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1 Introduction to coloring and its applicationsLet G be a graph. A vertex coloring of G is an assignment of colors to its verticesso that no two adjacent vertices receive the same color. The chromatic number�(G) is the minimum number of colors needed to color G. An equivalent de�nitionof the chromatic number is the minimum integer k such that there is a partition ofthe vertices into k sets so that the subgraph induced by each set is an independentset.Vertex coloring has a wide variety of applications. One such application is thefollowing. In the United States Government, there are congressional committeeswith members of Congress serving on multiple committees. When assigning meet-ing times for these committees, one must not schedule simultaneous meetings fortwo committees that have a common member. A schedule solution is found by de-termining the minimum number of time slots required for the committees to meet.We can model this problem by constructing a graph G whose vertices representcommittees. We draw an edge between two vertices if the committees representedby these vertices have a common member. Determining the minimum number oftime slots required for the committees to meet is equivalent to determining �(G).For further details, see Roberts [47] or Bodin and Friedman [8].Another application is the channel assignment problem. Radio stations in aregion are to be assigned transmitting frequencies so that radio stations which aregeographically close, say 50 miles, receive di�erent frequency assignments. Theproblem of assigning frequencies is a graph coloring problem. Let each vertex1



represent a radio station and draw an edge between two vertices if the radio sta-tions represented by those vertices are within 50 miles. The number of frequenciesrequired so that the radio stations do not interfere with each other is the vertexchromatic number of this graph. For more information regarding the channel as-signment problem, see Cozzens and Roberts [20], Hale [28], Opsut and Roberts[43], or Pennotti [46].The last application of vertex coloring we will discuss is the classic map coloringproblem. This is a much studied problem and is discussed in most graph theorytextbooks. For example, see Bondy and Murty [10], Harary [29], Chartrand andLesniak [17], or Roberts [47]. Given a map with various countries, we would liketo color the countries in such a way that we use the fewest number of colors, and iftwo countries share a common border, they receive a di�erent color. This problemcan be translated into a graph coloring problem by building a graph with eachvertex representing a country and drawing an edge between two vertices if thecountries represented by those vertices have a common border. To determine theminimum number of colors required to color the map, we �nd �(G). This graphhas the property that it is planar. The Four Color Theorem states that all planargraphs can be colored using at most four colors.Now, suppose we relax the condition that there be no edges in each colorclass and allow certain con�gurations of edges. For example, in the committeescheduling application, we could allow each committee to have a time con
ict withat most one other committee with a common member. In this case, each colorclass can contain isolated vertices and edges. We will call this problem the relaxedcommittee scheduling problem. 2



This is an example of a generalization for graph coloring called conditionalgraph coloring. We de�ne the conditional chromatic number �(G;P ) of G withrespect to a graph theoretical property P to be the minimum integer k such thatthere is a partition of the vertices into k sets so that the subgraph induced byeach set has the property P .Another application for conditional coloring is the circuit manufacturing prob-lem. A designer draws an electrical circuit to be manufactured. Several circuitboards sandwiched one on top of the other may be required to build the entirecircuit since, for this circuit to work properly, each circuit board must be builtwithout intersecting edges. Now, the manufacturer would like to determine theminimum number of required circuit boards. The problem can be modeled as aconditional graph coloring problem. Let each vertex in our graph represent a junc-tion in the circuit. Draw an edge between two vertices in the graph if the junctionsrepresented by those vertices are connected in the circuit design. Determining theminimum number of circuit boards required is equivalent to determining �(G;P ),where P is the property that each color class be drawn with no intersecting edges,i.e., is planar. This particular conditional chromatic number is also known as thevertex thickness of a graph. For more information regarding vertex thickness, seeBeineke and White [7] or Cimikowski [18]. For other electrical circuit problems,see Hutchinson [37] or Garey and Johnson [26].We will study two types of conditional chromatic numbers. The �rst permitsno paths of order j in a color class, and the second permits no cycles of orderj in a color class. The relaxed committee scheduling problem is an example ofconditional coloring with the property that no color class contains P3. Studying3



these two numbers may give insight into and/or bounds on other conditionalchromatic numbers or the original chromatic number. It is often the case that theunderstanding of a generalization leads to a better understanding of the originalconcept.1.1 Overview of Thesis ResultsThis thesis will present some new results about the conditional chromatic number�(G;:Cj) with respect to the property of having no cycles of a �xed length j andsome new results about the conditional chromatic number �(G;:Pj) with respectto the property of having no paths of a �xed length j � 1.The �rst chapter will provide some basic de�nitions from graph theory andreview the existing literature regarding �(G;:Cj) and �(G;:Pj).The second chapter will present and prove some basic results regarding �(G;:Cj)and �(G;:Pj). Some of these results will be needed in later chapters.The third chapter will show that the problem of determining if a graph can be:P3-colored using k colors is NP-complete.The fourth chapter will answer the question: given any graph with acycliccomplement, what is �(G;:Cj) and �(G;:Pj)? A construction which illustratesthat �(G;:Pj)� �(G;:Cj) � a for any positive integer a is also provided.The �fth chapter will determine �(G;:Cj) for all graphs of large size. Dargenand Fraughnaugh [21] characterized �(G;:Cj) when a graph is missing at mostj� 2 edges. In this chapter, we extend this result to graphs missing at most j� 1edges. To accomplish this, we characterize all Hamiltonian graphs of order n withat least �n2�� (n� 1) edges. 4



The sixth chapter will determine �(G;:Pj) for all graphs of large size anddetermine an upper bound on the size of G given a bound for �(G;:Pj). Todetermine �(G;:Pj) for all graphs of large size, we will characterize all graphs oforder n with no Hamiltonian paths having at least �n2�� (2n� 5) edges.1.2 De�nitions and NotationA graph G consists of a �nite nonempty set V = V (G) of vertices and a collectionE = E(G) of distinct pairs of vertices, called edges. Throughout this paper, letG be a graph. The size or number of edges of G is denoted by e = e(G), and theorder or number of vertices of G is denoted by n = n(G). A graph is simple ifthere is at most one edge between any distinct pair of vertices and there are noloops. For this paper, we will assume that all graphs are simple.If u and v are vertices of G, we write the edge joining u and v as uv and call uand v neighbors. The open neighborhood N (u) of a vertex u is the set of neighborsof u, and the closed neighborhood N [u] of u is N(u) [ fug. The degree dG(v) of avertex is de�ned to be the number of edges in G incident with that vertex. Whenit clear to which graph we are referring, we may write d(v). The minimum degree�(G) is the minimum degree among all vertices of G while the maximum degree�(G) is the maximum degree among all vertices of G. If �(G) = �(G) = r, thenall vertices have the same degree and G is regular of degree r or r-regular. A3-regular graph is a cubic graph. If a vertex is not incident to any edge, then thisvertex is an isolated vertex.A subgraph H of G is a graph having all of its vertices and edges in G, andwe write H � G. For any set S of vertices in G, the induced subgraph hSi is the5



maximal subgraph of G with vertex set S. If S is a nonempty set of edges in G,then hSi is the subgraph whose edge set is S and whose vertex set is the set ofends of edges in S. A graph is complete if every pair of vertices is joined by anedge. The complete graph on n vertices is Kn. The graph on n vertices with noedges is In.The graph with distinct vertices v1; : : : ; vn and edges v1v2; v2v3; : : : ; vn�1vn isa path Pn. We say the vertices v1 and vn are connected by the path Pn . Wesometimes call this path a (v1 ; vn)-path. The length of a path is the number ofedges in it. The distance d(u; v) from u to v in G is the length of a shortest pathfrom u to v. The diameter of G is the maximum distance between any two verticesof G. If u = v and there are at least three vertices on the path, then this path is acycle. The graph which consists of a cycle on j vertices is Cj, and a graph whichcontains no cycles is acyclic. A graph G is Hamiltonian if it has a cycle containingall the vertices of G. A graph G has a Hamiltonian path if it has a path containingevery vertex of G. A graph G is Hamiltonian connected if for every pair u and vof distinct vertices of G, there exists a Hamiltonian (u,v)-path.A graph is connected if for any two vertices u and v, there is a path from uto v. A maximal connected subgraph of G is called a component of G. If G isnot connected, then we say G is disconnected. The connectivity �(G) of G is theminimum number of vertices whose removal results in a disconnected or trivialgraph. If the connectivity of G is �, we say G is �-connected. A connected acyclicgraph is a tree, and a forest is a graph each of whose components is a tree.In a tree T , we can make T a rooted tree by designating any vertex as the rootvertex. Once we choose a root u, the level of a vertex v is d(u; v). The root is the6



only vertex at level 0. Further, all adjacent vertices di�er by exactly one level,and each vertex at level i + 1 is adjacent to exactly one vertex at level i. Themaximum level is the height hu(T ) of the tree.The complement �G of G also has V (G) as its vertex set, but two vertices areadjacent in �G if and only if they are not adjacent in G.A clique of G is a complete subgraph of G. The clique number !(G) of G isthe maximum order among all cliques of G. An independent set of vertices of Gis a set I � V such that xy =2 E for all x; y 2 I. An independent set of edges of Ghas no two of its edges incident, and such a set is a matching.Next, we will discuss some operations de�ned on graphs. Let G1 and G2be two graphs with disjoint vertex sets. The union G1 + G2 of G1 and G2 hasV (G1 + G2) = V (G1) [ V (G2) and E(G1 + G2) = E(G1) [ E(G2). In general,mG is the pairwise vertex disjoint union of m copies of G. The join G1 _ G2of two graphs G1 and G2 has V (G1 _ G2) = V (G1) [ V (G2) and E(G1 _ G2) =E(G1) [ E(G2) [ fuv : u 2 V (G1) and v 2 V (G2)g.The cartesian product G1 � G2 of two graphs G1 and G2 has V (G1 � G2) =f(u; v) : u 2 V (G1) and v 2 V (G2)g, and (u1; v1) and (u2; v2) are adjacent when-ever either u1u2 2 E(G1) and v1 = v2, or u1 = u2 and v1v2 2 E(G2). The strongproduct G1�G2 of two graphs G1 and G2 has V (G1�G2) = f(u; v) : u 2 V (G1) andv 2 V (G2)g, and (u1; v1) and (u2; v2) are adjacent whenever either u1u2 2 E(G1)and v1 = v2, or u1 = u2 and v1v2 2 E(G2), or u1u2 2 E(G1) and v1v2 2 E(G2).The conjunction G1 ^ G2 of two graphs G1 and G2 has V (G1 ^ G2) = f(u; v) :u 2 V (G1) and v 2 V (G2)g, and (u1; v1) and (u2; v2) are adjacent wheneveru1u2 2 E(G1) and v1v2 2 E(G2). 7



A vertex coloring is an assignment of labels to the vertices of G so that anytwo adjacent vertices receive di�erent labels. We think of each distinct label as acolor and call each set of vertices assigned a �xed color a color class. The vertexchromatic number �(G) of G is the minimum k for which G has a k-coloring, i.e.,one using k colors. A graph is k-colorable if we can color it using k colors.An edge coloring is an assignment of labels (or colors) to the edges of G sothat any two incident edges receive a di�erent label. The edge chromatic numberof a graph is de�ned to be the minimum number of colors needed to edge colorG. If we use the term \chromatic number" or \coloring" in this paper, we meanvertex chromatic number or vertex coloring.A graph is said to be embedded in a surface S when it is drawn on S so thatno two edges intersect. A graph is planar if it can be embedded in the plane; aplane graph has already been embedded in the plane. We will refer to the regionsde�ned by a plane graph as its faces. The Four Color Theorem states that everyplanar graph is 4-colorable. For a proof of this result, see Appel and Haken [5].A bipartite graph G is a graph whose vertex set V can be partitioned into twosubsets V1 and V2 such that every edge of G joins V1 and V2. The bipartitionnumber b(G) of a graph G is given by b(G) = maxfe(B) : B � G and B isbipartiteg.For other basic graph theory de�nitions and terminology, the reader is referredto Harary [29].
8



1.3 Conditional ColoringAn equivalent de�nition of vertex coloring is a partition of the vertex set so thatthe subgraph induced by each set of this partition is an independent set. Stateddi�erently, each color class contains no path on two vertices.This led several authors [15], [16], [35] to a more general concept of vertexcolorings. Let P be any graph theoretic property. For example, P could be theproperty that a graph contains a clique of a certain order, that a graph does notcontain a cycle of order 6, that a graph does not contain an induced cycle of order6, or the maximum degree of a graph is 5.We de�ne a P-coloring of a graph to be an assignment of colors to its verticesso that the subgraph induced by each color class satis�es the property P . The P-conditional chromatic number �(G;P ) of G (or brie
y P-chromatic number) is theminimum k for which G has a P -coloring with k colors. When P is the propertythat a graph consists entirely of isolated vertices, the P -chromatic number is theusual chromatic number.When P is the property that a graph contains no subgraph (not necessarilyinduced) isomorphic to a graph F , we write �(G;:F ) for the P -chromatic numberand refer to a P -coloring as a :F-coloring and the P -chromatic number as the:F -chromatic number. If �(G;:F ) � k, then we say G is :F k -colorable. WhenP is the property that a graph contains no induced subgraph isomorphic to a graphF , we write �(G;:F !) for the P -chromatic number and refer to a P -coloring as a:F !-coloring and the P -chromatic number as the :F !-chromatic number.The concept of partitioning the vertex set of a graph so that the subgraphinduced by the vertices in each set in the partition has the property P seems to9



have been independently discovered by several authors around 1968 (see [15], [16],[35]) and again by several authors around 1985 (see [3], [4], [12], [14], [23], [30],[42]).Mathematicians have studied various conditional chromatic numbers since1968. In 1968, Chartrand, Kronk, and Wall [16] studied a conditional coloringnumber called the arboricity of a graph where color classes are acyclic. Hedetniemi[35] proved that the arboricity of a planar graph is at most three.In 1968, Chartrand, Geller and Hedetniemi [15] proved several results about�(G;:Pj). For example, if the diameter of G is d, then �(G;:Pj) � d � j + 3for j � 2. Further, for every j � 2, the authors constructed a planar graph Gsuch that �(G;:Pj) = 4. This proved that there is no stronger result than theFour Color Theorem for �(G;:Pj) for j � 2. Also, in 1968, Sachs and Sch�auble[48] proved that given j � 2 and K � k � 1, there exists a graph G with�(G;:Kj) = k and a :Kj K-coloring of G containing at least k color classesisomorphic to Kj�1.In 1969, Kramer and Kramer [39] discussed �(G;P ), where P is the propertythat the subgraph induced by each color class has minimum degree j for some�xed j � 0. In 1970, Lick and White [41] published a paper with results for thesame conditional chromatic number. In 1975, Cook [19] studied �(G;:K1;j) forj � 1.In 1977, Harary and Kainen [34] discussed �(G;:K3) for planar graphs. Also,Lesniak-Foster and Straight [40] published results for �(G;P ), where P is theproperty that each color class induces a complete graph or a graph with no edges.Sampathkumar, Prabha, Neeralagi, and Venkatachalam [50] published results for10



�(G;:Pj) for j � 2.In 1978, Beineke and White [7] discussed the thickness of a graph. The conceptof thickness is equivalent to �(G;P ), where P is the property that each colorclass is planar. The authors determined the thickness of complete and completebipartite graphs.In 1985, Harary [30] published a paper providing an overview of conditionalcoloring. This paper discussed the conditional vertex and edge chromatic num-bers for several di�erent properties and has become the standard for conditionalcoloring terminology.In 1985, Andrews and Jacobson [3] studied �(G;�t), where the maximumvertex degree in each color class is at most t. The authors related �(G;�t)to �(G) by proving that �(G;�t) � �(G)=(t + 1). Furthermore, they showed�(G;�t) � n2=(tn+ n2 � 2e), where n and e are the order and size of G. Hararyand Fraughnaugh [31] also published results for �(G;�t) in 1985.Also in 1985, Mynhardt and Broere [42] discussed conditional coloring withrespect to the property that each color class is a disjoint union of complete sub-graphs. They also studied the problem of �nding a graph subject to certain restric-tions for which the conditional chromatic number is arbitrarily large. Mynhardtand Broere [12] also studied conditional coloring with respect to the property thateach color class has no induced subgraph isomorphic to a graph F .In 1986, Harary and Fraughnaugh [32] generalized the concept of bipartitionnumber to that of a conditional bipartition number. Speci�cally, given a propertyP , a graph is conditionally bipartite with respect to P if V (G) is the disjoint unionof sets X and Y where the induced subgraphs hXi and hY i both have property11



P . The conditional bipartition number b(G;P ) is maxfe(B) : B � G and B isconditionally bipartite with respect to Pg. The authors studied b(G;P ) for severalminimum and maximum degree properties.Also in 1986, Domke, Laskar, Hedetniemi, and Peters [23] discussed �(G;P ),where P is the property that the subgraph induced by each color class is a completer-partite graph for any r and �(G;Q), where Q is the property that each colorclass is a disjoint union of complete subgraphs.In 1987, Andrews and Jacobson [4] published a paper with results for �(G;�t).Also in 1987, Brown and Corneil [14] studied conditional coloring with respect tothe property that each color class has no induced subgraph isomorphic to a set ofgraphs.In 1989, Akiyama, Era, Gervacio, and Watanabe [1] discussed the k-path chro-matic number. The k-path chromatic number �(G;Pk) ofG is the smallest numberc of distinct colors with which V (G) can be colored such that each connected com-ponent of hVii is a path of order at most k, 1 � i � c. The authors proved that�(G;Pk) � l r+12 m for r-regular graphs. Since the 2-path chromatic number isequivalent to our :P3-chromatic number, we immediately get that �(G;:P3) � 2for cubic graphs. Also in 1989, Albertson, Jamison, Hedetniemi, and Locke [2]discussed conditional coloring with respect to the property that each color classis a disjoint union of complete subgraphs. In 1990, Baldi [6] published results for�(G;:Pj) for j � 2.In 1991, Harary and Hsu [33] provided theorems relating the conditional chro-matic number of the Cartesian product, join, strong product, and conjunction oftwo graphs to the conditional chromatic number of the original pair of graphs.12



In 1992, Borodin [11] discussed the k-cyclic chromatic number. A coloringof the vertices of a planar graph is k-cyclic if whenever two vertices lie in theboundary of the same face of size at most k, their colors are di�erent.There are also conditional coloring papers published in 1992 where a colorclass is not permitted to contain some induced subgraph. For example, Brown andCorneil [13], discussed uniquely :H! k-colorable graphs where H is any graph. Agraph G is uniquely k-colorable if G is k-colorable and there is only one k-coloring(up to a permutation of colors). In fact, Brown and Corneil conjectured thatfor all graphs of order at least two and for all nonnegative integers k, there existuniquely :H! k-colorable graphs. So far, they have shown this result whenever Gis 2-connected or �G is 2-connected.In 1992, Johns and Saba [38] considered �(G;:Pj). They proved that givenintegers l � 1 and j � 2, there exists a graph G such that �(G;:Pj) = l, namelyK(j�1)l. Also, there exists a graph such that �(G;:Pj)��(G;:Pj+1) = l, namelyKj(j+1)l.In 1993, Dargen and Fraughnaugh [21] determined �(G;:Cj) for graphs miss-ing up to j � 2 edges and Sampathkumar [49] discussed �(G;P ), where P is theproperty that the subgraph induced by each color class has independence j forsome �xed j � 0. Also in 1993, Hutchinson [37] applied thickness results to testingprinted circuit boards for electrical shorts.In 1995, Cimikowski [18] presented some heuristics for the graph thicknessproblem, i.e., decomposing a graph into the minimum number of planar sub-graphs. The heuristics are based on some algorithms for �nding a maximal planarsubgraph of a nonplanar graph. He also proved that T (G) � bq2e=3 + 3=2c,13



where T (G) is the thickness of G and e is the size of G.For a survey of di�erent properties studied, who studied them, and when theywere studied, see Table 1.1.Table 1.1. Conditional Coloring Properties studiedColor Class Property Year Referencedisconnected or trivial 1968 Hedetniemi [35]1970 Hedetniemi [36]acyclic 1968 Chartrand, Kronk, Wall [16]1968 Hedetniemi [35]has no K3 1977 Harary, Kainen [34]has no Kj for some �xed j 1968 Sachs, Sch�auble [48]has no Pj for some �xed j 1968 Chartrand, Geller, Hedetniemi [15]1977 Sampathkumar, Prabha, Neeralagi,Venkatachalam [50]1990 Baldi [6]1992 Johns, Saba [38]complete or a graph without edges 1977 Lesniak-Foster, Straight [40]has maximum degree j for some 1985 Harary, Fraughnaugh [31]�xed j 1985 Andrews, Jacobson [3]1986 Harary, Fraughnaugh [32]1987 Andrews, Jacobson [4]complete r-partite graph for any r 1986 Domke, Laskar, Hedetniemi, Peters[23]has no induced subgraph 1985 Broere, Mynhardt [12]isomorphic to graph F 1985 Mynhardt, Broere [42]1987 Brown, Corneil [14]has no induced subgraph isomor-phic to any graph F in a set ofgraphs F 1987 Brown, Corneil [14]disjoint union of complete 1985 Mynhardt, Broere [42]subgraphs 1986 Domke, Laskar, Hedetniemi, Peters[23]1989 Albertson, Jamison, Hedetniemi,Locke [2]contains no K1;j 1975 Cook [19]minimum degree � j for �xed j 1969 Kramer, Kramer [39]1970 Lick, White [41]14



Table 1.1. Conditional Coloring Properties studied (cont.)Color Class Property Year Referencedisjoint union of paths of order atmost k 1989 Akiyama, Era, Gervacio, Watanabe[1]j independent for �xed j 1993 Sampathkumar [49]has no Cj for �xed j 1993 Dargen, Fraughnaugh [21]planar 1978 Beineke, White [7]1993 Hutchinson [37]1995 Cimikowski [18]k-cyclic 1992 Borodin [11]contains no induced subgraph isomor-phic to H 1992 Brown, Corneil [13]survey of properties 1985 Harary [30]In this thesis, we concentrate primarily on two conditional chromatic numbers,�(G;:Cj) where Cj is a cycle of order j � 3 and �(G;:Pj) where Pj is a path oforder j � 2.
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2 Basic Results for �(G;:Pj) and �(G;:Cj)This chapter provides the necessary background for the topics presented in Chap-ters 3, 4, 5, and 6. We start by proving some basic relationships for �(G;:Cj)and �(G;:Pj). The following straightforward result has been known since 1968[15].Theorem 2.1 Let G be a graph of order n. If j � 2, then �(G;:Pj) � l nj�1m :Proof. Let n = a(j�1)+r, where 0 � r < j�1. ColorG as follows: create a colorclasses of size j�1 and one color class of size r if r > 0. Hence �(G;:Pj) � l nj�1m.2Corollary 2.1 If j � 2, then �(Kn;:Pj) = l nj�1m :Proof. Since a complete subgraph of order at least j contains Pj, each color classof Kn can contain at most j � 1 vertices. Therefore, �(Kn;:Pj) � l nj�1m andequality follows from Theorem 2.1. 2The next theorem provides the most basic relationship between �(G;:Cj) and�(G;:Pj).Theorem 2.2 If j � 3 and G is a graph, then �(G;:Cj) � �(G;:Pj):Proof. Let C be any minimum :Pj-coloring of G. Since a color class thatcontains no Pj contains no Cj, the coloring C is also a :Cj-coloring of G. So,�(G;:Cj) � �(G;:Pj): 216



Now that we have an upper bound for �(G;:Pj) and a relationship between�(G;:Cj) and �(G;:Pj), we can �nd an upper bound for �(G;:Cj).Corollary 2.2 If j � 3 and G is a graph of order n, then �(G;:Cj) � l nj�1m :Further, �(Kn;:Cj) = l nj�1m :Proof. By Theorem 2.2 and Theorem 2.1, we get �(G;:Cj) � �(G;:Pj) �l nj�1m. Let G = Kn. A subgraph induced by j or more vertices of Kn contains Cj,and therefore cannot be a color class of Kn. Hence, �(Kn;:Cj) � l nj�1m. 2The next theorem relates two di�erent conditional coloring numbers.Theorem 2.3 If j � k � 2, then �(G;:Pj) � �(G;:Pk):Proof. Let C be any minimum :Pk-coloring of G. Since a color class thatcontains no Pk contains no Pj for k � j, the coloring C is also a :Pj-coloring ofG. Therefore, �(G;:Pj) � �(G;:Pk): 2One might ask if the above type of theorem is true for �(G;:Cj). In fact, thereis no relationship in general in either direction. For example, �(C4;:C4) = 2and �(C4;:C3) = 1, which implies that �(G;:C4) 6� �(G;:C3) for at leastone graph. Further, �(C3;:C4) = 1 and �(C3;:C3) = 2, which implies that�(G;:C4) 6� �(G;:C3) for at least one graph.The next theorem provides a relationship between the conditional chromaticnumbers of a graph and its subgraphs.Theorem 2.4 Let G be a graph with H � G. If j � 2, then �(H;:Pj) ��(G;:Pj). If j � 3, then �(H;:Cj) � �(G;:Cj):17



Proof. Let C be any minimum :Cj(:Pj)-coloring of G. Since H � G, thecoloring C is also a :Cj(:Pj)-coloring of H. So, �(H;:Cj) � �(G;:Cj) and�(H;:Pj) � �(G;:Pj): 2Now that we have results for subgraphs for �(G;:Cj) and �(G;:Pj), we canderive an elementary lower bound for �(G;:Pj) and �(G;:Cj).Theorem 2.5 If G is a graph and j � 3, then �(G;:Pj) � �(G;:Cj) � l!(G)j�1 m.Proof. First of all, K!(G) � G. By Corollary 2.2, �(K!(G);:Cj) = l!(G)j�1 m. ByTheorem 2.4, we get �(G;:Cj) � �(K!(G);:Cj) = l!(G)j�1 m. By Theorem 2.2, wehave �(G;:Pj) � �(G;:Cj): 2This bound is attained when G = Kn, and therefore the bound is tight. Inorder to derive some upper bounds on the order of a color class of some graphG, we need some well known results regarding Hamiltonian graphs, Hamiltonianconnected graphs, and graphs which have a Hamiltonian path. First, we stateOre's Theorem, Dirac's Theorem, and another theorem which appears as Corollary4.6 in Bondy and Murty [10].Theorem 2.6 (Ore [44]) If G is a graph of order n � 3 such that for all distinctnonadjacent vertices u and v, d(u) + d(v) � n, then G is Hamiltonian.Theorem 2.7 (Dirac [22]) If G is a graph of order n � 3 and each vertex hasdegree at least n2 , then G is Hamiltonian.Theorem 2.8 (Ore [45], Bondy [9]) If G is a graph of order n � 3 and e(G) �n2�3n+62 , then G is Hamiltonian. Moreover, the only non-Hamiltonian graphs withn vertices and n2�3n+42 edges are K1 _ (K1 +Kn�2) and K2 _ I3.18



The following theorem is also well known. Parts (i) and (iii) appear as anexercise in West [51] and part (ii) is simply a restatement of the �rst sentence inTheorem 2.8.Theorem 2.9 Let G be a graph of order n.If n � 2 and e(G) � �n2�� (n� 4), then G is Hamiltonian connected: (i)If n � 3 and e(G) � �n2�� (n� 3), then G is Hamiltonian. (ii)If n � 2 and e(G) � �n2�� (n� 2), then G has a Hamiltonian path: (iii)Proof. (i). (by induction on n). If n � 3, then (i) is vacuously true. Ifn = 4, then G = K4 and a complete graph is Hamiltonian connected. If n = 5,then G 2 fK5; K5 � eg where e is an edge. These two graphs are Hamiltonianconnected. If n = 6, then G 2 fK6; K6� e;K6�E(2K2); K6�E(P3)g = G wheree is an edge. Each G 2 G is Hamiltonian connected. So assume (i) holds forappropriate graphs on n� 1 vertices.Let G be a graph on n � 7 vertices and e(G) � �n2�� (n� 4). We will showG is Hamiltonian connected. Let fu; vg � V (G) with u 6= v.If d(u) � n� 2, then e(G� u) � e(G)� (n� 2) � �n2�� (n� 4)� (n� 2) =�n�12 �� (n�5) and, by the induction hypothesis, G�u is Hamiltonian connected.Now e(G) � �n2�� (n� 4) implies that �(G) � 3 for we would need to remove atleast n � 3 edges from a complete graph in order for �(G) = 2. Since d(u) � 3,we can choose z 2 N(u)� fvg and add uz to a Hamiltonian (z,v)-path in G� uto form a Hamiltonian (u,v)-path in G.If u is adjacent to every other vertex in G (i.e., d(u) = n�1), then e(G�u) =e(G)� (n� 1) � �n2�� (n� 4)� (n� 1) = �n�12 �� (n� 4) and, by Theorem 2.8,19



G�u is Hamiltonian. Break an edge involving v (say vw) on the Hamiltonian cyclein G� u and add the edge wu to obtain a Hamiltonian (u,v)-path in G. In eithercase, G has a Hamiltonian (u,v)-path. Therefore, G is Hamiltonian connected.(ii). For a proof of Ore's Theorem, see Roberts [47].(iii). If G is complete, then G is Hamiltonian. So, assume G is not complete.Since e(G) � �n2� � (n � 2), we get n � 3. Let uv be any missing edge of G.Consider G+ uv. Now, e(G+ uv) = e(G) + 1 � �n2�� (n� 3). By (ii), the graphG+ e has a Hamiltonian cycle. Therefore, G has a Hamiltonian path. 2We can see that all three statements in the previous theorem are exact sinceK2 _ (K1 + Kn�3) has �n2� � (n � 3) edges and is not Hamiltonian connected,K1_(K1+Kn�2) and K2_I3 have �n2��(n�2) edges and are not Hamiltonian (infact, Theorem 2.8 points out that these are the only such graphs), and K1+Kn�1has �n2� � (n � 1) edges and contains no Hamiltonian path. Lastly, we state asu�cient condition on the size of a graph to obtain cycles of all orders.Theorem 2.10 If G is a graph with order n � 3 and e(G) � �n2�� (n� 3), thenCk � G for all k = 3; 4 : : : ; n.Proof. (by induction on n). If n = 3, then G = K3 and the result followsimmediately. Assume that n � 4 and that any graph of order n� 1 with at least�n�12 �� (n� 4) edges contains Cj for j = 3; 4; : : : ; n� 1.Let G be a graph of order n with e(G) � �n2�� (n� 3). By Theorem 2.9,we get Cn � G. If G is complete, the result follows immediately. If G is notcomplete, then �(G) � n � 2. Choose a vertex v 2 V (G) of minimum degree inG. Consider G � v. Then e(G � v) = e(G)� �(G) � �n2�� (n� 3)� (n� 2) =20



�n�12 �� (n� 4). By the induction hypothesis, G� v contains C3; C4; : : : ; Cn�1 assubgraphs. Therefore, G contains the same C3; : : : ; Cn�1 as subgraphs. 2Now that we have some basic results, we discuss the computational complexityof the following problem: Given a graph G and a positive integer k, can G be:P3-colored using k colors? In the next chapter, we show that this problem isNP-complete.
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3 NP-completeA polynomial time algorithm is an algorithm whose worst-case running time isO(nk), where the input to the algorithm is of cardinality n and k is some con-stant. A problem � is de�ned to be a binary relation on a set I of probleminstances and a set S of problem solutions. For example, consider the problemSHORTEST-PATH of �nding a shortest path between two given vertices in G.An instance for SHORTEST-PATH is a triple consisting of a graph and two ver-tices. A solution is a sequence of vertices in the graph G with perhaps the emptysequence denoting that no path exists. The problem SHORTEST-PATH itself is arelation that associates each instance of a graph and two vertices with a shortestpath in the graph that connects the two vertices. For simplicity, the theory of NP-completeness restricts itself to decision problems, those having a yes/no solution.In this case, we can view an abstract decision problem as a function that maps theinstance set I to the solution set f0; 1g. For example, a decision problem relatedto SHORTEST-PATH is as follows: Given a graph G, two vertices fu; vg � V (G),and a positive integer k, does there exist a path of length at most k?There are decision problems which can be solved in polynomial time and thosewhich require superpolynomial time. A polynomial time solvable problem is onewhich can be solved using a deterministic polynomial time algorithm.The complexity class NP is the class of problems where given a \yes" solution,we can verify this solution in polynomial time. A basic idea in the theory of NP-completeness is that of a polynomial transformation. Let �1 and �2 denote two22



decision problems. We say that there is a polynomial transformation from �1 to�2, written �1 / �2, if the following two conditions hold:(a) There exists a function F transforming any instance I of �1 to an instanceF (I) of �2 such that the answer to I with respect to �1 is \yes" if and only if theanswer to F (I) is \yes" with respect to �2.(b) There exists an polynomial time algorithm to compute F (I).A decision problem � is NP-complete if � 2 NP and for every problem �0 2 NP ,�0 / �.The k-COLORING problem is stated as follows: given a graph G = (V;E) andinteger 3 � k � jV j, is G k-colorable? We know from Garey and Johnson [27] thatthe k-COLORING problem is NP-complete for k � 3. The goal of this chapteris to determine how di�cult it is to solve the problem of conditionally coloring agraph. Observe that the :P2 k-COLORING problem is the usual k-COLORINGproblem. Does relaxing the condition for each color class being an independent setto each color class containing no Pj for j � 3 change the computational complexityof the colorability problem? We will show the answer is \no" when j = 3. The:P3 k-COLORING problem is stated as follows: given a graph G = (V;E) andinteger 3 � k � l jV j2 m (Note: By Theorem 2.1, a graph can always be :P3-coloredwith at most l jV j2 m colors), does there exist a k-partition of the vertex set so thateach subgraph induced by a set in the partition does not contain P3 as a subgraph(not necessarily induced)?Theorem 3.1 The :P3 k-COLORING problem � is NP-complete for k � 3.Proof. Let G = (V;E) be a graph of order n, and C a :P3 k-coloring of G. Thefollowing is a polynomial time algorithm which can be used to check that C is a23



valid :P3-coloring of G. Examine all triples of distinct vertices in each color classand determine whether the graph induced by each triple contains P3. Determiningif a triple contains P3 is O(1). Since each set in the partition can contain at mostn vertices, there are O(n3) triples. This algorithm is of order n3 and this showsthat � 2 NP .Next, we will show that a known NP-complete problem can be transformed to�. Construct a graph F (G) from G = (V;E) as follows: for each v 2 V , let F (G)contain two vertices v1 and v2. We say that v1 and v2 are associated with thevertex v. In F (G), join v1 and v2 to the vertices associated with each neighbor ofv and join v1 to v2. Observe that this transformation is polynomial. See Figure3.1 for the transformation of G = C4.We will show that �(G) � k implies that �(F (G);:P3) � k. Assume �(G) �
su svswsx
C4 su1 sv1

sw1sx1
su2 sv2 sw2sx2������������������ @@@@ HHHHHHH AAAAAAA

���� ������� �������@@@@HHHHHHHAAAAAAAF (C4)Figure 3.1. The construction of F (C4).k. Let H = F (G) and C be a k-coloring of G. Color H as follows: For each vertexv 2 V , assign C(v) to the two vertices associated with v in H. This coloring usesat most k colors to color H. To see that this coloring is a valid :P3-coloring of H,24



suppose, by way of contradiction, that a color class of H contains P3 = uvw. Byconstruction, ab 2 E(H) if and only if either a and b are associated with the samevertex in G or there exists cd 2 E(G) such that a is associated with c and b isassociated with d. Therefore, if two adjacent vertices in H are assigned the samecolor, then they must be associated with the same vertex in G since G has a validk-coloring. Thus, uv 2 E(H) implies that there exists c 2 V (G) such that u andv are associated with c. Similarly, vw 2 E(H) and v being a vertex associatedwith c imply that v and w are associated with c. This is a contradiction since, byconstruction, there are exactly two vertices in H associated with a vertex in G.Therefore, �(H;:P3) � k.Next, we will show that �(H;:P3) � k implies that �(G) � k. Let d : V (H)!f1; 2; : : : ; kg be a :P3 k-coloring of H. We color the vertices of G using Algorithm3.1 presented in Figure 3.1. Let c : V (G) ! f1; 2; : : : ; kg be the function thatassigns colors to the vertices of G based on Algorithm 3.1.Note 1: Observe that Algorithm 3.1 assigns a color to z 2 V (G) from one ofthe colors assigned to the two vertices in H associated with z.Note 2: For every v 2 V (G) with associated vertices v1 and v2, there is at mostone w 2 NH(v1; v2) colored c(v). Suppose by way of contradiction that there existx; y 2 V (H) such that fx; yg � NH(v1; v2) and d(x) = d(y) = c(v). By Note 1, weknow that either v1 or v2 is colored c(v), say v1. But xv1y forms P3 in H, whichis a contradiction.Each time through the loop (Lines 7-22), a vertex in G is assigned a color ineither Line 9 or Line 17. Since the number of vertices in a graph is �nite, all thevertices of G are assigned a color. We will show that c is a valid k-coloring of G.25



Input: Graphs G and H, and a :P3-coloring d : V (H)! f1; 2; : : : ; kg of H.Output: A k-coloring c : V (G)! f1; 2; : : : ; kg of G.1. For every z 2 V (G) with associated vertices z1 and z2 in H.2. If d(z1) = d(z2), then let c(z) = d(z1).3. If d(z1) 62 d(N(z1)) and z is uncolored, then let c(z) = d(z1).4. If d(z2) 62 d(N(z2)) and z is uncolored, then let c(z) = d(z2).5. If G has uncolored vertices, then6. Let previous color = �1 and z be an uncolored vertex in G.7. Repeat steps 8-22 until all vertices of G are colored.8. If previous color 6= d(z1), then9. let c(z) = d(z1),10. let previous color = d(z1), and w be the unique vertex in V (G) withwhich the vertex in NH(z1) with color d(z1) is associated.11. If w is uncolored, then12. let z = w.13. else if there are uncolored vertices in G, then14. let previous color = �1 and z be an uncolored vertex in G.16. else (previous color = d(z1))17. let c(z) = d(z2),18. let previous color = d(z2), and w be the unique vertex in V (G) withwhich the vertex in NH(z2) with color d(z2) is associated.19 If w is uncolored, then20. let z = w.21. else if there are uncolored vertices in G, then22. let previous color = �1 and z be an uncolored vertex in G.23. Output c and stop. Figure 3.1. Algorithm 3.1
26



Let v 2 V (G) with c(v) = a, u 2 N(v), v1 and v2 be the vertices in H associatedwith v, and u1 and u2 be the vertices in H associated with u. We will show thatc(u) 6= a.Assume v was assigned color a in Line 2 of Algorithm 3.1. Now, u cannot beassigned color a or else the subgraph induced by the color class in H containing v1,v2, and one of the vertices associated with u would contain P3. Thus, all verticesassigned a color in Line 2 of Algorithm 3.1 receive a valid color.Assume v was assigned color a in Line 3 of Algorithm 3.1, that is, d(v1) = aand the neighbors of v1 (which include u1 and u2) are not colored a. Since u isassigned its color from one of the colors assigned to u1 or u2 (Note 1), we havec(u) 6= a. Thus, all vertices colored in Line 3 receive a valid color. A similarargument proves that every vertex colored in Line 4 receives a valid color.We have just shown that if u or v were assigned a color in Lines 2, 3, or 4, thenc(u) 6= c(v). So assume u and v were assigned colors in Lines 9 or 17 of Algorithm3.1. Since only one vertex is colored at at time, let's assume that u was alreadycolored when v is colored.Suppose that c(u) = c(v) = a. Assume u was assigned color a in Line 9 ofAlgorithm 3.1. In the loop (Lines 7-22) with z = u, in Line 9 we have c(u) =d(u1) = a and we let previous color = a (Line 10). Since we assumed thatc(v) = a, either v1 or v2 is colored a (Note 1). Further, since there is at most oneneighbor of u1 colored a (Note 2), we must have z = v (Line 12), i.e., v is the nextvertex to be colored in the loop (Lines 7-22). When we go through the loop tocolor v, either it gets colored in Line 9 or 17. If v is colored in Line 9, then sinceprevious color = a, we know that the color of c(v1) 6= a (Line 8) and c(v) 6= a27



(Line 9). So v must be colored in Line 17 and we know that d(v1) = a (Line 16)and c(v) = d(v2) = a (Line 17). Now, d(v2) 6= a or else v would have been coloredin Line 2. Thus c(v) 6= a, which contradicts the assumption that c(v) = a. Byapplying the previous argument replacing x1 with x2 and starting with z = x inLine 17, we again reach a contradiction.Thus, for every adjacent u; v 2 V (G), we have c(u) 6= c(v), which implies thatAlgorithm 3.1 produces a k-coloring of G. We have transformed a known NP-complete problem to our problem. Therefore, the :P3 k-COLORING problem isNP-complete. 2This construction for H does not help to prove that the :Pj k-colorabilityproblem is NP-complete for j � 4. We have tried other constructions for Hfor the :Pj k-colorability problem with no success. Suggested areas for futureresearch include determining whether the :Pj k-colorability problem, the :Cjk-colorability problem, and the :Kj k-colorability problem are NP-complete forj � 3. Now, we turn our attention to �nding �(G;:Pj) and �(G;:Cj) for graphswith acyclic complements.
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4 Determining the conditional chromatic num-ber for graphs with acyclic complementsIn this chapter we will show that �(G;:Cj) and �(G;:Pj) may have di�erentvalues for many graphs. First, we will examine the values of �(G;:Cj) forgraphs whose complements are acyclic and then perform a similar analysis for�(G;:Pj). Finally, the main theorem of this chapter shows that the di�erencebetween �(G;:Cj) and �(G;:Pj) can be made arbitrarily large in a particularfamily of graphs.4.1 Determining �(G;:Cj) when �G is acyclicTo determine �(G;:Cj) for j � 3, it is necessary to determine how large anycolor class can be in a minimum :Cj-coloring of G. If j = 3, then we will see thelargest color class must be of size 4 or less and if j � 4, then the largest color classmust be of size j or less. Therefore, we determine �(G;:C3) and �(G;:Cj) forj � 4 in two separate theorems. We �rst address the size of the largest possiblecolor class for �(G;:C3) with the following lemma.Lemma 4.1 If G is a graph of order n � 5 and �G is acyclic, then G contains C3as a subgraph.Proof. Let G be a graph of order n � 5 with acyclic complement. Let H bea subgraph of G with �ve vertices. We may assume �H is a tree (otherwise weremove edges from H until �H is a tree). If �H has a vertex v such that d �H(v) � 3,then since �H contains no cycles, N �H(v) is an independent set in �H of size at least29



3. If every vertex in �H has degree at most 2, then �H = P5, which clearly containsan independent set of size 3. In either case, the vertices from the independent setin �H forms C3 in H. Since H � G, the graph G contains C3. 2The following theorem evaluates �(G;:C3) when �G is acyclic.Theorem 4.1 Let G be a graph with acyclic complement. Let m be the numberof edges in a maximum matching of �G. If m � 0, then �(G;:C3) = ln�m2 m.Proof. Let A be a color class in a :C3-coloring of G. By Lemma 4.1, jAj � 4.Let a be the number of color classes of size 4 and b the number of color classes ofsize 3. The only C3-free graphs of order 4 whose complements are acyclic are P4and C4. Each of these graphs is missing two independent edges. Therefore, thesubgraph induced by each color class of size 4 must be missing two independentedges. The only C3-free graphs of order 3 whose complements are acyclic are P3and K2 +K1. Each of these graphs is missing an edge. Therefore, the subgraphinduced by each color class of size 3 must be missing an edge.Since color classes are disjoint, we can form a matching M1 in �G with a pairof edges from each color class of size 4 and one from each color class of size 3.Thus jM1j = 2a + b, and since m is the size of a maximum matching, we get2a+ b = jM1j � m. Thus, �(G;:C3) � ln�4a�3b2 m+ a + b = ln�2a�b2 m � ln�m2 m.To construct a coloring, let M be a maximum matching in �G. We form asmany color classes of size 4 as possible by using the endpoints of two edges in Min each, then based on the parity of m, zero (if m is even) or one (if m is odd)color class of size 3 using the endpoints of one edge inM and an additional vertex,and �nally as many color classes of size 2 as possible. With this construction, the30



graph induced by a color class of size 4 is either C4 or P4. Further, the graphinduced by a color class of size 3 is either P3 or K2+K1. Each of these graphs isC3-free and are valid color classes.If m is even, there are m2 color classes of size 4, and the rest are of size at most2. With this coloring, we get �(G;:C3) � ln�4(m2 )2 m+ m2 = ln�m2 m.If m is odd and n > 2m, there are m�12 color classes of size 4 and one color classof size 3. The rest are of size at most 2. With this coloring, we get �(G;:C3) ��n�4(m�12 )�32 � + m�12 + 1 = ln�m2 m.If m is odd and n = 2m, there are m�12 color classes of size 4 and one colorclass of size 2. With this coloring, �(G;:C3) � m�12 + 1 = m+12 = lm2 m = ln�m2 m.2 Next we will complete the study of graphs whose complements are acyclic bydetermining �(G;:Cj) for j � 4. Again, we need to determine how large anycolor class can be in a minimum :Cj-coloring of a graph. Recall that Theorem2.10 guarantees cycles of all orders if a graph is missing at most j � 3 edges. Thefollowing theorem shows that we still have long cycles for some graphs missing upto n� 1 edges.Lemma 4.2 Let G be a graph of order n � 5 with acyclic complement. ThenCn�1 � G. Furthermore, if K1;n�2 6� �G, then G is Hamiltonian.Proof. We may assume �G = T where T is a tree and K1;n�2 � T only if K1;n�2 ��G. (Otherwise, remove edges from G until we get a graph whose complement is atree. Since n � 5, this can be done without creating K1;n�2 in the complement.)Choose a root vertex v0 of T so that the height of the tree hv0(T ) is maximum.31



Since n � 5, the diameter of the tree T is at least 2 and therefore, hv0(T ) � 2.Further, dT (v0) = 1 and there is exactly one vertex v1 at level 1. Let TE be thesubgraph of G induced by the vertices on even levels of T , and TO be the subgraphof G induced by the vertices on odd levels of T .Since TE and TO are complete graphs, every induced subgraph of TE or TO isHamiltonian connected. Further, all vertices on level i are adjacent to all verticeson levels i � 2; i � 3; : : : ; 1; 0 in G. In each of the following cases, we will showCn�1 � G and either K1;n�2 � T or Cn � G.Case 1. hv0(T) � 4. Let vi be a vertex on the tree at level i for i = 2; 3; 4.Now, a Hamiltonian (v0,v4)-path from TE � v2 together with v4v1 togetherwith a Hamiltonian (v1,v3)-path from TO together with v3v0 forms Cn�1 � G.Further, a Hamiltonian (v0,v4)-path from TE together with v4v1 together with aHamiltonian (v1,v3)-path from TO together with v3v0 forms Cn � G.Case 2. hv0(T) = 3. Let w1; w2; : : : be the vertices on level 2 and x1; x2; : : : thevertices on level 3.Case 2A. The number of vertices in level 2 is 1. Since n � 5, there areat least two vertices x1 and x2 on level 3. Then Cn�1 is formed in G by usinga Hamiltonian (x1,x2)-path in TO together with x1v0x2. In this case, we haveK1;n�2 � T induced by the vertices on levels 1, 2, and 3.Case 2B. The number of vertices in level 2 is at least 2. Since hv0(T ) = 3,there is at least one vertex x1 on level 3. Assume without loss of generality thatw1x1 2 E(T ).If level 3 has only one vertex, then a Hamiltonian (v0,w2)-path from TE to-gether with w2x1v0 forms Cn�1 � G. Further, K1;n�2 � T is induced by the32



vertices on levels 0, 1, and 2.Assume level 3 has at least two vertices x1, x2 (and w1x1 2 E(T )). If x2w1 2E(T ), then form Cn�1 � G by using a Hamiltonian (v0,w2)-path in TE togetherwith w2x2 together with a Hamiltonian (x2,x1)-path in TO�v1 together with x1v0.A Hamiltonian cycle is formed in G by using a Hamiltonian (v0,w2)-path in TEtogether with w2x2 together with a Hamiltonian (x2,x1)-path in TO together withx1v0.Otherwise, without loss of generality assume x2w2 2 E(T ), and we can formCn�1 � G by using a Hamiltonian (v0,w1)-path in TE together with w1x2 togetherwith a Hamiltonian (x2,x1)-path in TO � v1 together with x1v0. A Hamiltoniancycle is formed in G by using a Hamiltonian (v0,w1)-path in TE together withw1x2 together with a Hamiltonian (x2,x1)-path in TO together with x1v0.Case 3. hv0(T) = 2. Then �G = K1;n�1 and TE = Kn�1 which contains Cn�1. 2We use the above result to get an upper bound on the size of a color classin a minimum :Cj-coloring of G. We complete our analysis of graphs whosecomplements are acyclic with the following theorem which determines �(G;:Cj)when j � 4.Theorem 4.2 Let G be a graph of order n with acyclic complement. Let m � 0be the maximum number of pairwise vertex disjoint copies of K1;j�2 in �G. If j � 4,then �(G;:Cj) = max �ln�mj�1 m ; lnj m�.Proof. Let A be a color class in a :Cj-coloring of G. Notice that hAi is acyclicsince �G is acyclic. If jAj � j + 1, then by Lemma 4.2, we get Cj � hAi, acontradiction. Hence jAj � j, and it follows that �(G;:Cj) � lnj m.33



Suppose jAj = j. We will show K1;j�2 � hAi. Suppose j = 4. Every graph oforder 4 with acyclic complement contains either C4 orK1;2. Since A is a color class,we must have K1;2 � hAi. If j � 5, then by Lemma 4.2, we have K1;j�2 � hAi.Let a be the number of color classes of size j. Since color classes are vertexdisjoint, we get a � m. Therefore, �(G;:Cj) � ln�ajj�1 m+ a = ln�aj�1 m � ln�mj�1 m and�(G;:Cj) � max �ln�mj�1 m ; lnj m�.To show the inequality in the other direction, we produce a minimum :Cj-coloring. Consider fU1; U2; : : : ; Umg, where each Ui is a K1;j�2 in �G and the Ui'sare pairwise vertex disjoint. Let S = V (G)�Smi=1 V (Ui). Now, n = (j � 1)m+ s.We consider two cases: m � s and 0 � s < m.If m � s, then n � mj, which implies that ln�mj�1 m � lnj m. For i = 1; : : : ; m,let V (Ui) together with a vertex from S form a color class of size j (the subgraphinduced by each such color class is Cj-free since it contains a vertex of degree atmost one). We partition the remaining s�m vertices into as many color classesof size j � 1 as possible. Clearly each such subgraph is Cj-free. Thus, we have�(G;:Cj) � m + ls�mj�1 m = l (j�1)m+s�mj�1 m = ln�mj�1 m.If 0 � s < m, then n < mj, which implies that lnj m � ln�mj�1 m. Let r = lm�sj mand U = fU1; U2; : : : ; Um�rg. Further, let T = S [ (Smi=m�r+1 V (Ui)). For i =1; : : : ; m� r, let V (Ui) together with a vertex from T form a color class of sizej. Note that m � r = m � lm�sj m = jmj�m+sj k = jnj k, and there are su�cientelements in T to form jnj k color classes since jT j = s+r(j�1) = s+lm�sj m (j�1) �s+ m�sj (j�1) = nj . If there are vertices remaining in T , form one more color classB containing those vertices. To show hBi is Cj-free, we will show that jBj < j.
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Now, jBj = jT j � $nj %= s+ r(j � 1)� (m� r)= rj � (m� s)< (m� sj + 1)j � (m� s)= jIf B = ;, then there were no remaining vertices after forming m� r color classesof size j. Therefore, j divides n and �(G;:Cj) � jnj k = lnj m. If B 6= ;, then jdoes not divide n and we get �(G;:Cj) � jnj k+ 1 = lnj m. In either case, we haveproduced a :Cj-coloring with lnj m colors. 2Now that we have determined �(G;:Cj) for graphs with acyclic complements,the next section gives �(G;:Pj) for this same class of graphs.4.2 Determining �(G;:Pj) when �G is acyclicThe following lemma determines the longest path in a graph whose complementis acyclic. This lemma will be used in the main theorem of this section whichdetermines �(G;:Pj) when �G is acyclic.Lemma 4.3 If G is a graph of order n � 2 with acyclic complement, then Pn�1 �G. Furthermore, if �G 6= K1;n�1, then G has a Hamiltonian path.Proof. If n = 2, the result is trivial. If n = 3, then G is missing at most twoedges and P2 � G. Further, if �G 6= K1;2, then G = P3 or G = K3 and both containP3. If n = 4, then G 2 fK4; K4 � e;K4 �E(2K2); K4 �E(P3); P4; K4 �E(K1;3)g35



where e is an edge. All graphs contain P4 except K4 � E(K1;3), which containsP3. So, assume n � 5. By Lemma 4.2, the graph G contains Cn�1 as a subgraphand therefore Pn�1 � G. If �G 6= K1;n�1, then �(G) � 1 and the vertex in G noton Cn�1 can be added to Cn�1 to form Pn � G. 2The following theorem determines �(G;:Pj) for graphs whose complementsare acyclic.Theorem 4.3 Let G be a graph of order n with acyclic complement. Let m � 0be the maximum number of pairwise vertex disjoint copies of K1;j�1 in �G. If j � 2,then �(G;:Pj) = ln�mj�1 m.Proof. Let A be a color class in a :Pj-coloring of G. Notice that hAi is acyclicsince �G is acyclic. If jAj > j, then by Lemma 4.3, we get Pj � hAi, whichcontradicts the assumption that A is a color class. Therefore, jAj � j.Suppose jAj = j. Now, hAi is acyclic and is Pj-free. Therefore, by Lemma 4.3,we get K1;j�1 = hAi. Let a be the number of color classes of size j. Since colorclasses are vertex disjoint, we get a � m. Therefore, �(G;:Pj) � ln�ajj�1 m + a =ln�aj�1 m � ln�mj�1 m.To show the inequality in the other direction, we produce a minimum :Pj-coloring. Consider fU1; U2; : : : ; Umg, where each Ui is a K1;j�1 in �G and the Ui'sare pairwise vertex disjoint. For each i = 1; : : : ; m, form a color class of size j usingV (Ui) (the subgraph induced by each such color class is Pj-free since it contains avertex of degree zero). With the remaining vertices, form as many color classes ofsize j�1 as possible. With this coloring, we get �(G;:Pj) � ln�mjj�1 m+m = ln�mj�1 m.Therefore, �(G;:Pj) = ln�mj�1 m. 236



The following corollary will be used several times in upcoming chapters and isstated here for reference.Corollary 4.1 If G is a graph with hE( �G)i = K1;m and j � 2, then�(G;:Pj) = 8><>: l nj�1m if 0 � m < j � 1;ln�1j�1 m if j � 1 � m � n� 1.Proof. If m < j � 1, then �G contains no copy of K1;j�1 and by Theorem 4.3,�(G;:Pj) = l nj�1m. If m � j � 1, then �G contains exactly one K1;j�1 and byTheorem 4.3, �(G;:Pj) = ln�1j�1 m. 2Now, we can state the main theorem of this chapter.4.3 The di�erence between the :Cj- and :Pj-chromaticnumbers of a graphTheorem 4.4 If a � 0, j � 4 and n � a(j � 1)j, then there exists a connectedgraph G of order n such that �(G;:Pj)� �(G;:Cj) � a.Proof. This is a proof by construction. Let �G be the disjoint union of In�a(j�1)2and a(j � 1) pairwise vertex disjoint copies of K1;j�2. See Figure 4.1 for theconstruction of �G when j = 5, a = 1 and n = 24. In this case, �G consists of I8and four copies of K1;3. Further, �(G;:C5) = 5 and �(G;:P5) = 6.Observe that �G contains a(j�1) pairwise vertex disjoint copies ofK1;j�2 and nocopy ofK1;j�1. By Theorem 4.3, �(G;:Pj) = l nj�1m. Since n � a(j�1)j, Theorem4.2 implies that �(G;:Cj) = ln�a(j�1)j�1 m. Therefore, �(G;:Pj) � �(G;:Cj) =l nj�1m� ln�a(j�1)j�1 m = l nj�1m� l nj�1m+ a = a. 2Since we have shown these two conditional chromatic numbers may be di�er-ent, we will address each separately in the following two chapters.37



ss s s������BBBBBB ss s s������BBBBBB ss s s������BBBBBB ss s s������BBBBBB ssss ssssFigure 4.1. The construction of �G for j = 5, a = 1 and n = 24Some possible directions for further research include answering the followingquestions. What happens if we remove the restriction that the complement isacyclic and examine all graphs missing n � 1 edges or examine graphs whosecomplements are bipartite? Will the di�erence increase and, if so, by how much?Also, are there families of graphs where �(G;:Pj)��(G;:Cj) is O(nk) for k � 1?The following questions also remain open. For the set of graphs of a �xed ordern, how much can these two conditional chromatic numbers di�er if we remove halfof the edges from the complete graph? And, in general, given the size of G, whatare upper and lower bounds for �(G;:Pj) � �(G;:Cj)? Which graphs attainthese bounds?
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5 Determining �(G;:Cj)Next we address the problem: given a graph of order n with e edges, what are thebounds on the conditional chromatic number? In 1995, Dargen and Fraughnaughpublished the following theorem.Theorem 5.1 (Dargen and Fraughnaugh, [21]) If e(G) � �n2�� (j � 2), then�(G;:Cj) = 8>><>>: ln�1j�1 m if �G = K1;j�2or �G = K3 and j = 5l nj�1m otherwise.We can deduce from this theorem that we need to remove at least j � 2 edgesfrom a complete graph to obtain a graph whose :Cj-conditional chromatic numberis ln�1j�1 m. A natural question one may ask is how many edges do we need to removeso that �(G;:Cj) = ln�2j�1 m? We will show that this number can be obtained byremoving only two edges from a complete graph when j = 3.In this chapter, we will determine which graphs are Hamiltonian given thatthe size of their complement is at most n � 1. Using this information, the �naltheorem of this chapter will expand the knowledge of �(G;:Cj) to the class ofgraphs missing exactly j � 1 edges.5.1 PreliminariesTo prove the �nal theorem, we will �rst address some special cases. We will soonsee that the special cases for the �nal theorem are graphs missing a star of aparticular order and graphs missing pairwise vertex disjoint complete subgraphs.First, we will address graphs missing a star of a particular order.39



Theorem 5.2 Let G be a graph of order n. If j � 3 and e(G) � �n2�� (2j � 6)and K1;j�2 � �G, then �(G;:Cj) = ln�1j�1 m.Proof. Let X be a set of vertices which induce K1;j�2 � �G. Since K1;j�2 � �Gand e( �G) � 2j � 6, there is exactly one vertex v0 of degree at least j � 2 in �G.Therefore, v0 2 X. Let A be a color class in a :Cj-coloring of G.Suppose v0 62 A. If jAj � j, then hAi would be missing at most j � 4 edgesand by Theorem 2.10, we get Cj � hAi. Therefore, for A to be a color class, wemust have jAj � j � 1. Suppose v0 2 A, and consider A � v0. If jA � v0j � j,then by the same argument, we get Cj � hA � v0i. Therefore, jA � v0j � j � 1,which implies jAj � j. Thus, there can be at most one color class of size j (onecontaining v0), and �(G;:Cj) � ln�jj�1m+ 1 = ln�1j�1 m.To show the inequality in the other direction, form one color class B of sizej by using the vertices in X together with one vertex from G � X and form asmany other color classes as possible of size j � 1 with the remaining vertices inG � X. Now hBi is Cj-free since v0 is adjacent to at most one other vertex inhBi. Therefore, �(G;:Cj) � ln�jj�1m+ 1 = ln�1j�1 m. 2Next, we would like to determine �(G;:Cj) when G is missing a set of mutu-ally disjoint complete graphs of a speci�c order. To accomplish this, we use thefollowing two lemmas.Lemma 5.1 Let G be a graph of order n � 3 such that G = Wpi=1 Si where Si = Iri(ri � 1; p � 1) for each i. Then either G is Hamiltonian or maxifrig � ln+12 m.Proof. Let v 2 V (G). Then v 2 Si for some i and d(v) = (n�1)�(ri�1) = n�ri.Therefore, since each vertex in G is in some Si, we get �(G) = n �maxifrig. If40



maxifrig < ln+12 m, then �(G) > n � ln+12 m = jn�12 k. Thus, �(G) � n=2 and byDirac's Theorem (Theorem 2.7), G is Hamiltonian. 2Lemma 5.2 Let G be a graph of order n � 4 such that G = Wpi=1 Si where Si = Iri(1 � ri � ln2 m ; p � 1) for each i. Then either G contains an (n�1)-cycle or thereexist r1 and r2 such that r1 = r2 = ln2 m.Proof. Assume r1 � ln2m and ri < ln2m when i 6= 1. Let v 2 S1 and G0 = G� v.Then G0 = Ir1�1 _ (Wpi=2 Si) and maxi�2fri; r1 � 1g < ln2 m. By Lemma 5.1, G0 isHamiltonian, and therefore G contains an (n� 1)-cycle. 2The following theorem determines �(G;:Cj) when G is missing a set of mu-tually disjoint complete graphs of a speci�c order.Theorem 5.3 Let G be a graph of order n. If j � 3 and hE( �G)i = mKd j+12 e,then �(G;:Cj) = 8><>: ln�mj�1 m if j is oddmax �ln�mj�1 m ; lnj m� if j is evenProof. Observe that hE( �G)i = mKd j+12 e if and only ifG = Wm+n�d j+12 emi=1 Si whereSi = Id j+12 e for i = 1; 2; : : : ; m and Si = I1 for i = m+ 1; m+ 2; : : : ; n� l j+12 mm.Assume j is odd. Then l j+12 m = j+12 .Let A be a color class in a :Cj-coloring of G. Suppose that jAj > j + 1. LetB � A such that jBj = j + 2. Then hBi = Wki=1 Iqi where 1 � q1 � (j + 1)=2,1 � q2 � (j + 1)=2, and 1 � qi � (j � 1)=2 for 3 � i � k since jBj = j + 2 impliesthat hBi can contain at most two copies of I j+12 . By removing one vertex from eachof Iq1 and Iq2, form C � B such that jCj = j. Now, hCi = Iq1�1_Iq2�1_�Wki=3 Iqi�,41



and maxifqig � j�12 . By Lemma 5.1, hCi is Hamiltonian. This contradicts theassumption that hAi is Cj-free. So jAj � j + 1.If jAj = j + 1, then by Lemma 5.2, either 2I j+12 � hAi or hAi contains aj-cycle. Because hAi cannot contain Cj, we must have 2I j+12 � hAi. Now, ifjAj = j, then by Lemma 5.1, we have I j+12 � hAi. Let a be the number of colorclasses of size j + 1 and b be the number of color classes of size j in a :Cj-coloring of G. Since color classes are vertex disjoint, we get 2a + b � m. Now,�(G;:Cj) � ln�(j+1)a�jbj�1 m+ a+ b = ln�2a�bj�1 m � ln�mj�1 m.To show the inequality in the other direction, we split the proof into threecases. Recall that G = Wm+n�( j+12 )mi=1 Si where Si = I j+12 for i = 1; 2; : : : ; m andSi = I1 for i = m+ 1; m+ 2; : : : ; n� � j+12 �m.Case 1. m is even. Color G as follows: For 1 � l � m=2, form a color class ofsize j + 1 by using all the vertices from S2l�1 and S2l. The subgraph induced byeach of these color classes is isomorphic to M = I j+12 _ I j+12 , which is bipartite.Since bipartite graphs only contain even cycles, M is Cj-free. With the remainingvertices, form as many other color classes of size j � 1 as possible. With thiscoloring, we get �(G;:Cj) � ln�(j+1)m2j�1 m+ m2 = ln�mj�1 m.Case 2. m is odd and n � m � j+12 �+ j�12 . Color G as follows: For 1 � l � m�12 ,form a color class of size j+1 by using all the vertices from S2l�1 and S2l. Again,since the subgraph induced by each of these color classes is bipartite, it is Cj-free.Observe that n � m � j+12 �+ j�12 guarantees that there are at least j vertices not yetassigned to color classes. Form one color class C of size j using all the vertices fromSm together with j�12 vertices from V (G)�Smi=1 V (Si). Now, hCi = I j+12 _K j�12 andthe largest cycle we can form is Cj�1 obtained by alternately traversing between42



the vertices of K j�12 and I j+12 until we use all the vertices in K j�12 . Therefore, hCiis Cj-free. With the remaining vertices, form as many other color classes of sizej � 1 as possible. Then �(G;:Cj) � �n�m�12 (j+1)�jj�1 � + m�12 + 1 = ln�mj�1 m.Case 3. m is odd and n <m � j+12 �+ j�12 . This means that 0 � n�m � j+12 � <j�12 . We will show that n�m is not divisible by j�1. Suppose that n�m = z(j�1)for some nonnegative integer z. Then0 � n�m�j + 12 � < j � 12i� 0 � z(j � 1) +m�m�j + 12 � < j � 12i� 0 � 2z(j � 1) + 2m�mj �m < j � 1i� 0 � 2z(j � 1)�m(j � 1) < j � 1i� 0 � (2z �m)(j � 1) < j � 1i� 0 � 2z �m < 1i� m = 2z:However, this contradicts the assumption that m is odd. Therefore, n�m is notdivisible by j � 1. This implies that ln�m+1j�1 m = ln�mj�1 m.Now back to the proof. Form a new graph F by takingG and adding back in allthe missing edges in S1. Now F is missing m� 1 pairwise vertex disjoint copies ofK j+12 and we are back inCase 1. So, �(F;:Cj) � ln�(m�1)j�1 m = ln�m+1j�1 m = ln�mj�1 m,and by Theorem 2.4, �(G;:Cj) � �(F;:Cj) = ln�mj�1 m. This completes the proofwhen j is odd.Next, let's assume j is even. In this case, l j+12 m = j+22 and G = Wm+n�( j+22 )mi=1 Siwhere Si = I j+22 for i = 1; 2; : : : ; m and Si = I1 for i = m+1; m+2; : : : ; n�� j+22 �m.43



Let A be a color class in a :Cj-coloring of G. Suppose that jAj > j. LetB � A such that jBj = j + 1. Then hBi = Wki=1 Iqi where 1 � q1 � (j + 2)=2,and 1 � qi � j=2 for 2 � i � k since jBj = j + 1 implies that hBi can contain atmost one copy of I j+22 . By removing one vertex from Iq1 , form C � B such thatjCj = j. Now, hCi = Iq1�1 _ �Wki=2 Iqi�, and maxifqig � j2 . By Lemma 5.1, hCiis Hamiltonian. This contradicts the assumption that hAi is Cj-free. So jAj � jand �(G;:Cj) � lnj m.If jAj = j, then since hAi is Cj-free, by Lemma 5.1 we have I j+22 � hAi. Let abe the number of color classes of size j in a :Cj-coloring of G. Since color classesare vertex disjoint, we get a � m. Therefore, �(G;:Cj) � ln�jmj�1 m+m = ln�mj�1 m.Hence, �(G;:Cj) � max �lnj m ; ln�mj�1 m�.To show the inequality in the other direction, we produce a minimum :Cj-coloring. Let U = V (G) � Smi=1 V (Si). Now, n = ( j+22 )m + s. We consider twocases: j�22 m � s and 0 � s < j�22 m.If j�22 m � s, then n � mj and ln�mj�1 m � lnj m. For 1 � i � m, form a colorclass of size j by using all the vertices from Si together with j�22 vertices from Unot yet assigned to a color class. Since j�22 m � s, U contains a su�cient numberof vertices to form these m color classes. Now, all the subgraphs induced by thesecolor classes are isomorphic to C = I j+22 _K j�22 and the largest cycle we can form isCj�2 obtained by alternately traversing between the vertices ofK j�22 and I j+22 untilwe use all the vertices inK j�22 . Therefore, C is Cj-free. We partition the remainings � j�22 m vertices into as many color classes of size j � 1 as possible. Thus, wehave �(G;:Cj) � m+� s�( j�22 )mj�1 � = �mj�( j�22 )m+s�mj�1 � = �( j+22 )m+s�mj�1 � = ln�mj�1 m.
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If 0 � s < j�22 m, then n < mj and lnj m � ln�mj�1 m. Let r = �( j�22 )m�sj � andT = U [ (Smi=m�r+1 V (Si)). For 1 � i � m�r, form a color class of size j by usingall the vertices from Si together with j�22 vertices from T not yet assigned to acolor class. Again these subgraphs are Cj-free since their longest cycle is Cj�2.Note that m � r = m � �( j�22 )m�sj � = �mj�( j�22 )m+sj � = �( j+22 )m+sj � = jnj k, andthere are su�cient elements in T to form jnj k color classes since jT j = s+r � j+22 � =s + �( j�22 )m�sj � � j+22 � � s + ( j�22 )m�sj � j+22 � = � j�22 � �nj � � � j�22 � jnj k. Again, allthe subgraphs induced by these color classes are isomorphic to C = I j+22 _K j�22 ,and we have already shown that C is Cj-free.If there are vertices remaining in T , form one more color class B containingthose vertices. To show hBi is Cj-free, we will show that jBj < j. Now,jBj = jT j � $nj %�j � 22 �= s+ r(j + 22 )� (m� r)�j � 22 �= s+ rj �m�j � 22 �< s+ 0@� j�22 �m� sj + 11A j �m�j � 22 �= j:If B = ;, then there were no remaining vertices after forming m� r color classesof size j. Therefore, j divides n and �(G;:Cj) � jnj k = lnj m. If B 6= ;, then jdoes not divide n and we get �(G;:Cj) � jnj k+ 1 = lnj m. In either case, we haveproduced a :Cj-coloring with lnj m colors. 2
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5.2 Determining �(G;:Cj) when e(G) � �n2�� (j� 1)To determine the :Cj-chromatic number when j � 8 for graphs given the size ofthe complement is at most j � 1, we �rst determine which graphs of order n � 8are Hamiltonian given the size of their complement is at most n� 1.Theorem 5.4 Let G be a graph of order n � 8 with e( �G) � n � 1. Then eitherK1;n�2 � �G or G is Hamiltonian.Proof. Assume K1;n�2 6� �G. If G = Kn, then G is obviously Hamiltonian. Soassume G is not complete and let u and v be a pair of nonadjacent vertices. SinceK1;n�2 6� �G, we must have d(u) � 2 and d(v) � 2. Let H = G�fu; vg. We breakthe proof into cases based on the number of edges in �G incident to u or v.Case 1. Suppose that the number of edges in �G incident to u or v isn� 1. Since e( �G) = n� 1, H is complete.If jN(u)\N(v)j = 0, then let x; y 2 N(u) and a; b 2 N(v) be distinct vertices.These vertices exist since d(u) � 2 and d(v) � 2. Now xuybva together with aHamiltonian (a,x)-path from H �fy; bg forms Cn. So assume jN(u)\N(v)j � 1.If jN(u) \ N(v)j = 1, then let w, x, and y be distinct vertices in H suchthat w 2 N(u) \ N(v), x 2 N(u) and y 2 N(v). Then xuwvy together with an(y,x)-path from H � fwg forms Cn.So assume jN(u)\N(v)j � 2. Since there are n� 2 edges missing from fu; vginto H out of a possible 2(n� 2), there must be n� 2 edges from fu; vg into H.Since n � 8, there are at least six edges from fu; vg into H. Therefore, we canassume d(u) or d(v) is at least 3. Without loss of generality, assume d(u) � 3.Let w; x; y 2 N(u), and w; x 2 N(v). Then xvwuy together with a Hamiltonian46



(y,x)-path from H � fwg forms Cn. Therefore, we can assume that every suchpair of vertices can be incident to no more than n� 2 edges in �G.Case 2. Suppose that the number of edges in �G incident to u or v isexactly n� 2. Since there are n � 3 missing edges from fu; vg into H, H ismissing at most one edge, and there are 2(n � 2) � (n � 3) = n � 1 edges fromfu; vg into H.Suppose jN(u)\N(v)j = 0. Then in order to have n�1 edges from fu; vg intoH and jN(u) \ N(v)j = 0, the subgraph H needs to have at least n� 1 vertices.But H only contains n� 2 vertices, and we reach a contradiction.Therefore, we can assume jN(u)\N(v)j � 1. Let w 2 N(u)\N(v). ConsiderJ = G � fu; v; wg. Then J is a graph of order n � 3 missing at most one edge.Since n � 8, we have e(J) � �n�32 �� 1 � �n�32 � � (n � 7) and J is Hamiltonianconnected by Theorem 2.9.If N(u) 6= N(v), then since d(u) � 2, d(v) � 2,and n � 8, there exist distinctvertices x; y 2 V (J) such that x 2 N(u) and y 2 N(v). Now xuwvy together witha Hamiltonian (x,y)-path in J forms Cn.So we can assume that N(u) = N(v). Recall that there are n� 1 edges fromfu; vg into H. Therefore, d(u) = d(v) = n�12 . The integer n must be odd in orderfor n�12 to be an integer. Therefore, n � 9 and d(u) = d(v) � 4. This implies thatthere exist distinct vertices x; y 2 V (J) such that x; y 2 N(u) \ N(v), x 6= w,and y 6= w. Then xuwvy together with a Hamiltonian (x,y)-path in J forms Cn.Thus, we may assume that for every nonadjacent pair of vertices u and v, thenumber of edges in �G incident to u or v is at most n� 3.
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Case 3. Suppose that the number of edges in �G incident to everynonadjacent pair of of vertices u, v is at most n� 3.There are at most n � 4 edges missing from fu; vg into H. Therefore there areat least 2(n � 2) � (n � 4) = n edges from fu; vg into H. So, d(u) + d(v) � nand since u and v are arbitrary nonadjacent vertices, by Ore's Theorem (Theorem2.6) G is Hamiltonian. 2Now, armed with Theorems 4.1, 4.2, 5.2, 5.3, and 5.4, we can proceed withdetermining �(G;:Cj) when e(G) � �n2� � (j � 1). We begin by determining�(G;:Cj) when j � 8.Theorem 5.5 If j � 8 and e(G) � �n2�� (j � 1), then�(G;:Cj) = 8><>: ln�1j�1 m if K1;j�2 � �Gl nj�1m otherwise.Proof. Suppose K1;j�2 � �G. We have j � 1 � 2j � 6 since j � 8. Therefore,e(G) = �n2�� (j� 1) � �n2�� (2j� 6), and by Theorem 5.2, we have �(G;:Cj) =ln�1j�1 m.Assume K1;j�2 6� �G. Let A be a color class in a :Cj-coloring of G. We willshow that jAj < j, which implies that �(G;:Cj) � l nj�1m and equality followsfrom Corollary 2.2. Suppose that jAj � j. Let B � A such that jBj = j. NowK1;j�2 6� �G implies that K1;j�2 6� hBi. By Theorem 5.4, hBi is Hamiltonian, acontradiction. 2We wish to extend the above result for all j � 3. To accomplish this, weneed to determine which graphs of order n are Hamiltonian given the size of theircomplement is at most n� 1. 48



Theorem 5.6 Let G be a graph of order n � 3 with e( �G) � n � 1. Then G isHamiltonian except in the following cases:K1;n�2 � �G (i)K3 � �G and n = 5 (ii)hE( �G)i = C4 and n = 5 (iii)hE( �G)i = K4 � e where e is an edge and n = 6 (iv)hE( �G)i = K4 and n = 7 (v)Proof. Let G be a graph of order n � 3 with e( �G) � n�1. If e(G) � �n2��(n�3),then G is Hamiltonian by Theorem 2.10. So assume n � 2 � e( �G) � n � 1. If�(G) � 1 (or equivalently K1;n�2 � �G), then clearly G is not Hamiltonian. Thisis exceptional case (i). So assume �(G) � 2. If n = 3, then �(G) � 2 impliesthat G = C3, which is Hamiltonian. If n = 4, then �(G) � 2 implies thatG 2 fK4; K4 � e; C4g, all of which are Hamiltonian. If n � 8, then by Theorem5.4, G is Hamiltonian . So, assume 5 � n � 7.Now n � 2 � e( �G) � n� 1 and 5 � n � 7 imply G is not complete. So let uand v be a pair of nonadjacent vertices in G. Let H = G�fu; vg. Next, we breakthe proof into cases based on the number of edges in �G incident to u or v.Case 1. Suppose that the number of edges in �G incident to u or v isn� 1. Since the total number of edges in �G is at most n� 1, H is complete.If n = 5, then having four edges incident to u or v in �G forces �(G) � 1, whichcontradicts the assumption that �(G) � 2.If n = 6, then there are four edges from fu; vg to H in �G. Moreover, �(G) � 2implies that �( �G) � 3 and Therefore �G is, up to isomorphism, one of the graphsin Figure 5.1. If �G is graph (a) in Figure 5.1, then uwyvzxu forms a Hamiltoniancycle. If �G is graph (b) in Figure 5.1, then uwyzvxu forms a Hamiltonian cycle.If �G is graph (c) in Figure 5.1, then clearly G is not Hamiltonian since N(u) =49



rr r rrr�� @@u v wxyz (a) r r r rrr�� @@���u v wxyz (b) r r r rrr�� ������u v wxyz (c)Figure 5.1. The nonisomorphic possibilities for �G when the number ofedges incident to u or v is 5 and n = 6.N(v) = fw; xg and the largest cycle containing vertices u and v is C4. Further,hE( �G)i = K4 � e, where e is an edge, and we get exceptional case (iv).
rr r r rrr����� @@AAAu v wxyza (a) rr r r rrr����� @@�����u v wxyza (b) rr r r rrr����� ��������u v wxyza (c)Figure 5.2. The nonisomorphic possibilities for �G when the number ofedges incident to u or v is 6 and n = 7.If n = 7, then there are �ve edges from fu; vg to H in �G. Moreover, �(G) � 2implies that �( �G) � 4. Therefore �G is, up to isomorphism, one of the graphsin Figure 5.2. If �G is graph (a) or (b) in Figure 5.2, then uwavzyxu formsa Hamiltonian cycle. If �G is graph (c) in Figure 5.2, then uwvazyxu forms aHamiltonian cycle. This addresses all the graphs where the number of missingedges incident to fu; vg is n� 1.Case 2. Suppose that the number of edges in �G incident to u or v isexactly n� 2. Since the total number of edges in �G is at most n � 1, H =50



G� fu; vg is missing at most one edge.If n = 5, then there are two edges from fu; vg to H in �G. Moreover, �(G) � 2implies �( �G) � 2. Therefore �G is, up to isomorphism, one of the graphs in Figure5.3. The two nonisomorphic possibilities for �G when �G has three edges incident
rr r rr�����u v wxy (d) r r r rr�����u v wxy (e) r r r rr��������u v wxy (f)

r r r rr�� @@u v wxy (a) r r r rr�� @@u v wxy (b) r r r rr�� @@@@u v wxy (c)
Figure 5.3. The nonisomorphic possibilities for �G when the number ofedges incident to u or v is 3 and n = 5.to u or v and e( �H) = 0 are depicted in the �rst column in Figure 5.3. As statedpreviously, the subgraph H can be missing at most one edge. The graphs in thesecond and third column depict all possible nonisomorphic placements of thatadditional edge.If �G is graph (a) or (c) in Figure 5.3, then uxvywu forms a Hamiltonian cycle.If �G is graph (b) in Figure 5.3, then clearly G is not Hamiltonian since x is a cutvertex in G. Further, hE( �G)i = C4 and we get exceptional case (iii). If �G is graph(d), (e), or (f) in Figure 5.3, thenG is not Hamiltonian sinceN(u)[N(v) = fw; xg.Further, K3 � �G and we get exceptional case (ii).If n = 6, then there are three edges from fu; vg to H in �G. Moreover, �(G) � 2implies �( �G) � 3. Therefore �G is, up to isomorphism, one of the graphs in Figure51



5.4. The two nonisomorphic possibilities for �G when �G has four edges incident
r r r rrr�� @@u v wxyz (f) r r r rrr�� @@u v wxyz (g) r r r rrr�� @@HHHu v wxyz (h) r r r rrr�� @@@@u v wxyz (i) r r r rrr�� @@��u v wxyz (j)
r r r rrr�����u v wxyz (a) r r r rrr�����u v wxyz (b) r r r rrr�����@@u v wxyz (c) r r r rrr��������u v wxyz (d) r r r rrr�������u v wxyz (e)

Figure 5.4. The nonisomorphic possibilities for �G when the number ofedges incident to u or v is 4 and n = 6.to fu; vg and e( �H) = 0 are depicted in the �rst column in Figure 5.4. As statedpreviously, the subgraph H can be missing at most one edge. The graphs in thesecond and subsequent columns depict all possible nonisomorphic placements ofthat additional edge.If �G is graph (c) in Figure 5.4, then this graph is isomorphic to graph (c)in Figure 5.1. We have already shown that this graph is not Hamiltonian andis exceptional case (iv). If �G is graph (a), (b), (d), or (e) in Figure 5.4, thenuwvzyxu forms a Hamiltonian cycle. If �G is graph (f), (g), or (h) in Figure 5.4,then uwyzvxu forms a Hamiltonian cycle. If �G is graph (i) or (j) in Figure 5.4,then uwzvyxu forms a Hamiltonian cycle.If n = 7, then there are four edges from fu; vg to H in �G. Moreover, �(G) � 2implies �( �G) � 4. Therefore �G is, up to isomorphism, one of the graphs in Figure5.5. 52
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Figure 5.5. The nonisomorphic possibilities for �G when the number ofedges incident to u or v is 5 and n = 7.
53



The �ve nonisomorphic possibilities for �G when �G has 5 edges incident to u orv are depicted in the �rst column in Figure 5.5. Since the total number of edgesin �G is at most 6 and the number of edges in �H incident to u or v is exactly 5, His missing at most one edge. The graphs in the second and subsequent columnsdepict all possible nonisomorphic placements of that additional edge.If �G is graph (n) in Figure 5.5, then clearlyG = I4_K3 is not Hamiltonian sincethe largest cycle we can form is C6 obtained by alternately traversing between thevertices of K3 and I4 until we use all the vertices in K3. Further, hE( �G)i = K4and we get exceptional case (v).If �G is graph (a), (b), (c), (d), or (j) in Figure 5.5, then uwyzvaxu forms aHamiltonian cycle. If �G is graph (e) or (f) in Figure 5.5, then uwvazyxu formsa Hamiltonian cycle. If �G is graph (g), (h), (i), (k), (p), (q), (r), or (t) in Figure5.5, then uxvazywu forms a Hamiltonian cycle. If �G is graph (l), (m), or (o) inFigure 5.5, then uwvyzaxu forms a Hamiltonian cycle. If �G is graph (s) or (u)in Figure 5.5, then uwzyavxu forms a Hamiltonian cycle. If �G is graph (v), (w),(x), or (y) in Figure 5.5, then uwzxavyu forms a Hamiltonian cycle.This addresses all the graphs where the number of missing edges incident tou or v is at least n � 2. Therefore, we can assume for all nonadjacent vertices uand v in G that the number of edges in �G incident to u or v is at most n� 3.Case 3. Suppose that the number of edges in �G incident to everynonadjacent pair of of vertices u, v is at most n� 3.There are at most n�4 edges missing from fu; vg into H. Therefore, there areat least 2(n� 2)� (n� 4) = n edges from fu; vg into H. So, dG(u) + dG(v) � nand by Ore's Theorem (Theorem 2.6), G is Hamiltonian. 254



Now we can proceed with determining �(G;:Cj) when e(G) � �n2�� (j � 1)for all j � 3.Theorem 5.7 If e(G) � �n2�� (j � 1), then
�(G;:Cj) =

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:
ln�2j�1 m if hE( �G)i = 2K2 and j = 3,ln�1j�1 m if hE( �G)i = P3 and j = 3,K1;j�2 � �G and j � 4,K3 � �G and j = 5,hE( �G)i = C4 and j = 5,hE( �G)i = K4 � e where e is an edge and j = 6,or hE( �G)i = K4 and j = 7, andl nj�1m otherwise.Proof. If e(G) > �n2� � (j � 1), then the result follows from Theorem 5.1. Soassume e(G) = �n2�� (j � 1). Further, the result follows when j � 8 by Theorem5.5. Therefore, we only need to determine �(G;:Cj) when j = 3, 4, 5, 6 or 7.If j = 3, then hE( �G)i 2 f2K2; P3g. If hE( �G)i = 2K2, then �(G;:C3) = ln�2j�1 mby Theorem 4.1. If hE( �G)i = P3, then �(G;:C3) = ln�1j�1 m by Theorem 4.1.If j = 4, then hE( �G)i 2 f3K2; P3 +K2; K1;3; P4; K3g. If hE( �G)i = 3K2, thenP3 6� �G and, by Theorem 4.2, we get �(G;:C4) = max �l nj�1m ; lnj m� = l nj�1m. IfhE( �G)i 2 fP3 +K2; K1;3; P4g, then by Theorem 4.2, �(G;:C4) = ln�1j�1 m if n � j,and �(G;:C4) = lnj m if n < j since ln�1j�1 m � lnj m if and only if n � j. But,when n < j, we know that lnj m = 1 = ln�1j�1 m. Therefore, �(G;:C4) = ln�1j�1 m. IfhE( �G)i = K3, then by Theorem 5.3, �(G;:C4) = ln�1j�1 m if n � j, and �(G;:C4) =lnj m if n < j since ln�1j�1 m � lnj m if and only if n � j. But, when n < j, we knowthat lnj m = 1 = ln�1j�1 m. Therefore, �(G;:C4) = ln�1j�1 m.Assume 5 � j � 7. Let A be a color class in a :Cj-coloring of G. Supposethat jAj � j + 1. Let B � A with jBj = j + 1. If e(hBi) � �j+12 � � (j � 2),55



then we get Cj � hBi by Theorem 2.10 and reach a contradiction. Therefore,e(hBi) � �j+12 � � (j � 1). But since G is missing j � 1 edges, we must havee(hBi) = �j+12 �� (j � 1).If �(hBi) � 1, then e(hBi) � (j + 1)=2. Now, j � 1 = e(hBi) � (j + 1)=2,which implies j � 3. But this contradicts the assumption that j � 5. Therefore,�(hBi) � 2, which implies �(hBi) � j � 2. Choose v 2 V (hBi) so that dhBi(v) �j�2. Consider hBi�v. Now, e(hBi�v) = e(hBi)�d(v) � �j+12 ��(j�1)�(j�2) =�j2�� (j � 3) and by Theorem 2.10, we have Cj � hBi and reach a contradiction.Therefore, jAj � j.Let a be the number of color classes of size j in a :Cj-coloring of G and A bea color class of size j. By Theorem 2.10, hAi must be missing at least j� 2 edges.Since G is missing at most j � 1 edges, we must have a(j � 2) � j � 1, or simplya � 1. Therefore, all :Cj-colorings of G can contain at most one color class ofsize j, which implies that �(G;:Cj) � ln�jj�1m+ 1 = ln�1j�1 m.By Theorem 5.6, we know which graphs missing at most j � 1 edges are non-Hamiltonian. If G contains one of these non-Hamiltonian graphs as an inducedsubgraph, then we can color G so that there is a color class of size j and get�(G;:Cj) = ln�1j�1 m, and if not, then �(G;:Cj) = l nj�1m. 2The previous theorem produces an upper bound for determining how manyedges need to removed from a complete graph to obtain a graph with �(G;:Cj) =ln�2j�1 m. Determining �(G;:Cj) when G is missing j edges can be accomplished, webelieve, using the above methods. However, extrapolating on the complexity of theproofs for removing j � 1 edges versus the complexity of the proof for removingonly j � 2 edges leads us to believe that the proof for removing j edges will56



be extremely long and complicated. We have already determined the minimumnumber of edges to be removed to obtain a conditional chromatic number of ln�2j�1 min Theorem 5.7. Removing j edges from a complete graph will probably not allowthe conditional chromatic number to decrease again. Thus, there is little to begained by proving the above type of result for graphs missing j edges.In fact, further research in the area of determining �(G;:Cj) should focus ondetermining general upper and lower bounds on the number of edges for a graphto attain a particular conditional chromatic number.
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6 Determining �(G;:Pj)We discovered in Theorem 5.7 that it is necessary to remove j � 2 edges froma complete graph to decrease the :Cj-chromatic number from l nj�1m to ln�1j�1 mand that it is necessary to remove j � 1 edges to attain a value of ln�2j�1 m for the:Cj-chromatic number when j = 3. We would like to determine the minimumnumber of edges to remove from a complete graph to attain a value of ln�1j�1 m for the:Pj-chromatic number and determine the minimum number of edges to removefrom a complete graph to attain a value of ln�2j�1 m for the :Pj-chromatic number.While attempting to �nd these numbers, we will obtain information about the:Pj-chromatic number for a large set of graphs. We begin by determining whichgraphs of large size have a Hamiltonian path, then determine the minimum num-ber of edges which need to be removed from a complete graph for �(G;:Pj) todecrease from l nj�1m to ln�1j�1 m, and then determine the chromatic number for allgraphs missing 2j� 5 or fewer edges. Finally, we will determine a lower bound on�(G;:Pj) in terms of the size of G.6.1 Determining which graphs of large size have a Hamil-tonian pathTo determine the :Pj-chromatic number for graphs whose complements have sizeat most 2j � 5, we need to determine which graphs of order n missing at most2n� 5 edges have a Hamiltonian path. The following is an easy and useful result.
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Lemma 6.1 Let G be a graph of order n and S � V (G). If G has a Hamiltonianpath, then the number of components in G� S is at most jSj+ 1.Proof. Let S � V (G) with 0 � jSj � n, and let H be a Hamiltonian path inG. If we remove S from G, then H breaks apart into at most jSj + 1 subpaths.Therefore, G� S contains at most jSj+ 1 components. 2The following sets will be used repeatedly in this section. LetF = fK2 _ (K2 + I3), K1 _ (Kn�3 + I2), Ir _Kr�2, where r � 4 and n � 4g,G = fG jG is a spanning subgraph of a graph in Fg, andH = fK2 _ (K2 + I3), K1 _ (Kn�3 + I2), I4 _ K2, (I4 _ K2) � e, I5 _ K3,(I5 _K3)� e, I6 _K4, where e is an edge and n � 4g.Lemma 6.2 If a graph G 2 G, then G does not have a Hamiltonian path.Proof. Let G = F _ (K2 + I3) where F = K2. Let S = V (F ). Then the numberof components in G�S is 4 and 4 > 3 = jSj+1. By Lemma 6.1, G does not havea Hamiltonian path.Let G = F _ (Kn�3 + I2) where F = K1. Let S = V (F ). Then the number ofcomponents in G� S is 3 and 3 > 2 = jSj+ 1. By Lemma 6.1, G does not havea Hamiltonian path.Let G = Ir _ F where F = Kr�2 and r � 4. Let S = V (F ). Then the numberof components in G�S is r and r > (r� 2)+1 = jSj+1. By Lemma 6.1, G doesnot have a Hamiltonian path.Let G = F , where F is a spanning subgraph of a graph in F . Since each graphin F does not contain a Hamiltonian path, F cannot contain a Hamiltonian path.2 59



Now G contains more graphs than just those graphs of order n missing at most2n�5 edges. Since we are interested in determining which graphs missing at most2n � 5 edges have no Hamiltonian path, we will determine the largest subset ofgraphs of order n in G that are missing at most 2n� 5 edges.Lemma 6.3 Let G be a graph of order n � 1 with e( �G) � 2n � 5. Then G 2 Gif and only if G 2 H.Proof. Let G be a graph of order n � 1 with e( �G) � 2n�5. Assume that G 2 G.If G is a spanning subgraph of K2_ (K2+ I3), then since K2_ (K2+ I3) is missing9 = 2(7)�5 edges, we must have that G = K2_ (K2+ I3) 2 H. If G is a spanningsubgraph of K1_ (Kn�3+ I2), then since K1_ (Kn�3+ I2) is missing 2n�5 edges,we must have that G = K1 _ (Kn�3 + I2) 2 H. So assume that G is a spanningsubgraph of Ir _Kr�2, where r � 4. Now �n2�� (2n� 5) � e(G) � e(Ir _Kr�2) =�n2�� �r2�, or �r2� � 2n� 5 = 2(2r � 2)� 5. Simplifying, we get r2 � 9r + 18 � 0or (r � 6)(r � 3) � 0. This implies that 3 � r � 6. We have already assumedthat r � 4. If G is a spanning subgraph of I4 _K2, then since I4 _K2 is missing6 = 2(6)� 6 edges, G can be missing up to one more edge. Thus, G = I4 _K2 orG = (I4 _ K2) � e where e is an edge. Both of these graphs are in H. If G is aspanning subgraph of I5 _K3, then since I5 _K3 is missing 10 = 2(8)� 6 edges,G can be missing up to one more edge. Thus, G = I5 _K3 or G = (I5 _K3)� ewhere e is an edge. Both of these graphs are in H. If G is a spanning subgraphof I6 _K4, then since I6 _K4 is missing 15 = 2(10)� 5 edges, we must have thatG = I6 _K4 2 H. Therefore, if G � H. Clearly, H � G. 2By Lemma 6.2, H consists of graphs of order n missing at most 2n� 5 edgeswith no Hamiltonian path. The next step is to prove that a connected graph60



missing at most 2n� 5 edges is either in H or has a Hamiltonian path. To provethis, we need the following theorem which appears in Chartrand and Lesniak [17].Theorem 6.1 Let G be a connected graph of order 3 or more that is not Hamil-tonian. If for all distinct nonadjacent vertices u and v, d(u) + d(v) � m, wherem is a positive integer, then Pm+1 � G.The following theorem completely characterizes which graphs of order n miss-ing at most 2n� 5 edges have a Hamiltonian path.Theorem 6.2 If G is a connected graph of order n � 1 and e( �G) � 2n� 5, theneither G 2 H or G has a Hamiltonian path.Proof. Let G be a connected graph of order n with e( �G) � 2n � 5. If n � 2,then the theorem is vacuously true. If n = 3, then G 2 fP3; K3g, both of whichhave a Hamiltonian path. If n = 4, then since e( �G) � 3 and G is connected, G 2fK1;3; P4; K1_(K1+K2); C4; K4�e;K4g. IfG = K1;3, thenG = K1_(K1+I2) 2 H.Otherwise, G has a Hamiltonian path. So assume n � 5. If G = Kn, thenobviously G has a Hamiltonian path. So assume G is not complete. Let u and vbe a pair of nonadjacent vertices in G and H = G�fu; vg. Since G is connected,each of u and v has a neighbor. If N(u) = N(v) = fwg, then the number of edgesmissing between u and H is n�3 and the number of edges missing between v andH is n� 3. Since we assumed that uv 62 E(G), we have a total of 2n� 5 missingedges incident to u or v. This implies that G = K1 _ (Kn�3+ I2) 2 H. Therefore,we can assume that there exist a; b 2 V (H) such that a 2 N(u), b 2 N(v) anda 6= b. We break the proof into cases based on the number of edges in �G incidentto u or v. 61



Case 1. Suppose that the number of edges in �G incident to u or v is n+ 1or more. Then H is a graph on n�2 vertices missing at most (2n�5)�(n+1) =(n� 2)� 4 edges. By Theorem 2.9, H is Hamiltonian connected, and hence thereis a Hamiltonian (a,b)-path in H. So, ua together with the Hamiltonian (a,b)-pathin H together with bv is a Hamiltonian path in G. Therefore, we can assume thatevery pair of nonadjacent vertices is incident to no more than n edges in �G.Case 2. Suppose the number of edges in �G incident to u or v is exactlyn. Then H is missing at most (2n � 5) � n = (n � 2) � 3 edges. By Theorem2.9, the subgraph H has a Hamiltonian cycle C. Let C = u1u2 : : : un�2u1. If u(or v) is adjacent to consecutive vertices on C, then we could construct a (n� 1)-cycle using a detour through u (or v) and could then attach v (or u) to this cycleand produce a Hamiltonian path in G. So assume neither u nor v is adjacent toconsecutive vertices on C. Thus, d(u) � n�22 and d(v) � n�22 ; for otherwise, bythe pigeonhole principle, u (or v) would be adjacent to consecutive vertices on C.Next, we determine all possible values for the degrees of u and v in G. Thereare 2(n � 2) possible edges from fu; vg to H and since n � 1 of these edges aremissing, there are exactly n� 3 edges from fu; vg to H. Now d(u)+ d(v) = n� 3and the fact that each of u and v has degree at most n�22 implies that either n iseven, d(u) = n�42 , and d(v) = n�22 (Case 2A); or n is odd and d(u) = d(v) = n�32(Case 2B).Case 2A. Assume n is even, neither u nor v is adjacent to a pair of consecutivevertices on C and d(u) = n�42 and d(v) = n�22 .For v to be adjacent to half of the vertices in H and not have two of itsneighbors adjacent on C, the vertex v must be adjacent to alternating vertices62



on C, say the vertices on C with odd subscripts. Since d(u) = n�42 , we can saywithout loss of generality that the vertex u is not adjacent to u1. Now we breakthis case into subcases based on whether or not N(u) � N(v).Case 2A1. jN(u)\N(v)j = n�42 . First we will show that if there is an edge in Hbetween a pair of vertices with even indices, then we can construct a Hamiltonianpath in G. If u2u4 2 E(G), then we can construct a Hamiltonian path in G as fol-lows: u4u2u1vu3u if n = 6 and u4u2u1vu3uu5 : : : un�2 if n > 6. If u2un�2 2 E(G),then we can construct a Hamiltonian path in G as follows: uu3u4 : : : un�2u2u1v.If u2u2k 2 E(G) for some 2 < k < (n � 2)=2, then we can construct a Hamil-tonian path in G as follows (see Figure 6.1): u4u5 : : : u2ku2u1vu3uu2k+1 : : : un�2.If un�4un�2 2 E(G), then we can construct a Hamiltonian path in G as follows:
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Figure 6.1. The graph G when n is even and u2u2k 2 E(G) for some2 < k < n�22 .un�4un�2un�3vu1u2 : : : un�5u. If u2kun�2 2 E(G) for some 1 < k < (n�4)=2, then63



we can construct a Hamiltonian path in G as follows:u2kun�2un�3vu1u2 : : : u2k�1uu2k+1u2k+2 : : : un�4If u2ku2k+2 2 E(G) for some 1 < k < n�42 , then we can construct a Hamiltonianpath in G as follows: u2ku2k+2u2k+1uu2k+3u2k+4 : : : un�2u1 : : : u2k�1v. If u2ku2l 2E(G) where 1 < k < l < n�22 and l > k+ 1, then we can construct a Hamiltonianpath in G as follows (see Figure 6.2):u2ku2lu2l�1uu2l+1u2l+2 : : : un�2u1 : : : u2k�1vu2k+1u2k+2 : : : u2l�2
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Figure 6.2. The graph G when n is even and u2ku2l 2 E(G),1 < k < l � n�22 and l > k + 1.Next, assume that there are no edges between any pair of vertices in H witheven subscripts. Thus fu2; u4; : : : un�2; u; vg is an independent set of size n+22 .Therefore, G is a spanning subgraph of In+22 _ Kn�22 = Ir _ Kr�2, where r =(n + 2)=2. Now n � 5 and even implies that r � 4. Therefore, G 2 G and byLemma 6.3, G 2 H. 64



Case 2A2. jN(u) \ N(v)j < n�42 . Since v is adjacent to all vertices in H withodd subscripts, the vertex u cannot be adjacent to all vertices in H with oddsubscripts excluding u1, or else jN(u) \ N(v)j = n�42 . Therefore, u must be ad-jacent to u2k for some 1 � k � n�22 . If uun�2 2 E(G), then uun�2un�3 : : : u1vis a Hamiltonian path in G. If uu2k 2 E(G) for some 1 � k < n�22 , thenuu2ku2k�1 : : : u1un�2un�3 : : : u2k+1v is a Hamiltonian path in G.Case 2B. Assume n is odd, neither u nor v is adjacent to a pair of consecutivevertices on C, and d(u) = d(v) = n�32 . Recall that n � 5 and there exist a; b 2V (H) such that a 2 N(u), b 2 N(v) and a 6= b.If n = 5, then H = K3 and G is K3 with two pendant vertices, each joinedto a di�erent vertex in K3. This graph contains a Hamiltonian path. So, assumen � 7.
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Figure 6.3. The graph G when n is odd and u2u2i 2 E(G) for some2 � i � n�32 and n > 7.
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Since d(u) = n�32 and there are n�2 vertices on C, the vertex u is not adjacentto two consecutive vertices on C, say uu1 62 E(G) and uu2 62 E(G). For u to havedegree n�32 and not have two adjacent neighbors on C, the vertex u must beadjacent to the remaining vertices on C with odd (or even) subscripts, say odd.Thus, we can assume that N(u) = fu3; u5; : : : ; un�2g. Next we break this caseinto subcases based on whether or not N(u) = N(v).Case 2B1. N(u) = N(v). First we will show that if there is an edge in Hbetween a pair of vertices with even indices, then we can construct a Hamiltonianpath in G. If u2u2i 2 E(G) for some 2 � i � (n� 3)=2, then we can construct aHamiltonian path in G as follows u1u2u4u3vu5u if n = 7 andu1u2u2iu2i�1u2i�2 : : : u3vu2i+1uun�2un�3 : : : u2i+2if n > 7 (see Figure 6.3).If u4u2l 2 E(G) for some 2 < l � n�32 , then we can construct a Hamiltonianpath in G as follows: u1u2u3vu5 : : : u2l�1uun�2 : : : u2l+1u2lu4. If u2ku2l 2 E(G) forsome 2 < k < l � n�32 , then we can construct a Hamiltonian path in G as follows(see Figure 6.4):u1u2u3vu2k+1 : : : u2l�1uun�2 : : : u2l+1u2lu2ku2k�1 : : : u4Next, assume that there are no edges between any pair of vertices in H witheven subscripts. Thus, e( �H) � �n�322 �. Recall that e( �H) � n � 5. Therefore,n � 5 � e( �H) � �n�322 �, which implies that n � 11. Recall that the number ofmissing edges incident to u or v is n.If n = 7, then N(u) = N(v) = fu3; u5g. We have assumed that u2u4 62 E(G).If u1u4 2 E(G), then uu5vu3u4u1u2 is a Hamiltonian path in G. If u1u4 62 E(G),66
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Figure 6.4. The graph G when n is odd and u2ku2l 2 E(G) for some2 < k < l � n�32 .then we have accounted for all nine missing edges in G. Therefore, G = hu3; u5i _(hu1; u2i+ u+ v + u4) = K2 _ (K2 + I3) 2 H.If n = 9, then N(u) = N(v) = fu3; u5; u7g. We have already assumed thatfu2u4; u2u6; u4u6g � E( �G). This leaves at most one additional edge in �H. Ifu1u4 2 E(G), then u6u7uu5vu3u4u1u2 is a Hamiltonian path inG. If u1u4 62 E(G),then we have accounted for all thirteen missing edges in G. Thus, u6u1 2 E(G)and u4u3uu5vu7u6u1u2 is a Hamiltonian path in G.If n = 11, then N(u) = N(v) = fu3; u5; u7; u9g. Since we have assumed thatthere are no edges between any pair of vertices in H with even subscripts, thegraph induced by fu2; u4; u6; u8g is a copy of I4 and we have accounted for allsix missing edges in H. Therefore, u1u8 2 E(G) and uu9vu3u2u1u8u7u6u5u4 is aHamiltonian path in G. 67



Case 2B2. N(u) 6= N(v). Recall that N(u) = fu3; u5; : : : ; un�2g. Now eithervu1 2 E(G) or vu2 2 E(G), otherwise, by the pigeonhole principle, v would beadjacent to consecutive vertices on C. If vu1 2 E(G), then vu1u2 : : : un�2u is aHamiltonian path in G. If vu2 2 E(G), then vu2u1un�2 : : : u4u3u is a Hamiltonianpath in G. Therefore, we can assume that every pair of nonadjacent vertices isincident to no more than n� 1 edges in �G.Case 3. Suppose that the number of edges in �G incident to u or vis exactly n� 1. There are 2(n � 2) possible edges from fu; vg to H, andsince n � 2 of these edges are missing, we get d(u) + d(v) = n � 2. The graphH is missing at most (2n � 5) � (n � 1) = n � 4 edges. Therefore, e(H) ��n�22 ��(n�4) = (n�2)2�3(n�2)+42 edges. By Theorem 2.8, either H is Hamiltonian,H = K1 _ (K1 +Kn�4) for n � 5, or H = K2 _ I3.Case 3A. Assume H is Hamiltonian. Again, let C = u1u2 : : : un�2u1 be a Hamil-tonian cycle in H. If u (or v) is adjacent to consecutive vertices on C, then wecould construct a (n � 1)-cycle using a detour through u (or v) and could thenattach v (or u) to this cycle and produce a Hamiltonian path in G. So assumeneither u nor v is adjacent to consecutive vertices on C. Now n must be even, forotherwise either u or v would be adjacent to at least n�12 vertices in H, say u, andby the pigeonhole principle, u would be adjacent to consecutive vertices on C.So assume that n is even, neither u nor v is adjacent to a pair of consecutivevertices on C, and d(u) = d(v) = n�22 . Since u is adjacent to exactly half of thevertices on C and u is not adjacent to a pair of consecutive vertices on C, the vertexu is adjacent to either all the vertices on C with odd subscripts or all the verticeson C with even subscripts. The same is true for v. By symmetry, there are two68



cases to consider: N(u) = fu2; u4; : : : ; un�2g and N(v) = fu1; u3; u5; : : : ; un�3g(Case 3A1); and N(u) = N(v) = fu1; u3; u5; : : : ; un�3g (Case 3A2).Case 3A1. N(u) = fu2; u4; : : : ; un�2g and N(v) = fu1; u3; u5; : : : ; un�3g. In thiscase, vu1u2 : : : un�2u is a Hamiltonian path in G.Case 3A2. N(u) = N(v) = fu1; u3; u5; : : : ; un�3g. First we will show that if thereis an edge in H between a pair of vertices with even indices, then we can constructa Hamiltonian path in G. If un�4un�2 2 E(G), then un�4un�2un�3uu1 : : : un�5v isa Hamiltonian path in G. If u2kun�2 2 E(G) for some 1 � k < (n� 4)=2, thenu2kun�2un�3uu1 : : : u2k�1vu2k+1u2k+2 : : : un�4is a Hamiltonian path in G. If u2ku2k+2 2 E(G) for some 1 � k < (n � 4)=2,then u2ku2k+2u2k+1uu2k+3u2k+4 : : : un�2u1 : : : u2k�1v is a Hamiltonian path in G. Ifu2ku2l 2 E(G) for some 1 � k < l < n�22 and l > k + 1, thenu2ku2lu2l�1uu2l+1u2l+2 : : : un�2u1 : : : u2k�1vu2k+1u2k+2 : : : u2l�2is a Hamiltonian path in G (see Figure 6.5). Next, assume that there are no edgesbetween any pair of vertices inH with even subscripts. Thus fu2; u4; : : : un�2; u; vgis an independent set of size n+22 . Therefore, G is a spanning subgraph of In+22 _Kn�22 = Ir _Kr�2, where r = (n+ 2)=2. Now n � 5 and even implies that r � 4.By Lemma 6.3, G 2 H.Case 3B. Assume that H = K1 _ (K1 +Kn�4) and n � 5. Let w be the vertexof degree 1 in H, let x be the neighbor of w in H, and let U = fu1; u2; : : : un�4gbe the set of remaining vertices in H. Since G is connected, there are two cases toconsider: d(u) � 2 and d(v) � 2 (Case 3B1); and d(u) = 1 or d(v) = 1, withoutloss of generality, say d(u) = 1 (Case 3B2).69
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Figure 6.5. The graph G when n is even and u2ku2l 2 E(G) for some1 � k < l < n�22 and l > k + 1.Case 3B1. Assume that d(u) � 2 and d(v) � 2. Suppose that w 2 N(u). If thereexists ui 2 U such that uiv 2 E(G), without loss of generality, say un�4v 2 E(G),then uwxu1 : : : un�4v is a Hamiltonian path in G. If v is not adjacent to any vertexin U , then N(v) = fw; xg and uwvxu1 : : : un�4 forms a Hamiltonian path in G.So we can assume that w 62 N(u). By symmetry, we can assume that w 62 N(v).Suppose that x 2 N(u). If u and v were each adjacent to only one ui 2 U , sayu1, then since d(v) � 2, we get N(u) = N(v) = fu1; xg. Since d(u) = 2, d(v) = 2,and d(u) + d(v) = n � 2, we must have n = 6. Thus, G = ((u + v + w + u2) _fu1; xg) � u1w = (I4 _K2) � e 2 H. So we can assume that there exist distinctvertices ui and uk such that uk 2 N(u) and ui 2 N(v). Without loss of generality,say u1 2 N(u) and un�4 2 N(v). Now wxuu1 : : : un�4v is a Hamiltonian path inG. So we can assume that x 62 N(u). Further, by symmetry, we can assume thatx 62 N(v). Therefore, the only remaining case to consider is when N(u) � U and70



N(v) � U .Suppose that N(u) � U and N(v) � U . Since d(u) � 1, the vertex u isadjacent to a vertex in U , say u1. Since d(v) � 2, v is adjacent to a vertex ui in Uwhere 1 < i � n� 2. Without loss of generality, say uu2 2 E(G). If vu1 2 E(G),then uu1vu2u3 : : : un�4xw forms a Hamiltonian path in G. If vu1 62 E(G), then vmust be adjacent to another vertex in U , without loss of generality, say u3. Nowuu1u2vu3 : : : un�4xw forms a Hamiltonian path in G.Case 3B2. Assume that d(u) = 1. Since d(u)+d(v) = n�2, we get d(v) = n�3,which implies that v is adjacent to all but one of the vertices in H. Therefore,either fx; wg � N(v), x 62 N(v), or w 62 N(v).Suppose that N(u) = fwg. If fx; wg � N(v), then uwvxu1 : : : un�4 forms aHamiltonian path in G. If x 62 N(v) or w 62 N(v), then v is adjacent to a vertexin U , say un�4. Now uwxu1 : : : un�4v forms a Hamiltonian path in G.Suppose thatN(u) = fxg. If v has no neighbor in U , then since v is adjacent toall but one vertex in H, N(v) = fx; wg and U = fu1g. Thus, G = fxg_ (hv; wi+u + u1) = K1 _ (K2 + I2) 2 H. So assume that v has a neighbor in U , say u1.If w 2 N(v), then uxwvu1 : : : un�4 forms a Hamiltonian path in G. If w 62 N(v),then x 2 N(v) and G = fxg_(hu1; u2; : : : ; un�4; vi+u+w) = K1_(Kn�3+I2) 2 H.The last case to consider is when N(u) � U . Without loss of generality, sup-pose that N(u) = fu1g. If w 2 N(v), then uu1 : : : un�4xwv forms a Hamiltonianpath in G. If w 62 N(v), then N(v) = fu1; u2 : : : ; un�4; xg and uu1 : : : un�4vwxforms a Hamiltonian path in G.Case 3C. Suppose that H = K2 _ I3. Let U = fu1; u2g be the set of vertices ofdegree 4 in H and V = fu3; u4; u5g be the set of vertices of degree 2 in H. In this71



case there are �ve edges between fu; vg and the vertices of H. Without loss ofgenerality, either d(u) = 1 and d(v) = 4, or d(u) = 2 and d(v) = 3.Case 3C1. Suppose that d(u) = 1 and d(v) = 4. Then by the symmetry ofH, we can assume that either vu5 62 E(G) or vu1 62 E(G). If vu5 =2 E(G), thenu1u5u2u3vu4u1 forms C6 and we can attach u to this cycle to form P7 � G. Ifvu1 =2 E(G), then u1u4vu3u2u5u1 forms C6 and we can attach u to this cycle toform P7 � G.Case 3C2. Suppose that d(u) = 2 and d(v) = 3. Then either v is adjacent to atleast two of the vertices in V or v is adjacent to at exactly one vertex in V .If v is adjacent to at least two of the vertices in V , say u4 and u5, thenu1u5vu4u2u3u1 forms C6 and we can add u to form P7 � G.If v is adjacent to exactly one vertex in V , say u5, then N(v) = fu1; u2; u5g.Now, if u is adjacent to at least one of u3 or u4, say u3 (a similar constructionworks for u4) then uu3u1u4u2u5v is a Hamiltonian path in G. On the other hand,if u is not adjacent to at least one of u3 or u4, then without loss of generality,either N(u) = fu1; u2g or N(u) = fu1; u5g. If N(u) = fu1; u2g, then G =hu1; u2i _ (hv; u5i+ u+ u3 + u4) = K2 _ (K2 + I3) 2 H. If N(u) = fu1; u5g, thenuu5vu1u4u2u3 is a Hamiltonian path in G.Case 4. Suppose that the number of edges in �G incident to u or v is atmost n� 2. If G is Hamiltonian, then obviously G has a Hamiltonian path. Soassume G is not Hamiltonian. There are at most n� 3 edges missing from fu; vginto H. Therefore, there are at least 2(n� 2)� (n� 3) = n� 1 edges from fu; vginto H. So, d(u) + d(v) � n� 1. By Theorem 6.1, Pn � G. 2
72



The next theorem builds on the previous theorem by stating which graphs oforder n missing at most 2n� 5 edges have a Hamiltonian path.Theorem 6.3 Let G be a graph of order n � 1 with e( �G) � 2n� 5. Then G hasa Hamiltonian path if and only if �(G) > 0 and G 62 H.Proof. LetG be a graph of order n � 1 with e( �G) � 2n�5. Assume that �(G) > 0and G 62 H. To apply Theorem 6.2, we must show that G is connected. Supposethat G is not connected. Let A be a component of G with jAj = a and B = G�A.Since �(G) > 0, we have 2 � a � n � 2. Now, e( �G) � a(n � a) = an � a2. Theminimum for this quadratic function occurs when a = 2 or a = n� 2 and we gete( �G) � an � a2 � 2n � 4. Thus, the size of �G must be at least 2n � 4, whichcontradicts the assumption that e( �G) � 2n � 5. Therefore, G is connected. ByTheorem 6.2, G has a Hamiltonian path.Assume that G has a Hamiltonian path. Now �(G) > 0 or else G would nothave a Hamiltonian path. By Lemma 6.2 and Lemma 6.3, G 62 H. 2Now that we know which graphs of large size have a Hamiltonian path, we willaddress the problem of determining �(G;:Pj) when e( �G) � 2j � 5.6.2 Graphs missing complete subgraphs or a starAs we have seen in the previous chapter, graphs of large size missing a star orcomplete subgraphs are the graphs which need to handled as special cases when de-termining �(G;:Cj). The same will prove to be true when determining �(G;:Pj)for graphs of large size. First, let's prove a result for a graph whose complementcontains a star as a subgraph. 73



Theorem 6.4 Let G be a graph of order n. If j � 2, e(G) � �n2�� (2j � 5), andK1;j�1 � �G, then �(G;:Pj) = ln�1j�1 m.Proof. If j = 2, then the theorem is vacuously true. So assume j � 3. Let X bea set of vertices which induce K1;j�1 � �G. Since K1;j�1 � �G and e( �G) � 2j � 5,there is exactly one vertex v0 of degree at least j � 1 in �G. Therefore, v0 2 X.Let A be a color class in a :Pj-coloring of G.Suppose v0 62 A. If jAj � j, then hAi would be missing at most 2j�5�(j�1) =j � 4 edges, and by Theorem 2.9, we know that hAi has a Hamiltonian path.Therefore, for hAi to be Pj-free, we must have jAj � j � 1. Suppose v0 2 A, andconsider A�v0. If jA�v0j � j, then by the same argument, we get Pj � hA�v0i.Therefore, jA � v0j � j � 1, which implies jAj � j. Thus, there can be at mostone color class of size j (one containing v0), and �(G;:Pj) � ln�jj�1m+ 1 = ln�1j�1 m.To show the inequality in the other direction, form one color class B of sizej by using the vertices in X together with one vertex from G � X and form asmany other color classes as possible of size j � 1 with the remaining vertices inG � X. Now hBi is Pj-free since v0 is not adjacent to any other vertex in hBi.Therefore, �(G;:Pj) � ln�jj�1m+ 1 = ln�1j�1 m : 2The previous theorem along with most of the following theorems will be usedin the next section. The following theorems are more general than we need, but wewish to present them in their entire generality. Their proofs are straightforwardand use the same proof methodology. Therefore, to quickly reach the main resultsof this chapter, the remaining theorems in this section will be presented herewithout proof. Their proofs can be found in Appendix A.74



Theorem 6.5 Let G be a graph of order n � 1. If j � 2 is even, m � 0, andhE( �G)i = mK j+22 , then �(G;:Pj) = max �ln�mj�1 m ; lnj m�.Theorem 6.6 Let G be a graph of order n. If j � 3 is odd and hE( �G)i = K j+32 �e,where e is an edge, then �(G;:Pj) = ln�1j�1 m.Theorem 6.7 Let G be a graph of order n. If j � 4 and hE( �G)i = Ij�3 _ K2,then �(G;:Pj) = ln�1j�1 m.Theorem 6.8 Let G be a graph of order n � 1. If j � 4 is even, m � 0, andhE( �G)i = mK j+42 , then �(G;:Pj) = max �ln�2mj�1 m ; l nj+1m�.Theorem 6.9 Let G be a graph of order n. If j � 2 is even and hE( �G)i =K j+42 � e, where e is an edge, then �(G;:Pj) = ln�1j�1 m.Theorem 6.10 Let G be a graph of order n. If j � 6 is even and hE( �G)i =K1 _ (K j2 +K1), then �(G;:Pj) = ln�1j�1 m.Theorem 6.11 Let G be a graph of order n. If j � 6 is even and hE( �G)i =K j+22 +K2, then �(G;:Pj) = ln�1j�1 m.We will use most of these theorems to determine �(G;:Pj) when e(G) is large.6.3 Determining �(G;:Pj) when e(G) is largeFirst of all, we can remove j�2 edges and show that �(G;:Pj) does not decreaseby applying a well known result about Hamiltonian paths. As an aside, if j � 3,then Theorem 6.12 is an immediate result of Theorem 6.13. Thus we did not needto prove Theorem 6.12 in full generality. However, it was easier to prove Theorem6.12 this way. 75



Theorem 6.12 Let G be a graph of order n. If j � 2 and e(G) � �n2�� (j � 2),then �(G;:Pj) = l nj�1m.Proof. Let A be a color class in a :Pj-coloring of G. Suppose that jAj � j.Let B � A with jBj = j. Now hBi is missing at most j � 2 edges. By Theorem2.9, we get Pj � hBi, a contradiction. Therefore, jAj < j, which implies that�(G;:Pj) � l nj�1m. Equality follows from Theorem 2.1. 2We can see that this theorem is best possible since, if we remove the edgesof a copy of K1;j�1 from a complete graph of order n � j, then by Corollary4.1, we can obtain a graph whose :Pj-chromatic number is ln�1j�1 m. What is theminimum number of edges we need to remove from a complete graph to obtain�(G;:Pj) = ln�2j�1 m? One way to obtain �(G;:Pj) = ln�2j�1 m is to remove the edgesof 2K1;j�1 from a complete graph, i.e., remove 2j � 2 edges. With this in mind,we will attempt to close in on graphs missing 2j � 2 edges by examining graphsmissing up to 2j � 5 edges.Theorem 6.13 Let G be a graph of order n � 1 and e be an edge. If j � 2 ande(G) � �n2�� (2j � 5), then
�(G;:Pj) =

8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:
ln�1j�1 m if G = Kn�5 _ (K2 + I3) and j = 7,K1;j�1 � �G,G = Kn�(j�1) _ (Kj�3 + I2) and j � 4,G = Kn�4 _ I4 and j = 6,G = (Kn�4 _ I4)� e and j = 6,G = Kn�5 _ I5 and j = 8,G = (Kn�5 _ I5)� e and j = 8,or G = Kn�6 _ I6 and j = 10, andl nj�1m otherwise.76



Proof. Let j � 2 and G be a graph of order n with e(G) � �n2� � (2j � 5). Ifj = 2, then the theorem is vacuously true. So assume j � 3.Suppose that G = Kn�5 _ (K2+ I3) and j = 7. Then hE( �G)i = K5� e, wheree is an edge, and by Theorem 6.6, we get �(G;:P7) = ln�1j�1 m.Suppose that K1;j�1 � �G. Then by Theorem 6.4, we get �(G;:Pj) = ln�1j�1 m.Suppose that G = Kn�(j�1)_(Kj�3+I2) and j � 4. Then hE( �G)i = Ij�3_K2,and by Theorem 6.7, we get �(G;:Pj) = ln�1j�1 m.Suppose that G = Kn�4 _ I4 and j = 6, or G = Kn�5 _ I5 and j = 8, orG = Kn�6 _ I6 and j = 10. Then hE( �G)i = K j+22 , and by Theorem 6.5, we get�(G;:Pj) = ln�1j�1 m if n � j, and �(G;:Pj) = lnj m if n < j since ln�1j�1 m � lnj m ifand only if n � j. But, when n < j, we know that lnj m = 1 = ln�1j�1 m. Therefore,�(G;:Pj) = ln�1j�1 m.Suppose that G = (Kn�4 _ I4) � e and j = 6 or that G = (Kn�5 _ I5) � eand j = 8, where e is an edge. Then G = Kn�5 _ (K1;3 + I1) and j = 6; orG = Kn�6 _ (I4 _ I2) and j = 6; or G = Kn�6 _ (K1;4 + I1) and j = 8; orG = Kn�7 _ (I5 _ I2) and j = 8.If G = Kn�5 _ (K1;3 + I1) and j = 6 or if G = Kn�6 _ (K1;4 + I1) and j = 8,then hE( �G)i = K1 _ (K j2 +K1). By Theorem 6.10, we get �(G;:Pj) = ln�1j�1 m.If G = Kn�6 _ (I4 _ I2) and j = 6 or if G = Kn�7 _ (I5 _ I2) and j = 8, thenhE( �G)i = K j+22 +K2. By Theorem 6.11, we get �(G;:Pj) = ln�1j�1 m.So assume that G and j do not meet one of the conditions speci�cally listed inthe statement of this theorem. In this case we will show that �(G;:Pj) = l nj�1m.Let A be a color class in a :Pj-coloring of G. If we can show that jAj < j, then�(G;:Pj) � l nj�1m and equality follows from Theorem 2.1. Suppose that jAj � j.77



Let B � A such that jBj = j. We want to use Theorem 6.3 to show that hBi hasa Hamiltonian path. Since K1;j�1 6� �G, �(hBi) > 0.If hBi = K2 _ (K2 + I3), then j = 7. Now 9 = 2(7) � 5 = e(hBi) ande( �G) � 2j � 5 imply that G = Kn�5 _ (K2 + I3), a contradiction.If hBi = K1 _ (Kj�3 + I2), then j � 4. Now 2j � 5 = e(hBi), which impliesthat G = Kn�(j�1) _ (Kj�3 + I2), a contradiction.If hBi = I4 _ K2, then j = 6 and 2j � 5 = 7 = e(hBi) + 1. If hBi =(I4 _K2)� e, then j = 6 and 2j � 5 = 7 = e(hBi). Now either G = Kn�4 _ I4 orG = (Kn�4 _ I4)� e, and we reach a contradiction.If hBi = I5 _ K3, then j = 8 and 2j � 5 = 11 = e(hBi) + 1. If hBi =(I5 _K3) � e, then j = 8 and 2j � 5 = 11 = e(hBi). Now either G = Kn�5 _ I5or G = (Kn�5 _ I5)� e, and we reach a contradiction.If hBi = I6 _ K4, then j = 10. Now 2(10)� 5 = 15 = e(hBi), which impliesthat G = Kn�4 _ I6, a contradiction.Therefore hBi 62 H and by Theorem 6.3, hBi has a Hamiltonian path, acontradiction. Thus jAj < j. 2The previous theorem has instances when �(G;:Pj) = ln�1j�1 m and instanceswhen �(G;:Pj) = l nj�1m. We can see that ln�1j�1 m = l nj�1m in many cases asfollows: if n = p(j � 1) + q, where p � 0, j � 2, 0 � q < j � 1 and q 6= 1, thenln�1j�1 m = lp(j�1)+(q�1)j�1 m = l nj�1m.To continue with the approach of using a Hamiltonian cycle on n� 2 verticesand attaching two vertices to this cycle to create a Hamiltonian path requires usto know which graphs of a �xed size are Hamiltonian. This is labor intensive and,even if we obtain this knowledge, will not yield a general result for conditional78



coloring. Therefore, we abandon this approach to �nd �(G;:Pj) for all graphsof large size with the knowledge that in order to produce a graph whose :Pj-chromatic number is ln�2j�1 m, we need to remove somewhere between 2j � 4 and2j � 2 edges.6.4 Determining bounds on �(G;:Pj) given the number ofedges in a graphIn this section, we �nd an upper bound on the size of a graph given the constraintthat the :Pj-chromatic number is at most jn�kj�1 k.To �nd the upper bound, we �rst need to determine the maximum size of aPj-free graph of order n. The �rst upper bound on the size of a Pj-free graphwas discovered in 1959, by P. Erd�os and T. Gallai [24]. Their theorem states if Gis a Pj-free graph, then e(G) � ( j�22 )n. In 1975, R. Faudree and R. Schelp [25]improved on this bound for the maximum size of a Pj-free graph. In fact, theyfound the least upper bound and determined which graphs met that bound. Thetheorem is restated here for completeness and reference.Theorem 6.14 (Faudree and Schelp, [25]) If G is a graph of order n = q(j�1)+r(0 � q, 0 � r < j � 1) and G contains no Pj, then e(G) � q�j�12 � + �r2� withequality if and only if G = qKj�1 +Kr or (when j is even, q > 0, and r = j=2 or(j � 2)=2), G = lKj�1 + �K j�22 _ I j2+(q�l�1)(j�1)+r� ; 0 � l � q � 1.We would like to know how many edges we need to remove from a completegraph of order j + i (i � 0, j � 2) to guarantee that a graph missing at least thisnumber of edges is Pj-free. To accomplish this, we tailor Faudree and Schelp'sresult to our needs with the following corollary.79



Corollary 6.1 If G is a Pj-free graph of order n � j � 2, then e( �G) � (n� j +1)(j � 1).Proof. Let mn be the minimum number of edges in the complement of a Pj-freegraph of order n = q(j � 1) + r, where q � 0 and 0 � r � j � 2. We will show byinduction that for n � j, we have mn � (n� j + 1)(j � 1), which establishes thestatement of the corollary. Now n � j implies that q � 1. By Theorem 2.9 (iii),mj � j � 1. By Theorem 6.14,mn =  n2!� q j � 12 !�  r2!=  q(j � 1) + r2 !� q j � 12 !�  r2!= (q(j � 1) + r)(q(j � 1) + r � 1)� q(j � 1)(j � 2)� r(r � 1)2= q2(j � 1)2 + rq(j � 1) + q(j � 1)(r � 1)� q(j � 1)(j � 2)2= q(j � 1)[q(j � 1) + 2r � 1� j + 2]2= q(j � 1)[(q � 1)(j � 1) + 2r]2 :When r < j � 2, we have n+ 1 = q(j � 1) + (r + 1). Thus,mn+1 �mn = q(j � 1)[(q � 1)(j � 1) + 2(r + 1)]2 � q(j � 1)[(q � 1)(j � 1) + 2r]2= q(j � 1)� j � 1:When r = j � 2, we have n+ 1 = (q + 1)(j � 1), so thatmn+1 �mn = (q + 1)(j � 1)q(j � 1)2 � q(j � 1)[(q � 1)(j � 1) + 2(j � 2)]2= q2(j � 1)2 + q(j � 1)2 � q2(j � 1)2 + q(j � 1)2 � 2q(j � 1)(j � 2)280



= q(j � 1)2 � q(j � 1)(j � 2)= q(j � 1)� j � 1:Now by the induction hypothesis, (mn+1�mn)+mn � j�1+(n�j+1)(j�1) =(n+ 1� j + 1)(j � 1). 2We get the following immediate result for the :Pj-chromatic number fromTheorem 6.14.Theorem 6.15 Let j � 2. If G is a graph of order n = k(j � 1) + r (0 � k,0 � r < j � 1) and e(G) > k�j�12 �+ �r2�, then �(G;:Pj) � 2.Proof. Let j � 2 and let G be a graph of order n = k(j � 1) + r (0 � k,0 � r < j � 1) with e(G) > k�j�12 � + �r2�. By Theorem 6.14, we get Pj � G.Therefore, �(G;:Pj) � 2. 2Next we use Corollary 6.1 to derive an upper bound on the size of G given�(G;:Pj).Theorem 6.16 Let G be a graph of order n � 1, j � 2 and k � 0. If �(G;:Pj) �jn�kj�1 k, then e(G) � �n2�� k(j � 1).Proof. Let G be a graph of order n satisfying �(G;:Pj) � jn�kj�1 k with themaximum number of edges. Now G must contain all edges between any two colorclasses. For, if not, we could add an edge between two color classes to form a newgraph H with �(H;:Pj) � jn�kj�1 k using the same coloring we used for G. Butthis contradicts the maximality of G. Therefore, we can assume all missing edges81



reside within the color classes. Furthermore, by maximality, any color class of sizeat most j � 1 is not missing any edges.Let aj+i be the number of color classes of size j+ i for i = 0; : : : n� j and bi bethe number of color classes of size i for i = 1; : : : ; j � 1. To minimize the numberof missing edges in our graph G, we need to minimize the number of missing edgesin all color classes of size at least j. By Corollary 6.1, a color class of size j + imust be missing at least (i+ 1)(j � 1) edges for all i = 0; : : : ; n� j.Therefore, we want to �nd a lower bound for the function (j � 1)aj + 2(j �1)aj+1 + : : :+ (n� j + 1)(j � 1)aj+n�j = (j � 1)Pn�ji=0 (i+ 1)aj+i. Let's leave thisfor a moment and derive another inequality.n = j�1Xi=1 ibi + n�jXi=0(j + i)aj+i= j�1Xi=1(j � 1)bi � j�1Xi=1[(j � 1)� i]bi + n�jXi=0(i+ 1)aj+i + n�jXi=0(j � 1)aj+i= (j � 1)(j�1Xi=1 bi + n�jXi=0 aj+i)� j�1Xi=1[(j � 1)� i]bi + n�jXi=0(i+ 1)aj+i= (j � 1) $n� kj � 1 %� j�1Xi=1[(j � 1)� i]bi + n�jXi=0(i+ 1)aj+i� n� k � j�1Xi=1[(j � 1)� i]bi + n�jXi=0(i+ 1)aj+i:Now, rearranging the above equation, we getn�jXi=0(i+ 1)aj+i � k + j�1Xi=1[(j � 1)� i]bi � ksince Pj�1i=1 [(j � 1)� i]bi � 0.Using the above inequality, we get (j�1)Pn�ji=0 (i+1)aj+i � (j�1)k. Therefore,the number of missing edges in all color classes is at least k(j � 1), which impliesthat e(G) � �n2�� k(j � 1). 282



It is immediately seen from the following example that this bound is attainable.Let G be a graph of order n with �G = kK1;j�1, where k � 0 and j � 2. Sincen = kj = k(j � 1) + k, we have that j � 1 divides n� k and by Theorem 4.3, weget �(G;:Pj) = ln�kj�1 m = jn�kj�1 k. We have found an upper bound on the size of Ggiven a bound for �(G;:Pj) for j � 2. The next theorem gives a lower bound onthe size of G given a particular :Pj-chromatic number.Theorem 6.17 Let G be a graph of order n and j � 2. If �(G;:Pj) > ln�1j�1 m,then e(G) � �n2�� n2 (j � 2).Proof. We will prove the contrapositive. Let G be a graph with e(G) < �n2� �n2 (j�2). Suppose �(G) � n�j+1. Now, e(G) = 12 P d(v) � 12 P �(G) � n2 (n�j+1) � �n2�� n2 (j� 2). This contradicts the assumption that e(G) < �n2�� n2 (j� 2).Therefore, there exists a vertex v such that d(v) � n � j. In other words, thevertex v is nonadjacent to at least j � 1 other vertices in G. Color G as follows:Form a color class of size j by using v and j � 1 non-neighbors of v. With theremaining n � j vertices, create as many color classes of size j � 1 as possible.With this coloring, we get �(G;:Pj) � ln�jj�1m+ 1 = ln�1j�1 m. 2It is still an open question whether or not the lower bound is attainable. Inother words, can we �nd a graph with �n2�� n2 (j�2) edges with �(G;:Pj) = l nj�1m?It is also open as to what the lower bounds are for other values of �(G;:Pj).Finally, given �(G;:Pj), we would like to �nd an upper bound on the size of Gthat is tight when j � 1 does not divide n� k.
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A AppendixAll these theorems determine the :Pj-chromatic number for a graph when itscomplement contains a very speci�c set of edges. The �rst three theorems andthe �nal two theorems are used in the proof of Theorem 6.13.Theorem 6.5 Let G be a graph of order n � 1. If j � 2 is even, m � 0, andhE( �G)i = mK j+22 , then �(G;:Pj) = max �ln�mj�1 m ; lnj m�.Proof. If j = 2, then hE( �G)i = mK2, which implies n � 2m, or n �m � ln2 m.We will show there is no color class of size at least 3. If A were a color class of sizeat least 3, then the graph induced by any three vertices in A would be missing atmost one edge and P3 � hAi, a contradiction. Also, a color class of size 2 mustconsist of the endpoints of an edge in �G. Therefore, �(G;:P2) � n � m. Sincen � 2m, we get n�m � ln2m. Thus, �(G;:P2) = max �n�m; ln2m�. If j � 4, thenby Theorems 5.3 and 2.2, we get �(G;:Pj) � �(G;:Cj) = max �ln�mj�1 m ; lnj m�.To show the inequality in the other direction, we produce a minimum :Pj-coloring. Observe that G = Wm+n�( j+22 )mi=1 Si where Si = I j+22 for i = 1; 2; : : : ; mand Si = I1 for i = m + 1; m + 2; : : : ; n� � j+22 �m. Let S = V (G)� Smi=1 V (Si).Now, n = � j+22 �m+ s. We consider two cases: j�22 m � s and 0 � s < j�22 m.If j�22 m � s, then n � mj and ln�mj�1 m � lnj m. For each i = 1; : : : ; m, form acolor class of size j by using all the vertices from Si together with j�22 vertices fromS not yet assigned to a color class. Since j�22 m � s, S contains a su�cient numberof vertices to form these m color classes. Now, all the subgraphs induced by these84



color classes are isomorphic to I j+22 _K j�22 , which by Lemma 6.2, is Pj-free. Wepartition the remaining s� j�22 m vertices into as many color classes of size j�1 aspossible. Thus, we have �(G;:Pj) � m+ � s�( j�22 )mj�1 � = �( j+22 )m+s�mj�1 � = ln�mj�1 m.If 0 � s < j�22 m, then n < mj and lnj m � ln�mj�1 m. Let r = �( j�22 )m�sj �and T = S [ �Smi=m�r+1 V (Si)�. For each i = 1; : : : ; m� r, form a color class ofsize j by using all the vertices from Si together with j�22 vertices from T not yetassigned to a color class. Note that m� r = m� �( j�22 )m�sj � = �mj�( j�22 )m+sj � =�( j+22 )m+sj � = jnj k and there are su�cient elements in T to form jnj k color classessince jT j = s+r � j+22 � = s+�( j�22 )m�sj � � j+22 � � s+( j�22 )m�sj � j+22 � = � j�22 � �nj � �� j�22 � jnj k. Again, all the subgraphs induced by these color classes are isomorphicto I j+22 _K j�22 , which by Lemma 6.2, is Pj-free.If there are vertices remaining in T , form one more color class B containingthose vertices. To show hBi is Pj-free, we will show that jBj < j. Now,jBj = jT j � $nj %�j � 22 �= s+ r �j + 22 �� (m� r)�j � 22 �= s+ rj �m�j � 22 �< s+ 0@� j�22 �m� sj + 11A j �m�j � 22 �= j:If B = ;, then there were no remaining vertices after forming m � r colorclasses of size j. Therefore, j divides n and �(G;:Pj) � jnj k = lnj m. If B 6= ;,then j does not divide n and we get �(G;:Pj) � jnj k + 1 = lnj m. In either case,we have produced a :Pj-coloring with lnj m colors. 285



Theorem 6.6 Let G be a graph of order n. If j � 3 is odd and hE( �G)i = K j+32 �e,where e is an edge, then �(G;:Pj) = ln�1j�1 m.Proof. Observe that hE( �G)i = K j+32 � e if and only if G = R _ (S + T ),where R = Kn�( j+32 ), S = I j�12 and T = K2. Let A be a color class in a :Pj-coloring of G. Suppose that jAj � j + 1. Let B � A such that jBj = j +1. Now, B contains up to j+32 vertices from S [ T and at least j�12 verticesfrom R. For all combinations of vertices from these sets, we get hCi = I j+32 _K j�12 � hBi. Let U = fu1; u2; : : : ; u j+32 g be the set of vertices of degree j�12 inhCi and W = fw1; w2; : : : ; w j�12 g be the set of vertices of degree j in hCi. Now,u1w1u2w2 : : : u j�12 w j�12 u j+12 forms Pj � hCi, a contradiction. Therefore, jAj � j.Now, each color class of size j must contain strictly more than j+34 verticesfrom S[T . Suppose by way of contradiction that a color class A of size j containsat most j+34 vertices from S [ T . Since j is odd, either j + 3 or j + 1 is divisibleby 4. If j + 3 is divisible by 4, then A contains at most j+34 vertices from S [ Tand at least 3j�34 vertices from R. For all combinations of vertices from these sets,we get hDi = I j+34 _ K 3j�34 � hAi. Let x1; x2; : : : ; x j+34 be the vertices of degree3j�34 in hDi and y1; y2; : : : ; y 3j�34 be the vertices of degree j � 1 in hDi. Now,x1y1x2y2 : : : x j+34 y j+34 y j+74 y j+114 : : : y 3j�34 forms Pj � hDi, a contradiction. There-fore, j+1 must be divisible by 4, A contains at most j+14 vertices from S [T , andA must contain at least 3j�14 vertices from R. For all combinations of vertices fromthese sets, we get hDi = I j+14 _K 3j�14 � hAi. Let x1; x2; : : : ; x j+14 be the verticesof degree 3j�14 in hDi and y1; y2; : : : ; y 3j�14 be the vertices of degree j � 1 in hDi.Now, x1y1x2y2 : : : x j+14 y j+14 y j+54 y j+94 : : : y 3j�14 forms Pj � hDi, a contradiction.Therefore, each color class of size j must contain strictly more than j+34 vertices86



from the S [ T , which is strictly more than half the vertices of S [ T . Therefore,there can be at most one color class of size j and �(G;:Pj) � ln�jj�1m+1 = ln�1j�1 m.Next, we will show the inequality in the other direction. Color G as follows:form one color class A of size j by using all the vertices in S together with j�32vertices from R and both vertices from T . Now, hAi = K j�32 _ �I j�12 +K2� andsince hAi contains j�12 vertices of degree j�32 with exactly j�32 common neighbors,hAi is Pj-free. With the remaining vertices, form as many color classes of sizej � 1 as possible. With this coloring, we get �(G;:Pj) � ln�jj�1m+ 1 = ln�1j�1 m. So,�(G;:Pj) = ln�1j�1 m. 2Theorem 6.7 Let G be a graph of order n. If j � 4 and hE( �G)i = Ij�3 _ K2,then �(G;:Pj) = ln�1j�1 m.Proof. Let j � 4 and G be a graph of order n such that hE( �G)i = Ij�3 _K2. Then G = R _ (S + T ) where R = Kn�(j�1), S = Kj�3, T = I2. Letfr1; r2; : : : ; rn�j+1g be the vertices of R, fs1; s2; : : : ; sj�3g be the vertices of S,and ft1; t2g be the vertices of T . Let A be a color class in a :Pj-coloring ofG. Suppose that jAj � j + 1. Let B � A such that jBj = j + 1. If t1 62 Band t2 62 B, then hBi is complete, which implies that Pj � hBi, a contradic-tion. If t1 2 B and t2 62 B, then B = ft1; r1; : : : ; rp; s1; s2; : : : ; sj�1�pg for some3 � p � j � 1. Now, t1r1r2r3 : : : rps1s2 : : : sj�1�p forms Pj � hBi, a contradic-tion. Therefore, we must have ft1; t2g � B. Since B can contain at most j � 3vertices from S, the subgraph hBi must contain at least two vertices r1 and r2from R. So B = ft1; t2; r1; : : : ; rt; s1; s2; : : : ; sj�1�pg for some 2 � p � j � 1.Now, t1r1t2r2r3 : : : rps1s2 : : : sj�1�p forms Pj � hBi, which again is a contradic-87



tion. Therefore, we must have jAj � j. Suppose jAj = j. By Theorem 2.9, ifhAi is missing fewer than j � 1 edges, then hAi has a Hamiltonian path. SinceG is missing at most 2j � 5 edges, there can be at most one color class of sizej. Thus, �(G;:Pj) � ln�jj�1m + 1 = ln�1j�1 m. Next we produce a minimum :Pj-coloring. Form one color class A of size j with A = ft1; t2; r1; s1; s2; : : : ; sj�3g.Now hAi = K1 _ (Kj�3 + I2), which by Lemma 6.2, is Pj-free. We partition theremaining n� j vertices into as many color classes of size j� 1 as possible. Thus,we have �(G;:Pj) � ln�jj�1m+ 1 = ln�1j�1 m. 2In earlier theorems we have derived a value of ln�mj�1 m for the :Pj-chromaticnumber for graphs of order n whose complements consist of m pairwise vertexdisjoint copies of a complete graph of a particular order. The following theoremderives a new value for the :Pj-chromatic number, namely ln�2mj�1 m, for graphswhose complements consist of m pairwise vertex disjoint copies of a completegraph of a new order.Theorem 6.8 Let G be a graph of order n � 1. If j � 4 is even, m � 0, andhE( �G)i = mK j+42 , then �(G;:Pj) = max �ln�2mj�1 m ; l nj+1m�.Proof. Observe that G = Wm+n�( j+42 )mi=1 Si where Si = I j+42 for i = 1; 2; : : : ; mand Si = I1 for i = m+1; m+2; : : : ; n�� j+42 �m. Let A be a color class in a :Pj-coloring of G. Suppose that jAj > j + 1. Let B � A such that jBj = j + 2. Theneither hBi = Wki=1 Iqi where q1 = (j+4)=2, and 1 � qi � j=2 for all 2 � i � k (1),or hBi = Wki=1 Iqi where 1 � q1 � (j + 2)=2, 1 � q2 � (j + 2)=2, and 1 � qi � j=2for all 3 � i � k (2). If (1), then form C1 � B such that jC1j = j by removing twovertices from Iq1. If (2), then form C2 � B such that jC2j = j by removing one88



vertex from each of Iq1 and Iq2. Now, hC1i = Iq1�2_�Wki=2 Iqi�, and maxifqig � j2 .Also, hC2i = Iq1�1 _ Iq2�1 _ �Wki=3 Iqi�, and maxifqig � j2 . By Lemma 5.1, hC1iand hC2i are Hamiltonian. This contradicts the assumption that hAi is Pj-free.So jAj � j + 1 and �(G;:Pj) � l nj+1m.Let A be a color class of size j+1. We will show that I j+42 � hAi. Suppose byway of contradiction that I j+42 6� hAi. Then hAi = Wki=1 Iqi where q1 � (j + 2)=2,and 1 � qi � j=2 for all 2 � i � k. Form B � A such that jBj = j by removingone vertex from Iq1. Now, hBi = Iq1�1_�Wki=2 Iqi�, and maxifqig � j2 . By Lemma5.1, hBi is Hamiltonian. This contradicts the assumption that hAi is Pj-free. SoI j+42 � hAi.Let C be a color class of size j. By Lemma 5.1, either hCi is Hamiltonian orI j+22 � hCi. Since hCi is not Hamiltonian, we must have that I j+22 � hCi.Let a be the number of color classes of size j +1 and b be the number of colorclasses of size j in a :Pj-coloring of G. Since each color class of size j + 1 mustcontain all the vertices from Si for some 1 � i � m, and since color classes arevertex disjoint, we must have a � m. We have just shown that each color class ofsize j must contain j+22 independent vertices, which is more than half the verticesfrom some Si (1 � i � m) since j+22 > 12 � j+42 � when j � 2. Thus we cannotuse the vertices of Si (1 � i � m) to form two di�erent color classes of size j.Since a color class of size at least j requires more than half the vertices from someSi (1 � i � m) and color classes are vertex disjoint, we get a + b � m. Thisinequality and a � m imply that 2a+ b � 2m.Now,�(G;:Pj) � &n� a(j + 1)� bjj � 1 '+ a+ b = &n� 2a� bj � 1 ' � &n� 2mj � 1 '89



Hence, �(G;:Pj) � max �l nj+1m ; ln�2mj�1 m�.To show the inequality in the other direction, we produce a minimum :Pj-coloring. Recall that G = Wm+n�( j+42 )mi=1 Si where Si = I j+42 for i = 1; 2; : : : ; m andSi = I1 for i = m+ 1; m+ 2; : : : ; n� � j+42 �m. Let S = V (G)�Smi=1 V (Si). Now,n = � j+42 �m+ s. We consider two cases: j�22 m � s and 0 � s < j�22 m.If j�22 m � s, then n � m(j + 1) and ln�2mj�1 m � l nj+1m. For each i = 1; : : : ; m,form a color class of size j + 1 by using all the vertices from Si together with j�22vertices from S not yet assigned to a color class. Since j�22 m � s, the set S containsenough vertices to form these m color classes. Now, all the subgraphs inducedby these color classes are isomorphic to C = I j+42 _ K j�22 and since C containsj2 vertices of degree j�22 with exactly j�22 common neighbors, C is Pj-free. Wepartition the remaining s� j�22 m vertices into as many color classes of size j�1 aspossible. Thus, we have �(G;:Pj) � m+� s�( j�22 )mj�1 � = �( j+42 )m+s�2mj�1 � = ln�2mj�1 m.If 0 � s < j�22 m, then n < m(j + 1) and l nj+1m � ln�2mj�1 m. Let r = �( j�22 )m�sj+1 �and T = S [ �Smi=m�r+1 V (Si)�. For each i = 1; : : : ; m� r, form a color classof size j + 1 by using all the vertices from Si together with j�22 vertices fromT not yet assigned to a color class using the vertices from S �rst. Note thatm � r = m � �( j�22 )m�sj+1 � = �m(j+1)�( j�22 )m+sj+1 � = �( j+42 )m+sj+1 � = j nj+1k and thereare su�cient elements in T to form j nj+1k color classes since jT j = s + r � j+42 � =s + �( j�22 )m�sj+1 � � j+42 � � s + ( j�22 )m�sj+1 � j+42 � = � j�22 � � nj+1� � � j�22 � j nj+1k. Again,all the subgraphs induced by these color classes are isomorphic to C = I j+42 _K j�22and we have already shown that hCi is Pj-free.If there are vertices remaining in T , form one more color class B containing
90



those vertices. To show hBi is Pj-free, we will �rst show that jBj � j. Now,jBj = jT j � $ nj + 1%�j � 22 �= s+ r �j + 42 �� (m� r)�j � 22 �= s+ r(j + 1)�m�j � 22 �< s+ 0@� j�22 �m� sj + 1 + 11A (j + 1)�m�j � 22 �= j + 1:If jBj = j, then hBi = I j+44 _ I j�44 since we formed color classes by using verticesfrom S �rst. By Lemma 6.2, I j+44 _ I j�44 is Pj-free.If B = ;, then there were no remaining vertices after forming m � r colorclasses of size j + 1. Therefore, j + 1 divides n and �(G;:Pj) � j nj+1k = l nj+1m.If B 6= ;, then j +1 does not divide n and we get �(G;:Pj) � j nj+1k+1 = l nj+1m.In either case, we have produced a :Pj-coloring with l nj+1m colors. 2The following theorem is needed for the proof of Theorem 6.10.Theorem 6.9 Let G be a graph of order n. If j � 2 is even and hE( �G)i = K j+42 �e,where e is an edge, then �(G;:Pj) = ln�1j�1 m.Proof. Observe that hE( �G)i = K j+42 � e if and only if G = R _ (S + T ), whereR = Kn�( j+42 ), S = I j2 , and T = K2. Let A be a color class in a :Pj-coloringof G. Suppose that jAj > j. Let B � A such that jBj = j + 1. Now, Bcontains up to j+42 vertices from S [ T and at least j�22 vertices from R. For allcombinations of vertices from these sets, we get hCi = �I j2 +K2� _K j�22 � hBi.Let u1; u2; : : : ; u j2 be the vertices of degree j�22 in hCi, v1; v2 be the vertices of91



degree j2 in hCi, and w1; w2; : : : ; w j�22 be the vertices of degree j in hCi. Now,u1w1u2w2 : : : u j�22 w j�22 v1v2 forms Pj � hCi, a contradiction. Therefore, jAj � j.Now each color class of size j must contain strictly more than j+44 vertices fromS [ T . Suppose by way of contradiction that a color class A of size j containsat most j+44 vertices from S [ T . Since j is even, either j or j + 2 is divisibleby 4. If j is divisible by 4, then A contains at most j+44 vertices from S [ Tand therefore, at least 3j�44 vertices from R. For all combinations of vertices fromthese sets, we get hDi = I j+44 _K 3j�44 � hAi. Let x1; x2; : : : ; x j+44 be the verticesof degree 3j�44 in hDi and y1; y2; : : : ; y 3j�44 be the vertices of degree j � 1 in hDi.Now, x1y1x2y2 : : : x j+44 y j+44 y j+84 y j+124 : : : y 3j�44 forms Pj � hDi, a contradiction. Soj + 2 must be divisible by 4, A contains at most j+24 vertices from S [ T , and Amust contain at least 3j�24 vertices from R. For all combinations of vertices fromthese sets, we get hDi = I j+24 _K 3j�24 � hAi. Let x1; x2; : : : ; x j+24 be the verticesof degree 3j�24 in hDi and y1; y2; : : : ; y 3j�24 be the vertices of degree j � 1 in hDi.Now, x1y1x2y2 : : : x j+24 y j+24 y j+64 y j+104 : : : y 3j�24 forms Pj � hDi, a contradiction.Therefore, each color class of size j must contain strictly more than j+44 verticesfrom S[T , which is strictly more than half the vertices in S[T . Therefore, therecan be at most one color class of size j and �(G;:Pj) � ln�jj�1m+ 1 = ln�1j�1 m.Next, we will show the inequality in the other direction. If j = 2, thenhE( �G)i = P3. Form one color class of size 2 using the two nonadjacent ver-tices in G and put the remaining n�2 vertices into n�2 color classes. Therefore,�(G;:Pj) � n � 1. If j � 4, then color G as follows: form one color class A ofsize j by using all the vertices in S together with j�42 vertices from R and bothvertices from T . Now, hAi = K j�42 _�I j2 +K2� and hAi is a spanning subgraph of92



I j+22 _K j�22 . By Lemma 6.2, hAi is Pj-free. With the remaining vertices, form asmany color classes of size j�1 as possible. We get �(G;:Pj) � ln�jj�1m+1 = ln�1j�1 m.So, �(G;:Pj) = ln�1j�1 m. 2Theorem 6.10 Let G be a graph of order n. If j � 6 is even and hE( �G)i =K1 _ (K j2 +K1), then �(G;:Pj) = ln�1j�1 m.Proof. Assume j � 6 is even and G is a graph of order n such that hE( �G)i =K1 _ (K j2 + K1). Then G = R _ (S + T ) where R = Kn�( j2+2), S = K1; j2 andT = I1. Let fr1; r2; : : : ; rn�( j2+2)g be the vertices of R, fs1; s2; : : : ; s j2g be thevertices of degree 1 in S, s be the vertex of degree j2 in S, and t be the vertexin T . Now H = Kn�( j2+2) _ (K2 + I j2 ) � G and by Theorems 6.9 and 2.4,�(G;:Pj) � �(H;:Pj) = ln�1j�1 m.To show the inequality in the other direction, color G as follows: form onecolor class A of size j with A = fs1; s2; : : : ; s j2 ; s; r1; r2 : : : ; r j�42 ; tg. Now hAi =K j�42 _ (K1; j2 + I1), which is a spanning subgraph of I j+22 _K j�22 and by Lemma6.2, is Pj-free. With the remaining vertices form as many color classes of size j�1as possible. With this coloring, we get �(G;:Pj) � ln�1j�1 m.Theorem 6.11 Let G be a graph of order n. If j � 6 is even and hE( �G)i =K j+22 +K2, then �(G;:Pj) = ln�1j�1 m.Proof. Assume j � 6 is even and G is a graph of order n such that hE( �G)i =K j+22 +K2. Then G = R _ (S _ T ) where R = Kn�( j+22 +2), S = I j+22 and T = I2.Let A be a color class in a :Pj-coloring of G. Suppose that jAj � j + 1. LetB � A with jBj = j + 1. Now B contains up to j+22 + 2 vertices from S [ T and93



at least j�42 vertices from R. For all combinations of vertices from these sets, weget C = K j�42 _ (I j+22 _ I2) � hBi. Let x1; x2; : : : ; x j�42 be the vertices of degree jin C, y1; y2; : : : ; y j+22 be the vertices of degree j2 in C, and z1; z2 be the vertices ofdegree j�1 in C. Now, y1x1y2x2 : : : y j�42 x j�42 y j�22 z1y j2 z2y j+22 forms Pj � C. HencejAj � j.To form a color class of size j, we must use all the vertices in S. For if Acontains at most j2 vertices from S, then for v 2 A, we have dhAi(v) � j2 and,by Dirac's Theorem (Theorem 2.7), hAi is Hamiltonian, a contradiction. Thus,there can be at most one color class of size j. Therefore, we get �(G;:Pj) �ln�jj�1m+ 1 = ln�1j�1 m.To show the inequality in the other direction, color G as follows: form onecolor class of size j by using all j+22 vertices from S, one vertex from T , and j�42vertices from R. Now hAi = I j+22 _K j�22 , which by Lemma 6.2, is Pj-free. Withthe remaining vertices form as many color classes of size j � 1 as possible. Withthis coloring, we get �(G;:Pj) � ln�1j�1 m. 2
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