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ABSTRACT

The study of paths and cycles in graphs has long been fundamental in Graph
Theory. One of the most popular questions in this area is determining when
a graph contains a hamiltonian cycle, a cycle containing every vertex of the
graph. We call such a graph a hamiltonian graph. We will investigate two
different aspects of hamiltonian graphs. The first of these is graphs in which the
hamiltonian cycle avoids certain subgraphs, and the second is the cycle lengths
contained in a hamiltonian graph under given conditions.

Let G be a graph and H be a subgraph of G. If G contains a hamiltonian
cycle C such that F(C) N E(H) is empty, we say that C' is an H-avoiding
hamiltonian cycle. Let F' be any graph. If G contains an H-avoiding hamiltonian
cycle for every copy of H in GG such that H = F', then we say that G is F'-avoiding
hamailtonian. We give minimum degree and degree-sum conditions which assure
that a graph G is F-avoiding hamiltonian for various choices of F'. In particular,
we consider the cases where F'is a union of k edge-disjoint hamiltonian cycles
or a union of k edge-disjoint perfect matchings. If GG is F-avoiding hamiltonian

for any such F', then it is possible to extend families of these types in G. We



also undertake a discussion of F-avoiding pancyclic graphs.

From there we turn our attention to pancyclic graphs. A graph of order n
is said to be pancyclic if it contains cycles of all lengths from three to n. We
consider hamiltonian graphs with two vertices of high degree sum. We determine
the conditions on this degree sum that assure that the graph is pancyclic. We
also consider what cycles must be present in the graph when the degree sum

condition is reduced.

This abstract accurately represents the content of the candidate’s thesis. [

recommend its publication.
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1. Introduction
1.1 Prologue
The study of paths and cycles in graphs has long been fundamental in Graph

Theory. On of the most popular questions in this area is determining when a
graph contains a spanning cycle, that is a cycle containing every vertex. Named
for Sir William Rowan Hamilton, this problem traces its origin to the 1850’s.
Research into this problem has led to a number of deep and interesting results.

One of particular interest lies in studying what cycles are contained in hamil-
tonian graphs. We begin with a hamiltonian graph and, given some condition
on that graph, investigate other cycles present in the graph.

In this chapter we provide some brief background material on graphs, em-
phasizing terminology and notation used in this paper. In Chapter 2 we intro-
duce the idea of a hamiltonian cycle avoiding particular subgraphs in a graph
and develop necessary conditions for a graph to contain a set of disjoint hamil-
tonian cycles that avoid a family of subgraphs. The result is extended to sets of
hamiltonian paths and sets of cycles that avoid a family of subgraphs.

In Chapter 3 we investigate necessary conditions for a hamiltonian graph to
contain cycles of all lengths, as well as determine what cycle lengths must be
present under a given set of conditions. We begin with a degree sum condtion
on two vertices of a hamiltonian cycle, using a result of Hakimi and Schmeichel
([13]) as a starting point. We then give analogous results for bipartite graphs,

though these results lack sharpness.

1.2 Background



We begin with some fundamental terminology and notation related to graphs
in general. We also include notation specific to the sections that follow. We
suggest [8] or [29] as a general resource.

A graph G = (V, E) is a finite set of nonempty objects called vertices together
with a set of unordered pairs of distint vertices of G called edges. The vertex
set of G is denoted by V(G) and the edge set by E(G). For a graph G with
u,v € V(G), the edge e = {u, v} is said to join u and v and we refer to u and v
as being adjacent. We will denote an edge e = {u, v} by uv. A graph defined in
this way is called a simple graph, since there is at most one edge between any
pair of vertices and a vertex is not adjacent to itself.

The order of a graph G is the cardinality of its vertex set, denoted |V (G)],
and the size of G is the cardinality of its edge set, denoted |E(G)|. For a vertex
v € V(G), the degree of v, dg(v), is the number of edges incident with v and
the neighbourhood of v, Ng(v), is the set of vertices adjacent to v. When the
context is clear, the subscript G is omitted. Let §(G) and A(G) denote the
minimum degree and maximum degree of (G, respectively. A graph in which
every vertex has degree r is referred to as an r-regular graph.

For a a graph G = (V, F) and a set S C V we define the induced subgraph
G[S] to be the graph with vertex set S and edge set T' = {ele € Fande € S}.
That is, the edges of an induced subgraph include all edges of G that join vertices
in S. A subgraph of a G is a graph H = (S,T) where both S CV and T C E
and the assignment of endpoints to edges in G’ is the same as in G. Note that
any subgraph of G is contained in an induced subgraph of GG. If H is a subgraph

of G we write H C (G. In Figure 1.1 we show an example of a simple graph along



Figure 1.1: A graph and two subgraphs.

with two subgraphs. The subgraph on the left is induced, whereas the subgraph
on the right is not, as it does not contain the edge c¢f. The complement G of a
simple graph G is the simple graph with vertex set V(G) defined by uv € E(G)
if and only if uv ¢ E(G).

The disjoint union of graphs Gy, . .., Gy, is the graph G with V(G) = V(G;)U
... UV(Gy) and E(G) = E(Gy)U...U E(Gy). In the case where G; = H for
all 1 <1 < k, we write G = kH. The join of graph GG; and G5 is the graph
G =G+ Gy with V(G) = V(G1)UV(Gy) and E(G) = E(G1)UE(Gs)U{zy|z €
V(Gh), y € V(Ga)}

A clique in a graph G is a subgraph H C G in which every pair of vertices
of H are adjacent. If G itself is a clique, then we say that G is complete. The
complete graph on n vertices is denoted by K,,. An independent set in a graph
G is a set of pairwise nonadjacent vertices. A graph G is bipartite if V(G) is
the union of two disjoint independent sets called partite sets of G. A bipartite

graph G with parts X and Y is complete if for every x € X, y € Y, zy is an



edge of G. If the |V(X)| =t and |V (Y)| = n — t, we denote G by K, ;.

A path in a graph G is a sequence of distinct vertices vivs ... v such that
v;v;11 1s an edge of G for each 7, 1 < ¢ < k. If, in addition, vgv; is an edge of
(G, then the sequence is a cycle. The order of a path or cycle is the number of
vertices in the sequence and the length is the number of edges contained in the
path or cycle. Thus a path of length k& has order k + 1 while a cycle of length
k has order k. The distance between two vertices u,v € V(G) is the length
of the shortest path connecting u and v and is denoted by dg(u,v). A graph
G is connected if every pair of vertices in G belongs to a common path; G is
disconnected otherwise.

Of particular interest is a path or cycle containing all the vertices of G. Such
a spanning path or cycle is called a hamiltonian path or cycle. If a graph G con-
tains a hamiltonian path, we say it is traceable, and if it contains a hamiltonian
cycle, we say that GG is hamiltonian. Hamiltonian graphs have been widely stud-
ied, and a good reference for the recent status of such problems is [22]. Let
09(G) denote the minimum degree sum over all pairs of nonadjacent vertices
in G. Ore’s Theorem [20], one of the classic results pertaining to hamiltonian

graphs, states the following.

Theorem 1.1 (Ore 1960) If G is a graph of order n > 3 with 02(G) > n then

G is hamiltonian.

The requirement that o9(G) > n is known as the Ore condition and we will refer

to similar degree sum restrictions as Ore-type conditions.



Figure 1.2: Nonhamiltonian graphs with oo =n — 1

A graph is a butterfly if it is composed of two complete graphs intersecting
in exactly one vertex. If G is isomorphic to a butterfly or if K noi ni1 CGC
Koo + @, then G is nonhamiltonian and 05(G) = n — 1, demonstrating the
sharpness of Ore’s Theorem. In Figure 1.2 we show a butterfly of order n on the
left and K no1 + @ on the right, demonstrating that neither is hamiltonian.
In fact, it has been noted by several authors [1, 14, 18] that these are the only
nonhamiltonian graphs with this property. Dirac’s Theorem [9], another classic

result, is an immediate corollary of Theorem 1.1.

Theorem 1.2 (Dirac 1952) If G is a graph of order n > 3 with §(G) > &

then G is hamiltonian.

We will refer to 6(G') > 5 as the Dirac condition.

Theorems 1.1 and 1.2 are the basis for much of the study related to cycles
in graphs. They led to the use of minimum degree and degree sum conditions as
determining factors for desired cycle structures. One such property introduced
by Chartrand is the idea of k-ordered. A graph is k-ordered (hamiltonian)
if for every ordered sequence of k vertices there is a (hamiltonian) cycle that

encounters the vertices of the sequence in the given order. Ng and Schultz [19]



were the first to investigate such graphs.

Theorem 1.3 Let G be a graph of order n and let k be an interger with 3 <
k <n. Ifdeg(u)+deg(v) > n+2k—6 for every pair u,v of nonadjacent vertices

of G, then G is k-ordered hamiltonian.

Corollary 1.4 Let G be a graph of order n and let k be an interger with 3 <
k< n. Ifdeg(u) > § 4+ k — 3 for every vertex u of G, then G is k-ordered

hamiltonian.

Another property that is widely studied using minimum degree and degree
sum conditions is pancyclicity. A graph G of order n is pancyclic if it contains a
cycle of each length k& for 3 < k < n. Bondy [6] showed that any graph satisfying
Ore’s condition is either pancyclic or isomorphic to K» ». Aldred, Holton and

Min [3] relaxed Ore’s condition and showed the following:

Theorem 1.5 If G satisfies 02(G) > n — 1, then G is pancyclic unless G is
isomorphic to one of the following graphs:
1. a graph of order n consisting of two complete graphs joined at a verter,

2. a subgraph of the join of a complete graph of order ”T_l and an empty graph

of order ”TH,
3. Kn n, OT
272
4. Cs.

Given conditions that assure a graph contains a hamiltonian cycle leads to

the question: When does a graph contain more than one hamiltonian cycle? A



classic result of Smith (presented by Tutte [28]) states that every edge of a 3-
regular graph is contained in an even number of hamiltonian cycles. Thomason
[25] extended Smith’s result to all r-regular graphs where r is odd, and in fact
to all graphs in which all vertices have odd degree. Thomassen [26] completed

regular graphs for sufficiently large r.

Theorem 1.6 If G is hamiltonian and r-reqular with r > 300, then G has a

second hamiltonian cycle.

Thomassen also considered the question for bipartite graphs.

Theorem 1.7 ([27]) Let C = x1y122Ys . . . uynz1 be a hamiltonian cycle in a

bipartite graph G.

1. If all the vertices y1,ys, . .., Yn have degree at least 3, then G has another

hamiltonian cycle containing the edge x1y;.

2. If all the vertices y1,Y2,...,Yn have degree d > 3 and if P, Ps,..., F,
(0 < q < d—3) are paths in C of length 2 of the form y;_1x;y;, then G

has at least 29771=4(d — q)! hamiltonian cycles containing Py U ... U P,.

Another natural direction is to question when a graph has multiple edge
disjoint hamiltonian cycles. Faudree, Rousseau and Schelp [11] gave an Ore-

type condition for the existence of such hamiltonian cycles.

Theorem 1.8 Let k be a positive integer.

1. If G is a graph of order n > 60k* such that o5(G) > n + 2k — 2, then G

contains k edge disjoint hamiltonian cycles.



n—1
2. If G 1s a graph of order n > 6k and size at least + 2k, the G
2

contains k edge disjoint hamiltonian cycles.

Egawa [10] combined a minimum degree condition with a degree sum con-

dition to prove the following result on edge disjoint hamiltonian cycles.

Theorem 1.9 Let n,k > 2 be integers with n > 44(k — 1). If G is a graph of
order n with 02(G) > n and 6(G) > 4k — 2, then G contains k edge disjoint

hamiltonian cycles.

In considering conditions that guarantee a graph is pancyclic, the degree
bounds can be reduced if hamiltonicity is assumed. In 1981 Amar, Flandrin,

Fournier, and Germa [4] showed the following:

Theorem 1.10 Let G be a hamiltonian, nonbipartite graph of order n > 162.

If 6 > 225 then G is pancyclic.

Hakimi and Schmeichel [13] showed that edge density could be reduced by
considering a pair of consecutive vertices on a hamiltonian cycle, which was a
variation of the bipartite results of Schmeichel and Mitchem [16].

Our focus will be the use of degree sum or Ore-type conditions on hamil-
tonian graphs. We will consider a cycle C' in a clockwise direction and will use
C* to represent that we are following the vertices in the cycle in a clockwise
direction and C'~ to represent that we are following the vertices in the cycle in a
counterclockwise direction. Similarly, for a vertex z; of the cycle, we represent

the vertex succeeding z; on C as z; and the vertex preceding z; as x; . For



a set of vertices S of a graph, we use N¢(S) to denote the set of neighbours
of elements of S on C, N*(S) and N~ (S) to represent the vertices on C' that

succeed and precede neighbours of S, resectively.



2. F-avoiding Hamiltonian Graphs

As noted in the previous chapter, the idea of imposing structure on a hamil-
tonian cycle has been considered, as is evidenced by k-ordering. In [15], Kronk
extended a theorem of Pésa [21], giving a condition under which certain edges
were contained in a hamiltonian cycle. Aldred, Holton, Porteous, and Plummer
[2] considered matchings that contained certain edges while avoiding others. We
are interested in a hamiltonian cycle in a graph G that avoids sets of edges.
2.1 F-Avoiding Hamiltonian

Let G be a graph and H be a subgraph of GG. If G contains a hamiltonian
cycle C such that E(C) N E(H) is empty, then we say that C'is an H-avoiding
hamiltonian cycle. Let F' be any graph. If G contains an H-avoiding hamiltonian
cycle for every subgraph H of G such that H = F'| then we say that G is F'-
avoiding hamiltonian. We note here that G is F-avoiding hamiltonian if and
only if G — F(H) is hamiltonian for every subgraph H of G such that H & F.
We wish to determine conditions on GG and F' that assure that G is F-avoiding
hamiltonian.

The closure of a graph G of order n, denoted ¢l(G), is obtained by recursively
joining nonadjacent vertices u and v whenever d(u) + d(v) > n until no such
pair of vertices exists. The following theorem from [7] will be used several times

in this section.

Theorem 2.1 A graph G is hamiltonian if and only if cl(G) is hamiltonian.

We first give two Ore-type conditions that assure G is F-avoiding hamiltonian.

10



Theorem 2.2 Let G be a graph of order n > 3 and let F' be a graph of order
t < % and mazimum degree at most k. If 02(G) > n + k then G is F-avoiding

hamiltonian. This result is sharp for all choices of F'.

Proof: Let H be any subgraph of G that is isomorphic to F' and let
G' = G — E(H). It suffices to show that G’ is hamiltonian. We will, in fact,
show that cl(G’) is hamiltonian implying the result by Theorem 2.1. Let v be
any vertex in G’ that is not a vertex of H and let w be any vertex in G’ that is

not adjacent to v. Then dg/(w) > dg(w) — k and dg(v) = dg(v), so that
de/(v) + der(w) > dg(v) + dg(w) —k > (n+ k) — k =n.

This implies that v and w are adjacent in c/(G’) and, in fact, dec(v) =n — 1.
Since ¢ < 7, this implies that at least 5 vertices have degree n—1 in the closure,
and hence all vertices of ¢l(G’) have degree n — 1. Consequently, cl(G') = K,
which is hamiltonian implying by Theorem 2.1, that G’ is hamiltonian as well.
The result follows.

Let H be any graph with A(H) < k and let = be a vertex of maximum degree
in H. To see that the theorem is sharp, consider a the graph G on n vertices
constructed from K, ; and an additional vertex v of degree A(H) + 1, shown
on the left of Figure 2.1. This graph has 0o < n+ k — 1 since A(H) < k and
contains numerous copies of H with v playing the role of . Removing the edges
of any of these copies from G leaves a graph that is clearly not hamiltonian, as
the degree of v would be one, as is shown on the right in Figure 2.1. [ ]

In Theorem 2.2, note that in order to assure the existence of a hamiltonian

cycle that avoids any nonempty collection of edges in G, we must exceed the

11



Figure 2.1: A graph G with 03(G) < n + k — 1 that is not H-avoiding
hamiltonian.

Ore condition. Perhaps unexpectedly, this is not so when we consider the Dirac

condition.

Theorem 2.3 Let G be a graph of order n > 3 with §(G) > 5. If E' is any

subset of E(G) such that |E'| < 2% then there is a hamiltonian cycle in G

containing no edge from E'. This result is sharp.

Proof: It suffices to prove the theorem when |E'| = 2% Let H be the

subgraph of G induced by E’. Note that H has at most "T’ﬁ vertices. For
convenience let G’ be G — E’. We proceed by considering c/(G”). Each vertex in
G —V (H) still has degree at least § in G, and as such the graph on V/(G) -V (H)

is complete in cl(G’). Let v € V(H) be a vertex of degree A(H). Then

n—=~6

[V(H) <A(H)+1+2(|F'| —A(H)) < — A(H) +1,

as |V(H)| would be maximized in the case where those edges not adjacent to
v form a matching in H. This implies that |V(G) — V(H)| = n — |V(H)| >
248 + A(H)—1. Thus, since G — V(H) induces a clique in ¢/(G’) each vertex in
G—V(H) has degree at least 22+ A(H)—2. We now also note that each vertex
in V(H) has degree at least § — A(H) in G'. Let x and w be arbitrary vertices

in G’ chosen from V(H) and G — V(H) respectively. After closing G — V(H),

12



we have that

d(z) + d(w) > (g—A(H))+ (n;6+A(H)—2) —n+1>n

This implies that for any choice of x and w, zw is in cl(G’). Consequently,
cl(G') contains the join of K|g_v(rr) and Ky (g, which is hamiltonian since |G—
V(H)| > |V(H)|. Thus, as cl(G’) is hamiltonian, G is H-avoiding hamiltonian,
and the result follows.

To see that the theorem is sharp, let & > 2 be a positive integer, and let
n = 4k + 2. We construct a graph H of order n by starting with the complete
bipartite graph Kz_; 24y and adding the matching ey, ..., e, to the partite
set of size § +1. Removing any k = ”T’Z of the edges e; yields a non-hamiltonian
graph. Thus, if G is E’-avoiding hamiltonian, |E’| < ”T*Q —1= ”776. ]

We now turn our attention to the problem of finding F-avoiding hamiltonian
cycles in a graph G when the order of F' is closer to the order of G. The next
result can be obtained using techniques like those in the proof of Theorem 2.2,

and is also a corollary of the theorem that follows, so here we provide only the

sharpness example.

Theorem 2.4 Let G be a graph of order n > 3 and let F' be a graph with
mazximum degree k. If 0o(G) > n + 2k then G is F-avoiding hamiltonian. This

result is sharp for all values of k.

To see that the theorem is sharp for every value of k, let n > 2k + 1 be
an odd integer and let B be any k-regular bipartite graph with partite sets of
n—1

size “7=. In each partite set of B add an edge between every pair of vertices

so that each partite set is a copy of K not, forming a (no longer biparite) graph

13



B’. We then create the graph G by taking the join of B’ and K; and we note

that 09(G) = n + 2k — 1. If we remove the edges of the bipartite graph B,

n+1

we are left with two cliques of order 3

intersecting in a vertex, which is not
hamiltonian. This implies that G is not B-avoiding hamiltonian, establishing
the desired sharpness.

If we relax the degree condition in Theorem 2.4 slightly, it becomes possible

that G— FE(H) is no longer hamiltonian. We can show however, that if G— E(H)

is not hamiltonian then it must fall into one of two exceptional classes.

Theorem 2.5 Let k > 0 be an integer and let G be a graph on n > 2k + 3
vertices with 09(G) > n+2k — 1. If F is a graph with mazimum degree at most

k, then G is F'-avoiding hamiltonian, or there is some subgraph H of G such that

H = F and either G — E(H) is a butterfly, or Kooy nin ©GC Koo + Ko

Before we begin we will give some useful notation and lemmas. Define G’ to
be the graph G — E(H) and observe that o5(G) > n + 2k — 1 implies that the
minimum degree of GG is at least 2k + 1 and hence that the minimum degree of
G’ is at least k+1. Moreover, for any vertices z,y € V(G) such that xy is not
an edge in G, dg/(x) + de(y) > n — 1.

The following two lemmas will be used to prove Theorem 2.5.

Lemma 2.6 Let G be a graph on n > 2k + 3 vertices with oo(G) > n+ 2k — 1.
Then for any subgraph H C G with A(H) < k, either G’ is a butterfly or G' is

2-connected.

Proof: Let H be a subgraph of G with A(H) < k. We will show by way

of contradiction that G’ is a butterfly or is 2-connected.

14



Suppose that G’ contains a vertex v such that G’ — v is disconnected, and
let S; and S; be two components of G' — v with |V (S;)| = s; and |V (S;)| = s;.
Since the minimum degree of G’ is at least k£ + 1, the minimum degree of G' — v
is at least k. Hence each component of G’ — v has at least k£ + 1 vertices. Let
x be a vertex in S;. Then for all j # i, there exists y € S; such that zy is
not an edge in G, and therefore dg/(x) + dg/(y) > n — 1. (Note that this is
true for every vertex of G' —v.) We also have that de/ () < s; and der (y) < s;.
Combining the inequalities we get n—1 < de () +de (y) < s;+5; < n—1, which
implies that s; +s; = n —1 (and also that G’ — v has exactly two components),
der(z) = 8; der(y) = s; and both x and y are adjacent v. This is true for all

z e V(S;), y e V(S;), so G'is a butterfly. u

Lemma 2.7 Let G be a graph on n > 2k + 3 vertices with 0o(G) > n+ 2k — 1
and let H be any subgraph of G with A(H) < k. Let C' be a longest cycle in G,
with |C| = t. For any component S of G' — C with |[N¢(S)| > 2 we have the

following:

1. For all x € V(S) and for all z;,x; € No(S) iz ¢ E(G') and oz ¢
E(G"). (For allx € V(S) and for all x;,2; € No(S) x;x; ¢ E(G') and
zix ¢ E(G').) Furthermore, |[Nc(S)| < 5.

2. For all z € V(S) and for all x; € Nc(S) such that zx] ¢ E(G), and for
ally ¢ NL(S)UV(S), zfye E(G). (For allz € V(S) and x; € No(S)
such that zx; ¢ E(G), and for ally ¢ N5 (S)UV(S), z;y € E(G').)

Furthermore, x is adjacent to every vertex of V(S) — x.

15



Figure 2.2: Extending a cycle C' to a longer cycle.

Proof: Let G, HandC satisfy the hypothesis. For convenience let
|Nc(S)| = ¢ and note that we are considering N¢(.S) in the graph G'.

To show 1 let z € V(S) and x;, z; € No(S). Then xzz; is not an edge of G’
since x;zz CTx; would be a longer cycle in G’, as is seen on the left in Figure
2.2. Suppose that z;z] is an edge in G’. Then zz;C~z] 27 CTz;z would be a
longer cycle in G', as is seen on the right in Figure 2.2. The argument for x;
and z; is similar.

To show 2let x € V(S) and x; € Ng(S) such that zz; is neither an edge
in G’ nor G. Then we know that dg/(x) + dg/(x]) > n — 1. Since there are no
edges between components of G' — C, dg/(z) < |[V(5)| — 1+ ¢. Recall from
(1) that z; is not adjacent to any vertex of NJ (S) nor V(S), so da(z]) <
t—C0+n—t—|V(S) =n—|V(S)] — ¢. Combining the inequalities yields
n—1<dg(x) +da(x]) < n— 1. Therefore equality must hold, so z must be
adjacent to every vertex in V(S) — z and x] must be adjacent to every vertex
in G' — NZ(S) — V(S). The argument for z; is similar. ]

We are now ready to prove Theorem 2.5.
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Proof: Let G be a graph on n > 2k + 3 vertices with 02(G) > n + 2k — 1
and let H be any subgraph of G with A(H) < k. Let C be a longest cycle in
G’ and let t = |V(C)|. If C is a hamiltonian cycle, we are done. Suppose then
that C' is not a hamiltonian cycle.

We begin by showing that G’ — C is connected. Suppose otherwise and
let Si,..., S, be the components of G’ — C, with |V(S;)| = s; for 1 < i < h.
Without loss of generality we will assume that s; < s;.1 for 1 << h — 1.

Let z € S; and y € S; for some distinct ¢ and j. Then by part (1) of
Lemma 2.7, der(xz) < s; — 1+ £ and der(y) < s; — 1 + £ which implies that
der(z) +der(y) < si+s;+t—2 <n—2and hence dg(z) +dg(y) < n+2k—2.
Consequently, as z and y are nonadjacent in G’, zy must be an edge in H. Since
x and y are arbitrary vertices of any two distinct components, this is true for
every pair of vertices in different components of G' — C. At most k edges of H
were incident with each vertex in each S;, so s; < k for all 1 <7 < h.

Assume without loss of generality that z € S; and consider the neighborhood

ofzonC. InG
do(z) > 2k +1—(s;—1) = ) s; > 2k +2 — hsy,.
i
Since at most k edges of H were incident with each vertex in G, at most (h—1)sy,

edges between S; and S; are in H for all j # 4, so in G’
dc(l') 22k+2—hsh—(k—(h—1)8h) :k+2—8h.

At most k — s, of the non-neighbors of z on C in G’ were neighbors of = on
C in G. Therefore, there exist z;,z; € No(z) such that zz, z27 is neither an

edge in G’ nor G. By part (2) of Lemma 2.7 both z; and z7 are adjacent to
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every vertex of G’ not in NZ (z) UV (S;). Recall that y € S;, where j # 1. Then
the cycle xa:iC_a:jyijJ’xjx is longer than C', which contradicts that C' is a
longest cycle of G'. Therefore, G’ — C' is connected.

Let S be the graph G’ — C and define the neighborhood of S in C to be
N¢(S). Suppose that [Ne(S)| = ¢. Note that if G is not 2-connected, then by
Lemma 2.6 G’ is a butterfly. We will assume that G’ is 2-connected.

Suppose that the order of S is at least k+ 1 and let x; be in N¢(S). Since S
is connected, no vertex in S can be adjacent to 7, but at most k edges incident
with " were in H. Consequently, as there are at least k+ 1 vertices in S, there
exists v € V(9) such that xjv is neither an edge in G’ nor G, which implies
de(x) + der(v) > n — 1. Then by part (2) of Lemma 2.7 we know that for
every x; € No(S), Ner(x]) = V(C)— N/ (S). This means that dg/(z) =t —¢
for all z; € No(S). Since der(v) < [V(S)| —14+¢=n—t—1+{, we also have
that dgr(x]) + de(v) < n — 1, so equality must hold. Consequently v must be
adjacent to every vertex in N¢(S) and V (S) — v.

Suppose there is x; € N¢(S) such that its predecessor x; s not in NG (S);
that is, there are at least two consecutive vertices on the cycle that are not in
the neighbourhood of S. We have shown above that z; z; and ] ,z; € E(G").
Then the cycle vxj,lC’xjxj_C’x;ilxjv has length ¢ + 1, which contradicts
that C is a longest cycle of G'. So for each w;, ()~ is in Ng(S), implying
that |Ne(S)| = 5. Since G’ is 2-connected, there exists u € V(S) with u # v
and z; € N¢(S) such that ux; € E(G’). Then the cycle vz;_1C~x;uv has
length ¢ 4+ 1, which contradicts that C' is a longest cycle of G'. Therefore, we

will assume that S has order at most k. Suppose then that |V (S)| = r, where
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Figure 2.3: Extending a cycle C' to a longer cycle.

2 < r < k. Since the minimum degree of G’ is at least k + 1, every vertex in
S has at least k +1— (r —1) = k —r + 2 > 2 neighbors on C. Let u,v be
in V(S) and z;,z; be in N¢(S5), such that uz;,ve; € E(G'), and let P be any
u — v path in S. For every vertex y € V(C) such that =]y € E(G’) either
afy~ ¢ E(G') or xjy* ¢ E(G'). Indeed, if y were to lie between z;” and z
on C, the cycle uz;C~a]y C~zyC*x;uPu would be longer than C, as can
be seen in the left of Figure 2.3, and if y were to lie between z; and z; on C
the cycle ua;C~y*z; Cyx; C*x;uPu would be longer than C, as can be seen
in the right of Figure 2.3. Thus t < n — 2 implies that de(z]) + der(2]) =
do(zf)+do(z]) < n—2 and therefore that 27 z; € E(G) for all 25, z; € Ne(S).
Since z; 2} is not in E(G") for any ;, z; € No(S), these edges must be in E(H).
But the minimum degree of G’ is at least k + 1, so [N¢(S)| > k — r + 2 implies
that there are at least k —r + 1 such edges for each z;". Then r < k implies that
there is at least one vertex w € V(S) for each x] such that wx; is neither an
edge in G’ nor G. (These w are not necessarily distinct.) By the same argument

used above we see that |N(S)| = £, so we can find a cycle longer than C', which
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is a contradiction.

Hence we may assume that |V(S)| = 1. Let = be the vertex in .S and suppose
that de(x) < 25%. Then there is a vertex @ € NZ (x) such that zz; is neither
an edge in G’ nor G and a vertex x; € Ng () such that xz} is neither an edge
in G’ nor G. Then by part (b) of Lemma 2.7, x; is adjacent to every vertex
in V(C) — N (z) and z is adjacent to every vertex in V(C') — Ng (x) . First
suppose that z;7 = z;,,; that is, 2] is the only vertex between z; and z;4; on
C. Since de/(z) < 251, there exists a vertex z,such that z,, ¢ N/ (z). Then
the cycle xxiC’*xma:fx;ZO*a:in is hamiltonian, which contradicts that C' is a
longest cycle in G'. So z # x7,,. By a similar argument we find that 2 # z_,.

Hence by part (2) of Lemma 2.7 we know that z7z; and 2z are edges in G'.

Then the cycle 22,0~z 2y C~af x;x is a hamiltonian cycle, which contradicts
n—1

that C' is a longest cycle in G'. Therefore we may assume that de/(z) = “5=.

Observe that NJ (z) Uz is an independent set of order ”TH Since n > 2k + 3,
2l >k + 2, so for every vertex y € NZ(x) U there is a vertex z € NZ ()
such that yz is neither an edge in G’ nor G. Then every vertex in N/, (z) Uz is
adjacent to exactly N¢(z). It follows that KnT-Q-l’nT—l C @G C KnT_1 + @ []

The conclusion that there is a subgraph H = F' such that G — E(H) either

falls into the class of butterflies or is a supergraph of K noi nt1 is only feasible

for certain choices of F'. The following two corollaries reflect this.

Corollary 2.8 Let k > 0 be an integer and let G be a graph on n > 2k + 3
vertices with 09(G) > n+ 2k — 1. If F is a graph of order n with minimum
degree at least 1 and mazximum degree at most k, then either G is F'-avoiding

hamiltonian or there is some subgraph H of G such that H = F and KnT—l7nT+l C
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G- EH)C Kui + Kui:.

2 2

Corollary 2.9 Let k > 0 be an integer and let G be a graph on n > 2k + 3
vertices with 09(G) > n+2k—1. If F' is a connected graph with mazimum degree
at most k and order at least § + 1, then either G is F'-avoiding hamiltonian or

F is bipartite, has order at most n — 1, and there is some subgraph H of G such

that H = F and G — E(H) is a butterfly.

The problem of determining when a graph contains k edge-disjoint hamil-
tonian cycles has long been of interest. In [11], it was shown that a graph G
of sufficiently large order n with o3(G) > n + 2k — 2 contains k edge-disjoint
hamiltonian cycles. The problem of finding disjoint hamiltonian cycles in bi-
partite graphs has also been examined [12]. Other results focus on finding &
edge-disjoint hamiltonian cycles in graphs that satisfy the Ore condition. In
[10], it is shown that if G is a graph of sufficiently large order n with o2(G) > n
and 0(G) > 4k — 2 then G contains k edge-disjoint hamiltonian cycles.

In light of these results, we present the following variation. Let H be a
family of k& > 1 edge-disjoint hamiltonian cycles in a graph G. If G — E(H)
is hamiltonian, then G — F(H) contains a hamiltonian cycle C' which, together
with H, would comprise a family of k 4+ 1 edge-disjoint hamiltonian cycles in G.
In fact, if G is F-avoiding hamiltonian for graph F' isomorphic to & edge-disjoint
hamiltonian cycles, then we are not only finding disjoint families of hamiltonian
cycles, but in fact we are able to extend any family of k edge-disjoint hamiltonian
cycles to a family of k+ 1 edge-disjoint hamiltonian cycles. Taking into account

Corollaries 2.8 and 2.9, the following is an immediate consequence of Theorem
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2.5.

Corollary 2.10 Let k > 0 be an integer and let G be a graph on n > 4k + 3
vertices with oo(G) > n + 4k — 1 and let H be any collection of k edge-disjoint
hamiltonian cycles in G. Then H can be extended to a family of k + 1 edge-

disjoint hamiltonian cycles. This result s sharp.

Corollary 2.10 complements the results mentioned above pertaining to the
existence of k edge-disjoint hamiltonian cycles. To see that Corollary 2.10 is
sharp, consider a graph G of even order n > 4k + 4 which is comprised of two
disjoint cliques of order 7, denoted G and G, and a family H of k edge-disjoint
hamiltonian cycles with the property that H is bipartite with partite sets V(G)
and V(Gy). Then 03(G) = n + 4k — 2, but G — E(H) is isomorphic to 2Kn
which is not hamiltonian.

Since a hamiltonian cycle of even order can be viewed as the union of two
disjoint perfect matchings, we also obtain the following result pertaining to

extending families of perfect matchings.

Corollary 2.11 Let k > 0 be an integer and let G be a graph of even order
n > 2k + 3 with 03(G) > n+ 2k — 1 and let H be any collection of k edge-
disjoint perfect matchings in G. Then H can be extended to a family of k + 2

edge-disjoint perfect matchings in G. This result is sharp.

To see that Corollary 2.11 is sharp, let ¢t be an odd integer such that 2¢ >
2k — 1. Consider a graph G of order 2¢ which is comprised of two disjoint
cliques of order ¢, denoted GGy and G, and a family H of k£ edge-disjoint perfect

matchings with the property that H is bipartite with partite sets V(G;) and
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V(Gs). Then 03(G) = n+ 2k — 2, but G — E(H) is isomorphic to 2K, which
does not contain a perfect matching as ¢ is odd.

As mentioned above, certain supergraphs of K noi ni1 and the class of but-
terflies serve to establish the sharpness of Ore’s Theorem. That is, they are
examples of nonhamiltonian graphs of with 0o =n — 1. If we let £ = 0 in The-
orem 2.5 we can see that these are in fact the only such graphs. As mentioned

above, this fact was also noted in [1], [14] and [18].

Corollary 2.12 Let G be a nonhamiltonian graph of order n with o5(n) = n—1.

Then either G is a butterfly or Kanl7nTJr1 CGEC Kan + KnTJrl.

A graph G is traceable if it contains a spanning path, that is, a path
containing every vertex of G. Such a path is known as a hamiltonian path.
We say that G is F-avoiding traceable if for any subgraph H of GG such that
H = F, G— FE(H) has a hamiltonian path. The following is an immediate corol-

lary of Theorem 2.5, as hamiltonian graph, butterflies and graphs G satisfying

2 7 2

Ko CGC KnT—l + KnT-H are traceable.

Corollary 2.13 Let k > 0 be an integer and let G be a graph on n > 2k + 3
vertices with 09(G) > n+2k — 1. If F' is a graph with mazimum degree at most

k, then G is F'-avoiding traceable.

2.2 F-avoiding Pancyclicity
A graph G is pancyclic if G contains a cycle of each length from 3 up to
|V (G)|. The study of pancyclic graphs is a natural extension of the hamiltonian

problem. Having developed necessary conditions for a graph G to be F-avoiding
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hamiltonian, we turn our attention to the analogous notion for pancyclic graphs.
Let F' and G be graphs. If G — E(H) is pancyclic for every subgraph H of G
such that H = F, then we say that G is F'-avoiding pancyclic. In this section
we will present several conditions on G and F' which assure that G is F-avoiding
pancyclic. In addition to Theorem 2.5, the following two theorems from [13] will

be useful.

Theorem 2.14 Let G be a graph of order n with V(G) = {vo,...,v,—1} and
hamiltonian cycle vy, ..., vn_1,v9. If d(vo) + d(v,—1) > n then G is either pan-

cyclic, bipartite or missing only an (n — 1)-cycle.

Theorem 2.15 Let G be a graph of order n with V(G) = {vg,...,vp_1} and

hamiltonian cycle vo, ..., v,—1,v9. If d(vo)+d(v,—1) > n+1 then G is pancyclic.

We begin with an ore-type condition for H-avoiding pancyclicity that leaves

us with no exception graphs.

Theorem 2.16 Let G be a graph of order n and let F' be a graph with maximum
degree k. If 05(G) > n+ 2k + 1 then G is F-avoiding pancyclic. This result is

sharp for all values of k.

Proof: By Theorem 2.4 we know that G’ = G — E(F’) is hamiltonian.
Let = be a vertex of G with d(z) = 0(G). Then there is a vertex y of G
with d(y) > n+ 2k + 1 — §(G). Let C be a hamiltonian cycle in G’. Then
da(y) +de(y"™) >n+k+1—-0(G)+6(G) —k =n—+1, so G’ is pancyclic by

Theorem 2.15.
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To see that this result is best possible, let n > 2k + 2 be an even integer and

let H be any k-regular graph on § vertices. We create the graph G by taking
the join of two copies of H. Then 05(G) = n + 2k and the removal of the edges
of each copy of H leaves us with K'» », which is not pancyclic since it contains

no odd cycles. [

The following is a well-known result of Bondy [6].

Theorem 2.17 Let G be a graph of order n > 3. If 02(G) > n then either G

is pancyclic or G is isomorphic to Ky n.

If we relax the conditions on o9(G) given in Theorem 2.16 slightly we obtain

a similar result.

Theorem 2.18 Let k > 0 be an integer and let G be a graph on n > 6k + 4
vertices with o9(G) > n + 2k. If F is a graph with maximum degree at most

k, then G is F-avoiding pancyclic or there is some subgraph H of G such that
H=F and G — E(H) is Kn n. This result is sharp for all values of k.

Proof: For simplicity we let G’ = G — E(H). By Theorem 2.4 we know
that G’ contains a hamiltonian cycle C. If 05(G’) > n the result follows by
Theorem 2.17. Suppose that 05(G’) < n and that G’ is not pancyclic. Let v be
a vertex with degree 6(G') < 5. Then, as 02(G) > n + 2k and dg(v) < k there

are at least ”T_l — k vertices of degree at least n—40(G’) > ”T“ Since n > 6k+4,

n—1 _

5 k > %, and we can find two vertices x and y on C such that both x and

y have degree at least 2+ and 1 < d¢(z,y) < 2.
If do(z,y) = 1 then G’ is pancyclic by Theorem 2.15. Therefore we may

assume that do(z,y) = 2.
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We assume without loss of generality that z = y™* on C and for convenience
let C' = vy, v1,...,0,_1,v9 With x = vy and y = v,,_». By Theorem 2.14, since
de(z)+de (vp-1) > (n—030(G"))+(G") = n, we need only show that G’ contains
an (n —1)-cycle. In G” = G' —v,_1, consider the hamiltonian path vy, ..., v, 2.
We have dgr(vg) + dgr(v,—2) > n+1—2=mn—1, hence G” is hamiltonian and
therefore GG contains an n — 1-cycle. The result follows.

To see that the result is sharp, let n = 3(mod 4) and let H be any k-
regular graph on ”T“ vertices. If we let G denote the join of H and @ then

09(G) =n+2k —1 but G — E(H) is isomorphic to Kot nsr. u
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3. Cycles in Hamiltonian Graphs

In this chapter we will investigate the existence of cycles of various lengths
in hamiltonian graphs. In the same paper in which Bondy proved Theorem 2.17
he stated the following “metaconjecture”:
Conjecture 3.1 (Bondy’s Metaconjecture) Almost any nontrivial condi-
tion on a graph which implies that the graph is hamiltonian also implies that

the graph is pancyclic. There may be a simple family of exceptional graphs.

In light of Conjecture 3.1, it has been of interest to examine the relation-
ship between hamiltonicity and pancyclicity in graphs. Schmeichel and Mitchem
suggested that degree bounds in theorems guaranteeing pancyclicity could be
reduced if hamiltonicity were assumed. Ore’s Theorem and Theorem 2.17 both
consider graphs where o9 is high enough to assure a considerable amount of
global density. We wish to relax the Ore condition and examine the cycle struc-
ture of hamiltonian graphs that may be globally sparse yet have a small number
of vertices with higher degree. Schmeichel and Mitchem proved Theorems 2.14
and 2.15, in which edge density is greatly reduced. These theorems serve to
motivate our investigation, as they require only a single pair of vertices having
high degree sum. However this pair of vertices must be consecutive on some
hamiltonian cycle in G. Our goal is to extend Theorems 2.14 and 2.15 by exam-
ining hamiltonian graphs containing a pair of vertices that have a high degree

sum but may lie far apart on every hamiltonian cycle.

3.1 Absolute Bounds
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We begin by determining the degree sum of two vertices on a hamiltonian cy-
cle, regardless of their placement, required to assure that the graph is pancyclic.
We start with the following two useful lemmas.

Lemma 3.2 Let G be a hamiltonian graph of order n > 5 with hamiltonian

cycle C. If there exists a vertex x in V(G) of degree n — 2, then G is pancyclic.

Proof: Let C = zvy...v,_12 and let v;, for some 2 < 7 < n — 2, be the
vertex nonadjacent to x. If zv, is an edge of GG, then the cycle C' = xv,C~x is
a cycle of length ¢ 4+ 1 in GG, so our assumption implies that GG contains cycles
of all lengths except possibly a cycle of length (i + 1). However, since n > 5,
there exist vertices v; and v,4;—; in G that are both adjacent to x, and hence

2v;CT v is an (i + 1)-cycle. Consequently, G is pancyclic. |

Lemma 3.3 Let G be a hamiltonian graph of order n > 7 with hamiltonian
cycle C. If there exists a vertex x in V(G) of degree n — 3, then either G is

pancyclic or G contains a cycle of each length except (n — 1).

Proof: Let C = av...v,12 and let v;,v;, 2 <7 < j < n— 2, be the
vertices of G that are not adjacent to z. As above, we may conclude that G
contains cycles of all lengths except possibly cycles of length (i +1) and (j + 1).
If i =2 and j = n — 2 then G contains cycles of each length except possibly
n — 1. For all other 7,7, since n > 7, there exist distinct vertices x;, and z
such that zy, Tgii—1, e, Teyj—1 are all adjacent to x. Then zx,Ctargp; gz is
an (i + 1)-cycle in G and zx,Ctayi 12 is a (j + 1)-cycle in G, implying that G

is pancyclic. [
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When considering a hamiltonian graph with two vertices of high degree sum,
placing no restrictions on their proximity on a hamiltonian cycle, the sum that

guarantees the graph is pancyclic turns out to be quite large.

Theorem 3.4 Let G be a hamiltonian graph of order n > 9. If there exist
z,y € V(Q) such that d(z) + d(y) > 2n — 7, then G is pancyclic. This result is

sharp.

Proof: Assume that G is not pancyclic, and let C' = vgvy . .. v,_1v9, where
r = vp, be a hamiltonian cycle in G. Since d(z) + d(y) > 2n — 7, we may
assume without loss of generality that d(z) is at least n — 3. Lemmas 3.2 and
3.3 therefore imply that = has degree exactly n — 3 and furthermore, since by
assumption G is not pancyclic, that G contains cycles of each length except
n — 1. As such, we can see that v, and v,_, must be the vertices of G that
are not adjacent to x. We now consider the vertex y, which has degree at least
n —4.

It is useful to note that if y was either v,_; or vy, this would place z and
y consecutive on a hamiltonian cycle, implying that G would be pancyclic by
Theorem 2.15. Thus, we assume y is neither v,,_; nor v;. We also note that y
has at most three nonadjacencies, and two of these must be y~~ and y™ since
G does not contain a cycle of length n — 1.

Suppose then that y = v9,v3 or v4. Then either yv,_;1 or yv,_o is an edge
of G. If yv,_1 is an edge of G, then yv, 1C~y*TTzCTy is an (n — 1)-cycle in
G, and if yv, o is an edge of G, then yv, ,C~yTxCTy is an (n — 1)-cycle in G.

Similarly, if y = v,,_4, v,_3 or v,_o then either yv; or yv, is an edge of G. If yv,
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is an edge of G, then yv;Cty " 2C "y is an (n — 1)-cycle in G and if yv, is an
edge of G, then yv,C Ty xC~y is an (n — 1)-cycle in G.
If y # vo, v3, vy, Uyy_4, U3, Vo, then at least one of yv,,_; and yv; is an edge

of G, impling that one of the following is an (n — 1)-cycle in G:
yCray  Cuy,

or
yC~ay ™ C v, 1y.
Having exhausted all cases, we may conclude that G is pancyclic.

To see that this result is sharp, consider the graphs GGy and G5 constructed
as follows:

Let V(Gy) = {wvo,...vs—1} and construct the hamiltonian cycle C' =
VoUy ... Np_1v9 in Gyp. Selecting x = vy and y = v,_3 we let xv; be an edge
for each i # 0,2,n—5,n—2 and yv; be an edge for each j # 2,n—5,n—3,n—1.
Then d(z) + d(y) = 2n — 8, but G contains no (n — 1)-cycle. See Figure 3.1.

Let V(Gs) = {vo,...v,—1} and construct the hamiltonian cycle C' =
VoU1 ... Nyp_1v9 in G1. Selecting x = vy and y = v,_4 we let xv; be an edge
for each i # 0,2,n—6,n—2 and yv; be an edge for each j # 2,n—6,n—4,n—2.
Then d(z) + d(y) = 2n — 8, but G contains no (n — 1)-cycle. See Figure 3.2 m

In both (G; and G, the distance between x and y on the hamiltonian cycle

C' is at most four. If we require that this distance be at least five, the necessary

degree sum for pancyclicity can be reduced slightly.

Theorem 3.5 Let G be a graph of order n > 9 with hamiltonian cycle C'. If

there exist x,y € V(G) such that distc(z,y) > 5 and d(z) +d(y) > 2n—9, then
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Figure 3.1: d(x) + d(y) = 2n — 8, but G contains no (n — 1)-cycle

Figure 3.2: d(z) + d(y) = 2n — 8, but G contains no (n — 1)-cycle
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G 1s pancyclic. This result is best possible.

Proof: Assume that G is not pancyclic, and let C' = zv; ...v,_jz. Since
d(z) + d(y) > 2n — 9, we may assume without loss of generality that = has
degree at least n —4. By Lemmas 3.2 and 3.3 and the assumption that GG is not
pancyclic, we may assume that x has degree at most n — 3.

Suppose that the degree of z is exactly n — 3 and therefore, by Lemma 3.3,
G contains cycles of each length except n — 1. Then we can see that vy and v,,_»
are the vertices of G that are not adjacent to z. We now consider the vertex y,
which has degree at least n — 6.

Since distc(x,y) > 5 we know that y ¢ {v,,_4, Vn—3, Vn_2, Un_1, Vo, V1, Vo, U3, Vg }.
If at least one of yy~~ or yy™™ is an edge of G, then G contains an (n — 1)-
cycle and is pancyclic, so we assume that neither =~ nor y** are adjacent to
y. If yu; € E(G) or yv,_1 € E(G), then xy~C~vyCrz or xCryv, 1Cy*x
is an (n — 1)-cycle, so we may also assume that yvy, yv,—1 ¢ E(G). Since y can
have at most five nonadjacencies, one of yv,,_, and yvs is an edge of GG, and G
contains the (n — 1)-cycle xy™Ctv, oyC~x or xC~ yv,CTy . Thus, if x has
degree exactly n — 3, GG is pancyclic.

Suppose, then, that x has degree n —4 and let v;, v; and v, be the nonneigh-
bors of x in G. We know that for k # i, j, £ G contains the k + 1 cycle xCtv,.
Ifi#n—jn—4L j#n—"{ andi,j¢#%, then the cycle C' = zv,_,,Cx is a
cycle of length m + 1, where m =1, j, ¢, and G is pancyclic.

Without loss of generality, suppose then that i = 5. If j,£ # 2, ”TJ’Q, the
cycle zv;11C vox has length i + 1. If jor { =2 orif j or { = ”T”, then GG

contains either the (i 4+ 1)-cycle zv;_1Ctv,_sx or zv;_2CT v, sx. Now we must
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find the cycles of lengths j+1 and ¢+ 1. If j # n—¢, G contains the (j+1)- and
(£ + 1)-cycles C" = zv,_,,,C*x as above, where m = j,£. If j =n — { # 2, then
XV 1C ™ Vo OF 2Vy_m_1CTv,_sx is a cycle of length m + 1, where m = j, . If
j=n—1{=2,we will find an (n — 1)-cycle by using the vertex y. As above, we
know that y & {v,_4,Vn_3, Un_2, Uy_1, Vo, V1, V2, U3, V4 }, and that yy~, yy™ T, yoy,
and yv,_; are not edges of G. Now, y can have at most four nonadjacencies, so
G contains the (n — 1)-cycle zy™C* v, _oyC~x.

Thus, we may assume without loss of generality that i = n — j (and hence
i,j #n—"{). Observe that if £ # % the (£+1)-cycle C" = 2v,_,C*x is contained
in G . If { =% an (£ + 1)-cycle can be found in G as described above. We
proceed by considering three cases.

Case 1: Assume ¢ # 2, ”T_l If ¢ #21+1,7+1, then zv; 1C vox is an
(¢ + 1)-cycle and zv;1C vox is a (j + 1)-cycle. If £ = 2,0+ 1, or j + 1, then
2v;49C v is an (i + 1)-cycle and xv;15C vz is a (j + 1)-cycle.

Case 2: Assume i = 2% and j = 25 If £ # 2,3, j+ 1, then v, 2C sz is
a cycle of length ¢ + 1 and zv,;11C vz is a cycle of length 7 + 1. If { = 2,3, or
J+ 1, then zv,_1C%v,_3x is a cycle of length i + 1 and zv;_sCT v, sz is a cycle
of length j + 1.

Case 3: Assume ¢ = 2 and j = n — 2. As noted above, if at least one
of yy=~ or yy™T is an edge of G, then G contains an (n — 1)-cycle, so we will
assume that these edges are not in G.

If ¢ =y, then if yvy, or yv, o € E(G), the (n—1)-cycle zy~~C~vyC*z or
rCTyv,_oC~yTx is contained in G. If yvy, yv,_o ¢ E(G), then yv,_, € E(G),

and G contains the (n — 1)-cycle xCTyv, 1C~yTtz. If £ = yT, the argument is
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Figure 3.3: d(z)+d(y) = 2n— 10, but the pictured graph contains no (n —1)-
cycle

similar, so we assume that ¢ # y—,y*.

If yv; € E(G) or yv,_1 € E(G), then xy~C~vyCTx or xCtyv, 1yTtz is
an (n — 1)-cycle, so we may also assume that yvy,yv,—1 ¢ E(G). Since y can
have at most four nonadjacencies, yvy must be an edge of G, and GG contains the
(n — 1)-cycle xC~yveCty~x. Thus, if z has exactly three nonadjacencies, G is
pancyclic. Having exhausted all cases, we may conclude that G is pancyclic.

To see that this result is sharp, consider the graph G* defined as follows:

Let V(G*) = {wvo,...v,—1} and construct the hamiltonian cycle C' =
VoUy - .. Nyp_1v9 in G*. Selecting x = vy and y = v,_p_1 for some k satisfying
4<k< ”T_Q, we let xv; be an edge for each i #£ 0,2, n—k—-3,n—k+1,n—2
and yv; be an edge for each j #2,n —k—-3,n—k—1,n—k+1,n—2. Then

d(z) +d(y) = 2n — 10, but G* contains no (n — 1)-cycle. See Figure 3.3. n

3.2 Distance-dependent Bounds

Theorems 3.4 and 3.5 provide sharp results, and are important for com-
pleteness. The fact that the required degree sum is so large, while in some ways
surprising, also makes them somewhat unsatisfying. We return to the notion in-

troduced in [13] and examine the cycle structure of G when x and y are allowed
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to lie farther apart on a hamiltonian cycle. We begin by considering the case
where the distance between x and y is two.

Theorem 3.6 Let G be a graph of order n with hamiltonian cycle C. If there
exist x,y € V(G) such that distc(z,y) = 2 and d(z) + d(y) > n+ 1, then G is

pancyclic.

Proof: Let C = vyvy...v,_1v9, where x = vy and y = v,,_o. We separate
the proof into two cases based on whether zy is an edge of G.

Suppose that zy is an edge of G and consider the graph G’ = G — v,_;.
This graph contains a hamiltonian cycle C' = z,v1,...,v,_3,y, 2 and dg () +
de(y) > n—1. Consequently, by Theorem 2.14 G is either pancyclic, bipartite,
or missing only an (n — 2)-cycle. If G’ is pancyclic, then G is also pancyclic and
we are done.

Suppose then that G’ is bipartite, and note that that x and y must lie in

opposite partite sets of G'. Since G’ is hamiltonian, each partite set of G' must

n—

21. Furthermore, if we let U and W denote these partite sets and

have order
assume, without loss of generality, that x € U and y € W then the fact that
de(z) + der(y) = n — 1 implies that x is adjacent to each vertex in W and y is
adjacent to each vertex in U. Since x and y are consecutive on the hamiltonian
cycle €', we see that for each 2 < t < ”T’l there is a cycle of length 2t in G’
(and hence G) that contains the edge xy. To obtain cycles of odd length in G
we simply replace zy with the path xv,_1y to obtain a cycle of length 2¢ + 1 for
each t. These cycles, along with C' and the triangle xv,_yz, imply that G is

pancyclic.
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Now suppose that both G’ and G do not contain an (n — 2)-cycle. We
then consider the following pairs of possible edges in G': (vovy, Vp_oVUn_4),
(Vov2, Vp—2Vp—3) and (vov;, Up_2v;—2), where 3 < ¢ < n — 3. For convenience,
we will refer to this collection of pairs as Ayg. We claim that if both elements
of any of the pairs in Ay are in F(G’), then G’ would contain a cycle of length
n— 2.

Indeed, were both elements of either (vovy,vn_ovn_4) or (Vovs, Vp_2Uy_3)
edges in G', it is not difficult to see that G’ must contain a cycle of length
n — 2. If both elements of (vgv;, v, _2v;_2), where 3 < i < n — 3, were edges in
G, then vyv;C v, _9v; oC vy is an (n — 2)-cycle in G'.

Consequently at most one element of each pair in Ag is an edge of G, and
hence of G. Since there are n — 3 pairs and vyv,_s, Vov,—1 and v,,_ov,,_1 are all
edges of G, dg(z) + dg(y) < n —3+4 =n+ 1. Therefore equality must hold
and exactly one element from each pair in Ag must be an edge of G.

Similarly, examine the pairs (vov1, Un—2Un—5), (VoV2, Vp—2Un—4), (VoUs3, Vp_2Vpn_3)
and (vov;, Vn_2v;_2), where 4 < i < n — 3. For convenience, we will refer to this
collection of pairs as A;. As is the case with Ay, at most one element from each
pair in A; is an edge of G’. Using an argument similar to that given above, this
implies that exactly one element from each pair in A; must be an edge of G.

By assumption, v, _sv,_3 is an edge of G and therefore, as (v, _ov,_3, Vov3)
is in A1, vovs cannot be an edge of G. As (vyvs, v,_ov1) is in Ay, v,_ov; must be
an edge of G. However, it then follows that vivsy ... v, 9v; is an (n — 2)-cycle in

G, contradicting our supposition. Thus if zy is an edge of G, G is pancyclic.
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Suppose that xy is not an edge of G. Note first that since dg(x) + da(y) >
n+ 1, one of z or y must have degree at least ”TH , and hence must be adjacent
to two consecutive vertices on C'. This implies that G contains a triangle.

Assume then that G does not contain a cycle of some fixed length ¢ > 4.
Then at most one element of each the pairs (vov;, Vp—_2vs—41;), where 1 < i <
n — {4+ 1, and each of the pairs (vov,_gyj, Vn—2v;), where 1 < 7 < ¢ — 3, is an
edge of G. Indeed, were it the case that for some i, both vgv; and v, _sv;1¢ 4
were edges in G, then vyv;C v 40, _oCTvy would be a cycle of length £ in G.
We handle the situation where both vyv,_¢4; and v,_ov; are edges in G in a
similar manner.

Since there are n — 2 of these pairs and both vgv,_1 and v,_sv,_; are edges
of G, d(z) + d(y) < n—2+ 2 = n, which contradicts the hypothesis that
d(z) +d(y) > n+ 1. Hence, if zy is not an edge of G, G is pancyclic. n

The following corollary is an immediate consequence of Theorem 2.15 and
Theorem 3.6, since the conditions imply that there must be two vertices of degree

sum at least n + 1 at distance one or two apart on a hamiltonian cycle of G.

Corollary 3.7 If G is hamiltonian with more than 5 wvertices of degree al least

”T“, then G 1s pancyclic.

As the vertices z and y are moved farther apart on the hamiltonian cycle,
it becomes possible for cycle lengths to be missing from the graph. Those cycle
lengths that may be missing from G are determined both by the degree sum of

x and y along with the distance between x and y on the hamiltonian cycle.

Theorem 3.8 Let G be a graph of order n with hamiltonian cycle C' and let
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k be an integer satisfying 1 < k < an If there exist x,y € V(G) such that
distc(x,y) = k+1 and d(x)+d(y) > n+k, then G contains cycles of all lengths

l, where 3 < ¢ <n — k. This result is sharp.

Proof: Let C = vyvy...v,_1v9, where x = vy and y = v,,_p_1. If there
is a vertex z in the path P = v, ;v, g4+1...0,-1 that is adjacent to both x
and y, then the cycle C" = xCtyzx is a hamiltonian cycle of the graph G’
induced by V(G) — V(P) + z, which has order n — k+ 1. In G', distcr(x,y) = 2
and dg(z) + der(y) > n+k—2(k—1) = (n —k+ 1) + 1, so by Theorem
3.6 G’ is pancyclic. Consequently, G contains cycles of all lengths ¢, where
3</l<n-k+1.

Suppose that there is no vertex z € V(P) that is adjacent to both x and
y. Since d(z) + d(y) > n + k, = and y have at least k£ common neighbors, all
of which must be in V(G) — {V(P),z,y}. We separate the proof into two cases
based on whether or not xy is an edge of GG. For both cases we will consider the
graph G” induced by V(G) — V(P).

Suppose that zy is an edge of G. The cycle C” = xC*yx is a hamiltonian
cycle of G" with dev(z,y) = 1 and dgv(x) + dgr(y) > n+ k — k = n. Since
[V(G")| =n—kand k > 1, G” is pancyclic by Theorem 2.15 and so G contains
cycles of all lengths ¢, where 3 < /¢ <n — k.

Now suppose that xy is not an edge of G. An observation similar to that
made in the proof of Theorem 3.6 yields that G contains a cycle of length 3.
As such, we will suppose that G contains no cycle of length ¢, for some fixed /¢
between 4 and n — k. Recall that z and y are nonadjacent, share no neighbors in

P and have a degree sum of at least n + k in GG. As a result, these two vertices
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have at least k + 2 common neighbors in G” and dg(x) + dgr(y) > n.

We consider pairs of possible edges in G, as above. If 4 </ < k + 2, let Ay
denote the collection of pairs (vovs, Vp_k—1Veti—a), Where 1 < i <n—k —{+ 2,
and let A; denote the pairs (Vov(n—k—1)—(t—2)45, Un—k—1V1+;), Where 1 < j < £ —4.
The reader should note that v,_,_1v,_3 appears in pairs from both A; and A,,
while v,,_j_1v1 appears in neither. Additionally, it is useful to note that each
vov;, for 2 <4 < n—k—2 appears exactly once in AgUA; as does each v,,_j_1v;,
save the ones already mentioned, for 2 < j <n —k — 2.

We claim that if more than one element from any of these pairs is an
edge in G, then G would contain a cycle of length ¢. Indeed, consider
(VoV;, Vnp—1Veri—a) € Ag, where 1 < i < n —k — £+ 2, and assume that both
elements of this pair were edges in G. Note that since z and y have at least
k 4+ 2 common neighbors, there must be at least one such common neighbor v’
that does not lie in the set {v;, ..., vp—4}. Then vov'v,_g_ 1V 4C V00 is a
cycle of length ¢ in G.

Next, consider (vVoU(n—k—1)—(—2)+j> Un—k—1V14;5), Where 1 < j < £ —4, and
assume that both elements of this pair were edges in G. Then
V00TV 1% k—1C ™ V(n_k—1)—(—2)+jV0 is an (-cycle in G.

Hence exactly one element from each of the n — k — 2 pairs in Ay U A; can
be an edge of G. Taking into account that v;v,_,_; may be an edge of GG, and
recalling that either x or y, but not both, may be adjacent to each vertex in P,
we have that d(z) +d(y) <n—k—2+k+1=mn—1. This contradicts the

hypothesis that d(z) + d(y) > n + k.
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Figure 3.4: d(x) + d(y) > n+ k, but G has no cycle of length longer than
n—k

e o ne
n-k-2 3n-3k+3 3n-zk-1 n-k-3 n-k-7 1

Figure 3.5: d(z)+d(y) =n+k—1, but G contains no cycle of length “=5+2

If k+3 < /¢ <n-—k, then arguments similar to those given previously yield
that for each of the pairs (vov;, Vp_k—1Vr—k+i—3), where 1 < i <mn —/¢+1, and
(VoUn—r41—j, Vn—k—1Vk+2—;), where n—(+2 < j < n—2k—1, at most one element
is an edge of GG. There are n — 2k — 1 of these pairs and none of the 2k possible
edges vov,_r_; and v,_p_1v;, where 1 <1 < k, lie in any pair. This implies that
d(z)+d(y) <n—2k—142k+k =n+k— 1, which contradicts the hypothesis
that d(z) + d(y) > n + k.

Therefore GG contains cycles of all lengths ¢ for 3 < ¢ < n—Fk. This result is
sharp in the sense that, for 2 < k£ < ”%’4, the graph in Figure 3.4 (for readability
the v’s are suppressed in Figures 3.4 and 3.5) has two vertices = and y satisfying

d(z) +d(y) > n+ k and de(z,y) = k + 1, yet there are no cycles longer than
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n — k. We also note that if we lower the degree sum of x and y, we may miss
some cycles of length ¢ for 3 < ¢ < n — k. As an example see Figure 3.5 in
which d(z) + d(y) = n+ k — 1, but there is no cycle of length “=5*3  provided

that 2 < k < ™. .
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4. Cycles in Bipartite Hamiltonian Graphs

When studying hamiltonian graphs, and cycles in general in graphs, it is
quite common to look for bipartite variations of a given result. However, a
bipartite graph cannot be pancyclic, as it cannot contain cycles of odd lengths.
We consider a bipartite graph of order 2n to be bipancyclic if it contains cycles of
all even lengths from 4 to 2n. In this chapter we will prove results for bipartite
graphs that are analogous to those in the previous chapter. We begin by stating
the classic result of Moon and Moser [17] that gives the Ore type condition for

bipartite graphs.

Theorem 4.1 (Moon, Moser 1963) If G is a balanced bipartite graph of or-
der 2n with parts X andY in which d(z)+d(y) > n for every pair of nonadjacent

vertices v € X and y € Y, then G is hamiltonian.

If we add the condition that G is hamiltonian in the assumptions, how much
can we relax the degree sum conditions in order to assure that G is bipancyclic?
Schmeichel and Mitchem showed that having two vertices of high degree sum

“close” together on a hamiltonian cycle of GG suffices.

Theorem 4.2 (Schmeichel, Mitchem 1982) Let G be a bipartite graph con-
taining hamiltonian cycle C = vivy...vg,. If d(vy) + d(ve,) > n+ 1, G is

bipancyclic.

Theorem 4.3 (Schmeichel, Mitchem 1982) Let G be a bipartite graph con-
taining hamiltonian cycle C = vivy ... va,. If d(v3) + d(ve,) > n + 2, G is

bipancyclic.
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The above two theorems will be used to as a starting point in the sections

that follow.

4.1 Absolute Bounds for Bipartite Graphs

We begin this section by determining the degree sum of two vertices on
a hamiltonian cycle, regardless of their placement, required to assure that a
bipartite graph is bipancyclic, obtaining results analogous to those for graphs.

We start with the following two useful lemmas.

Lemma 4.4 Let G be a bipartite hamiltonian graph with parts X and 'Y such
that | X| = 1Y| =n >4 and let C be a hamiltonian cycle of G. If there exists a

vertex v € V(G) of degree n — 1, then G is bipancyclic.

Proof: Let C' = xoyor1y1 ... Tn_1Yn_1x9, where v = xg and let y;, 1 <1 <
n — 2, be the vertex nonadjacent to v. If vy, is an edge of GG, then the cycle
C" = vy,C~ v is a cycle of length 2(¢+ 1) in G, so our assumption implies that G
contains cycles of all even lengths except possibly a cycle of length 2(i +1). We
may assume without loss of generality that ¢ # 1, otherwise we would consider C'
in the counterclockwise direction. Then vy;Cty;, v, is a 2(i + 1)-cycle. Hence,

G is bipancyclic. [ ]

Lemma 4.5 Let G be a bipartite hamiltonian graph with parts X and 'Y such
that | X| = |Y| =mn > 6 and let C be a hamiltonian cycle of G. If there exists
a verter v € V(G) of degree n — 2, then G is either bipancyclic or missing only

the 2(n — 1)-cycle.

Proof: Let C' = zoyor1Y1 ... Tn-1Yn—1%0, Where v = zo and let y;,y;,

1 <i<j < n—2, be the vertices nonadjacent to v. Then, as observed above,
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G contains cycles of all even lengths except possibly 2(i + 1) and 2(j + 1). If
i =1and j =n — 2, then G may not contain a 2(n — 1)-cycle. For all other i, j
there are chords vy, vy, VY and vy,, k < ¢ and m < p, such that vy, CTyw
is a 2(i + 1)-cycle and vy,,CTy,v is a 2(j + 1)-cycle. Hence G is bipancyclic or
missing only the 2(n — 1)-cycle. ]

Similar to the case for graphs, when considering a hamiltonian bipartite
graph with two vertices of high degree sum, placing no restrictions on their
proximity on a hamiltonian cycle, the sum that guarantees the graph is bipan-
cyclic is close to the order of the graph. The results for bipartite graphs come
in pairs, as we must consider the case in which the vertices are in the same part

separately from the case in which they are in different parts.

Theorem 4.6 Let G be a bipartite hamiltonian graph with parts X andY such
that | X| = |Y| =n > 8 and let C' be a hamiltonian cycle of G. If there exist
u,v € V(X) such that d(u) + d(v) > 2n — 5, then G is bipancyclic. This result

1S sharp.

Proof: Assume that G is not bipancyclic, and let C' = xoyor1¥y1 - . - T 1Yn_1%0,
where v = xg, be a hamiltonian cycle in G. Since d(u) + d(v) > 2n — 5, we may
assume without loss of generality that d(v) is at least n — 2. Lemmas 4.4 and
4.5 therefore imply that v has degree exactly n — 2 and that G is missing only
the 2(n — 1)-cycle. As such, we can see that y; and y,_» must be the vertices
of G that are not adjacent to v. We now consider the vertex u € V(X), which

has degree at least n — 3.
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It is useful to note that if u was either x; or z,_1, this would place u and
v distance exactly two apart on a hamiltonian cycle, implying that G would be
bipancyclic by Theorem 4.3. Thus we may assume u is neither x; nor x,_;.
Since u has at most three nonadjacencies, and two of these must be v~~~ and
uTTT, at least one of uy, and uy,_, is an edge of G. We will assume without loss
of generality that uy,_, is an edge. If u # x,_5 then C" = 2oC uy,_»C utx,
is a hamiltonian cycle. If u = x,,_» then either uy, or uy; is an edge of G and

G contains the 2(n — 1)-cycle
+ _— —
uyoC ™ u 2oC™u

or

w1 C " 20C u.

Thus G is bipancyclic.

To see that this result is sharp, consider the graph G* defined as follows:
Let V(G*) = V(X)U V(Y), where V(X) = {zo,21,...,2,1} and V(Y) =
{Y0,y1, .-, Yn—1}, and construct the hamiltonian cycle C' = zoyoT1¥1 - - . Tp—1Yn—1Z0-
Choose v = zy and u = z,,_o with vy,;, uy; an edge for all ¢ # 1,n —4,n — 2,

Jj # 1,n—4,n—1. Then d(u) + d(v) = 2n — 6, but G* does not contain a

2(n — 1)-cycle. See Figure 4.1. u

Theorem 4.7 Let G be a bipartite hamiltonian graph with parts X andY such
that | X| = |Y| =mn > 8 and let C be a hamiltonian cycle of G. If there exists
veV(X) and u e V(Y) such that d(u) + d(v) > 2n — 4, then G is bipancyclic.

This result is sharp.
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Figure 4.1: d(u)+ d(v) = 2n — 6, but G* contains no cycle of length 2(n — 1)

Proof: Assume that GG is not bipancyclic, and let C' = zqyox191 - . - Tr_1Yn_1T0,
where v = xg, be a hamiltonian cycle in G. Since d(u) + d(v) > 2n — 4, we may
assume without loss of generality that d(v) is at least n — 2. Lemmas 4.4 and
4.5 therefore imply that v has degree exactly n — 2 and that G is missing only
the 2(n — 1)-cycle. As such, we can see that y; and y,,_» must be the vertices of
G that are not adjacent to v. We now consider the vertex u € V(Y'), which has
degree at least n — 2.

Note that if u was either yy or y,_1, this would place z and y consecutive
on a hamiltonian cycle, implying that G' would be bipancyclic by Theorem 4.2.
Thus we assume u is neither yo nor y,_;. Since G contains no 2(n — 1)-cycle, the
nonadjacencies of v must be v~~~ and v, If u # y,_3 then G contains the
2(n — 1)-cycle xoCtuz, 1C-utTxy. If u =y, 3 then G contains the 2(n — 1)-
cycle ux;Ctu~"2qC~u. Hence G is bipancyclic.

To see that this result is sharp, consider the graph G* defined as follows:
Let V(G*) = V(X) U V(Y), where V(X) = {z¢,21,...,2p-1} and V(YV) =
{Y0,Y1, .-, Yn_1}, and construct the hamiltonian cycle C' = zoyoZ1y1 - - - Tp—1Yn—1%0-

Choose v = 9 and u = y,_3 with vy;,uzr; an edge for all i # 1,n — 2 and

46



j # 1,n—4,n—1. Then d(u) + d(v) = 2n — 5, but G* does not contain a

2(n — 1)-cycle. u

4.2 Distance Dependent Bounds for Bipartite Graphs
We consider the effects of moving the two vertices of large degree sum farther
apart on a hamiltonian cycle. We begin by considering the case that G has two

vertices of large degree sum a distance three apart on a hamiltonian cycle of G.

Lemma 4.8 Let G be a bipartite graph of order 2n with hamiltonian cycle C' =

V1V . . Vg If d(vy) + d(va_2) > n + 2, then G is bipancyclic.

Proof: Let z =v; and y = vg,_o. Suppose zy € (G). Define G’ to be the
graph induced by V(G) — vg,_1,v2,. Then G’ contains the hamiltonian cycle
C" = xCtyx. Since G’ has order 2(n—1) and dg/(z) +dg(y) >n = (n—1)+1,
G’ is bipancyclic by Theorem 4.2. Hence G is bipancyclic.

Suppose zy ¢ E(G) and further suppose that G does not contain a cycle of
length 2¢ for some ¢, 2 < ¢ < n — 1. Then at most one of the elements of each
pair (zvg;, Yvopioei—s), where 1 < i <n—~¢+1,is an edge of G. If both elements
of some pair were edges of G, then zvy;CT vy 9;_syCHax would be a 2¢-cycle in
G. Similarly, at most one of the elements of each pair (zva(,—¢1j), Yv2;+1), Where
1 <j < /¢—2 is an edge of GG. If both elements of some pair were edges of
G, then GG would contain the 2/-cycle xvg(n,gH)CJ’yvngC_x. There are n — 2
of these pairs. Together with the edges yvq,_1 and xwv,, all possible adjacencies
of x and y are accounted for. This implies that d(z) + d(y) < n —2+ 2 = n,
which contradicts the assumption that d(z) 4+ d(y) > n + 2. Consequently, G is

bipancyclic. [ ]
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As the vertices x and y are moved farther apart on the hamiltonian cycle,
it becomes possible for cycle lengths to be omitted from the graph. As with
graphs, those cycle lengths that may be missing from G are determined both
by the degree sum of x and y along with the distance between x and y on the

hamiltonian cycle.

Theorem 4.9 Let G be a bipartite graph of order 2n with hamiltonian cycle
C' = 010y ... 09, and let k be an integer satisfying 2 < k < n — 1. If d(vy) +

d(Vo(n—k+1)) > n+k, then G contains cycles of all lengths 2¢, for 2 < € <n—k.

Proof: Let = v1,y = von_kt1) and P = vy(_p)4+3C T vg,. Observe that
x and y are in different parts and that there are 2k — 2 vertices between x
and y on C. Suppose that zy € E(G). Define G’ to be the graph induced by
V(G) — V(P). Then G’ contains the hamiltonian cycle " = xCtyx. Since G’
has order 2n — (2k—2) =2(n—k+1) and de'(z) + de(y) > n+k— (2k—2) =
(n—k+ 1)+ 1, G’ is bipancyclic by Theorem 4.2. Therefore G contains cycles
of all lengths 2/, for 2 < ¢ <n — k.

So we may assume that zy ¢ E(G). Suppose there exist u,v € V(P) such
that wv € E(C) and yu,zv € E(G). Define G’ to be the graph induced by
V(G) — V(P) 4+ u,v. Then G’ contains the hamiltonian cycle ¢ = xCtyuvz.
Since G’ has order 2n — (2k —2) + 2 = 2(n — k + 2) and de/(x) + de(y) >
n+k—2k—-2)+2=(n—k+2)+2, G is bipancyclic by Lemma 4.8. Thus
G contains cycles of all lengths 2¢ for 2 < ¢ <n — k.

We may now assume that = and y have no consecutive neighbours in V(P),

and so dp(x)+dp(y) < k—1. Suppose that G does not contain a cycle of length
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20 for some 0, 2 < ¢ < n — k. We will consider two cases.

Case 1: Let 2 < ¢ < k + 2. For each of the pairs (zva(s4i—1), Y2i41), where
1<i<n—k—/{+1, at most one element is an edge of GG. If both elements were
edges of GG, then G would contain the 2/-cycle $U2(6+i_1)0+y/02i+10 ~x. The edges
xvq; for 1 < 57 < /{—1 and yvgp, 41 for n—k—{¢+2 < m < n—k are not included in
the pairs, and may therefore be edges of G. There are n—k—/¢+1 possible edges
from the pairs and ¢ — 1+ (n—k— (n—k—{+2)+1 = 2¢{ — 2 possible unpaired
edges in G — P, z,y. Since zy is not an edge of G and dp(x) + dp(y) < k — 1,

we have
dlz)+dy) <n—k—L+1+20-2+k—-1=n+l—-2<n+(k+2)—2=n+k.

This contradicts the assumption that d(z) + d(y) > n + k, so G must contain
cycles of all lengths 2¢, 2 < ¢ <n — k.

Case 2: Let k+3 < /¢ <n— k. We consider the following pairs of possible
edges: (zva;, Yvoeyi-k)—1) for 1 < i <n — £ and (vam—etj), YVu(jtr)—3) for 1 <
j < {—k. In each pairing, at most one element is an edge of G or GG would contain
the 2¢-cycle 2v9;CTva(rti—k)—1yCT @ OF TV (j11)—3C T YVo(n—e45C T, Tespectively.
Since k+3 < land 2 <k, 2(¢{ —k)+ 1 < 2¢ — 3. Hence the only possible edges
not considered in the pairings are the edges yvq;q for 1 < ¢ < k — 2. Recall
that xy is not an edge of GG and that  and y have no common neighbours in P.

Therefore
dz)+dy) <(n—k)+(k-1)+(k—-2)=n+k—-3,

which contradicts the assumption that d(z) 4+ d(y) > n + k. This contradiction

completes the proof. [
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Theorem 4.10 Let G be a bipartite graph of order 2n with hamiltonian cycle
C' = vivy...v9, and let k be an integer satisfying 3 < k < n — 1. If d(vy) +

d(Van—rky+3) > n+k, then G contains cycles of all lengths 2¢, for 2 <0 <n—k.

Proof: Let x = v1,y = Van_i)+3 and P = va(,_1+2)CFva,. Observe that
and y are in the same part and that there are 2k — 3 vertices between x and y on
C'. Suppose there is a vertex z € V(P) such that z is adjacent to both x and y.
Define G’ to be the graph induced by V(G) — V(P) + z. Then G’ contains the
hamiltonian cycle C" = xCtyzzx. Since G’ has order 2n— (2k—4) = 2(n—k+2)
and dg/ () + de(y) >n+k — (2k—4) = (n— k+2) + 2, G’ is bipancyclic by
Theorem 4.3. Hence GG contains cycles of all lengths 2¢, for 2 < ¢ <n — k.

So we may assume that z and y have no common neighbours in V(P).
Suppose that G does not contain a cycle of length 2¢ for some ¢, 2 </ <n—k.
At this time we note that x and y have at least £ common neighbours. We will
consider two cases to complete the proof.

Case 1: If 2 < ¢ < k — 1, then x and y have a common neighbour not
in the path vy;Ctvypyis), for 1 < i < n— £+ 1. Since G does not contain
a 2(-cycle, at most one element of each pair (zv;, yvati—2)), where 1 < i <
n —k— ¢+ 3, is an edge of GG. If both elements of some pair were edges of
G, then for some common neighbour z not in the path UgiC+U2(g+i_2), G would
contain the 2/-cycle a:vgiC*vg(gH,g)yzx. Additionally, at most one element of
each pair (2va(n—k—r4j12), Yv2;), where 1 < j < £ —1, is an edge of G. If both
elements of some pair were edges of G, then x/UQ(nfkferjJrQ)Cer'Ungix would
be a cycle of length 2¢. There are n — k + 2 of these pairs, which account for

all possible adjacencies of x and y in V(G) — V(P) — x,y. As = and y have no
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common neighbours in V' (P), this means that d(z)+d(y) < (n—k+2)+[252] =
n + 1. However, d(x) 4+ d(y) > n+ k > n + 3. Therefore we may assume that
kE<ti<n-—k.

Case 2: If K < ¢ < n —k, then at most one of each pair (zva;, yva@—k+i)),
where 1 <17 < n—/+1, is an edge of G. If both elements of some pair were edges
of G, then G would contain the 2¢-cycle zvy;CT v j15yyCT . Additionally, at
most one element of each pair (:ng(nfkfuﬂz),yvgj), where 1 < 5 < 7 — 1,
is an edge of G. If both elements of some pair were edges of G, then as in
case one xvg(n,k,”Hg)C’*yvng’*x would be a cycle of length 2¢. There are
n — 1 of these pairs, which account for all possible adjacencies of x and y in
V(G) — V(P) — x,y. Recall that x and y have no common neighbours in V' (P).
So we have that d(z) 4+ d(y) < (n — 1) + [#52] = n + k — 2. This contradicts
the assumption that d(z) + d(y) > n + k, and so G must contain cycles of all

lengths 2¢ for 2 < ¢ <n — k. [}
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5. Conclusion

We conclude with open problems and new directions. In Chapter 2 we
presented many results on F-avoiding hamiltonian graphs. One of the directions
remaining to be explored in that area is the bipartite variations of the results
given. In our investigation of these questions we have encountered more open
problems, such as determing the classes of graphs that are the exceptions to
Moon and Moser’s result Theorem 4.1.

In Chapter 4 we presented results for bipartite graphs that are analogous
to the results of Chapter 3. However, the general results were all shown to be
sharp, whereas the bipartite results were not. It is our belief that the results
presented are not best possible and can be improved upon.

In addition to answering these questions, we have begun to investigate prism
hamiltonian graphs. The cartesian product G = G10G; has V(G) = V(G;) x
V(G3), and two vertices (uy,u2) and (vy,vs) of G are adjacent if and only if

either
1. uy = v; and ugvy € E(Gs) or
2. uy = vy and uyvy € (Gy).

The prism of a graph G is the graph GOK,. We say that a graph G is prism
hamiltonian if GOK, is hamiltonian.

A completely different direction that we have taken is the study of graph
saturation. Let F' = {Hi,..., H;} be a family of graphs. A graph G is F-

saturated if G does not contain any member of F', but for any pair of nonadjacent
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vertices z and y in V(G), G+zy contains some member of F'. We consider graph
saturation from the perspective of games on graphs. We introduce the game of
F-saturator, in which two players begin with the vertices of a graph GG and none
of its edges. The players alternately add edges of GG in such a way as not to
create any graph in F'. For some specific families F' and graphs G we have been

able to determine when there is a winning strategy for one of the players.

53



1]

REFERENCES

A. AINOUCHE, N. CHRISTOFIDES, Conditions for the existence of Hamil-

tonian circuits in graphs based on vertex degrees, J. London Math. Soc. (2),
32, 1985, no. 3, pp. 385-391.

R.E.L. ALpreED, D.A. HorLroN, M.I. POrRTEOUS, M.D. PLUMMER,

Two results on matching extensions with prescribed and proscribed edge
sets, Discrete Math, 206, 1999, pp. 35-43.

R.E.L. ALDRED, D.A. HoLTON, Z.K. MIN, A degree characterization of
pancyclicity, Discrete Math, 127, 1994, pp. 23-29.

D. AMAR, E. FLANDRIN, I. FOURNIER, A. GERMA, Hamiltonian pan-
cyclic graphs, Discrete Math, 46, 1983, p. 327.

B. BoLLOBAS, G. BRIGHTWELL, Cycles through specified vertices, Com-
binatorica, 13, 1993, pp. 147-155.

J. A. BoNDY, Pancyclic Graphs, Journal of Combinatorial Theory, Series
B, 11, 1997, pp. 80-84.

J. A. BonpYy, V. CHVATAL, A method in graph theory, Discrete Math.,
15, 1976, pp. 111-136.

GARY CHARTRAND, L. LESNIAK, Graphs and Diagraphs, Chapman &
Hall/CRC Press, Boca Raton, Florida, 2005.

G. A. DIrRAC, Some theorems on abstract graphs, Proc. London Math. Soc.,
2, 1952, pp. 69-81.

Y. EGAwA, Edge-disjoint Hamiltonian cycles in graphs of Ore type, SUT J.
Math, 29, 1993, no. 1, pp. 15-50.

R. FAUDREE, C. ROUSSEAU AND R. SCHELP, Fdge-Disjoint Hamiltoni-
ain Cycles, Graph Theory with Applications to Algorithms and Computer
Science, 1984, pp. 231-249.

M. FERRARA, R. GouLD, G. TANSEY, T. WHALEN, Disjoint Hamilto-
nian Cycles in Bipartite Graphs, submitted.

o4



[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

S. L. HAakivi, E. F. SCHMEICHEL, A Cycle Structure Theorem for Hamil-
tonian Graphs, Journal of Combinatorial Theory, Series B, 45, 1988, pp.
99-107.

D. Haves, E. SCHMEICHEL, Some extensions of Ore’s theorem, Graph
theory with applications to algorithms and computer science, Kalamazoo,

Mich., 1984, pp. 687-695, Wiley-Intersci. Publ., Wiley, New York.

H. KRONK, A generalization of a theorem of Pésa, Proc. Amer. Math. Soc.,
21, 1969, pp. 77-78.

J. MiTcHEM, E. SCHMEICHEL, Bipartite graphs with cycles of all even
lengths, J. Graph Theory, 6, 1982, pp. 429-439.

J. MooN, L. MOSER, On hamiltonian bipartite graphs, Israel J. of Math.,
1, 1963, pp. 163-165.

C. NARA, On sufficient conditions for a graph to be Hamiltonian, Natur.
Sci. Rep. Ochanomizu Univ., 31, 1980, no. 2, pp. 75-80.

L. NG, M. ScHuLTZ, k-Ordered hamiltonian graphs, J. Graph Theory, 1,
1997, pp. 45-57.

O. ORE, A Note on Hamilton Circuits, Amer. Math. Monthly, 67, 1960, p.
55.

L. POsA, On circuits of finite graphs, Magyar Tud. Akad. Mat. Kutaté Int.
Kozl., 8, 1963, pp. 355-361.

R. J. GouLp, Advances on the hamiltonian problem—a survey, Graphs
and Combinatorics, 19, 2003, no. 1, pp. 7-52.

R.J. GouLp, A Look at Cycles Containing Specified Elements of a Graph,
to appear in Discrete Math.

R. SHI1, 2-Neighborhoods and Hamiltonian conditions, J. Graph Theory, 16,
1992, pp. 267-271.

A.G. THOMASON, Hamiltonian cycles and uniquely edge colourable graphs,
Ann. Discrete Math, 3, 1978, pp. 259-268.

C. THOMASSEN, Independent dominating sets and a second hamiltonian
cycle in reqular graphs, Journal of Combinatorial Theory, Series B, 72,
1998, pp. 104-109.

95



[27] C. THOMASSEN, On the number of hamiltonian cycles in bipartite graphs,
Comb. Prob. Comput., 5, 1996, pp. 437-442.

[28] W.T. TuTTE, On hamiltonian circuits, J. London Math. Society, 21, 1946,
pp- 98-101.

[29] DouGLAs B. WEST, Intorduction to Graph Theory, 2"* Edition. Prentice
Hall, Saddle River, NJ, 2001.

o6



