)where the variables with hats denote a current approximate solution to equa-tion (1.22). De�ne the errors byehv = vh � v̂h;eh� = �h � �̂h:The error equation is then, M gradhdivh 0 ! ehveh� ! =  rhvrh� ! : (1:24)38



Now, rather than using a coarser grid with the mixed FVE discretizationto approximate the error equation, use the same grid with a standard cell-centered �nite di�erence approximation. This is the `coarse' level in ourmultigrid algorithm. The `coarse' grid version of the error equation can thenbe written in matrix form as ~M gradhdivh 0 ! vh�h ! =  rhvrh� ! : (1:25)The only di�erence between equations (1.24) and (1.25) is the mass matrix.In (1.25) the mass matrix ~M is diagonal and computed from the di�usioncoe�cient using harmonic averaging at discontinuities. The point is that, inequation (1.25), we can eliminate the velocity variables. We havevh = ~M�1 �gradh�h + rhv� : (1:26)This allows us to rewrite equation (1.25) as� divh ~M�1gradh�h = rh� � divh ~M�1rhv: (1:27)This is just the type of equation for which black box multigrid was developed.Our approach is then to use black box multigrid to solve this equation for�, use equation (1.26) to get vh, and these approximations of the error tocorrect our mixed FVE approximation.This two-level approach is similar to the work in [15], where black boxmultigrid was used as a `coarse' level for a Lagrangian hydrodynamics appli-cation. In di�erent vein, this two-level approach is similar to preconditioning39



the mass matrix M by its diagonal. This approach was suggested, in thecontext of mixed �nite element methods in [18].Two-Level Computational ResultsWe present here the results from a single numerical experiment to test therobustness of the two-level approach with respect to discontinuities in thedi�usion coe�cient. The di�usion coe�cients ax and ay were separatelyand randomly assigned a value between .01 and 100 for each grid cell. Thedi�usion coe�cient is thus anisotropic and has jumps of several orders ofmagnitude between cells. The two-level algorithm described in the previoussection was used, with two alternating line relaxation sweeps on the mixedFVE equations before using black box multigrid to solve the `coarse' problemand one alternating line relaxation sweep after. One point to consider is: howwell do we need black box multigrid to solve the `coarse' problem? In [15]only one cycle of black box multigrid was used for this purpose. For thisdi�cult test problem ( note: black box multigrid convergence factors wereapproximately .6 ), we found that performing more than one cycle of blackbox multigrid improved the overall convergence of the two-level method. Inthe results reported below, �ve cycles of black box multigrid are used toapproximate the `coarse' problem solution, although fewer, say 2 or 3, areoften enough to obtain similar two-level convergence factors. The asymptoticconvergence factors for the two-level method are given below.40



Grid Size Convergence Factor16 � 16 .4332 � 32 .4464 � 64 .46We see that, although the factors are much less impressive than they arefor Poisson type applications, especially when work is considered, this two-level approach does exhibit convergence factors that seem to be bounded withgrowing problem size. One point about these relatively \poor" convergencefactors (for comparison, the convergence factors of this two-level algorithm forconstant coe�cient problems is .1), these results show that, for this problem,there is a signi�cant di�erence between the mixed FVE discretization andthe standard �nite-di�erence approach. This di�erence was illustrated in thenumerical tests of Section 1.3.2. When these two approaches are \close", thediagonal mass matrix ~M is an excellent approximation to the mixed FVEmass matrix M , and the two-level method converges quickly. Alternatively,when the two-level method converges relatively slowly, the two approachesare signi�cantly di�erent, and we have seen that the mixed FVE approachcan be much more accurate.The point of considering this two-level method was to allow treatmentof problems where the coarsest grid for the multigrid algorithm presented inSection 1.2 is still too �ne and has too many unknowns to solve the mixedFVE equations by itself. In practice, the multigrid algorithm presented inSection 1.2 could be used down to the coarsest grid that was aligned withthe discontinuities in the di�usion coe�cient, where the two-level approach41



described here could be applied.1.3.4 Full Tensor Di�usion Coe�cientsIn this section we present results of two calculations with full tensor di�u-sion coe�cients on uniform grids. The derivation of the mixed FVE Darcyequation for this case is discussed in Section 3.1.In the �rst problem, the di�usion coe�cient A is constant throughoutthe domain 
 = [�1; 1]2 and given byA =  cos � sin �� sin � cos � ! 1 00 0:01 ! cos � � sin �sin � cos � ! ;where � is the angle between the coordinate axes and the principal directionsof permeability. The boundary conditions and source term f were set so thatthe exact solution to the problem (with integral over 
 = 0) is�(x; y) = cos (�x) cos (2�y):The mixed FVE discretization was solved on uniform grids of various sizesand for various values of the angle �. The errors in the resulting approxima-tions are shown below (measured in the same way as in previous sections).� = 0oGrid Size �mfvee umfvee vmfvee8�8 0.4804 5.942E-3 3.216E-316�16 0.2501 2.140E-3 1.091E-332�32 0.1263 5.708E-4 2.868E-464�64 0.0633 1.449E-4 7.252E-542



� = 15oGrid Size �mfvee umfvee vmfvee8�8 1.836 1.925E-1 8.872E-216�16 0.5551 6.959E-2 3.024E-232�32 0.1803 1.949E-2 8.268E-364�64 0.0712 5.035E-3 2.119E-3� = 30oGrid Size �mfvee umfvee vmfvee8�8 4.684 1.084E-1 6.844E-216�16 1.250 4.353E-2 2.733E-232�32 0.3357 1.391E-2 8.679E-364�64 0.1006 3.805E-3 2.368E-3� = 45oGrid Size �mfvee umfvee vmfvee8�8 6.575 4.624E-1 3.577E-116�16 1.912 1.987E-1 1.568E-132�32 0.5254 6.324E-2 5.076E-264�64 0.1453 1.715E-2 1.385E-2From the results we see, not surprisingly, that the accuracy of the dis-cretization degrades as the angle � grows. However, the results show secondorder convergence in the velocities even when the anisotropy is not alignedwith the grid, so that any practical accuracy could likely be obtained by re�n-ing the grid. When the anisotropy is not aligned with the grid, say, � = 45o,the convergence factors for the mixed FVE multigrid algorithm degrade (av-erage convergence factors of about .5 using alternating line relaxation), justas the discretization accuracy does. Because the strongly coupled points areat a 45o angle, convergence factors of .1 could likely be recovered by blockrelaxation in this direction. However, this specialized treatment (block relax-43



ation in the dominant direction) would be di�cult to implement in practice,where the dominant direction would vary throughout the domain.The second problem is similar to the test problem in [2]. Here the grid isuniform, and A is a full tensor but no longer constant throughout the domain
 = [0; 1]2. The value of the di�usion coe�cient is given by0 < x < :5 :5 < x < 1A = 0B@ 149 7979 2 1CA A = 0B@ 1 1212 2 1CA :The boundary conditions and source term f were set so that the exact solu-tion is 0 < x < :5 :5 < x < 1� = 1 � x3 + C � = 76(1� x2) + C;where the value of C was chosen to make the integral of � over 
 vanish.Below are the mixed FVE discretization errors, measured in the same wayas before, for various grid sizes.Grid Size �mfvee umfvee vmfvee4�4 9.212E-2 4.555E-3 5.748E-38�8 4.622E-2 1.110E-3 1.540E-316�16 2.313E-2 2.741E-4 3.931E-432�32 1.157E-2 6.825E-5 9.871E-564�64 5.784E-2 1.755E-5 2.435E-5In this problem, we clearly see �rst-order convergence of the pressure andsecond-order convergence of the velocities. For all test problems with analyticsolutions, we have observed second-order convergence of the velocities, and,44



as will be shown in the next chapter, the mixed FVE discretization can beextended to general quadrilaterals and still retain this desirable property.

45



2 General Quadrilateral Grids2.1 The Mixed FVE DiscretizationThe focus now is extending the discretization technique of Section 1.1 toirregular grids. We will develop the mixed FVE discretization for a logicallyrectangular grid of irregular quadrilaterals, an example of which is shownin Figure 2.1. Again, we consider the following partial di�erential equationde�ned on some domain 
, now not necessarily rectangular, in R2:( � r �Ar�(x) = f(x) x;2 
;rA(x)�(x) � �; = 0 x 2 @
: (2:1)The di�usion coe�cientAmay be a function of position and is not necessarilydiagonal; however, it is assumed to be a pointwise symmetric, positive de�nitematrix.Again we separate out Darcy's law,A�1v(x) +r�(x) = 0; (2:2)from the conservation of mass equation,r � v(x) = f(x): (2:3)46
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We will formulate a mixed FVE discretization for this system of equationsthat generalizes the mixed FVE discretization presented in Section 1.1.Important in developing the discretization for general quadrilaterals is themapping relating a general to a reference quadrilateral. Consider the generalquadrilateral P with vertices (x00; y00); (x10; y10); (x01; y01); and (x11; y11), asshown in Figure 2.2.Let the reference quadrilateral P̂ be the unit square. Then there is aunique bilinear reference mapping of P̂ onto P given byx(x̂; ŷ) = x00 + (x10 � x00)x̂+ (x01 � x00)ŷ + (x11 � x10 � x01 + x00)x̂ŷ;y(x̂; ŷ) = y00 + (y10 � y00)x̂+ (y01 � y00)ŷ + (y11 � y10 � y01 + y00)x̂ŷ:If P is convex, then this mapping has an inverse . Since we restrict ourselvesto convex quadrilaterals, for each (x; y) 2 P we have an associated point(x̂; ŷ) 2 P̂ given by the inverse reference map.Shown in Figure 2.2 are several vectors that will be useful later in de-scribing the components of our discretization technique: for each (x; y) 2 P ,we de�ne the four vectorsX(x; y) is the image of the unit vector (1; 0) in P̂ ;Y(x; y) is the image of the unit vector (0; 1) in P̂ ;�x(x; y) is a unit vector orthogonal to Y(x; y);�y(x; y) is a unit vector orthogonal to X(x; y):To extend the discretization of Section 1.1 to general quadrilaterals, weneed use analogs of the control volumes and �nite element spaces used there.For the latter, we use the lowest order Raviart-Thomas elements on thequadrilateral elements (see [5],[19]), which are de�ned as follows. The char-48
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acteristic functions of the quadrilaterals provide a basis for the �nite elementspace for �. The basis functions for v are best described in terms of associ-ating degrees of freedom with normal components on edges of quadrilaterals.A typical basis function for the �nite element space for v has support on twoadjacent quadrilaterals, a constant normal component on the edge sharedby the quadrilaterals, and a normal component of zero on other edges. Themagnitude of the basis function is such that the 
ux on the common edge isone: Zedge v � �ds = 1:These conditions alone do not uniquely determine the basis function; thefollowing additional condition on the �nite element space is needed. Withinany quadrilateral P , we assume thatv � �xkYk varies linearly with x̂; constant with ŷ;v � �ykXk varies linearly with ŷ; constant with x̂:A typical basis function is represented in Figure 2.3.We note that, just as in the uniform grid case, the basis functions havecontinuous normal components across grid interfaces. So also will our com-puted solution. The nodes for the unknowns are shown in Figure 2.1. Oneach grid cell, which we denote by Pi;j, we let �hi;j denote the value of thepressure on the cell, and uhi;j, uhi+1;j, vhi;j, and vhi;j+1 the values of the
ux on their respective edges. This is a slight departure from the method inSection 1.1 where the unknowns uh and vh were de�ned to be the velocities:applying the method of this section to a uniform grid results in the same50



Figure 2.3: Basis Functionequations as in Section 1.1 except for a scaling of the uh and vh unknownsby h.We now need to choose the control volumes. By analogy to the uniformgrid case, the quadrilaterals used to describe the grid are the natural choicefor the control volumes for equation (2.3). This has the bene�t that it leadsto a scheme with a local conservation property on these quadrilateral gridcells. To proceed, we integrate equation (2.3), over each grid cell Pi;j:ZPi;j r � vdxdy = ZPi;j f:Applying the divergence theorem, we getZ@Pi;j v � �ds = ZPi;j f:51



The left-hand side of this equation is just the sum of the 
uxes on edges ofPi;j, so the discretization of the mass conservation equation isuhi+1;j � uhi;j + vhi;j+1 � vhi;j = ZPi;j f:If we assume that the function f is (approximately) piecewise constant, thenwe can replace the integral on the right hand side by:fi;j�AREA (Pi;j) :(With more information about f , we could use a more accurate approxima-tion of the integral.)The control volumes for Darcy's equation generalize the control volumeswe used for the uniform grid case. Consider two adjacent grid cells,Pi�1;j andPi;j. Then Ui;j consists of the image of (1=2; 1) � (0; 1) under the mappingfor Pi�1;j and the image of (0; 1=2) � (0; 1) under the mapping for Pi;j . InFigure 2.4, volume Ui;j is the shaded region.We associate this volumewith the `vertical' edge shared byPi�1;j and Pi;j,which the control volume straddles. We also have control volumes associatedwith `horizontal' edges. For adjacent grid cells, Pi;j�1 and Pi;j , volume Vi;jconsists of the image of (0; 1)� (1=2; 1) under the mapping for Pi;j�1 and theimage of (0; 1) � (0; 1=2) under the mapping for Pi;j .We now need to �nd a method to generalize the integrations of Section 1.1that led to the discrete form of Darcy's law. It is worthwhile to summarizewhat we did there, but now interpreting it from a vector point of view. We52
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took the x-component of Darcy's law and integrated it over the U volumes,which is equivalent to taking the dot product of the Darcy law equationwith the vector (1,0) and integrating the result over the U volumes. Inequation (1.7), we were able to integrate out the @�@x term, leaving integrals of� along lines interior to the P volumes. Because �h was piecewise constanton P volumes, in equation (1.8) we could evaluate the line integrals in termsof the nodal values for �h. For general quadrilaterals, we need to �nd asuitable vector �eld, with which to dot Darcy's equation, that allows usto integrate out derivatives of �, leaving integrals that can be evaluated interms of the nodal values of �h. Generally a variable vector �eld will berequired because no single constant vector will produce the desired result.Fortunately, simply scaling the vector �eld X yields the desired property. Weillustrate this process by obtaining the discrete Darcy equation associatedwith the U volume shown in Figure 2.4. We proceed �rst by taking the dotproduct of equation (2.2) with clX(x; y) and integrating over the `left half' ofUi;j. Similarly, we take the dot product of equation (2.2) with crX(x; y) andintegrate over the `right half' of Ui;j. Here, cl and cr are constants chosen toeliminate terms involving values of � on the interface between the two halveswhere �h is unde�ned. We then add the two integrals to get our �nal result.The details of the necessary integrations are in Section 3.2; we will presenthere only the form of the equation which this integration gives rise to. Notethat we perform the same kind of integration for the V volumes, only we54



take the dot product of Darcy's law with a scaling of the vector Y. For theU volume shown in Figure 2.4, we get a discrete Darcy equation relating thepressure drop between the two cells to the 
uxes on cell edges:c1ui�1;j + c2ui;j + c3ui+1;j+c4vi�1;j + c5vi�1;j+1 + c6vi;j + c7vi;j+1+jEj(�i;j � �i�1;j) = 0;where jEj is the length of the edge shared by the two adjacent grid cells.The values of the coe�cients c1; . . . ; c7 depend on the position of the verticesde�ning the two grid cells and on the values of the di�usion coe�cient withinthe two cells. Note that the structure of connections here is the same as thatobtained for the uniform grid case with tensor permeability in Section 3.1.The `cross' terms c4; . . . ; c7 will generally be nonzero even when the di�usioncoe�cient A is diagonal.2.2 Multilevel Solvers2.2.1 FVE Based MultigridIn this section, we discuss the changes in the multigrid algorithm presentedin Section 1.2 needed to deal with general quadrilateral grids. Because themixed FVE discretization for general quadrilaterals is simply an extensionof the discretization for uniform grids, only slight modi�cations to this algo-rithm must be made. Given a logically rectangular grid of irregular quadri-laterals, one can generate a �ner grid of the same type by dividing eachquadrilateral in the given grid into four quadrilaterals. This division is done55



by connecting midpoints of opposite sides. In this way, a sequence of �nergrids can be generated from a given coarse grid. Figure 2.5 shows a coarsegrid 
1 and its �rst re�nement 
2. On each of the grids 
1; . . . ;
N , we applythe mixed FVE discretization technique of the previous section. Then we canuse a multigrid algorithm to generate a solution to the FVE discretization ofthe problem on the �nest grid 
N .The basic components of the multigrid algorithm remain virtually un-changed. Now, because the structure of the connections in the discrete equa-tions remain unchanged, any of the relaxation techniques discussed in Sec-tion 1.2 can be used. As was the case for uniform grids, the interpolationoperators used in the multigrid algorithm are de�ned on the basis of the re-lationship between �nite element spaces for the unknowns on di�erent grids.The �nite element spaces are still nested, as we show in Section 3.3. Therelationship between the �nite element spaces for � is the same as in theuniform grid case, so the interpolation operator for � remains unchanged.However, the relationship between the coarse and �ne �nite element spacesfor both u and v is changed somewhat, because these variables now represent
uxes rather than velocities as before. Since the edge of a �ne grid cell is halfthe length of the edge of the corresponding coarse grid cell, the interpolationoperators for u and v of Section 1.2 must be scaled by 1=2.Again, the restriction operators used in the multigrid algorithm are de-�ned on the basis of the relationship between control volumes on di�erent56
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grids. The control volumes for the continuity equation are related in thesame way as in the uniform grid case (one coarse grid P volume consists offour �ne grid P volumes), and so the restriction operator for this equationremains unchanged. The relationship between coarse and �ne control vol-umes for Darcy's equation can be di�erent than it was in the uniform gridcase. A coarse grid U volume contains all of two of the �ne grid U volumesand fractions (no longer necessarily half) of four others. Figure 2.6 depictsthe relationship between coarse and �ne control volumes. Strict adherenceto the FVE principles requires the calculation of the fraction of a �ne gridcontrol volume included in the coarse grid control volume; however, we havechosen to use the same restriction operator as in the uniform grid case. It iscertainly possible to calculate the fractions and use them in the de�nition ofthe restriction operator, but, for the present, we have used this more easilyimplemented de�nition (approximating the fractions by 12). From our expe-rience with numerical testing of the algorithm, this approximation does notappear to adversely a�ect the convergence of the multigrid algorithm. Infact, because the convergence factors are generally quite small, it is not clearthat there is much to be gained by stricter adherence to the FVE principlesin de�ning the restriction operator.Note that in the multigrid algorithm presented here, the process of devel-oping its components begins with the coarsest grid. Input to the algorithmis a coarse grid that models the large-scale irregularities of the reservoir ge-58
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ometry, and a speci�ed level of re�nement necessary to resolve the 
ow. Thealgorithm then generates a solution to the mixed FVE discretization on the�nest grid. If a direct method is used to solve the equations on the coarsestgrid, then this places a practical limitation on the number of quadrilateralsused to model the reservoir geometry.2.2.2 A Two-Level ApproachThere are two practical problems with the multigrid algorithm discussed inthe previous section. The �rst is that, as in the uniform grid case, the jumpsin the di�usion coe�cient must occur (if at all) at grid edges on the coarsegrid. The second is that the grid irregularity is constructed based on a givencoarse grid, which is then re�ned by bilinear coordinates to generate �nergrids: one cannot apply the multigrid algorithm to the equations on thecoarsest grid, so they must be solved some other way. In practice, both ofthese problems represent limitations on the coarsest grid: it must be �neenough to capture the reservoir geology and the jumps in the di�usion co-e�cient. This limitation may result in the set of discrete equations on thecoarsest grid being too large to solve directly.The two-level approach described in Section 1.3.3 provides one possibleremedy to these two problems. The only component of the two-level algo-rithm that needs additional discussion for the general quadrilateral case is~M , which is the mass matrix that multiplies the discrete 
uxes in Darcy'sequation. For uniform grids, ~M is de�ned by equation (1.9), and since it's60



diagonal, we invert it to eliminate the 
ux variables. In essence, we can usea standard cell-centered �nite di�erence discretization as the `coarse' levelfor the `�ne' level mixed FVE discretization. We would like do somethingsimilar for the case of a general quadrilateral grids. However, one of our mo-tivations for looking at the mixed FVE discretization is that it can be appliedin a clear and direct way to general quadrilateral grids, where standard cell-centered �nite di�erences cannot. Unfortunately, an e�ective cell-centered�nite di�erence scheme for discretization on general quadrilateral grids doesnot currently exist. However, our demands on this scheme are not very strictbecause the objective of the discretization on the `coarse' level is simply tocorrect the solution from the `�ne' level mixed FVE discretization, whichwill serve as our �nal approximation. In other words, we would like to usethe `coarse' level discretization only to accelerate the relaxation process onthe `�ne' level. For this purpose, our experience shows that equation (1.9)serves as an e�ective way to de�ne ~M even in the general quadrilateral case.There are perhaps more sophisticated ways of de�ning ~M that we may ex-plore later, but we have found that this simple de�nition works well for manyapplications. It is clear that, for very distorted grids, ~M de�ned this waywill provide a poor approximation to M ; however, we will see in the nextsection that, for moderately distorted grids, the two-level method works aswell as in the uniform grid case. 61



2.3 Computational Results2.3.1 Multigrid PerformanceThis section contains results of numerical experiments designed to test therobustness of the multigrid algorithm of Section 2.2.1. For all problemsconsidered here we used two pre-relaxations and one post-relaxation in themultigrid algorithm. For the �rst test problem, we used the mixed FVE basedmultigrid algorithm with a coarsest grid of eight cells in each direction. Webegan with a uniform 8�8 grid on 
 = [�1; 1]� [�1; 1] and then moved eachinterior vertex in both the x and y direction separately by a random numberbetween �:2h and :2h, where the original mesh size is h = :25. The resultinggrid is shown in Figure 2.7.We then solved the mixed FVE discretization of Poisson's equation, wherethe di�usion coe�cient is the identity, using the multigrid algorithm of Sec-tion 2.2 with varying levels of re�nement. Ten or more cycles were performedon the homogeneous problem and the average convergence factor was calcu-lated. The results are shown below.Grid Size Convergence Factor16 � 16 .1232 � 32 .1764 � 64 .22Here we used distributive Gauss-Seidel relaxation and we see convergencefactors that are quite acceptable for this distorted grid in that they are rel-atively small, do not grow signi�cantly with problem size, and are not much62
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Figure 2.7: Grid with up to 20% Distortion63



di�erent from the convergence factors for the uniform grid case. The algo-rithm allows us to solve this problem with about as much work as is neededto solve the uniform grid problem.For the second numerical experiment, we solved the same problem, onlynow the 8�8 grid was distorted by moving each interior vertex in both the xand y direction by a random number between �:5h and :5h. The resultinggrid is shown in Figure 2.7.This grid is likely to be much more distorted than one would encounter inan application, and, in fact, some of the quadrilaterals are no longer convex.The results for the mixed FVE based multigrid algorithm are shown below.Grid Size Convergence Factor16 � 16 .0332 � 32 .0564 � 64 .08Because of the signi�cant distortion of the coarsest grid, we used alternat-ing line relaxation for this test example: analogous to the anisotropic uniformgrid case, the structure of the resulting discrete mixed FVE equations con-sists of cells that are strongly coupled to some neighbors and weakly coupledto others. We need alternating line relaxation to get the error smoothingthat is needed for acceptable multigrid convergence factors. With this moreexpensive algorithm, compared to the cell by cell distributive Gauss-Seidelrelaxation, we obtain quite good multigrid convergence factors for this verydistorted grid.The third numerical test combined moderately distorted grids with a64
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diagonal but anisotropic and discontinuous di�usion coe�cient. The coarsestgrid here is the same as that used in the �rst experiment, an 8�8 grid with upto 20% distortion. On each cell in this coarsest grid the di�usion coe�cientsax and ay were separately set to random values between :01 and 100. Theresults for the mixed FVE based multigrid algorithm are shown below.Grid Size Convergence Factor16 � 16 .0432 � 32 .0664 � 64 .08Again we used alternating line relaxation, now because of the anisotropicdi�usion coe�cient. Again we see quite good multigrid convergence factors.This numerical test is close to the types of problems that might actuallyoccur in an application and the performance of the multigrid algorithm iswell within an acceptable range.The two restrictions on the coarsest grid for our mixed FVE based multi-grid method that were discussed in Section 2.2.2, namely, capturing the ir-regularity and discontinuities of the di�usion coe�cient, have not been vio-lated in the numerical experiments thus far. However, even without violatingthese limitations, one can pose problems where the mixed FVE based multi-grid method fails to perform as well as in the above tests. For example,consider the coarsest grid used in second numerical experiment: 8�8 withup to 50% distortion. On each cell in this grid, the di�usion coe�cients axand ay were separately set to random values between 1=a and a. The resultsfor the mixed FVE based multigrid algorithm using four grids (�nest grid is66



64�64) are shown below. a Convergence Factor1 .0810 .13100 .151000 .20These last results may be of little practical interest as the grid is muchmore distorted than one would likely use in an application, but they dodemonstrate the robustness of the multigrid algorithm. For all numeri-cal tests encountered thus far, the mixed FVE based multigrid algorithmwith alternating line relaxation has yielded acceptable (rarely worse than .3)convergence factors if the lines of discontinuity in the di�usion coe�cientare captured on the coarsest grid. With full tensor coe�cients, when theanisotropy is not aligned with the coordinates, the convergence factors canbe signi�cantly larger (at times, as large as .6), and we have no rigoroustheoretical results, so we can make no general claims. However, it appearsthat the method has potential as a fast solver in many important practicalapplications.2.3.2 Two-Level PerformanceThis section contains results of numerical tests designed to test the robustnessof the two-level approach of Section 2.2.2. This is an approach that one coulduse alone or as the coarsest grid solver in the mixed FVE based multigrid. Forthe results of this section, we use alternating line relaxation, with two sweeps67



performed before solving the `coarse' problem and one sweep performed after.Five cycles of black box multigrid were used to solve the `coarse' problem,although often two or three are su�cient. In the �rst numerical experiment,the mixed FVE discretization of Poisson's equation on 
 = [�1; 1]� [�1; 1]was solved on the moderately distorted grid obtained from a uniform gridby the up to 20% distortion described in the previous section. Note thatthe distortion here takes place on the �nest grid, so the mixed FVE basedmultigrid algorithm cannot be used. Average convergence factors for thetwo-level approach on di�erent size grids are shown below.Grid Size Convergence Factor16 � 16 .0732 � 32 .0864 � 64 .08The convergence factors are remarkably good, given the quality of theapproximation used on the `coarse' level. As discussed in Section 2.2.2, webasically assume the grid is uniform in constructing the mass matrix ~M forthe discrete Darcy equations on the `coarse' level. This appears to work wellfor the moderately distorted grids like those in this numerical experimentand, quite probably, the grids one would use in practical applications. Whenthe grid is very distorted, like the up to 50% distorted grid of the previoussection, the two-level algorithm can fail to converge and may even diverge.The reason is that the very poor approximation of the mass matrix resultsin a correction from the `coarse' level that has little, if anything, to do withthe `�ne' level error. It is possible that this could be remedied by a more68



sophisticated choice for ~M , but this has yet to be investigated.In the next numerical experiment, we use the same grids as in the previoustest and solve the mixed FVE discretization to the di�usion equation withdiagonal di�usion coe�cient, where on each cell in this grid the di�usioncoe�cients ax and ay were separately set to random values between :01 and100. The results, in terms of average convergence factors, are shown below.Grid Size Convergence Factor16 � 16 .4332 � 32 .4064 � 64 .38While the convergence factors are not as small as for Poisson-like prob-lems, they are likely acceptable in most practical applications, especially ifone is using the two-level approach only on the coarsest grid of the mixedFVE based multigrid algorithm. There the amount of work on �ner gridsin the mixed FVE based multigrid algorithm will typically be much largerthan the work of the two-level algorithm on the coarsest grid, even if sev-eral cycles of the two-level algorithm are required. We should note that theconvergence factors for this problem are roughly equal to those obtained forthe similar uniform grid problem: our belief is that the \poor" convergencefactors are again due to the di�erence between the mixed FVE method's andthe �nite di�erence method's treatment of discontinuities in A, not relatedto the moderate irregularity of the grid.69



2.3.3 Accuracy of the Mixed FVE DiscretizationIn this section, we present results of numerical experiments to investigate theaccuracy of the mixed FVE discretization on general quadrilateral grids.First, we will present the result of a simple numerical test designed toillustrate the e�ect that the shape of the grid cells has on discretization errorsand multigrid convergence rates. We consider Poisson's equation posed on
 = [�1; 1]2: v +r� = 0;r � v = f;with boundary condition v � � = g. For this test, f and g were determinedso that the exact solution is,�(x; y) = cos(�x) cos(2�y) + constant:The solution from the mixed FVE discretization was normalized to corre-spond the exact solution with constant= 0. The coarsest grid we use in ourtests is shown in Figure 2.9.To investigate the e�ect of the angle � on the accuracy of the mixed FVEdiscretization and on multigrid convergence factors, we use varying �. Wemeasure the error in the same way as in Section 1.3, using the L2 norm of the� error and `2 norm of the u and v errors. In the tables below, we compileour observations on these errors and the average convergence factors for themixed FVE based multigrid algorithm. For � = 80o and 70o, distributiveGauss-Seidel relaxation proved e�ective in terms of convergence factors. For70
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� = 60o and 50o, the stronger alternating line relaxation scheme was neededto get acceptable convergence factors. This is again due to the distortion ofthe grids that yield couplings of di�erent strengths to neighboring cells.� = 80o distributive Gauss-SeidelFine Grid �e ue ve Convergence Factor8�8 4.841E-1 1.575E-1 7.595E-2 .05416�16 2.514E-1 5.090E-2 2.538E-2 .07332�32 1.267E-1 1.347E-2 6.752E-3 .08364�64 6.354E-2 3.414E-3 1.713E-3 .086� = 70o distributive Gauss-SeidelFine Grid �e ue ve Convergence Factor8�8 4.881E-1 2.327E-1 1.106E-1 .06716�16 2.541E-1 6.541E-2 3.330E-2 .09032�32 1.285E-1 1.689E-2 8.809E-3 .10764�64 6.516E-2 4.256E-3 2.235E-3 .143� = 60o alternating line relaxationFine Grid �e ue ve Convergence Factor8�8 5.009E-1 3.506E-1 2.140E-1 .01916�16 2.619E-1 9.111E-2 5.723E-2 .03132�32 1.335E-1 2.305E-2 1.483-2 .03564�64 6.967E-2 5.779E-3 3.745E-3 .054� = 50o alternating line relaxationFine Grid �e ue ve Convergence Factor8�8 5.318E-1 6.060E-1 4.169E-1 .02216�16 2.760E-1 1.737E-1 1.199E-1 .03832�32 1.406E-1 4.493E-2 3.189E-2 .05764�64 7.382E-2 1.135E-2 8.142E-3 .097These results, show good convergence in the accuracy of the discretizationas the grids are re�ned. Each re�nement reduces the norm of the error in� by a factor of 2 and the error in the 
uxes by a factor of 4. Although72



we do not have rigorous proofs of the order of convergence of the mixedFVE discretization, these results, and all other results from experiments withanalytic solutions, appear to indicate that, at least in the norms we used,the convergence is �rst order in the pressure and second order in the 
uxes.We also see that the accuracy of the discretization decreases as � decreases,which is not surprising since most �nite element approximations degradeas the grid becomes less uniform. However, one can still likely achieve asolution of any practical accuracy by re�ning the grid yet further. Note alsothat the multigrid convergence factors degrade slightly as the grid becomesless uniform, but the factors are still certainly acceptable.The next problem is similar to the previous one in that the same typeof grids are used, and the boundary condition and right hand side weredetermined so that it has the same exact solution; however, this problem hasfull tensor permeability. The di�usion coe�cient A is given byA =  cos � sin �� sin � cos � ! 1 00 0:01 ! cos � � sin �sin � cos � ! ;where �, the angle between the coordinate axes and the principal directionsof permeability, is 45o. The errors in the mixed FVE approximations forvarious size grids and varying angle of distortion � are given below:� = 80oFine Grid Size �e ue ve16�16 2.261 2.722E-1 1.998E-132�32 0.6356 9.497E-2 7.194E-264�64 0.1743 2.714E-2 2.078E-2128�128 0.0520 7.042E-3 5.442E-373



� = 60oFine Grid Size �e ue ve16�16 3.092 4.527E-1 3.021E-132�32 0.9468 1.963E-1 1.398E-164�64 0.2698 6.375E-2 4.568E-2128�128 0.0788 1.747E-2 1.267E-2As in the uniform grid case, the accuracy degrades due to the anisotropynot being aligned with the coordinates, but the results still indicate second-order convergence in the velocities. Note that for � = 60o and � = 45o, acase with severe distortion and non-grid aligned anisotropy, the asymptoticregime is not reached until the grid is quite �ne.The �nal test problem involves a non-uniform grid and full tensor, discon-tinuous permeability. The domain for the problem, which consists of threeregions, is depicted in Figure 2.10.The coe�cient A is de�ned in each region as follows:In region I In region II In region III0B@ 14 1414 4 1CA 0B@ 2 11 1 1CA 0B@ 2 1212 12 1CAThe boundary conditions and right hand side were de�ned so that the exactsolution is given by,In region I In region II In region III� = x2 + C � = 116y2 + C � = 14y2 + CAgain the value of C is chosen to correspond to the solution whose integralover the domain vanishes. Note that, � and the normal component of Ar�are continuous across the interfaces between regions. The coarsest grid (a74
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2�2 grid), was formed by splitting, along the x-axis, region I into two cells,and all �ner grids were generated by bilinear re�nement of this coarsest grid.The errors in the mixed FVE approximation, calculated in the same way aspreviously, are presented in the table below.Grid Size �e ue ve4�4 0.2524 7.065E-3 8.269E-38�8 0.1302 1.747E-3 2.197E-316�16 0.0658 4.567E-4 5.859E-432�32 0.0333 1.213E-4 1.582E-464�64 0.0174 3.234E-5 4.294E-5Here we clearly see �rst-order convergence in the pressure, and again wesee second-order convergence in the velocities, which has been the case forall experiments, ranging from Poisson's equation on a uniform grid to thissigni�cantly more complicated case, with analytic solutions.
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3 Technical DerivationsThis chapter contains all the derivations needed to assemble the mixedFVE equations. Many of the results from this section have been brie
ypresented, or at least alluded to, in previous sections.3.1 Uniform Grids and Tensor PermeabilityIn Section 1.1, we presented the FVE discretization assuming that the coef-�cient A in equation (1.1) is a diagonal tensor. Here we consider the casewhere A is a full tensor, but we assume that it is a pointwise symmetric,positive de�nite matrix. In this section, we assume the grid is uniform (seethe following section for the general quadrilateral case). We writeA =  a bb c ! ;where a; b, and c may now be functions of position. Darcy's law, equa-tion (1.2), takes the form v = �Ar�;77



or A�1v+r� = 0:Now, adding the conservation of mass equation and noting that v = (u; v)t,we have the following �rst-order system:8><>: (detA)�1 (cu� bv) +@�=@x = 0 (u equation)(detA)�1 (�bu+ av) +@�=@y = 0 (v equation)@u=@x +@v=@y = f (p equation): (3:1)The main components of the mixed FVE discretization process remain thesame: the choice of volumes and �nite element spaces are the same as pre-sented in Section 1.1. The change in the form of the u equation, comparingequation (3.1) to equation (1.4), is re
ected when we integrate the u equa-tion over the U volumes. In this section, we will assume that A is constantover the integration domain, otherwise the technique of Section 3.3 can beapplied. As an example, let Ui;j be the volume in U that is centered at theinterior uh node (i; j) as shown in Figure 3.1.We then haveZUi;j �(detA)�1(cu� bv) + @�=@x� dxdy = 0: (3:2)Integration of the terms involving u and @�=@x is the same as in Section 1.1.The additional term involving v is handled by splitting the integral into twoparts, one for each half of Ui;j. Then, because our �nite element approxima-tion vh is linear in y and constant in x on each half, by direct calculation of78
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the integral over the left half, we haveZUli;j vdxdy = h24 �vhi�1;j+1 + vhi�1;j� :Combining this result with the analogous one for the other half and addingthe results from Section 1.1 for the other terms in equation (3.2), we get thediscrete equationh28 (c(detA)�1) �uhi�1;j + 6uhi;j + uhi+1;j��h24 (b(detA)�1) �vhi�1;j+1 + vhi�1;j + vhi;j+1 + vhi;j�+h ��hi;j � �hi�1;j� = 0:We get a similar equation when we integrate over V volumes. This changein the form of the discrete Darcy law is the only change in the discretizationprocess from Section 1.1.3.2 Derivation of FVE Stencils for GeneralQuadrilaterals3.2.1 Scalar Di�usion Coe�cientHere we develop the details of the integrals encountered in deriving the dis-crete Darcy equation for general quadrilateral grids. We �rst consider thecase where the di�usion coe�cient is a scalar. The case where the di�usioncoe�cient is a tensor is covered in Section 3.2.2. Shown in Figure 3.2 bydotted lines is a typical U volume, which we will use to discretize Darcy'sequation. 80



Y

X

Figure 3.2: U Volume81



Pl and Pr will denote the two P volumes who share the edge with whichthe U volume is associated. The continuous Darcy equation isa�1v(x; y) +r�(x; y) = 0: (3:3)As mentioned in Section 2.1, we take the dot product of equation (3.3) withclX(x; y) and integrate over the `left half' of the U volume. Similarly, wetake the dot product of equation (3.3) with crX(x; y) and integrate over the`right half' of the U volume. We then add the two integrals to get the discreteDarcy equation corresponding to this U volume. Letting Ul and Ur denotethe two `halves' of the U volume , we have the following:RUl (a�1v(x; y) +r�(x; y)) � clX(x; y)dxdy+RUr (a�1v(x; y) +r�(x; y)) � crX(x; y)dxdy =clRUla�1v(x; y) �X(x; y)dxdy + clRUlr�(x; y) �X(x; y)dxdy+crRUra�1v(x; y) �X(x; y)dxdy + crRUrr�(x; y) �X(x; y)dxdy: (3:4)Thus, we have two types of integrals to evaluate, ones involving v and onesinvolving r�.First consider the integral involving v. For the moment, we ignore thescaling parameters cl and cr. We evaluate this integral for the �nite elementbasis functions for v, which are the formulas needed to assemble the stencilfor equation (3.4). Consider the evaluation ofZ Ula�1w(x; y) �X(x; y)dxdy;where w is the basis function with 
ux equal to 1 on the edge straddled bythe U volume and 0 on all other grid edges. It is important to recall the82



properties used to de�ne our �nite element space: within each grid cell,w(x; y) � �x(x; y)kY(x; y)k varies linearly with x̂; constant with ŷ;w(x; y) � �y(x; y)kX(x; y)k varies linearly with ŷ; constant with x̂:(3:5)The �rst condition implies, that within the volume Pl,w(x; y) � �x(x; y)kY(x; y)k = x̂;where x̂ refers to the pre-image of x in the reference space. Similarly, ŷ willdenote the pre-image of y in the reference space. The second condition, alongwith the fact that 
uxes are zero on the top and bottom edges of Pl, impliesthat, within the volume Pl, we havew(x; y) � �y(x; y)kX(x; y)k = 0:Thus, w is perpendicular to �y and, hence, parallel to X. We thus have,w(x; y) �X(x; y) = kw(x;y)kkX(x;y)kand w(x; y) � �x(x; y) = kw(x;y)k sin(�(x;y));where � is the angle between X and Y as shown in Figure 3.2. Solving thislast equation for the norm, we getkw(x; y)k = (w(x; y) � �x(x; y)) = sin(�(x; y)): (3:6)83



Putting these results together, we have,RUla�1w(x; y) �X(x; y)dxdy= RUla�1kw(x; y)kkX(x; y)kdxdy= RUla�1 ((w(x; y) � �x(x; y))= sin(�(x; y))) kX(x; y)kdxdy= R 10R 112 a�1x̂kX(x̂; ŷ)k2dx̂dŷ: (3:7)The last step is the result of the change of variables from the actual space tothe reference space. The Jacobian for the map isJ = kXkkYk sin �:This �nal integral can now be evaluated analytically in the reference space.We had de�ned the vector �eld X(x; y) by taking images of the unit vector(1; 0) under the bilinear mappingx(x̂; ŷ) = x00 + (x10 � x00)x̂+ (x01 � x00)ŷ + (x11 � x10 � x01 + x00)x̂ŷ;y(x̂; ŷ) = y00 + (y10 � y00)x̂+ (y01 � y00)ŷ + (y11 � y10 � y01 + y00)x̂ŷ:We can express the vector �eld X as follows:X = (@x=@x̂; @y=@x̂)= ((x10 � x00) + (x11 � x10 � x01 + x00)ŷ;(y10 � y00) + (y11 � y10 � y01 + y00)ŷ): (3:8)Thus, the last integrand in equation (3.7) is a polynomial in x̂ and ŷ whosecoe�cients depend on the coordinates of the vertices of Pl , and this integralcan easily be evaluated analytically.Next consider the evaluation ofZ Ula�1w(x; y) �X(x; y)dxdy;84



where w is the basis function with 
ux equal to 1 on the top edge of the leftgrid cell and 0 on all other grid edges. The second condition in (3.5) impliesthat, within the volume Pl, we havew(x; y) � �y(x; y)kX(x; y)k = ŷ:The �rst condition in equation (3.5), along with the fact that the 
uxes arezero on the left and right edges of Pl, implies that, within the volume Pl, wehave w(x; y) � �x(x; y)kY(x; y)k = 0:Thus, w is perpendicular to �x and, hence, parallel to Y. We thus have,w(x; y)=kw(x; y)k = Y(x; y)=kY(x; y)kand w(x; y) � �y(x; y) = kw(x;y)k sin(�(x;y)):Solving this last equation for the norm, we getkw(x; y)k = (w(x; y) � �y(x; y))= sin(�(x; y)): (3:9)Putting these results together, we have,RUla�1w(x; y) �X(x; y)dxdy= RUla�1kw(x; y)k (w(x; y)=kw(x; y)k) �X(x; y)dxdy= RUla�1 ((w(x; y) � �y(x; y)) = sin(�(x; y)))� (Y(x; y)=kY(x; y)k) �X(x; y)dxdy= R 10R 112a�1ŷX �Ydx̂dŷ (3:10)85



Again, the last step is a result of the change of variables. This integral cannow be evaluated analytically in the reference space. The vector �eld Y canbe written in terms of reference space coordinates as follows:Y = (@x=@ŷ; @y=@ŷ)= ((x01 � x00) + (x11 � x10 � x01 + x00)x̂;(y01 � y00) + (y11 � y10 � y01 + y00)x̂): (3:11)Thus, the last integrand in equation (3.10) is a polynomial in x̂ and ŷ whosecoe�cients depend on the coordinates of the vertices of Pl, and this integralcan easily be evaluated analytically. Integrals for other basis functions areanalogous to one of the two that we presented because they can be evaluatedin the same way with a simple change of variables. The basis functions thatwill have nonzero contribution to the integralZ Ula�1w(x; y) �X(x; y)dxdywill be those that are associated with one of the edges of either Pl or Pr.There are seven such edges, so the discrete version of Darcy's law on thevolume U will involve seven nodal values for 
uxes.Now consider the terms involving r�, for example,Z Ulr�(x; y) �X(x; y)dxdy:
86



We again express X in of terms reference space variables to getRUlr�(x; y) �X(x; y)dxdy= RUl (@�=@x; @�=@y) � (@x=@x̂; @y=@x̂) dxdy= RUl @�@x @x@x̂ + @�@y @y@x̂dxdy= RUll@�=@x̂dxdy= R 10R 112 @�@x̂Jdx̂dŷ: (3:12)Here, J is again the Jacobian of the mapping, which can be expressed asJ = @x@x̂ @y@ŷ � @x@ŷ @y@x̂:Note that, expressed in terms of reference space variables, we haveJ(x̂; ŷ) = a+ bx̂+ cŷ;where a,b, and c are constants on the quadrilateral Pl and depend on thelocation of its vertices. With this and the last result in equation (3.12), wehave RUlr�(x; y) �X(x; y)dxdy= R 10R 112 @�@x̂Jdx̂dŷ= R 10R 112 h @@x̂(J�)� b�i dx̂dx̂= R 10J(1; ŷ)�(1; ŷ)dŷ � R 10J(12; ŷ)�(12 ; ŷ)dŷ � bR 10R 112�dx̂dŷ:We have now accomplished the goal of integrating out the derivatives of �.The second integral is a line integral interior to the volume Pl and can be87



written in terms of nodal values of �; also, the third integral is a volumeintegral within the volume Pl and can be written in terms of nodal valuesof �. Because the approximation of � is constant on Pl (constant= �i;j), forthe third integral we have bZ 10Z 112�dx̂dŷ = b2�i;j:However, the �rst integral is a line integral along the edge shared by Pl andPr, and because we approximate � with a piecewise constant function, weseek to remove the �rst integral. In terms of the Jacobian of the map for theright grid cell in Figure 3.2, similar integrations over Ur producesRUrr�(x; y) �X(x; y)dxdy =R 10J(12; ŷ)�(12 ; ŷ)dŷ � R 10J(0; ŷ)�(0; ŷ)dŷ � bR 10R 120 �dx̂dŷ:In this expression, the �rst and third integral can be expressed in terms ofnodal values of �; the second integral involves integration along the edgeshared by Pl and Pr. It is at this point that we see the utility of the scalingparameters cl and cr. We choose them so that when we add the results fromthe two halves, the terms involving � on the interface between the two gridcells cancel. In fact, choosing cl = jEj=J(1; 12) and cr = jEj=J(0; 12) gives usthe resultclZ Ulr�(x; y)�X(x; y)dxdy+crZ Urr�(x; y)�X(x; y)dxdy = jEj(�i+1;j��i;j):Here, jEj is the length of the edge shared by Pl and Pr.88



3.2.2 Tensor Di�usion Coe�cientFor a full tensor coe�cient, much of the results from the previous sectionare unchanged, including, for example, all of the results for the part of theintegral involving �. We must only reconsider the evaluation ofZ UA�1w(x; y) �X(x; y)dxdywhen w is one of the two basis functions discussed in the previous section.Again we split the volume into a left and right half and integrate over eachhalf separately. We will use the same notation as in the previous section, sothat Figure 3.2 still represents the U volume that we integrate over.We �rst consider the case where w is the basis function that has 
uxequal to 1 on the edge straddled by the U volume and 0 on all other gridedges. We proceed as follows:RUlA�1w(x; y) �X(x; y)dxdy= RUlw(x; y) �A�TX(x; y)dxdy= RUlkw(x; y)k (w(x; y)=kw(x; y)k) �A�TX(x; y)dxdy= RUl ((w(x; y) � �x(x; y))= sin(�(x; y)))� (X(x; y)=kX(x; y)k) �A�TX(x; y)dxdy= R 10R 112 x̂X(x̂; ŷ) �A�TX(x̂; ŷ)dx̂dŷ= R 10R 112 x̂A�1X(x̂; ŷ) �X(x̂; ŷ)dx̂dŷ: (3:13)The �rst step follows from the adjoint property; the third step uses equa-89



tion (3.6) and the fact that w and X are parallel; the fourth step is theresult of the change of variables to the reference space; and the �nal stepagain follows from the adjoint property. We can then evaluate the �nal inte-gral in equation (3.13) in the reference space using equation (3.8) to expressX in terms of the reference variables. The integrand, as in the previous sec-tion, is just a polynomial in x̂ and ŷ, so this integral can easily be evaluatedanalytically.We now consider the case where w is the basis function that has 
uxequal to 1 on the top edge of the left grid cell and 0 on all other grid edges.We proceed as follows:RUlA�1w(x; y) �X(x; y)dxdy= RUlw(x; y) �A�TX(x; y)dxdy= RUlkw(x; y)k (w(x; y)=kw(x; y)k) �A�TX(x; y)dxdy= RUl ((w(x; y) � �y(x; y)) = sin(�(x; y)))� (Y(x; y)=kY(x; y)k) �A�TX(x; y)dxdy= R 10R 112 ŷY(x̂; ŷ) �A�TX(x̂; ŷ)dx̂dŷ= R 10R 112 x̂A�1Y(x̂; ŷ) �X(x̂; ŷ)dx̂dŷ: (3:14)The steps are the same as in the previous case except for step three, whichuses equation (3.9) and the fact that w and Y are parallel. Again, the�nal integrand is a polynomial in the reference variables and can easily beevaluated analytically. 90



Note that for givenA, one could consider choosing the quadrilaterals suchthat A�1Y ? X, making this integral vanish. This is unlikely to be useful incomplex problems, but if A is constant for example, it could be of interest.Integrals for other basis functions can be evaluated in a manner similarto one of the two we presented here by a simple change of variables.3.3 Using Fine Grid Integrals to GenerateCoarse Grid IntegralsIn this section, we will show how to generate coarse grid integrals from �negrid integrals, which is important when the permeability coe�cient A ispiecewise constant on the �ne grid cells but not on the coarse grid cells.We begin by examining the relationship between �ne and coarse grid�nite element spaces. As mentioned in Section 2.2, the �nite element spacesare nested; we will now make this statement more precise. In Figure 3.3, wedepict a coarse grid volumePC and the four �ne grid volumesPi; i = 1; 2; 3; 4,that are generated by bilinear re�nement.Letting WC denote the coarse grid velocity basis function with nonzero
ux on the north edge of PC and similarly letting wi denote the �ne gridvelocity basis function with nonzero 
ux on the north edge on Pi, we willprove the following result: within PC , we haveWC = 12 (w1 +w2) + 14 (w3 +w4) : (3:15)We prove this result by verifying that this linear combination of �ne grid91
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basis functions has all of the properties that the coarse grid basis function isto have, namely:1) The 
uxes are zero on the east, south, and west edges of PC .2) The 
ux is one on the north edge of PC .3) The basis function is parallel to the vector �eld YC(x; y),i.e., the basis function is aligned with the bilinear coordinates of PCthat correspond to vertical lines in the reference space.4) The quantity W � �ykXk varies linearly with ŷ; and is constantwith x̂;where all quantities are coarse grid quantities. (3:16)The �rst property follows from the fact that each �ne grid basis function,wi; i = 1; 2; 3; 4; has zero 
ux on the east, south, and west edges of PC . Thusthe linear combination also has this property.We now verify the second property in (3.16):RPnC �12 (w1 +w2) + 14 (w3 +w4)� � �ds= 12RPn1 (w1 � �) ds + 12RPn2 (w2 � �) ds= 12(1) + 12(1) = 1:The �rst step follows from the fact that both w3 and w4 have zero 
ux onthe north edge of PC , and the second step follows from the fact that bothw1 and w2 have 
ux = 1 on the north edges of P1 and P2, respectively.The third property in (3.16) follows from the agreement of coarse and�ne grid bilinear coordinates.We are left with the fourth property in (3.16), to verify this, we will needthe following result:If (x; y) 2 Pi, then XC(x; y) = 2Xi(x; y): (3:17)93



Here, XC denotes the image of (1; 0) under the bilinear mapping from thereference space to PC , and Xi denotes the image under the bilinear mappingfrom the reference space to Pi. Result (3.17) follows directly from the factthat the �ne grid cells are generated by bilinear re�nement of the coarse gridcells. We can now verify the �nal property in (3.16). First consider any pointalong the upper dotted line in Figure 3.3. We evaluate:WC(x; y) � �Cy (x; y)kXC(x; y)k= �14w3(x; y) + 12w1(x; y)� � �1y(x; y)(2kX1(x; y)k)= (12w3(x; y) � �1y)kX1(x; y)k+ (w1(x; y) � �1y)kX1(x; y)k= 12(1 � ŷ1) + ŷ1 = 12 + 12 ŷ1 = ŷC : (3:18)Here we assumed that (x; y) was in P1, but the result is the same if it isinstead in P2. In deriving this result, in the �rst step we used result (3.17),the fact the bilinear coordinates agree (thus, �y is the same on both �ne andcoarse grids ), and the fact that both w2 and w4 are zero within P1. In thethird step, we used the fact thatw � �ykXkis linear in ŷ, where all variables are �ne grid variables. If we now considerany point along the lower dotted line in Figure 3.3, we evaluate in a similarmanner: WC(x; y) � �Cy (x; y)kXC(x; y)k= (14w3(x; y) � �1y(x; y))2kX1(x; y)k= 12w3(x; y) � �1ykX1(x; y)k = 12 ŷ3 = ŷC: (3:19)94



In the above we assumed that (x; y) was in P3, but the result is the same ifit is instead in P4. Results (3.18) and (3.19) together prove that the linearcombination of �ne grid basis function has the fourth property of (3.16). Thiscompletes the proof of result (3.15).We now show how to use this result to generate coarse grid integrals from�ne grid integrals. As an example, consider the discrete Darcy equationfor the U volume that straddles the right edge of PC , again referring toFigure 3.3. In the assembling this equation, one must calculate the followingintegral: Z P2[P4A�1WC(x; y) �XC(x; y)dxdy;where WC , say, is the coarse grid basis function with 
ux equal to 1 on thenorth edge of PC . Using the results:within P2 : WC = 14w4 + 12w2XC = 2X2within P4 : WC = 14w4XC = 2X4
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we can express the coarse grid integral in terms of �ne grid integrals:RP2[P4A�1WC(x; y) �XC(x; y)dxdy= RP2A�1WC(x; y) �XC(x; y)dxdy+RP4A�1WC(x; y) �XC(x; y)dxdy= 12RP2A�1w4(x; y) �X2(x; y)dxdy+RP2A�1w2(x; y) �X2(x; y)dxdy+12RP4A�1w4(x; y) �X4(x; y)dxdy:All of the integrals in the �nal result above are integrals that must be cal-culated to assemble the �ne grid discrete Darcy equations. Thus, we needto calculate no new integrals to assemble the coarse grid Darcy equations.Further, if A is piecewise constant on the �ne grid but not on the coarsegrid, this procedure allows us to calculate coarse grid integrals by, in essence,breaking the integral up into pieces where A is constant.
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4 Summary and Future WorkThe mixed FVE discretization developed in here has been shown, throughfairly exhaustive numerical testing, to produce high quality approximationsfor a wide variety of problems. On uniform grids, when the di�usion co-e�cient is discontinuous, the mixed FVE approach has been shown to pro-duce signi�cantly more accurate velocity approximations than those obtainedfrom a standard cell-centered �nite di�erence approach. Unlike standardcell-centered �nite di�erences, the mixed FVE approach can also be appliedin a clear and straightforward way to general quadrilateral grids and prob-lems with full tensor permeability. Moreover, numerical experiments indicatethat the approximations to the velocity retain their second-order convergenceproperty in these more complicated applications.The multilevel algorithms developed in this thesis have been shown, againthrough fairly exhaustive numerical testing, to provide an e�cient methodfor solving the mixed FVE equations. Although the mixed FVE approach issomewhat more complicated than the standard �nite di�erence approach, themultilevel methods solve the equations in work comparable to that needed97



to solve the simpler �nite di�erence equations. The connection betweenmultigrid convergence factors and discretization errors is a major topic ofreference [3]. With a poor discretization , i.e. the �ne grid discrete problem isa poor approximation to the continuous problem, poor multigrid convergenceoften occurs. The reason is that a coarse grid discrete problem, comingfrom the same poor discretization process, is a poor approximation to thecorresponding �ne grid discrete problem, even in the smooth components.We certainly do not see poor multigrid convergence factors, and the goodconvergence factors that we do see are, to a degree, indicative of the goodapproximation properties of the mixed FVE discretization.While the results of numerical tests for the mixed FVE approach arepromising, it is our hope to verify them theoretically. In designing themethod, we borrowed heavily from work done in mixed �nite elements, wherethere are is an abundance of theoretical results. Preliminary work has begunto put the mixed FVE method on a solid theoretical foundation. In particu-lar, this early work has suggested a minor modi�cation of the scheme whichmay yield super-convergence results for the pressure variable. A compari-son, both numerically and theoretically, of the mixed FVE and mixed �niteelement approaches is also planned.From a computational point of view, we plan to implement the mixedFVE scheme in more realistic applications, quite possibly in a working reser-voir simulation code. Also, the mixed FVE approach, and the multilevel98



algorithms for solving the equations, extend to three dimensions quite nat-urally, and a three-dimensional implementation of the scheme is currentlybeing investigated.
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