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Dean, David W. (Ph.D., Applied Mathematics)An Analysis Of The Stochastic Approaches To The ProblemsOf Flow And Transport In Porous MediaThesis directed by Professor Thomas F. RussellABSTRACTOne need in the current theory of subsurface transport in porousmedia is an improved understanding of the basic transport physics in highlyheterogeneous subsurface environments using models that are valid at multiplescales. The thesis addresses this problem by �rst developing a theoretical back-ground for the spectral representation of stochastic processes which are thenused to illustrate the more common aspects of the theoretical descriptions ofdispersion. The analysis shows how the dispersion tensor in the homogeneouscase must be modi�ed in order to include mildly heterogeneous permeability�elds and provides a transformation law for the conversion of the spectrum ofvelocity perturbations to the spectrum of log hydraulic conductivities. Thistheoretical connection is important because in Chapter II a Lagrangian ap-proach is used to develop a description of dispersion in terms of the covarianceof the hydraulic conductivities using a particle tracking algorithm. Chapter IIIdescribes the numerical methods used to implement the algorithm. Chapter IVtreats the transport equation using stochastic calculus, speci�cally Itô's lemma,from which weak formulations of the mean and covariance equations can be de-rived. Chapter V considers the application of the theory of stochastic evolutionequations to the problem of transport. By allowing both the dispersion andvelocity to have random components, the evolution equation can be split intodeterministic and stochastic parts. Using semigroup methods, the solution isgiven in terms of a Neumann expansion. Finally, Chapter VI uses the operatorsplitting method of Chapter V to illustrate a stochastic �nite element methodfor solving the transport equation that uses the Karhunen-Lo�eve expansion,the Galerkin method and the Homogeneous Chaos spaces of Wiener.This abstract accurately represents the content of the candidate's thesis. Irecommend its publication. Signed Thomas F. Russell
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1. Introduction1.1 OverviewThis study is concerned with the basic forms of the equations of 
owand transport of solutes or contaminants through porous media. Whenever twomiscible 
uids come together to form one phase, there is potential for either thedensity of the phase or the viscosity of the phase to change. This change can bebrought about by changes in the concentration and/or changes in the pressure.In the case that the density is dependent on the concentration of the pollutant,a coupled system of PDE's is obtained that must be solved simultaneously,see Equation[ 3.3], page 99. Using Darcy's law and the Hubbert potentialfor a compressible 
uid, the velocity can be related to the pressure via thepermeability of the medium, see Equation[ 3.1], page 97. This equation canbe solved for the velocity, pressure pair by the mixed �nite element method.In the case of constant density, the situation is less complicated. Thisis referred to as the tracer case. Here, the system can be written as an uncou-pled system consisting of the 
ow equation, which can be solved for the piezo-metric head, and the transport equation. Once a velocity �eld has been derivedfrom the piezometric head distribution, the transport equation is solved for theconcentration plume that evolves over time. Section 3.2 discusses a 2D �niteelement implementation of the tracer case. This model is subsequently used tosimulate horizontal tank experiments conducted in Boulder at the Universityof Colorado's Civil Engineering Department under the direction of ProfessorTissa Illangesekare. The Boulder experiments are discussed in Section 3.2.10.Brie
y, the tank environment is like that of a con�ned aquifer into which atracer (pollutant) is injected. The tank has 45 port locations where tracer in-jections can be made and samples can be taken. Constant head conditions areassumed on the ends of the tank, and no 
ow boundary conditions are assumedon the sides of the tank.Both homogeneous and heterogeneous experiments are run in thetank. In the homogeneous case, the tank is packed with a uniform sand, i.e.,of uniform hydraulic conductivity. Spectral methods can be used to study thehomogeneous packing. As would be expected, Fourier series can be used tosolve the 1D 
ow equation resulting in a solution of the form
1



��(x; t) =  (x; t) + ��(0; t) + xL (��(L; t)� �(0; t))where  (x; t) = 1Xn=1Cne�(n�L )2 KS0 t sin�n�L � xBy letting t !1, the steady state solution is then linear. In the two dimen-sional case, the constant head contours are nearly parallel, yielding a uniformvelocity �eld. Both the model results and the experimental results show thesecharacteristics.The velocity �eld is determined from the 
ow equation or the ve-locity/pressure equation described earlier. However, prior to solving for theconcentration distribution using the transport, advection-dispersion, equation,the dispersion parameter must be provided. The �rst two chapters of this studyfocus on the determination of the dispersion parameter. For homogeneous me-dia, spectral methods can again be used to develop a theoretical formulationfor the treatment of dispersion. These spectral methods can be extended toinclude mildly heterogeneous media by using stochastic process techniques. Astochastic process can be given a spectral representation de�ned in terms ofspecial stochastic processes that have orthogonal increments. The �rst step ofthe procedure used to construct an integral spectral representation is to de�neorthogonal stochastic measures, Section 1.3. Once this is done, it can be shownthat there is an isomorphism between processes with orthogonal increments,continuous from the right, and the orthogonal stochastic measures. It is thisassociation that makes the integral spectral representation work, Sections 1.4and 1.5. Based on a review of the literature, it is our view that the theoreticaldescriptions of dispersion in porous media found in Gelhar and Axness[45], Neu-man and Zhang[70] and Dagan[29, 30, 31, 32, 33, 34] are the most prominent.All of these theories link dispersion to the hydraulic conductivity properties ofthe media. However, there are fundamental di�erences which have generated alot of debate in the literature. Section 1.8 seeks to select the common aspectsof the Gelhar and Axness[45] and Neuman and Zhang[70] approaches whichare based on the integral spectral representations of stochastic processes. Theanalysis shows how the dispersion tensor associated with the homogeneous casemust be modi�ed to include mildly heterogeneous cases, Equation[ 1.13], page2



37. The modi�cation is in terms of the integral of the spectrum of the velocityperturbations. Section 1.10 provides a transformation that allows the conver-sion of the spectrum of the velocity perturbations to the spectrum of the loghydraulic conductivity perturbations, Equation[ 1.21], page 43. This theoreti-cal connection is important because in Section 2.4 a description of dispersion interms of the covariance of the hydraulic conductivities using a particle trackingalgorithm will be developed.Chapter 2 discusses the time and distance forms of the dispersivitytensor. In this analysis, the solute body spatial moments are given byM = Z
 ncd~x~R = 1M Z
 n~xcd~xSij = 1M Z
 n(xi � Ri)(xj � Rj)c(~x; t)d~x i; j = 1; 2; 3Here M is the mass, ~R is the centroid coordinate, Sij is the second spatialmoment which characterizes the spread around the centroid, n is the porosityand c is the contaminant concentration. Starting from the transport equationwith ~V representing 
uid velocity,@c@t + ~V � rc = r � (Drc)and using integration by parts, it can be shown thatZero Moment ) Conservation Of MassFirst Moment ) Centroid Of The Mass Concentration MovesWith Velocity ~V .Second Moment ) Dij = 12 dSijdtAlthough the result that dispersion is related to the time rate ofchange of the second moment makes intuitive sense, in order to implementsuch a de�nition requires knowledge of the plume that is probably not avail-able. For this reason, dispersion is dealt with as a stochastic entity. Dealing3



with the problem from a stochastic point of view allows a certain level ofuncertainty to be accounted for by the model. This means that instead ofdeterministic ordinary and partial di�erential equations, the parameters andvariables in the di�erential equations will be allowed to have stochastic com-ponents. This switch to stochastic di�erential equations brings with it manydi�culties that require a stochastic calculus to handle. For example, in dis-cussing the movement of a 
uid particle through a porous medium, stochasticdi�erential equations of the formdX(t) = a(t; X(t))dt+ b(t; X(t))dW (t)will arise where X(t) is the trajectory of the particle through the medium andW (t) is a special type of stochastic process called a Wiener process. Thisequation has the interpretation on the interval [0; t] ofX(t) = X(0) + Z t0 a(s;X(s))ds+ Z t0 b(s;X(s))dW (s)The integrals in this equation cannot be interpreted in the usual sense.In the case of the �rst integral on the right hand side, the integrand, a(s;X(s))is a random function, i.e., for a given s, a(s;X(s)) is a random variable. Thesecond integral is even more di�cult to deal with since the measure part of theintegral is a stochastic process which can be shown to have in�nite variation.Hence, the usual Stieltjes interpretation is not applicable. How these integralsare dealt with is discussed in Section 2.2 and again in Section 4.2.4. As willbe seen in those sections, the stochastic di�erential equation and stochasticintegral have more than one interpretation.Section 2.3 is the �rst section in which the Lagrangian approach isused to give the basic form of the transport equation and the basic form of thedispersion tensor that can be derived from it. In the Lagrangian framework,transport is characterized in terms of indivisible solute particles , i.e., ensemblesof molecules in a small volume, which are transported by the 
uid. The totaldisplacement of the 
uid particle can be decomposed into a component dueto convection and a component due to di�usion, Equation[ 2.12], page 58.The di�usion component is represented by a Brownian motion. The convectivecomponent is described by the fundamental kinematic equation~X(t) = Z t0 ~V ( ~XT (t0))dt0where ~V ( ~XT ) is the Lagrangian velocity �eld associated with the 
uid particle.Assuming the �rst order relationship between the displacement of ~X, ~X 0, andthe displacement of ~V , ~V 0, is given by 4



~X 0(t; ~x0; t0) = Z t0 ~V 0(E[~V ]t0)dt0it follows that the displacement covariance tensor is given by the time integra-tion of the velocity covariances, Equation[ 2.14], page 59. This characterizationof the displacement covariance will play a central role in the development ofthe dispersion tensor.As will be seen in Section 3.1.1, the transport equation is usuallyderived from conservation of mass considerations. However, in Section 2.3.2it will be demonstrated that the basic form of the transport equation can bederived by treating the 
uid particles as obeying the following Itô stochasticdi�erential equation d ~XT = E[~V ]dt+ d ~XdThen, the transport equation follows from the Fokker-Planck or Kolmogorovforward equation. This derivation is restricted to the case where dispersion iscreated only by the Brownian motion, ~Xd.In Section 2.3.3, the solution of the transport equation is shown to bea multivariate Gaussian density function, and the dispersion tensor is shownto be one-half the time rate of change of the covariances of the trajectory dis-placements. Section 2.3.4 expands on this result to show that the componentsof the dispersion tensor should be related to the time rate of changes in thecovariances of the 
uid particle or the time integral of the velocity covarianceswhich approximates the path integral of the velocity covariances along the 
uidparticle's trajectory. The integrand of this integral is a lagged covariance overthe interval of integration. A numerical formulation of this integral is givenwhich depends on a particle tracking algorithm which is suitable for implemen-tation in a computer code. Section 2.3.5 is an extension of these results due toKitanidis[58] and Dagan[32].One of the objectives of this study is to be able to specify the disper-sion coe�cients on a numerical grid block basis so that they can be used in a�nite element model. Section 2.4 contains the details of a proposed method ofdoing this. By dividing the domain of the problem into numerical grid blocks onwhich it can be assumed that gradients and hydraulic conductivity covariancesare constant, the local displacement covariance tensor, which is represented inthe literature as a bold-faced X, can be expressed as5



X = E �� ~KE[K]�1E[~r]� � ~KE[K]�1E[~r]�y�where ~K = K � E[K] and K is hydraulic conductivity and the dagger, y,represents the vector transpose. Since ~r in this expression is the position vectorof the 
uid particle with reference to some injection point, this is really adistance dependent formula. One of the conclusions of experimental studies isthat dispersivity varies with the distance from the input zone. The mannerin which it varies depends on the degree and location of heterogeneities inthe porous medium domain. The presence of heterogeneities in the porousmedium will cause the velocity �eld to be non-uniform. In order to get anadequate representation of exactly where in the domain di�erent magnitudesof dispersion are to be expected, ensembles of particles must be tracked. Figure4 in Section 2.4 illustrates the tracking of 5 particles from each of two adjacentgrid blocks located near the center of the domain. These particle paths areused to identify the numerical grid blocks that are most likely to be reached bya tracer plume that emanates from the grid blocks containing the origin of theplume. Once the grid blocks most likely to be reached have been identi�ed,the previous formulation can be applied on a grid block by grid block basis toestimate how dispersion will develop over time. In this case, the displacementcovariance matrix is given byX = n�1Xi=0 n�1Xj=0E �� ~K(i+1)E[K(i+1)]�1E[~r(i+1)]� � ~K(j+1)E[K(j+1)]�1E[~r(j+1)]�y�where the superscripts represent individual block designations. Dispersivityestimates are derived by di�erentiating this expression with respect to time.Since it may be di�cult to identify exactly the numerical grid blockswhere a local source is originating, or if more than one point source is involved,an entire column of grid blocks can be used to determine the particle paths.Figure 5, Section 2.4, shows the result of tracking a particle from each of thegrid blocks in a column in the center of the domain. Of course, in a simulation,more than one particle from each grid block would be tracked.Section 2.5 discusses some methods of random variable generationthat are either currently being used or are planned to be used in the modelsof 
ow and transport being created. Since all of the methodology is based onexploiting randomness or uncertainty, it is necessary to have methods of simu-lating this randomness. In Section 2.5.1, it is shown that by using a Box-Muller6



transformation, two independent uniform random variables can be convertedinto two independent Gaussian random variables. It is also shown, Section2.5.2, how correlated random variables can be simply generated. However,for more sophisticated simulations in 3 dimensions, e�cient computer codesare available that are capable of cogenerating pairs of 3 dimensional, cross-correlated random �elds with di�erent correlation scales, Robin, et al[80].Chapter 3 discusses the numerical method being used to study thegroundwater 
ow/transport problem. The particular form of the equationsthat are to be solved depends on the relationship that is assumed betweenthe density, viscosity and concentration. For example, in an Enhanced OilRecovery problem, a change in the viscosity of the single phase is broughtabout by the mixing of a surfactant with the oil in the reservoir. In problemsthat involve a pollutant entering an aquifer, many times it is the density thatchanges with the concentration of the pollutant. In these cases, it can be arguedusing standard de�nitions of the physical properties of a compressible 
uid thatthe seepage velocity is related to hydraulic conductivity, pressure and density;or to the permeability, pressure, density and viscosity, Equation[ 3.1], page 97.The transport equation is usually derived by applying the Divergence theoremto the Conservation of Mass law. These equations result in a coupled system ofequations, Equation[ 3.2], page 98. For this coupled system, the mixed �niteelement method can be used to solve for the pressure/velocity pair, followed bya solution of the transport equation by some method. Currently, the code thatis available to solve the coupled system is the SEGMIX code. This code usesmixed �nite elements to solve for the pressure/velocity pair and the modi�edmethod of characteristics (MMOC) to solve the transport equation. SEGMIXassumes a rectangular domain with no 
ow boundary conditions on the sides.In order to use this code to simulate the Boulder tank experiments, it wouldhave to be modi�ed to accept constant head conditions at the ends of the tankand no 
ow boundary conditions on the sides of the tank.The types of experiments that are being conducted in the Boulderhorizontal tank are tracer experiments. This means that a solute such asbenzene or sodium chloride is injected at a selected port and samples are takenfrom a port downstream of the injection port. In this case, the e�ect on densityis probably minimal, and the uncoupled 
ow/transport system of equations isadequate to study the experiments numerically.The numerical method being used to solve the uncoupled system is�nite elements. Because Gaussian integration formulas are used to evaluate the7



integrals that arise in the system of equations resulting from the variationalformulation, a reference element which is convenient for integration purposesis de�ned which is a�nely equivalent to the elements in the domain. A�neequivalence can be de�ned in terms of special mappings called pull-backs andpush-forwards. These concepts are explained in Sections 3.2.2 to 3.2.4.Section 3.2.5 contains a derivation of the local system of equationsthat arise from the variational formulation of the 
ow equation, Equation[ 3.10],page 116. Once the systems of equations on the local rectangular elements havebeen established, they must be assembled into a global system of equations forthe whole domain. This process is described in Section 3.2.6. The derivationsof the velocity �eld from the piezometric head estimates is given in Section3.2.7. Section 3.2.8 shows the derivation of the system of equations thatfollow from the variational formulation of the transport equation. Since thereare constant boundary conditions at the ends of the tank, and a pulsed-inputis allowed to take place at an injection point, it is necessary to allow constantconcentration conditions to exist at some grid points. The modi�cation of theglobal system of equations to allow certain grid points to maintain a constantlevel of concentration is explained in Section 3.2.9. Section 3.2.10 describesin more detail the horizontal test tank used in the Boulder experiments. Twotypes of experiments are conducted in the tank. The homogeneous experimentsare those in which the tank is packed with a single type of sand as rated by itshydraulic conductivity. In the heterogeneous experiments, the tank is packedin a block arrangement with 5 di�erent types of sand. The hydraulic conduc-tivities of the sands range from 3.618 m/day for Sand #1 to 1036.8 m/dayfor Sand #5. With this wide span of hydraulic conductivities, a signi�cantamount of heterogeneity is represented in the tank. The block arrangement ofthe sands in the tank is represented graphically in Figures 13 and 14 in Section3.2.10. Figure 15 provides a 
owchart of the basic program components usedand how they interact. Comparisons of computer simulation results shown inFigures 16 and 17 to actual tank measurements show very good agreement.Figure 18 illustrates a computed tracer plume.Chapter 4 actually starts the second part of the thesis. The previoussections have investigated the components of the equations and the forms ofthe equations. However, only the expected or mean value of the concentrationis predicted. Because of the uncertainties involved in specifying the physicalcharacteristics of the porous medium, the concentration of a solute at a given8



point in time is a random variable, and over a period of time it is a stochasticprocess. Consequently, in order to more accurately characterize the distribu-tion of the solute concentration, higher order statistical moments such as thevariance need to be estimated also. In theory, the more moments that can bepredicted, the better this characterization will be. But, in practice, it is usuallya di�cult problem just to obtain information on the variance or covariance ofvariables in the system.A much referenced paper in this area is the Graham and McGlaughlin[48]paper which speci�es a set of three equations that are to be solved for the meanconcentration, the velocity-concentration covariance and the concentration co-variance. Section 4.1 derives and discusses these equations because they will beused as a basis of comparison for an approach to developing moment equationsbased on the Itô calculus.Randomness can enter the boundary value problem in many di�erentways. Equation[ 4.12], page 138, is a statement of the stochastic boundaryvalue problem, and the discussion following that equation speci�es the variousways in which randomness can enter the picture. Existence theory for thestochastic boundary value problem is not unlike the nonstochastic case. Asummary is included in Section 4.2.3.Stochastic integration is again addressed in Section 4.2.4, this timefrom the more general perspective of amartingale. The Itô integral then followsfrom this more general de�nition as a special case. The use of the Itô integralrequires that the rules of calculus have to be modi�ed. The reason for thiscan be illustrated as follows: Suppose that W (t) is a one dimensional Wienerprocess, then it is well known that it can be represented as the limiting formof a random walk. And, as part of this limiting process the step size of therandom walk goes to zero as the square root of the time interval�W = O(�t 12 )Gardiner[42] shows that for the Itô integral this property means that[dW (t)]2+N = ( dt if N = 00 if N > 0and that dt dW (t) = 0. The most important new rule is that of Itô's lemma.It is a change of variable formula. The reason the change of variable formula9



has to be modi�ed is due to the above di�erential relationships. For example,if f is a smooth function and X(t) satis�es the Itô di�erential equationdX(t) = a dt+ b dW (t)Then, on expanding df [X(t)]df [X(t)] = f [X(t) + dX(t)]� f [X(t)]= f 0[X(t)]dX(t) + f 00[X(t)]2 (dX(t))2 + � � �= f 0[X(t)] (a dt+ b dW (t)) + f 00[X(t)]2 (a dt+ b dW (t))2 + � � �And, using the di�erential relationships, it follows thatdf [X(t)] = f 0[X(t)] (a dt+ b dW (t)) + f 00[X(t)]2 b2dtwhich is di�erent from the ordinary calculus rule. The Itô formula is a stochas-tic calculus chain-rule. It can also be extended to martingale type processes,Karatzas[57]. Curtain and Falb[26] have extended Itô's lemma to in�nite di-mensional Hilbert spaces. It is this form that is used to derive weak forms ofthe moment equations in Sections 4.2.5 to 4.2.8. For the purpose of illustratingthis theory, the key equation is Equation[ 4.17], page 158, which is applied totwo examples. The �rst example uses this theory to derive mean and covari-ance equations that in the weak form are identical to those used by Grahamand McLaughlin[48]. The second example is cast in terms of accounting forthe e�ects of measurement error that is assumed to enter the experiment as arandom perturbation that takes the form of a Wiener process.Chapter 5 considers the application of the theory of stochastic evolu-tion equations to the problems of 
ow and transport. In the deterministic case,it is well known that the boundary value problem can be recast as an abstractevolution equation or Cauchy problem. Such a problem takes the form ofdudt + A(t)u = f(t) 0 � t � Tu(0) = u0 10



The term abstract is attached to indicate the fact that the functions involved aremapping a time interval, [0; T ] � <1, into a Banach or Hilbert space. Hence,for a Hilbert space H, the function u(t) is an H-valued function. It follows,then, that there must be an association between the abstract functions u(t) andthe real-valued functions u(~x; t) of the boundary value problem. And, theremust be an association between the di�erential operator of the boundary valueproblem and the operator A(t) of the abstract evolution equation. Section5.1 explores these connections and the forms of the solution to the abstractevolution equation for both the autonomous case, A independent of t, and thenonautonomous, A(t) is dependent on t, cases. The solution, in general, isgiven as an integral equation.Curtain and Falb[27] are able to extend these results to the casewhere the forcing term of the abstract evolution equation contains an H-valuedWiener process, as de�ned in Section 4.2.4. The solution in this case is givenin terms of an evolution operator U(t; s) generated by �A(t) asu(t) = U(t; 0)u0 + Z t0 U(t; s)�(s)dW (s)where the integral is now a stochastic integral. Working from the Curtainand Falb solution, weak forms of the mean and covariance equations for thesolution u(t) are found that agree with the forms of these equations for the�nite dimensional case as given in �Astr�om[8].In Section 5.2, the time stochastic process nature of the dispersiontensor is again considered. The fact that the dispersion tensor could be con-sidered as a time dependent quantity was �rst shown in Section 2.1. But,since then, it has been treated in the models developed up to this section asan e�ective parameter by some type of averaging process. In the followingsections, the time dependent dispersivity coe�cient will be incorporated intothe basic partial di�erential equation model. Both the dispersion coe�cientsand the velocity will be allowed to have random components. Section 5.3 givesthe general form of the stochastic PDE that results in terms of the sum ofdeterministic and stochastic operator components.Section 5.4 represents the solution of the stochastic PDE as an integralequation which has the formu(t) = U(t; 0)u0 + Z t0 U(t; s)g(s)ds� Z t0 U(t; s)Rs;xu(s)ds11



where g(s) is the forcing function which may be stochastic, Rs;x is the stochasticoperator component and U(t; s) is the evolution operator that is the evolutionoperator that is derived from treating the deterministic part of the stochasticPDE as an abstract di�erential equation. As an example of this procedure, thefollowing 1-D transport equation is solved@u@t � �E[D] +D0(t; !)� @2u@x2 + �E[V ] + V 0(!)� @u@x = 0Since it is assumed that the E[D] is a constant in this example, the evolutionoperator U(t; s) can be expressed as a strongly continuous semigroup generatedby the operator A � �E[V ] @@x +E[D] @2@x2Using a change of variables to a moving coordinate system, the semi-group is calculated and its properties veri�ed. The solution is then given as anintegral equation that has the form of a Volterra type two equation. Section 5.5applies the classical integral equation methods to characterize the convergenceproperty of the series solution to the integral equation, Hochstadt[53].In order to provide some insight into the speed of convergence of thisseries, a test problem is constructed and three scenarios tested. The �rst caseallows the dispersivity to have a random component, but not the velocity.The second case allows the velocity to have a random component, but not thedispersivity. Finally, the last case allows both the dispersivity and the velocityto have random components. The results are contained in the tables at the endof Section 5.5. Monte Carlo methods can be used to generate several samplepaths for the random components, and from these, concentration means andvariances can be calculated.The Neumann expansion procedure discussed in Sections 5.4 and5.5 can be extended to a stochastic �nite element method by combining theKarhunen-Lo�eve expansion, a Fourier type expansion of a stochastic process,with the Galerkin method. This approach is, however, subject to the same con-vergence criterion discussed in Section 5.5. Instead of pursuing the Neumannexpansion any further, Chapter 6 on Future Research describes an alternativemethod which is based on the following three components:(1) The Karhunen-Lo�eve Expansion(2) The Galerkin Method(3) Wiener's Homogeneous Chaos Spaces12



As described in Section 5.4, the formal solution of the equationLt;xu = gis developed by splitting the operator Lt;x into a deterministic part and a zeromean stochastic part, i.e., Lt;x � Lt;x +Rt;xand using the Karhunen-Lo�eve expansion to express the random coe�cients inthe stochastic component, Rt;x, and the Homogeneous Chaoses of Wiener torepresent the solution.As described in Section 6.1, the Karhunen-Lo�eve expansion requiresa knowledge of the covariance function of the stochastic process. Speci�cally,the expansion requires that the eigenvalues and eigenfunctions associated withthe covariance function of the process being represented be known. Althoughcertain assumptions can be made regarding the covariance function associ-ated with the stochastic coe�cients of the stochastic operator, the covariancefunction of the solution process is not known. What is required is a way ofrepresenting the solution process that does not require a knowledge of its co-variance function. The principal result in this approach is the HomogeneousChaos decomposition of the L2-space of a Gaussian process. The fundamentalsof this type of decomposition are provided in Section 6.2. The stochastic �niteelement method using Homogeneous Chaoses is outlined in Section 6.3. Sincethe success of this �nite element procedure depends on obtaining the eigenval-ues and eigenfunctions of the covariance function, some details of this problemare covered in Section 6.4.1.2 Stochastic ProcessesSome of the more famous and fundamental results on contaminanttransport through porous media involve the characterization of dispersion interms of the spectral representation of stochastic processes, Gelhar and Axness[45],Neuman, et al[69]. This introduction will trace the development of these spec-tral representations from their beginnings in classical functional analysis totheir use in deriving fundamental theoretical formulations of the dispersiontensor. In doing so, the key role that the dispersion tensor plays in the processof scaling-up from small homogeneous laboratory experiments to larger het-erogeneous �eld problems will become clear. The following de�nitions can befound in many references, for example Burrill[17], Doob[36] and Todorovic[96]:
13



De�nition: Let (
;B;P) be a probability space. A real (complex) valuedmeasurable function with domain 
 is a real (complex) random variable.De�nition: A real (complex) stochastic process is a family of real (complex)random variables fX(t) : t 2 Tg de�ned on a common probability space(
;B;P) with T � <1.De�nition: A stochastic process is said to be strictly stationary if its dis-tributions do not change with time, i.e., if for any t1; t2; � � � ; tn 2 T andfor any h 2 T , the multivariate distribution function of the random variable(Xt1+h; � � � ; Xtn+h) does not depend on h.Ex: f(X1; X2; � � � ; Xn; t1; � � � ; tn) = f(X1; X2; � � � ; Xn; t1 + h; � � � ; tn + h)De�nition: A stochastic process fXt : t 2 Tg is wide sense stationary if� E[jXtj2] <1� E[Xt+� ; Xt] = E[X� ; X0] 8t 2 Twhere E represents the expected value. Doob[36], shows that for wide sensestationary processes, the following holds:Proposition If fX(t); t 2 <1g is a process which is wide sense stationary, thenthere is a group of unitary transformations fUt; t 2 <1g such that for each t,X(t) = UtX(0)Us+t = UsUtU0 � Identity ElementU�t � Inverse Of UtUsing the notation (�; �) to represent the Hilbert space inner product, the fol-lowing spectral representation theorem exists for unitary operators, Riesz andSz.-Nagy[79], Section 137, 14



Stone's Theorem Every one-parameter group fUt; t 2 <1g of unitary trans-formations for which (Utf; g) is a continuous function of t, for all elements fand g, admits the spectral representationUt = Z +1�1 ei�tdE�where fE�g is a spectral family. Furthermore, E� is uniquely determined.E� is an orthogonal projection with the properties(1) E� � E� for � < �(2) E�+0 = E�(3) E� ! 0 for�! �1(4) E� ! I for�!1A second theorem related to this is, Riesz and Sz.-Nagy[79], Section 138,Bochner's Theorem In order for the function p(t) (�1 < t <1) to admitthe representation p(t) = Z 1�1 ei�tdV (�)with a nondecreasing and bounded real function V (�), it is necessary andsu�cient that p(t) be continuous and nonnegative de�nite in the sense thatmX�;�=1 p(t� � t�)�� ��� � 0whatever the positive integerm, the real numbers t1; t2; � � � ; tm and the complexnumbers �1; �2; � � � ; �m.The reason that these two theorems are connected is that the functionp(t) = (Utf; f)is nonnegative de�nite, and from this it follows that, Riesz and Sz.-Nagy[79],Section 138, (Utf; g) = Z 1�1 ei�td (E�f; g) (1.1)where E� is a spectral family. 15



From the polarization identity, the following holds in a complex Hilbertspace(E�f; g) = < (E�f; g) + i= (E�f; g)= < �E2�f; g�+ i= �E2�f; g�= < (E�f; E�g) + i= (E�f; E�g)= kE�f + g2 k2 � kE� f � g2 k2 + i kE� f + ig2 k2 � kE�f � ig2 k2!In particular, if g = f , then (E�f; f) = kE�fk2and Equation[ 1.1] then gives(Utf; f) = Z 1�1 ei�tdkE�fk2 (1.2)From the properties of the spectral family,0 � kE�fk2 = (E�f; E�f) = �E2�f; f�= (E�f; f)and, if � � � then E� � E� ) (E�f; f) � (E�f; f), so that kE�fk2 is realand nondecreasing. Furthermore,kE�fk2 � kE1fk2 = kfk2so that kE�fk2 is also bounded. Equation[ 1.2] will be useful in the discussionof the Bochner-Khinchin theorem in Section 1.4.1.3 Stochastic MeasuresIn the preceding section, it was shown that a stochastic process X(t)that is wide sense stationary has the representation16



X(t) = Ut X(0) = Z 1�1 ei�tdE�X(0)The process fE�X(0) : � 2 <1g turns out to be a special type of stochasticprocess. Also, in order to be able to interpret this integral in the usual sense,this process must be associated in some way with a type of measure. In thissection a stochastic measure and a stochastic integral are de�ned that allowthe representation as a stochastic process in terms of a unique orthogonalstochastic measure which corresponds to a stochastic process with orthogonalincrements, Section 1.4. The details of this section on Stochastic Measures arefound in Todorovic[96].De�nition: A complex-valued random variable Z on (
;B;P) is called secondorder if E[jZj2] <1The family of all such random variables is denoted byL2f
;B;PgTodorovic[96] shows that given the de�nition of equality thatZ1 = Z2 i� Z1 = Z2 (a:s:)ie, they di�er on at most a set of measure zero, so that the space L2f
;B;Pgconsists of equivalence classes, and using the inner product de�nition(Z1; Z2) = E [Z1 Z�2 ] = Z
Z1Z�2dP(!)where the symbol * represents complex conjugation, then L2(
;B;P) is aninner product space. The norm for this space is de�ned askZk = +(Z;Z) 12 = E hjZj2i 12Using this norm to de�ne distance, L2(
;B;P) is a metric space.The Cauchy-Schwarz inequality holds, Todorovic[96], and the inner product isuniformly continuous, for if Z0; Z1; Z2 2 L2f
;B;Pgj(Z1; Z0)� (Z2; Z0)j � j(Z1 � Z2; Z0)j � kZ0kkZ1 � Z2k17



so that for kZ1 � Z2k < �kZ0k , j(Z1; Z0)� (Z2; Z0)j < �.The mode of convergence on this metric space is that of mean squaredconvergence and de�ned as(m2) limn!1Zn = Z i� kZn � Zk ! 0 as n!1And, this de�nition of convergence leads to the following form of theRiesz-Fisher Theorem If fZng1n=1 is a Cauchy sequence, then there exists aZ 2 L2f
;B; Pg such that(m2) limn!1Zn = Z 2
Let fS;Sg be an arbitrary measurable space, and let S0 be the algebraof sets that generates the �-algebra S.De�nition: A mapping � : S0 ! L2f
;B;Pgsuch that �(;) = 0�(A [ B) = �(A) + �(B) (a:s:)for any disjoint sets A;B 2 S0 is called an elementary random or stochasticmeasure.De�nition: Let m(A) = k�(A)k2 <1 for any A 2 S0 where k � k2 = E[j � j2]De�nition: An elementary random measure is said to be orthogonal if(�(A); �(B)) = 0 8 disjoint A;B 2 S0It is clear from the orthogonality property of the random measure �(�) thatthe set function m(�) is �nitely additive. And, if it is assumed that m(�) is18



countably subadditive, then it can be extended to a measure on S0. Accordingto Proposition 12.3.9 of Royden[81], all that is required is a semialgebra of setsC that generates S0 and that on C, m(;) = 0, m(�) is �nitely additive on C andcountable subadditive on C. Furthermore, the measure m(�) so de�ned on S0can then be extended to the measurable space fS;Sg.De�nition: m(�) is called the measure associated with �(�). LetL2(m) = L2fS;S; mgthe Hilbert space of complex-valued functions on S which are square integrablewith respect to m.De�nition: For step functionsh(s) = nXk=1 ckIBk(s) disjoint Bk 2 S0de�ne  (h) = ZS h(s)�(ds) = nXk=1 ck�(Bk)It is clear that the mapping  takes step functions in L2(m) and maps theminto random variables in L2(
;B;P). Furthermore, given two step functionsh(s) and f(s)( (h);  (f))L2(
;B;P) = 0@ nXi=1 xi�(Ai); nXj=1 yj�(Bj)1AL2(
;B;P)= nXi=1 nXj=1xi�yj (�(Ai); �(Bj))L2(
;B;P)and, since the sets Ai and Bj can be written in terms of disjoint sets asAi = (Ai nBj) [ (Ai \ Bj)Bj = (Bj n Ai) [ (Ai \ Bj)
19



it follows from the orthogonality of �(�) that the inner product (�(Ai); �(Bj))L2(
;B;P)can be written as(�(Ai); �(Bj))L2(
;B;P) = (�(Ai \ Bj); �(Ai \ Bj))L2(
;B;P)= m(Ai \ Bj)consequently, the inner product ( (h);  (f))L2(
;B;P) can be written as( (h);  (f))L2(
;B;P) = nXi=1 nXj=1xi�yjm(Ai \ Bj)= ZS h(s)f(s)m(ds)= (h; f)L2(m)Therefore, the mapping  preserves the inner product of the step functionsfrom L2(
;B;P) to L2(m). If g 2 L2(m), then let fhng1m=1 be a sequence ofstep functions such that kg � hnk ! 0 as n!1then from the orthogonality of �(�)k (hn)�  (hm)k2 = khn � hmk2 ! 0 as m; n!1So, f (hn)g1n=1 is a Cauchy sequence, and by the Riesz-Fisher Theorem, 9  (g) 2L2f
;B; Pg such thatk (g)�  (hn)k ! 0 as n!1De�nition: The random variable  (g) is called the stochastic integral of g 2L2(m) with respect to the elementary orthogonal random measure �. It isdenoted by  (g) = ZS g(s)�(ds) (1.3)The elementary stochastic measure � which is de�ned on S0 can be extended tothe �-algebra S, Todorovic[96]. Hence, Equation[ 1.3] is taken to be the integralof a g 2 L2(m) over the set S with respect to the orthogonal stochastic measure�. 20



1.4 Process With Orthogonal IncrementsLet fS;S; mg = f<1;R; mg where <1 � Real Line, and R � �-algebra of Borel sets of <1. Let fZ(t); t 2 <1g � L2f
;B; Pg with E[Z(t)] =0; 8t 2 <1. Then, using Stone's theorem, these stochastic processes can bewritten as Z(t) = Ut Z(0) = Z 1�1 ei�tdE�Z(0)From the properties of the spectral family that the E� are symmetric and for�1 � �2, E�1E�2 = E�1it follows that, for �0 � �1 � �2E [(E�1Z(0)� E�0Z(0)) (E�2Z(0)� E�1Z(0))�] =((E�1 � E�0)Z(0); (E�2 � E�1)Z(0)) = (Z(0); (E�1 � E�0)(E�2 � E�1)Z(0))The operator product in the last term can be expanded as(E�1 � E�0)(E�2 � E�1) = E�1 E�2 � E�1 E�1 � E�0 E�2 + E�0 E�1= E�1 � E�1 � E�0 + E�0= 0Consequently, the stochastic processes E�Z(0); �1 < � <1 that appear inthe Stone representation have the special propertyE [(E�1Z(0)� E�0Z(0)) (E�2Z(0)� E�1Z(0))�] = 0Todorovic[96] makes the followingDe�nition: The stochastic process fZ(t); t 2 <1g is said to have orthogonalincrements if, for any t0 < t1 < t2,E[Z(t1)� Z(t0)][Z(t2)� Z(t1)]� = 021



where the symbol * represents complex conjugation.De�nition: The process Z(t) is right continuous in the mean squared sense if8t 2 <1, t �xed, kZ(t)� Z(tk)k ! 0 as tk # t
Todorovic[96] shows that there exists an isomorphism between processes fZ(t) :t 2 <1g � L2f
;B; Pg with orthogonal increments continuous from the rightin the mean squared sense and the orthogonal stochastic measures � with m(�)the measure associated with it. This correspondence is given byZ(t) = �((�1; t])From this, for t > s, Z(t) = �((�1; t]) = �((�1; s]) [ (s; t])= �((�1; s]) + �((s; t])= Z(s) + �((s; t])) �((s; t]) = Z(t)� Z(s)Ash[6] characterizes the Borel sets in various ways. In particular,they can be de�ned as the smallest �-algebra of subsets of <1 that containsthe intervals (�1; t], t 2 <1. Furthermore, from this de�nition the functionF (t) can be de�ned asF (t) = m((�1; t]) = k�((�1; t])k2= E[jZ(t)j2] = E[Z(t)Z(t)�]where * represents the complex conjugate. Since m((�1; t]) = m((�1; s] [(s; t]), then 22



F (t) = F (s) +m((s; t])So that, m((s; t]) = F (t)� F (s)It can be shown, Todorovic[96], Ash[6], that the functionF (t) = E[Z(t)Z(t)�]is bounded, right continuous and non-decreasing.Letting �(dt) = dZ(t), thendF (t) = m(dt) = k�(dt)k2= kdZ(t)k2= E[jdZ(t)j2]= E[dZ(t)dZ(t)�]Hence, the following holds dF (t) = E[dZ(t)dZ(t)�]And, if the process Z(t) has orthogonal increments, thenE[dZ(t)dZ(t0)�] = ( 0 if t 6= t0dF (t) if t = t0 (1.4)De�nition: The stochastic integralZ +1�1 h(t)dZ(t)is to be interpreted as Z +1�1 h(t)�(dt)23



From the de�nition of the stochastic integral, Equation[ 1.3], page 20, h(t) isa complex-valued function. If h(t) = ei�tthen UtZ(0) = Z 1�1 ei�tdE�Z(0)= Z 1�1 ei�td�(d�)where � is the orthogonal stochastic measure associated with the stochasticprocess with orthogonal increments, E�Z(0).1.5 Spectral RepresentationLet fZ(t); t 2 <1g � L2f
;B; Pg be a wide sense stationary processwith E[Z(t)] = 0 C(t) = E[Z(s+ t)Z�(s)]The following proposition follows from the non-negative de�niteness of thecovariance function, Todorovic[96].Proposition The covariance function C(t) is continuous on <1 if it is contin-uous at zero.From the de�nition of the inner product,C(t) = (Z(s+ t); Z(s))Let f = Z(0), then from the discussion in Section 1.2, the covariance can beexpressed in terms of the unitary operators asC(t) = (Us+tf; Usf)= (UtUsf; Usf)Letting g = Usf = Z(s) and using Equation[ 1.2], page 16, it follows that24



C(t) = (Utg; g) = Z 1�1 ei�tdkE�gk2Furthermore, since kE�gk2 is real, bounded and nondecreasing and E� isuniquely determined, thenF (�) = kE�gk2 = E [E�Z(s) (E�Z(s))�] = E [Z(�)Z(�)�] (1.5)and obtain C(t) = Z 1�1 ei�tdF (�)In particular, letting t = 0 and using the spectral family properties, the covari-ance can be written asC(0) = Z 1�1 dkE�gk2 = kE1gk2= kgk2= E [Z(s) Z�(s)]The forgoing discussion illustrates to the famousBochner-Khinchin Theorem A complex-valued function C(t) de�ned onR continuous at zero is the covariance function of a wide sense stationarystochastic process i� it can be written in the formC(t) = Z +1�1 eit�dF (�)where F (�) is a real nondecreasing bounded function on <1 called the spectraldistribution of the process �(t).If the spectral distribution function F (�) is absolutely continuous,then the spectral density of the process is given byf(�) = F 0(�) = 12� Z +1�1 e�i�tC(t)dt25



So, the covariance function and the spectral density form a Fourier Transformpair.Comparing this with Equation[ 1.4], page 23, and Equation[ 1.5], page 25, thespectral density can be written asf(�)d� = dF (�) = E[dZ(�)dZ(�)�]So that the covariance function takes the formC(t) = Z 1�1 f(�)eit�d�f(�) is called the continuous spectrum of C(t) and the integral expresses C(t)as a continuous bundle of waves having amplitudes f(�).Similarly, the cross-spectrum SXY (!) of two processes X(t) and Y (t)is the Fourier transform of their cross-correlation RXY (�)E[X(t+ �)Y �(t)] = RXY (�) = Z +1�1 SXY (!)ei!�d!and SXY (!) = 12� Z +1�1 RXY (�)e�i!�d�Let f�(t); t 2 <1g � L2f
;B; Pg be a wide sense stationary process such thatE[�(t)] = 0 and C(t) = E[�(t+ s)��(s)]Then from Todorovic[96] there is the following existenceProposition Let the covariance function C(t) be continuous at zero. Then,there exists a unique orthogonal stochastic measure � with values in L2f
;B;Pgsuch that �(t) = Z +1�1 ei�t�(d�) (a:s:)and k�(A)k2 = m(A) = ZA dF 8A 2 R
26



where m(�) is the Lebesque-Stieltjes measure associated with � and generatedby the spectral distribution F .Hence, if fZ�(�);� 2 <1g is a stochastic process with orthogonalincrements corresponding to the orthogonal stochastic measure �(�), the processf�(t); t 2 <1g has the spectral representation�(t) = Z +1�1 ei�t�(d�) � Z +1�1 ei�tdZ�(�)1.6 Space Correlations And Space SpectraThe interpretation of the independent variable as a space variableinstead of a time variable does not change things, Lumley and Panofsky[64].Homogeniety is the property that for the space variable correspondsto stationarity for the time variable.�(x) = Z +1�1 ei�xdZ�(�)In 3-dimensions, the corresponding spectral representation is given as�(~x) = Z<3 ei~k�~xdZ�(~k)where ~k is the wave number and Z�(~k) is a stochastic process with orthogonalincrements.In the case that time is a contributing factor, the spectral represen-tation can be written as �(~x; t) = Z<3 ei~k�~xdZ�(~k; t)As in the one-dimensional case, if Z(~k) is a stochastic process withorthogonal increments, thenE[dZ(~k)dZ(~k0)�] = ( 0 if ~k 6= ~k0dF (~k) if ~k = ~k0 (1.6)where dF (~k) = f(~k) d~k and f(~k) is the spectral density of the process.The cross-spectrum of two processes X and Y is given by27



SXY (~k) = 1(2�)3 Z<3 RXY (~x)e�i~k�~xd~xand, its Fourier inverse is the cross-correlation of the processes X and Y , givenby RXY (~x) = Z<3 SXY (~k)ei~k�~xd~kFor a homogeneous process, the following is trueRXY (�~�) = E[X(~x� ~�)Y �(~x)] = R�Y X(~�)In particular, if X and Y are real stochastic processes,RXY (�~�) = RY X(~�)and, if X = Y , RXX(�~�) = RXX(~�)so that the covariance function of a real stochastic process is an even function.Also, RXY (�~�) + RY X(�~�) = RY X(~�) +RXY (~�)So, clearly, RXY (~�) + RY X(~�) is an even function. Furthermore, if RXX is aneven function, then using the mapping T (~x) = �~x = ~� and the change ofvariable formula it follows thatSXX(�~k) = 1(2�)3 Z<3 RXX(~�)e�i(�~k)�~�d~�= 1(2�)3 Z<3 RXX(~x)e�i~k�(�~�)d~�= 1(2�)3 Z<3 RXX(~x)e�i~k�~x(�1)d~x= SXX(~k)The last equality follows from the change of variable formula and the fact that�1 is the Jacobian of the transformation T . Hence, SXX(~k) is an even function.Similarly, SXY (~k) + SY X(~k) is an even function.28



1.7 ErgodicityFor many properties that are to be measured, it is easier to obtainone observation at each point in time of a random sequence over a long periodof time than to obtain several observations at the same point in time.The former method is called averaging along the process (time aver-ages) and the latter method is called averaging across the process (ensembleaverages).A statement that these two averages are the same is called an ergodic theorem.Burrill[17] states the following:De�nition: Let M be a 1-1 mapping of 
 onto 
. M is a measure-preservingtransformation whenever the following condition holds: E is a measurableset i� M(E) is and P (E) = P (M(E)) for each measurable set E. For everyinteger t, the functionM t de�ned inductively byM t =M (t�1) �M is a measurepreserving transformation.Weak Ergodic Theorem: If M is a measuring-preserving transformationand if X 2 L2, then (m2) limn�m!1 1n�m n�1Xt=mM tX = ~Xexists.The important corollary isCorollary: E[ ~X] = E[X]The transformation M is called ergodic if ~X is a.s. constant. If thisis true, then from the corollary(m2) limn�m!1 1n�m n�1Xt=mX(t) = E[X]where X(t) = M tX. So, it is clear from this that the mean-squared limittaken over time is equal to the expected value of the random variable X. The29



term ergodic can have several interpretations. If a stochastic process has theproperty that the mean taken along the process is equal to the mean takenacross the process, then the process is said to be mean-ergodic. In general,a stochastic process is ergodic if the ensemble averages are equal to the timeaverages.In the Hilbert space context, F. Riesz proved the following form oftheMean Ergodic Theorem Let H be a Hilbert space and Ut : H ! H be astrongly continuous one parameter unitary group. Let the closed subspace H0be de�ned by H0 = fx 2 H : Utx = x 8 t 2 <1gand let P be the orthogonal projection onto H0. Then for any x 2 Hlimt!1 1T Z T0 Usxds = Px 2The statement and proof are found in Abraham, et al[2]. Using the Hilbertspace of second order random variables, L2(
;B;P) and the Proposition fromSection 1.2, there is a group of unitary operators fUt; t 2 <1g such thatX(t) = UtX(0)The theorem then says that the limit of the time averages is a random variablethat is invariant under the group of operators, fUt : t 2 <1g.If X(t; !̂) is a sample path of a stochastic process X(t; !), then theintegral 1T Z T0 X(t; !̂)dtrepresents a time average of X(t; !̂) over the interval [0; T ]. From this, therandom variable YT (!) = 1T Z T0 X(t; !)dtcan be formed. Clearly, if X(t; !) is a stationary process, then E[X] =E[X(t)] 8 t and 30



E[YT ] = 1T Z T0 E[X(t)]dt = E[X]The variance of YT (!) is given by�2YT = E h(YT �E[YT ])2i = E h(YT �E[X])2iClearly, if (m2) limT!1 YT (!) = E[X], then �2YT ! 0 as T !1. Similarly, if�2YT ! 0 as T !1, then (m2) limT!1 YT (!) = E[X].Assuming homogeniety, if the independent variable is a spatial vari-able instead of a time variable, the interpretation is that as more spatial pointsare included in the average, the variance of the spatial average tends to zero.1.8 Stochastic Solute Transport And DispersionA key component in the scale-up problem is the correct formulation ofthe dispersion tensor used in the transport equation. Using arguments similarto those found in Gelhar and Axness[45] and Neuman[69], the reason for thefocus on dispersion can be illustrated as follows:Starting from the transport equation,@nc@t = �r � n[c~V �Drc]and letting the porosity be constant, it follows that@c@t = �r � [c~V �Drc]where c � concentration, ~V � seepage velocity, and D � molecular di�usion.From the conservation of mass equation@(n�)@t = �r � (�~q)with constant porosity and density, it follows thatr � ~V = 0 and r �E[~V ] = 031



Writing the transport equation as@c@t +r � (c~V ) = r � (Drc) (1.7)and letting the concentration and velocity be stochastic processes, which aredistributed as follows: c = E[c] + c0 E[c0] = 0~V = E[~V ] + ~V 0 E[~V 0] = 0the substitution of these distributed parameters into Equation[ 1.7] yields@(E[c] + c0)@t +r � [(E[c] + c0)(E[~V ] + ~V 0)] = r � (Dr(E[c] + c0))Expanding,@(E[c] + c0)@t +r � fE[c]E[~V ] +E[c] ~V 0 + c0E[~V ] + c0 ~V 0g = (1.8)r � [Dr(E[c] + c0)]Taking expectations and using E[c0] = E[~V 0] = 0,@E[c]@t +r � (E[c]E[~V ]) +r �E[c0 ~V 0] = r � [Dr(E[c])] (1.9)Subtracting Equation[ 1.9] from Equation[ 1.8],@c0@t +r � [E[c] ~V 0 + c0E[~V ] + c0 ~V 0 �E[c0 ~V 0]] = r � [Dr(c0)]Important assumption: Assuming that the perturbations from their meansin c and ~V are small, the second order perturbation termc0 ~V 0 �E[c0 ~V 0]is eliminated because for small perturbations this di�erence would be close tozero leaving the �rst order approximation32



@c0@t +r � [E[c] ~V 0 + c0E[~V ]] � r � [Dr(c0)]Expanding and using the zero divergence of ~V and E[~V ],@c0@t +rE[c] � ~V 0 +rc0 �E[~V ] = r � (Drc0) (1.10)Assuming that c0 depends on both ~x and t and that there is spatial homogeneity,the following spectral representations can be made:c0(~x; t) = Z<3 ei(~k�~x)dZc0(~k; t)V 0i (~x) = Z<3 ei(~k�~x)dZV 0i (~k)~V 0 = (V 01 ; V 02 ; V 03 )ywhere ~k = (k1; k2; k3) is the wave number and ~x = (x1; x2; x3) is the positionvector.De�ning dZ~V 0 (~k) = �dZV 01 (~k); dZV 02 (~k); dZV 03 (~k�yand making the change of variablesyi = xi �E[Vi]t; i = 1; 2; 3and letting c(~x; t) = �(~y; t)) E[c(~x; t)] = E[�(~y; t)] ) c0(~x; t) = � 0(~y; t)so that � 0(~y; t) is c0(~x; t) in the moving coordinate system. In other words,c0 and � 0 are the same stochastic process represented in di�erent coordinatesystems. This allows us to write in terms of the spectral representations,33



Z<3 ei~k�~ydZ�0(~k; t) = � 0(~y; t) = c0(~x; t) = Z<3 ei~k�~xdZc0(~k; t)= Z<3 ei~k�(~y+E[~V ]t)dZc0(~k; t)= Z<3 ei~k�~yei~k�E[~V ]tdZc0(~k; t)The stochastic process � 0(~y; t) has a unique orthogonal stochastic mea-sure associated with it, and from the above equality and the isomorphism be-tween the orthogonal stochastic measures and the processes with orthogonalincrements, continuous from the right, it follows thatei~k�E[~V ]tdZc0(~k; t) = dZ�0(~k; t)) "i~k �E[~V ]dZc0(~k; t) + @@t �dZc0(~k; t)�# ei~k�E[~V ]t = @@t �dZ�0(~k; t)� (1.11)Substituting � 0(~y; t) into Equation[ 1.10], page 33, and simplifying yields@� 0(~y; t)@t �ry� 0(~y; t) �E[~V ] +ryE[�(~y; t)] � ~V 0 + ry� 0(~y; t) �E[~V ]= ry � [Dry� 0(~y; t)]Then letting r = ry, it follows that@� 0(~y; t)@t +rE[�(~y; t)] � ~V 0 = r � [Dr� 0(~y; t)]Substituting the spectral representations for � 0 and ~V 0 in this equation gives@@t �Z<3 ei~k�(~y+E[~V ]t)dZc0(~k; t)� + rE[�(~y; t)] � Z<3 ei~k�~xdZ ~V 0(~k; t)= r � �Dr Z<3 ei~k�~xdZc0(~k; t)�34



Hence, using Equation[ 1.11]Z<3 ei~k�~x "i~k �E[~V ]dZc0(~k; t) + @@t �dZc0(~k; t)�# + Z<3 ei~k�~xrE[�(~y; t)] � dZ ~V 0(~k; t)= r � �Dr Z<3 ei~k�~xdZc0(~k; t)�Taking derivatives and simplifying yieldsZ<3 ei~k�~x @@t �dZc0(~k; t)� + Z<3 ei~k�~x hi~k �E[~V ] +D~k � ~ki dZc0(~k; t)= � Z<3 ei~k�~xrE[�(~y; t)] � dZ ~V 0(~k; t)And, using the uniqueness of the spectral representation, the following �rstorder ordinary di�erential equation is obtained@@t �dZc0(~k; t)� + hi~k �E[~V ] +D~k � ~ki dZc0(~k; t)= �rE[�(~y; t)] � dZ ~V 0(~k; t)Letting a = hi~k �E[~V ] +D~k � ~ki, this equation has the solution, assuming thatdZc0(~k; 0) = 0, dZc0(~k; t) = �e�at Z t0 ea�rE[�] � dZ ~V 0(~k)d�Furthermore, if it is assumed that the gradientrE[�] is constant, thenrE[�] =rE[c], and it follows by evaluating the integral thata dZc0(~k; t) = �b(t)rE[c] � dZ ~V 0(~k)where b(t) = 1 � e�at. The assumption that the gradient of the average con-centration is constant means that the concentration is spatially linear. This isanother assumption that requires only mild heterogeneities. Multiplying bothsides of this by �a = hi~k �E[~V ] +D~k � ~ki, then gives�rE[c] � dZ~V 0 (~k) h�i~k �E[~V ] +D~k � ~ki b(t)(~k �E[~V ])2 + (D~k � ~k)2 = dZc0(~k)35



Multiplying both sides by dZ~V 0 (~k)�, the complex conjugate transpose, takingexpectations and using the fact thatE h�rE[c] � dZ~V 0 (~k)� dZ~V 0 (~k)�i = E hdZ~V 0 (~k) dZ~V 0 (~k)�iyrE[c]= �Sy~V 0 ~V 0 (~k)rE[c]�y d~kyields b(t) hi~k �E[~V ]�D~k � ~ki �Sy~V 0 ~V 0 (~k)rE[c]�y(~k �E[~V ])2 + (D~k � ~k)2 = Syc0~V 0 (~k)where S~V 0 ~V 0 (~k) is the cross-spectrum matrix and Sc0~V 0 (~k) is the cross-spectrumvector.Now, taking the inverse Fourier TransformRc0~V 0 (~x) = Z<3 ei(~k�~x)Sc0~V 0 (~k)d~kand letting ~x = 0, it follows thatE[c0~V 0] = Rc0~V 0 (~0) = Z<3 Sc0~V 0 (~k)d~k (1.12)= � Z<3 b(t) h�i~k �E[~V ] +D~k � ~kiSy~V 0 ~V 0 (~k)rE[c](~k �E[~V ])2 + (D~k � ~k)2 d~kTake the kjth term of the matrix Sy~V 0 ~V 0 (~k) which, as shown in Section 1.6, hasthe property that SV 0kV 0j (~k) + SV 0j V 0k (~k) is an even function, and assume thatSV 0kV 0j (~k) = SV 0j V 0k (~k) and that D is positive de�nite, then using the mappingT (~k) = �~k = ~! and the change of variable formula, it follows that2 Z<3 b(t) h�i~k �E[~V ] +D~k � ~kiSV 0kV 0j (~k)(~k �E[~V ])2 + (D~k � ~k)2 d~k =Z<3 b(t) h�i~k �E[~V ] +D~k � ~kiSV 0kV 0j (~k)(~k �E[~V ])2 + (D~k � ~k)2 d~k36



+ Z<3 b(t) h�i(~w) �E[~V ] +D(~w) � (~w)iSV 0kV 0j (~w)(~w �E[~V ])2 + (D(~w) � (~w))2 d~w= Z<3 b(t) h�i~k �E[~V ] +D~k � ~kiSV 0kV 0j (~k)(~k �E[~V ])2 + (D~k � ~k)2 d~k+ Z<3 b(t) hi~k �E[~V ] +D~k � ~kiSV 0kV 0j (~k)(~k �E[~V ])2 + (D~k � ~k)2 d~k= 2 Z<3 b(t)(D~k � ~k)SV 0kV 0j (~k)(~k �E[~V ])2 + (D~k � ~k)2d~kWithout the symmetry assumption, this result would contain the term SV 0kV 0j (~k)+SV 0j V 0k (~k). Returning to the transport equation@c@t = �r � [c~V �Drc]we know that by writing the concentration and velocity in terms of distributedparameters, c = E[c] + c0 E[c0] = 0~V = E[~V ] + ~V 0 E[~V 0] = 0we obtain Equation[ 1.9], page 32, namely,@E[c]@t +r � (E[c]E[~V ])�r � (DrE[c]) +r �E[c0~V 0] = 0The term E[c0~V 0 ] is an additional dispersive 
ux term that has already beenexpressed in terms of rE[c] via Equation[ 1.12], page 36. So, the transportequation for E[c] can be stated in terms of a new dispersion tensor, ~D, as@E[c]@t +r � (E[c]E[~V ])�r � ( ~DrE[c]) = 0where ~D = D+ Z<3 b(t) �D~k � ~k�S~V 0 ~V 0 (~k)(~k �E[~V ])2 + (D~k � ~k)2d~k (1.13)37



It is clear from this formulation that in general, ~D is a time dependent quantity.If ~k 2 <3 and if D~k � ~k is positive de�nite, then since a = [i~k �E[V ] +D~k � ~k]t,limt!1 b(t) = limt!1 1� e�at= 1� limt!1 e�[D~k�~k+i~k�E[V ]]t= 1 since D~k � ~k � 0And, assuming that the interchange of limit and integral makes sense, theasymptotic or steady state limit as t!1 for ~D is~D = D+ Z<3 �D~k � ~k�S~V 0 ~V 0 (~k)(~k �E[~V ])2 + (D~k � ~k)2d~k1.9 Comments And LimitationsThe assumption of ergodicity is implicit in the study, i.e., the solutetransport in an ensemble of aquifers approximates the real �eld situation. Thismeans that if the independent variable is a spatial variable, then the variancearound the average must go to zero as the size of the domain gets arbitrarilylarge. Hence, the scale of the system must be large in comparison to thecorrelation scale, the length scale over which variables remain correlated. So,the estimates of macroscopic dispersivity and e�ective hydraulic conductivityare meaningful only if the scale of the problem is large in comparison to thecorrelation scale. Consequently, Equation[ 1.12], page 36, is valid only aftera large displacement distance has been reached, perhaps tens or hundreds ofmeters. The adequacy of the �rst order approximation of the solute transportequation @c0@t +r � [E[c] ~V 0 + c0E[~V ]] = r � [Dr(c0)]depends on small perturbations in c and ~V and is not certain for large varianceof hydraulic conductivity. In this same vein, the assumption that the gradientof the expected concentration is constant also depends on mild heterogeneities.
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Existing linear theories predict that transverse dispersivities tendasymptotically to zero as Fickian conditions are reached. The assumptionof mildly 
uctuating hydraulic conductivities has been used to justify elimi-nating nonlinear terms in establishing the linear theories. However, Rubin[82]found that higher order terms may cause some reduction in longitudinal mix-ing and a signi�cant enhancement in the transverse spread. Hence, the im-portance of non-linearities should not be disregarded in studying dispersion ingeologic media. Although it is the point of view of this study that signi�cantheterogeneities should be modelled using numerical models, attempts at in-corporating heterogeneity and therefore nonlinearities in the analytical modelshave been made. Neuman and Zhang[70] recover part of the nonlinearity dueto the deviation of the plume particles from their mean trajectories using whathas become known as Corrsin's Conjecture, which is a statement relating theLagrangian covariance of the velocity to the Eulerian covariance of the velocitythrough the probability density of the particle's position. From this, nonlinearanalytical expressions for the time dependent dispersivity have been developed.The relationship between the Lagrangian and Eulerian velocity �elds is key tothe developments of dispersion that are to follow.1.10 Velocity/Permeability Covariance RelationshipSpectral arguments similar to those used in the preceding subsectioncan also be used to develop a fundamental relationship between the FourierTransforms of the velocity covariances and the log-hydraulic conductivity co-variances, Equation[ 1.21], page 43. This relationship is important because itshows the connection between velocity covariances and log-hydraulic conduc-tivity covariances, and hence permeability covariances. This means that esti-mates of dispersion can be based on either velocity covariances or permeabilitycovariances. In essence, the characterization of dispersion as a phenomenoncreated by permeability says that dispersion is a result of deviations in localpermeabilities from a global average permeability.By Darcy's law ~q = �Kr�where K is the hydraulic conductivity, in general for <2 a second rank symmet-ric tensor, and �r� is the hydraulic gradient. By assuming that the mediumis isotropic, the second rank tensor can be replaced by a scalar hydraulic con-ductivity, K.Let Y = ln(K) and suppose that39



Y = E[Y ] + Y 0; � = E[�] + �0; E[�0] = 0; E[Y 0] = 0Then, ~q = �eYr(E[�] + �0)And, since K = eY = eE[Y ]eY 0, it follows by expanding eY 0 that~q = �eE[Y ](1 + Y 0 + (Y 0)22 + � � �)(rE[�] +r�0)Letting ~J = �rE[�], then~q = eE[Y ] "( ~J �r�0) + Y 0( ~J �r�0) + (Y 0)22 ( ~J �r�0) + � � �#Take expectations and dropping terms higher than �rst order, yields the �rstorder approximation E[~q] � eE[Y ] ~JFrom Darcy's law and the incompressibility condition, respectively,~q = �Kr�; r � ~q = 0it follows that since K = eY , thenr � (eYr�) = 0Expanding this it follows thateYrY � r�+ eYr2� = 0which yields rY � r�+r2� = 0 (1.14)Then using the distributed parametersY = E[Y ] + Y 0 � = E[�] + �0 (1.15)40



with E[�0] = 0; E[Y 0] = 0and substituting Equation[ 1.15] into Equation[ 1.14], it follows thatr(E[Y ] + Y 0) � r(E[�] + �0) +r2(E[�] + �0) = 0Expanding and treating E[Y ] as a constant, givesrY 0 � rE[�] +rY 0 � r�0 +r2E[�] +r2�0 = 0And, by retaining only �rst order perturbation terms, i.e. dropping the rY 0 �r�0 term, it follows thatrY 0 � rE[�] +r2E[�] +r2�0 � 0Taking expectations and using E[Y 0] = 0 and E[�0] = 0, results in0 = �r2E[�] � rY 0 � rE[�] +r2�0 (1.16)Substituting in Equation[ 1.16] the spectral representationsY 0 = Z<3 ei~k�~xdZY 0(~k) �0 = Z<3 ei~k�~xdZ�0(~k)it follows thatZ<3 i~k � rE[�]ei~k�~xdZY 0(~k)� Z<3 k~kk2ei~k�~xdZ�0(~k) � 0And, using the uniqueness of the spectral representation theorem,i~k � rE[�]dZY 0(~k) � k~kk2dZ�0(~k) (1.17)Starting from the expansion~q = �eE[Y ](1 + Y 0 + (Y 0)22 + � � �)(rE[�] +r�0)and disregarding terms involving the products of perturbed quantities yields~q � �eE[Y ](rE[�] +r�0 + Y 0rE[�]) (1.18)41



And, taking expectations and using E[Y 0] = E[�0] = 0,E[~q ] � �eE[Y ]rE[�]Then since ~q = E[~q ] + ~q0, it follows from Equation[ 1.18] that~q0 � �eE[Y ](r�0 + Y 0rE[�])Using the spectral representations~q0 = Z<3 ei~k�~xdZ~q0(~k); Y 0 = Z<3 ei~k�~xdZY 0(~k); �0 = Z<3 ei~k�~xdZ�0(~k)it follows thatZ<3 ei~k�~xdZ~q0(~k) � �eE[Y ] �r Z<3 ei~k�~xdZ�0(~k) + Z<3 ei~k�~xdZY 0(~k)rE[�]�By the uniqueness of the spectral representation theoremdZ~q0(~k) � �eE[Y ]i~kdZ�0(~k)� eE[Y ]rE[�]dZY 0(~k)Using the �rst order approximation, E[~q] � eE[Y ] ~J = eE[Y ]rE[�],dZ~q0(~k) � E[~q]dZY 0(~k)� ieE[Y ]~kdZ�0(~k) (1.19)Then from Equation[ 1.17]dZ�0(~k) � ik~kk�2~k � rE[�]dZY 0(~k) (1.20)Equations [ 1.19] and [ 1.20] along with the �rst order approximation, E[~q] �eE[Y ] ~J , and the fact that ~k(~k �E[~q]) = ~k~kyE[~q] yielddZ~q0(~k) � �I� k~kk�2~k~ky�E[~q0]dZY 0(~k)where I is the identity matrix. Multiplying this expression by its conjugatetranspose yieldsE[dZ~q0(~k)dZ~q0(~k)�] � �I� k~kk�2~k~ky�E[~q]E[~q]y �I� k~kk�2~k~ky�E[dZY 0(~k)dZY 0(~k)�]And, using the formulas, Equation[ 1.6], page 27,42



E[dZ~q0(~k)dZ~q0(~k)�] = dF(~k) = S~q0~q0(~k) d~kE[dZY 0(~k)dZY 0(~k)�] = dF (~k) = SY 0Y 0(~k) d~kit follows thatS~q0~q0(~k) � �I� k~kk�2~k~ky�E[~q]E[~q]y �I� k~kk�2~k~ky� SY 0Y 0(~k) (1.21)This result agrees with Dagan[31, Equation 4.10].1.11 SummaryThis section introduced some important concepts of stochastic pro-cesses that will be used and expanded on in subsequent sections to study thegeneral problem of scale-up. Some basic conclusions can be drawn from thepresentation in this section. First, from Equation[ 1.13], page 37, it is clearthat in the absence of variations in the velocity �eld no adjustment to the localdispersion tensor D is necessary. Secondly, from Equation[ 1.21], page 43, itis clear that the variations in the velocities are due to the variations in thehydraulic conductivities. Consequently, the conclusion is that the dispersiontensor requires scaling-up in the presence of variations in the hydraulic conduc-tivities. Another way of saying this is that the e�ects of heterogenieties in theporous medium cannot be adequately modeled using a local dispersion tensoronly. This means that although a local dispersion tensor may be adequate fordescribing plume development in small homogeneous laboratory experiments,it must be modi�ed in a way that takes into consideration either variations inthe velocities or variations in the hydraulic conductivities if it is to be used toadequately describe plume development in highly heterogeneous �eld problems.The linear theories that have been characterized in this section dependon the assumption of only mild heterogeneities being present in the porousmedium. However, researchers have found that this restriction may lead toerroneous conclusions regarding both the longitudinal and transverse spreadof the plume. For this reason, attempts have been made to modify the lineartheories. To this end, Corrsin's conjecture has been borrowed from the �eldof plasma di�usion to aid in the modi�cation of the linear theories. Corrsin'sconjecture relates the Lagrangian velocity covariance to the Eulerian velocitycovariance through the probability density of the particles's position.E[~V (0)~V (t)y] = Z
E[~V (~0; 0)~V (~y; t)y]p(~y; t)d~y43



As will be seen in the next section, the idea of Lagrangian velocity covariance iskey to the characterization of dispersion in a highly heterogeneous environment.Field studies made by various researchers to determine dispersivityvalues have concluded that:� Field dispersivity values are larger than laboratory dispersivity valuesby a few orders of magnitude.� Dispersivity varies with the distance from the solute input zone.Consequently, the upscaled dispersion tensor can be represented either as atime dependent quantity, as in the case of Equation[ 1.13], page 37, or as adistance dependent quantity. Chapter 2 of this study will investigate furtherthe origins of time and distance characterizations of the dispersion tensor. Inaddition, the next chapter will provide information on some methods that willbe used to study the scaling up of dispersion from a stochastic point of view.
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2. Dispersivity Coe�cients - Time And Distance Forms2.1 Time Dependent Dispersivity Coe�cients2.1.1 IntroductionIn the previous section, it was shown that when heterogenieties areintroduced into the porous medium, the component of the transport equationthat is signi�cantly a�ected is the dispersion tensor. And, it was concludedthat the dispersion tensor could be characterized as either a time dependentor a distance dependent quantity.In this section, these characterizations will be developed further, al-beit with some simplifying assumptions. The intent is to provide motivationfor the formulations of dispersion that will be used in subsequent sections. InSection 2.1.3, a characterization of the dispersion tensor is derived from thetransport equation and shown to be equal to half the time rate of change of thesecond spatial moment tensor. This makes physical sense in that the secondspatial moment represents the spread around the centroid of the mass plume.Dispersion, characterized in this manner, then represents how the spread of theplume with respect to the centroid is changing over time. It is also shown thatthe centroid of the plume moves with the velocity of the 
ow. So, by using thecentroid of the plume as a reference point, this characterization eliminates anychanges in the plume due to convective in
uences. The following is required:Let 
 be a bounded, open connected domain in <n with a Lipshitz-continuous boundary, @
. Then the Fundamental Green's Formula, integrationby parts, is given byZ
 ~q � rpd
 + Z
 pr � ~qd
 = Z@
 p~q � ~�d
 (2.1)and follows from the Divergence TheoremZ
r � ~�d
 = Z@
 ~� � ~�d
by letting ~� = p~q and using the expansionr � (p~q) = rp � ~q + pr � ~q (2.2)45



2.1.2 Transport EquationLet c(~x; t) represent the concentration distribution of a solute, thenthe mass transport equation of this solute is given by@c@t + ~V � rc = r � (Drc) (2.3)Here ~V is the seepage velocity ~V = � Kn !r�where K is the hydraulic conductivity, n is the porosity and � is the hydraulichead.Initially, a divergence free velocity �eld is assumed,r � ~V = 02.1.3 Spatial Moments Of The Solute ConcentrationIn this section expressions are developed for the �rst three spatialmoments of the solute concentration. In these calculations the porosity, n, isassumed to be constant and included in the de�nition of c(~x; t).Zero Moment M0 = Z
 c(~x; t)d
Taking the time derivative of this integral, givesddtM0 = ddt Z
 c(~x; t)d
 = Z
 @c@t d
And, from the mass transport equation and the Divergence theoremddtM0 = � Z
 ~V � rcd
 + Z
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= � �� Z
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 + Z@
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�+ Z
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= � Z@
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 + Z@
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So, the time rate of change of M0 depends on the boundary conditions. And,if c = 0 and rc = 0 on @
, then ddtM0 = 0 implies M0 is a constant. SinceM0 is the total mass, this is a statement about the conservation of mass of thesolute.First Moment M1 = Z
 ~xc(~x; t)d
Taking the time derivative,ddtM1 = ddt Z
 ~xc(~x; t)d
 = Z
 ~x@c@t d
And, from the Transport Equation[ 2.3], page 46,ddtM1 = � Z
 ~x(~V � rc)d
 + Z
 ~x(r � (Drc))d
From Equation[ 2.2], page 45,~V � rc = r � (c~V )� cr � ~VBy letting f~eig; i = 1; � � � ; n be a standard basis of <n, it follows thatddtM1 = � nXi=1 ~ei Z
 xir � (c~V )d
+ Z
 c~xr � ~V d
 + nXi=1 ~ei Z
 xi(r � (Drc))d
Using the assumption of a divergence free velocity �eld, the second integral onthe right hand side of the previous equation vanishes so thatddtM1 = � nXi=1 ~ei Z
 xir � (c~V )d
 + nXi=1 ~ei Z
 xi(r � (Drc))d
 (2.4)Let ~V be independent of ~x, then from Green's formula[ 2.1] the two integralson the right are evaluated asZ
 xir � (c~V )d
 = � Z
(c~V ) � rxid
 + Z@
 xi(c~V ) � ~�d
= � Z
 cVid
 + Z@
 xi(c~V ) � ~�d
= �Vi Z
 cd
 (2.5)47



if c = 0 on @
.Z
 xi(r � (Drc))d
 = � Z
Drc � rxid
 + Z@
 xi(Drc) � ~�d
= � Z
(Drc)id
if rc = 0 on @
.Combining these results it follows thatddtM1 = nXi=1 Vi~ei Z
 cd
� nXi=1 ~ei Z
(Drc)id
 = ~V Z
 cd
� Z
Drcd
Now, if D is dependent on only t, and lettingD = 2666664 ~D1~D2...~Dn
3777775 =) Drc = 2666664 ~D1 � rc~D2 � rc...~Dn � rc

3777775it follows that Z
Drcd
 = Z
 2666664 ~D1 � rc~D2 � rc...~Dn � rc
3777775 d
But, by integrating by parts, each component integral is equal to zero,Z
 ~Di � rcd
 = � Z
 cr � ~Did
 + Z@
 c ~Di � ~�d
 = 0 (2.6)since ~Di is independent of ~x and c = 0 on @
.Then, from Equations [ 2.4], [ 2.5] and [ 2.6] it follows thatddtM1 = ~V Z
 cd
And, since M0 = R
 cd
 is a constant, this yields48



ddt �M1M0� = ~V (2.7)But since M1M0 is the centroid of the concentration mass, Equation[ 2.7] says thatthe centroid of the concentration mass moves with velocity ~V .Second MomentThe �rst moment, M1, is a vector quantity and the zero moment is a constant.The quantity ~R(t) = M1M0is the centroid(center of mass) and is also a vector quantity. The second mo-ment about the centroid is given byM2 = Z
(~x� ~R(t))(~x� ~R(t))yc(~x; t)d
M2 is a matrix since the quantityS = (~x� ~R(t))(~x� ~R(t))yis a matrix. So, M2 can be written asM2 = Z
 Sc(~x; t)d
In order to evaluate the time rate of change of M2, �rst consider theDiagonal Element: i = jFirst, from the de�nition of the centroid and Equation[ 2.7], page 49,ddt Z
(xi � Ri)2c(~x; t)d
 = �2Vi Z
(xi � Ri)cd
 + Z
(xi � Ri)2@c@t d
= �2Vi Z
(xi �Ri)cd
 + Z
(xi � Ri)2[�~V � rc+r � (Drc)]d
= �2Vi Z
(xi �Ri)cd
� �� Z
 cr � (xi �Ri)2~V d
+ Z@
 c(xi �Ri)2~V � ~�d
�+ Z
(xi � Ri)2r � (Drc)d
49



Now, Z
 cr � (xi � Ri)2~V d
 = 2Vi Z
(xi � Ri)cd
so that the �rst two terms of the last equality cancel, and using the boundarycondition c = 0 on @
, the boundary integral vanishes so thatddt Z
(xi � Ri)2c(~x; t)d
 = Z
(xi � Ri)2r � (Drc)d
Integrating by parts and using the boundary condition that rc = 0 on @
,Z
(xi �Ri)2r � (Drc)d
 = � Z
Drc � r(xi �Ri)2d
 + Z@
(xi � Ri)2Drc � ~�d
= �2 Z
 24 nXj=1D1j @c@xj ; � � � ; nXj=1Dnj @c@xj 35 266666664 0...(xi �Ri)...0
377777775 d
= �2 Z
 nXj=1Dij @c@xj (xi � Ri)d
= �2 Z
rc � ~�d
 ~� = 266664 Di1(xi �Ri)Di2(xi �Ri)...Din(xi � Ri) 377775= �2 �� Z
 cr � ~�d
 + Z@
 c~� � ~�d
�= 2 Z
 cDiid
 c(~x; t) = 0 ~x 2 @
Consequently, a diagonal element can be written asDii = 12 ddt "R
(xi � Ri)2c(~x; t)d
R
 c(~x; t)d
 #O�-Diagonal Element: i 6= jIn this case, take the time derivative of the ijth component of M2,ddt Z
(xi �Ri)(xj �Rj)c(~x; t)d
 = Z
  �dRidt ! (xj � Rj)c(~x; t)d
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+ Z
  �dRjdt ! (xi � Ri)c(~x; t)d
+ Z
(xi �Ri)(xj �Rj)@c@t d
= �Vi Z
(xj �Rj)cd
� Vj Z
(xi �Ri)cd
+ Z
(xi �Ri)(xj �Rj)[�~V � rc+r � (Drc)]d
= �Vi Z
(xj �Rj)cd
� Vj Z
(xi �Ri)cd
 (2.8)+ Z
(xi �Ri)(xj �Rj)~V � rcd
+ Z
(xi �Ri)(xj �Rj)r � (Drc)d
Integrating by parts the integralZ
(xi � Ri)(xj � Rj)~V � rcd
 = � Z
 cr � (xi � Ri)(xj � Rj)~V d
+ Z@
 c(xi � Ri)(xj � Rj)~V � ~�d
= � Z
 c[(xi � Ri)Vj + (xj �Rj)Vi]d
(2.9)And, integrating by parts the last integral in Equation[ 2.8], it follows fromEquation[ 2.1], page 45,Z
(xi � Ri)(xj � Rj)r � (Drc)d
 = � Z
Drc � r(xi �Ri)(xj � Rj)d
+ Z@
(xi � Ri)(xj � Rj)Drc � ~�d

= � Z
Drc � ~�d
 ~� = 266666666666664

0...(xj �Rj)...(xi �Ri)...0
377777777777775  ithelement jthelement
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= � Z
 " nXk=1D1k @c@xk ; : : : ; nXk=1Dnk @c@xk #
266666666666664

0...(xj � Rj)...(xi � Ri)...0
377777777777775 d
 (2.10)= � Z
 " nXk=1Dik @c@xk (xj � Rj) + nXk=1Djk @c@xk (xi � Ri)# d
Consider the integralZ
 nXk=1Dik @c@xk (xj �Rj)d
 = Z
 nXk=1 @c@xkDik(xj �Rj)d
= Z
rc � ~�d
 ~� = 266664 Di1(xj � Rj)Di2(xj � Rj)...Din(xj � Rj) 377775= � Z
 cr � ~�d
 + Z@
 c~� � ~�d
= � Z
 cDijd
 c(~x; t) = 0 ~x 2 @
= �Dij Z
 cd
So, Equation[ 2.10], page 52, and the fact that Dij = Dji, yieldZ
(xi � Ri)(xj � Rj)r � (Drc)d
 = 2Dij Z
 cd
And, from Equations [ 2.8], [ 2.9] and [ 2.10] it follows thatDij(t) = 12 ddt "R
(xi � Ri)(xj � Rj)c(~x; t)d
R
 c(~x; t)d
 #Since the mass of the solute is given byM = Z
 c(~x; t)d
this result can be written as 52



Dij(t) = 12 ddt � 1M Z
(xi �Ri)(xj �Rj)c(~x; t)d
�which is in agreement with the de�nition given by Dagan for the Actual Dis-persion Coe�cients.2.2 Stochastic Di�erential Equations2.2.1 IntroductionIn order to proceed further with the investigation of the dispersiontensor in terms of a stochastic analysis, it is necessary to de�ne the type ofintegration that will be required to analyze certain stochastic di�erential equa-tions that arise naturally. This will be the subject of Subsections 2.2.2 to 2.2.5.Although the present discussion is very super�cial, it will be adequate for theimmediate need. However, this material will be expanded later when moredetails are required.2.2.2 Integral Of A Stochastic ProcessAccording to Jazwinski[54] a stochastic process X(t) is mean square Rie-mann integrable over [a; b] if fora = t0 < t1 < � � � < tn = band � = maxi (ti+1 � ti); ti � t0i < ti+1the following mean squared limit exists(m2) lim�!0 n�1Xi=0 X(t0i)(ti+1 � ti) = Z ba X(t)dtOr, lim�!0E 24�����n�1Xi=0 X(t0i)(ti+1 � ti)� Z ba X(t)dt�����235 = 0As an existence theorem for the mean square Riemann integral, the followingcan be shown to be true, Jazwinski[54].Theorem: X(t) is mean square Riemann integrable over [a; b] if and only ifE[X(t)X(�)] is Riemann integrable over [a; b]� [a; b].53



This notion of integrating a stochastic process is di�erent from stochastic in-tegration which will be de�ned next.2.2.3 Wiener Process (Brownian Motion)In Section 1.2, the concepts of a random variable and a stochasticprocess were de�ned. In short, a stochastic process can be thought of as amathematical model that describes the occurrence of a random phenomenonat each point in time subsequent to some initial time. Karatzas and Shreve[57]make the followingDe�nition: If (
;B;P) is the probability space on which the stochastic processX(t; !) is de�ned, then X(t; !) is measurable if the mappingX(t; !) : ([0;1)� 
;B([0;1))
 B)! �<d;B(<d)�is measurable. Here B([0;1)) and B(<d) represent the Borel sets of [0;1) and<d, respectively.De�nition: Given a probability space (
;B;P), a nondecreasing family fBt :t � 0g of sub-�-algebras of B, Bs � Bt � B for 0 � s < t < 1 is called a�ltration.De�nition: The stochastic process X(t; !) is adapted to the �ltration fBtg iffor each t � 0, X(t; !) is a Bt-measurable random variable.With these de�nitions, the one-dimensional Brownian motion can be de�nedas follows:De�nition: A one-dimensional Brownian Motion is a continuous, adaptedprocess W = fWt;Bt; 0 � t < 1g de�ned on the probability space (
;B;P),with the properties:(1) W0 = 0 (a:s:)(2) For 0 � s < t, the increment Wt � Ws is independent of Bs and isnormally distributed with mean 0 and variance t� s.De�nition:A process �(t) is a white noise process if its values �(ti) and �(tj) are uncorre-lated for every ti and tj such that ti 6= tj. For a white noise process with zeromean, 54



E[�(t)�(�)] = q(t)�(t� �); q(t) � 0The Wiener process can be de�ned as the limit of a random walk, or as theintegral of a Gaussian white noise process with zero mean.W (t) = Z t0 �(s)dsThe following is a block diagram representation of this equation:�(t) - R -W (t)
2.2.4 Stochastic IntegrationBecause the solutions of the stochastic evolution equations come fromspaces whose members are random functions, the solution process will requireintegrating these functions. For reasons given below, this will require a newtype of integration called stochastic integration.Consider an integral of the formZ t0 B(s)dW (s) (2.11)where W (s) is a Brownian motion process.To illustrate the di�culty involved with interpreting this type of integral inthe usual Riemann-Stieltjes sense, it is necessary to de�ne a sample path of aBrownian motion process.De�nition: The mapping t!W (t; !) (! �xed) is called a sample path.The following facts regarding sample paths of a Brownian motion process areproved in Friedman[40].� Almost all sample paths of a Brownian motion are nowhere di�eren-tiable 55



� Almost all sample paths of a Brownian motion have in�nite variationon any �nite intervalA non-rigorous reason for the �rst bullet is that since�W = O ��t 12�then �W�t � 1�t 12 !1 as �t! 0Consequently, given the preceding discussion of the interpretation of W (t) asthe integral of a Gaussian white noise, the derivative dWdt must be interpretedas a �-correlated Gaussian white noise which is a purely mathematical ideal-ization.So, the integral [ 2.11] cannot be de�ned as a Stieltjes integral in the usualsense, for in order to do so, the sample paths would have to have boundedvariation.2.2.5 Types Of Stochastic IntegralsStochastic integrals have been de�ned in di�erent ways. Two of thesemethods of de�ning the stochastic integral are:� Itô Integral� Applicable to a larger class of functions� Does not follow the formal rules of calculus� Stratonovich Integral� Applicable to a restricted class of functions� Follows the formal rules of calculusStochastic integrals are de�ned in the sense of convergence in measure or meansquared convergence. Although the de�nition of stochastic integrals will beexpanded in more detail below, the present discussion is adequate for the im-mediate purpose of exploring the dispersion tensor.2.3 The Concentration EquationTraditionally, the concentration or solute transport equation is de-veloped from the consideration of conservation of mass in terms of variablesaveraged over a Representative Elementary Volume (REV), Bear[12], Gray[49].In this section, the solute transport equation will be derived using stochasticconsiderations. In addition, the all important dispersion tensor will be furtherscrutinized with the objective in mind of �nding expressions for this tensorthat can be used in out computational work.56



2.3.1 The Lagrangian ApproachBy the Dupuit-Forcheimer equation, Bear[12], the �ltration velocity,~V is given in terms of the speci�c discharge, ~q, and the porosity, n, as~V = ~qnIn a heterogeneous porous medium, the properties of the medium cannot beprecisely known. Hence they are considered to be composed of an averagevalue plus some type of random component that describes the uncertaintyassociated with the medium. Because of this, both ~q and n are random and sois the velocity ~V . The uncertainty associated with the velocity �eld of a 
uidparticle can be illustrated by the situation depicted in Figure 1. The black dotin this �gure represents a 
uid particle about to begin its journey through aporous medium represented by the open circles. As shown, there are severalpaths that the particle can ultimately take. And, there is no way of knowingwhich path will be the actual path.
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ABCDFigure 1Figure 1 depicts the mechanical mixing component of dispersion. Ifthe velocity �eld could be perfectly described, i.e., if at each juncture it wasknown which way the particle was going to go, then there would be no mechan-ical dispersion to account for, only molecular di�usion. As shown in Chapter1 and as will be discussed further below, the mechanical dispersion can beaccounted for through the velocity covariances, or equivalently, through thepermeability covariances.The velocity covariances are de�ned as57



~V 0 = ~V � E[~V ]�jk(~x; ~y) = E[ ~V 0j(~x) ~V 0k(~y)]In the Lagrangian framework, transport is developed in terms of indivisiblesolute particles which are transported by the 
uid. As discussed in Bear andVerruijt[11], the solute particles can be thought of as ensembles of moleculesin a small volume. If the vector ~XT represents the total displacement of theparticle which started its motion at ~x = ~x0, t = t0, then the vector ~XT can bedecomposed into ~XT (t; ~x0; t0)| {z }Total Displacement = ~X(t; ~x0; t0)| {z }Convection + ~Xd(t; t0)| {z }Diffusion (2.12)In this expression, the �rst term on the right hand side is due to a mechanicalmixing of the 
uid and requires movement of the 
uid in order to exist. Thesecond term on the right hand side is due to molecular di�usion which can takeplace without motion of the 
uid. Hence, it does not contribute to the velocity�eld of the 
uid particle. It does, however, contribute to the total displacementof the 
uid particle. The vector ~Xd represents a Normalized Brownian motionor Brownian motion with zero drift type of displacement. Hence, ~Xd can bede�ned as the integral of a white noise process~Xd(t) = Z t0 �(s)ds E[�] = 0where the autocovariance of the white noise, assuming a constant spectraldensity f(�) = K and using the integral representation for the delta function,�(�) = 11� R<1 ei��d�, is given byE[�(t + �)�(t)�] = Z<1 Kei��d� = 2�K�(�) � ��(�)Even though �(�) is not a function in the mathematical sense, the idea is thatif � 6= 0, then the autocovariance is zero.The vector ~X comes from convective transport and is related to thevelocity �eld by the kinematic relationship~X(t; ~x0; t0) = Z t0 ~V ( ~XT )dt058



= Z t0 [E[~V ] + ~V 0( ~XT )]dt0 (2.13)= E[~V ]t+ Z t0 ~V 0( ~XT )dt0� E[~V ]t+ ~X 0(t; ~x0; t0)By taking expectations, it follows that E[ ~XT ] = E[ ~X] = E[~V ]t, and if ~XTin the integrand of the above integral is replaced by its average, a �rst orderapproximation of ~XT in terms of ~V 0 is obtained, Dagan[33]~X 0(t; ~x0; t0) = Z t0 ~V 0(E[~V ]t0)dt0Replacing the vector ~XT (t0) with the vector E[~V ]t0 in essence assumes that thedisplacements of the velocity about the expected velocity path are not unlikethose about the actual trajectory. This type of assumption is similar to thatused by Taylor who assumed that since the expected velocity was much greaterthan the velocity 
uctuations, any disturbances or eddies in a wind tunnel weretransported with the expected velocity without signi�cant distortion, Moninand Yaglom[68].The displacement covariance tensor, Xjk, is then expressed in termsof the velocity covariances asXjk(t; ~x0; t0) = E[X 0j(t; ~x0; t0)X 0k(t; ~x0; t0)] (2.14)= Z t0 Z t0 �jk(E[~V ]t0;E[~V ]t00)dt0dt00The mass of the indivisible particle is denoted mfp, and the solute is assumedto be inert, i.e., it does not react with the 
uid that transports it nor withthe solid matrix. A solute particle follows a path through the porous mediumaccording to Equation[ 2.12]. The velocity of the particle is given byd ~XTdt = ~V t > 0 (2.15)The concentration �eld associated with the particle is given byCfp(~x; t; ~x0; t0) = mfpn �(~x� ~XT (t; ~x0; t0)) (2.16)59



where n is the e�ective porosity. The concentration is de�ned as mass per unitvolume, but, only a portion of the unit volume is available for 
ow, and thatportion is given by the porosity. Hence, if the concentration is multiplied bythe porosity and integrated over <n, the result is the mass of the 
uid parti-cle. From Equation[ 2.16], this is equal to mfp at each point of the particle'strajectory. This illustrates the indivisible nature of the 
uid particle.The concentration �eld Cfp is a stochastic function, i.e., at each timet, the function Cfp(~x; t) is a random variable of the spatial variable, ~x. Thisfollows from the fact that the trajectory ~XT is a stochastic function. Hence, ifp( ~XT ; t) represents the probability density function of ~XT , thenE [Cfp(~x; t; ~x0; t0)] = Z<n Cfpp( ~XT ; t; ~x0; t0)d ~XT= Z<n mfpn �(~x� ~XT )p( ~XT ; t; ~x0; t0)d ~XT= mfpn p(~x; t; ~x0; t0)It is clear from this equation that the probability density function of the con-centration �eld is the same as that of the trajectory ~XT . So, the concentration�eld is random because the trajectory is random. As mentioned before, thevelocity �eld is also a stochastic function. From Equation[ 2.12], page 58, thefollowing stochastic di�erential equation can be formedd ~XTdt = d ~Xdt + d ~XddtAnd, since ~Xd is a Wiener process, the second term on the right hand sideis formally a Gaussian white noise. Furthermore, Equation[ 2.13], page 59,yields, d ~XTdt = E[~V ] + ~V 0( ~XT ) + d ~XddtThe resulting stochastic di�erential equation then takes the formd ~XT = �E[~V ] + ~V 0( ~XT )� dt+ d ~Xd (2.17)which is to be interpreted in terms of the stochastic integral equation as60



~XT (t) = ~XT (0) + Z t0 �E[~V ] + ~V 0( ~XT )� ds+ Z t0 d ~Xd(s)The uncertainty of the position of the 
uid particle, ~XT , can be demonstratedby solving the �nite-di�erence form of this stochastic di�erential equation, viz.,for t0 < t1 < � � � < tn,~XT (ti+1) = ~XT (ti) + �E[~V ] + ~V 0( ~XT (ti))��ti +� ~Xd(i)where �ti = ti+1 � ti� ~Xd(i) = ~Xd(ti+1)� ~Xd(ti)Figure 2 shows various realizations of the path of a 
uid particle. The averagevelocity vector is along the line x = y. What is immediately clear from this�gure is that the �nal position of a 
uid particle can vary greatly depending onthe exact path taken through the porous medium. And, this is the essence ofdispersion. If we knew exactly which path each 
uid particle takes, there wouldbe no mechanical dispersion. Since this is impossible to know, the transportequation must include a term to compensate for this uncertainty. This wasthe case in Chapter 1 where the dispersion tensor was modi�ed to include acomponent in part described by the spectrum of the velocity covariances.2.3.2 Basic Form Of Transport EquationIt can be shown, Jazwinski[54], that under certain circumstances thesolution process of an Itô stochastic di�erential equation (SDE) is a Markovprocess and that the probability density or transition probability density func-tion of the solution process solves the Fokker-Planck or Kolmogorov for-ward equation, i.e., given the Itô SDEd~x = ~a(~x; t)dt+B(~x; t)d ~Xdwhere ~x and ~a are n-vectors, B is an n�mmatrix and ~Xd is anm-vector Wienerprocess with Q(t)dt = E hd ~Xd d ~Xydi, then the density function, p, sati�es@p@t +r � (p~a) = 12r � r(pBQBy)It is important to note that the coe�cient of the d ~Xd term in Equation[ 2.17],page 60, which in this case is the identity, is not allowed to be spatially61
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varying. If this term had a spatially varying coe�cient, then the form ofthe Fokker-Planck equation would depend on whether the Itô theory or theStratonovich theory is applied. For example, Gardiner[42], if the stochasticdi�erential equation (SDE)d~x = ~a(~x; t)dt+B(~x; t)d ~Xdis an Itô SDE, then the equivalent Stratonovich SDE is given byd~x = ~aS(~x; t)dt+BS(~x; t)d ~Xdwhere ~aSi = ~ai � 12Xj;k Bkj@kBijBSij = BijAnd, the form of the Fokker-Planck equation depends on which approach isused. If, for simplicity, it is assumed that ~V 0( ~XT ) = 0 in Equation[ 2.17],page 60, then the resulting stochastic di�erential equation isd ~XT = E[~V ]dt+ d ~XdGiven that the solution process ~XT is a Markov process, then the probabilitydensity function, p, satis�es@p@t +r � �pE[~V ]� = r � �12Q(t)rp� (2.18)So, if we let D = 12Q(t), then the tensor D is either a constant or a timedependent quantity. To be accurate, Equation[ 2.18] represents a di�usionprocess with drift coe�cient E[~V ] and a di�usion coe�cient D.Obviously, this equation has the form of the transport equation. And,the expected value of the concentration �eld solves the same equation, e.g.,@E[C]@t +r � �E[C]E[~V ]� = r � (DrE[C])63



Hence, the basic form of the concentration equation follows from the funda-mental displacement Equation[ 2.12], page 58 and the associated stochasticdi�erential equation.Clearly, this equation accomodates only the dispersion created by theBrownian motion term, Xd. Whereas, according to Equation[ 2.12], page 58,the total dispersion is going to come from that associated with the convectivetransport and that associated with the Brownian motion.2.3.3 Solution Of Basic Transport EquationIn general terms, the multivariate Gaussian probability density func-tion (pdf) for n dependent random variables is given byf(z1; z2; � � � ; zn) = jVj� 12(2�)n2 exp��12(~z � ~�)y(V�1)(~z � ~�)� (2.19)where ~z = (z1; z2; � � � ; zn)y~� = (E[z1];E[z2]; � � � ;E[zn])y
V = 0BBBB@ �21 �12 � � � �1n�21 �22 � � � �2n...�n1 �n2 � � � �2N 1CCCCAso that V is the variance-covariance matrix. And, the multivariate character-istic function for the Gaussian probability density is given by�(�1; �2; � � � ; �n) = exp��12~� yV~�� exp �i~� y~�� (2.20)In theory, the characteristic function of a random variable is given byf̂(~!) = Z<n f(~x)ei~!�~xd~xClearly, f̂ is the Fourier Transform of the function f(~x) so that64



f(~!) = 1(2�)n Z<n f̂(~!)e�i~!�~xd~!Given that the trajectory ~XT is given by Equation[ 2.12], page 58, and assum-ing the the probability density function is Gaussian and has the formp( ~XT ; t) = jVj� 12(2�)n2 exp��12( ~XT � E[~V ]t)y(V�1)( ~XT �E[~V ]t)�then this pdf solves a non-divergence form of Equation[ 2.18], page 63, e.g.,@p@t +E[~V ] � rp = r �DrpTo see this, �rst from Ortega[73]:If D is a real symmetric matrix, then there is an orthogonal matrixP whose columns are the eigenvectors of D, such thatPyDP = diag(�1; �2; � � � ; �n) = ~Dwhere �1; �2; � � � ; �n are the eigenvalues of D. The change of variables~x = Py~yhas the e�ect of aligning the principle axes of the matrixD with the coordinateaxes and D becomes a diagonal matrix.In this case, the non-divergence form of the transport equation in theoriginal ~y system, viz., @p@t +E[~V ] � rp = r �Drpbecomes in the rotated ~x system@p@t + gE[~V ] � rp = nXi=1 ~Dii @2p@x2i gE[~V ] = PyE[~V ]And, by making the change of variables to a moving coordinate system,X1 = x1 � gE[V1]t; X2 = x2 � gE[V2]t; � � � ; Xn = xn � gE[Vn]t; T = t65



and, �( ~X; T ) = p(~x; t)then it follows that @p@t = @�@t = @�@T � gE[~V ] � r ~X�r~xp = r~x� = r ~X�@2p@x2i = @2�@X2iSo that the problem becomes@�@T = nXi=1Dii @2�@Xi@Xi = ~D�� ~X 2 <n; T > 0�( ~X; 0) = f( ~X)This equation is transformed by forming0 = Z<n ei~!� ~X " @�@T � ~D��# d ~XAssuming that �( ~X; T ) and r�( ~X; T ) ! 0 as j ~Xj ! 1 and integrating byparts, it follows thatZ<n �XjXjei ~X�~!d ~X = �!2j Z<n ei ~X�~!�( ~X; T )d ~XSo, letting �T = @�@T 0 = �̂T (~!; T ) + ~!y ~D~!�̂(~!; T )And, by transforming the initial condition, the following ordinary di�erentialequation results ( �̂T (~!; T ) = �~!y ~D~!�̂(~!; T )�̂(~!; 0) = f̂(~!) (2.21)66



which has the solution �̂(~!; T ) = f̂(~!)e�~!y ~D~!T�( ~X; T ) can be retrieved by writing�( ~X; T ) = 1(2�)n Z<n �̂(~!; T )e�i ~X�~!d~!= 1(2�)n Z<n e�i ~X�~!�~!y ~D~!T f̂(~!)d~!And, using the transform f̂(~!) = Z<n ei~!�~Y f(~Y )d~Yit follows that�( ~X; T ) = 1(2�)n Z<n Z<n e�i~!�( ~X�~Y )�~!y ~D~!Td~!f(~Y )d~Y (2.22)Next, let ~� = ~X � ~Y and write the inside integral asZ<n e�i~!�~�e�~!y ~D~!Td~!and let ĝ(~!) = e�~!y ~D~!Tthen g(~�) = 1(2�)n Z<n e�i~!�~�e�~!y ~D~!Td~!= 12� Z 1�1 e�i!1�1� ~D11!21Td!1 � � � 12� Z 1�1 e�i!n�n� ~Dnn!2nTd!nThen, using the integral from Guenther and Lee[51, p. 167]Z 1�1 e�i!��D!2Td! = � �DT � 12 e� �24DTit follows that 67



g(~�) = 1(2�)n � n2( ~D11 � � � ~Dnn) 12T n2 e�Pni=1� �2i4 ~DiiT �= 1(4�T )n2 ( ~D11 � � � ~Dnn) 12 e�Pni=1� �2i4 ~DiiT �Consequently, Equation[ 2.22] can be written as�( ~X; T ) = Z<n K( ~X � ~Y ; ~D11 � � � ~DnnT )f(~Y )d~Ywhere K(~�; ~D11 � � � ~DnnT ) = 1(4�T )n2 ( ~D11 � � � ~Dnn) 12 e�Pni=1� �2i4 ~DiiT �Hence, if f(~Y ) = �(~Y ), then�( ~X; T ) = Z<n K( ~X � ~Y ; ~D11 � � � ~DnnT )�(~Y )d~Y= K( ~X; ~D11 � � � ~DnnT )= 1(4�T )n2 ( ~D11 � � � ~Dnn) 12 e�Pni=1� X2i4 ~DiiT�= 1(2�)n2 (2 ~D11T � � � 2 ~DnnT ) 12 e� 12( 12T ~Xy ~D�1 ~X)= 1(2�)n2 (2 ~D11t � � � 2 ~Dnnt) 12 e� 12h 12t (~x�gE[~V ]t)y ~D�1(~x�gE[~V ]t)i= 1(2�)n2 (2 ~D11t � � � 2 ~Dnnt) 12 e� 12h(Py(~y�E[~V ]t))y 12t ~D�1(Py(~y�E[~V ]t))i= 1(2�)n2 (2 ~D11t � � � 2 ~Dnnt) 12 e� 12 [(~y�E[~V ]t)yP 12t ~D�1Py(~y�E[~V ]t)]
68



Since, P 12t ~D�1Py = 12tD�1 and since det(PyP) = det(I) = 1, thenp(~y; t) = j2tDj� 12(2�)n2 e� 12 [(~y�E[~V ]t)y 12tD�1(~y�E[~V ]t)]For given ~y, t, and E[~V ], the probability p(~y; t) is then linked to the size ofthe components of the D tensor; which indicates spreading due to dispersion.Comparing this equation with Equation[ 2.19], page 64, it is seen that p(~x; t) isa Gaussian density function with mean E[~V ]t and covariance matrix V = 2tD,from which it follows immediately thatDij = 12 _Vij = "12 ddtCov( ~XT i; ~XTj)# = 12 dXT ijdt (2.23)This method does not work if the matrix D is allowed to be a function of t,for then gE[~V ] would depend on t also by virtue of the dependence of Py ont. However, in the case that D does depend on t, if it is assumed that p is aGaussian density function, then it can be shown by direct di�erentiation that inorder for p to satisfy the transport equation it is necessary that Equation[ 2.23]hold.2.3.4 Dispersion As Velocity CovariancesIf ~X 0 and ~Xd are not correlated, then it follows from Equation[ 2.14],page 59, and Equation[ 2.23] thatDij = 12 dXT ijdt = 12 dXijdt + 12 dXdijdt= 12 ddt Z t0 Z t0 �ij(E[~V ]t0;E[~V ]t00)dt0dt00 + 12 dXdijdtLetting f(t00; t) = Z t0 �ij(E[~V ]t0;E[~V ]t00)dt0then Xij = R t0 f(t00; t)dt00 and by the Liebnitz formuladXijdt = f(t; t) + Z t0 @@tf(t00; t)dt0069



= f(t; t) + Z t0 �ij(E[~V ]t;E[~V ]t00)dt00= Z t0 �ij(E[~V ]t0;E[~V ]t)dt0 + Z t0 �ij(E[~V ]t;E[~V ]t00)dt00Furthermore, it is assumed that a type of stationarity or homogeneity (Section1.2 or Section 1.6) in the sense that E[~V ] is constant and�ij(E[~V ]t0;E[~V ]t) = E h ~V 0i(E[~V ]t0) ~V 0j(E[~v]t)i= E h ~V 0i(E[~V ](t+ (t0 � t)) ~V 0j(E[~V ]t)i= �ij(E[~V ](t0 � t))This means that �ij depends only on the separation vector E[~V ](t0 � t). Also,since the stochastic processes considered are all real,�ij(E[~V ]t0;E[~V ]t) = E h ~V 0i(E[~V ]t0) ~V 0j(E[~V ]t)i= �ij(E[~V ]t;E[~V ]t0)which leads to the conclusion that12 dXijdt = Z t0 �ij(E[~V ](t0 � t))dt0And, if the mapping ~� is de�ned as~� : [0; t] ! <n 3~�(t0) = E[~V ]t0then it follows from the de�nition of a path integral thatZ~� �ijds = Z t0 �ij(~�(t0);E[~V ]t)k~�0(t0)kdt0= kE[~V ]k Z t0 �ij(E[~V ]t0;E[~V ]t)dt070



Hence, R t0 �ij(E[~V ]t0;E[~V ]t)dt0 is a path integral. And, consequently,12 dXijdt = Z t0 �ij(E[~V ]t0;E[~V ]t))dt0 = 1kE[~V ]k Z~� �ijdsIf the true Lagrangian path integral is given byZ~�T �ijdsthen the path � is an approximation to the path �T so that for the true La-grangian path Z~�T �ijds = Z t0 �ij (~�T (t0); ~�T (t)) 


~�0T (t0)


 dt0� Z t0 �ij �E[~V ]t0;E[~V ]t� kE[~V ]kdt0so thatDij = 12 dXijdt = Z t0 �ij(E[~V ]t0;E[~V ]t))dt0 � 1kE[~V ]k Z~�T �ijds (2.24)This result says that the components of the dispersion tensor should be relatedto time rate of changes in the covariances of the position of a 
uid particle orthe time integral of the velocity covariances. Furthermore, it also says thatthe calculation of the components of the dispersion tensor should take intoconsideration the orientation of the path of the 
uid particle.In the pure Lagrangian sense, it is not assumed that the expectedvelocity is constant along the 
uid particle's path. If ~x and ~y represent twopoints on the particle path, then�jk(~x; ~y) = E h�~Vj(~x)� E[~Vj(~x)]� �~Vk(~y)�E[~Vk(~y)]�iUsing the kinematic relationship~X(t; ~x0; t0) = Z t0 ~V ( ~XT (t0))dt0it follows that E[ ~X(t; ~x0; t0)] = R t0 E[~V ( ~XT (t0))]dt0. The convective displace-ment is given by 71



~X 0(t; ~x0; t0) = ~X(t; ~x0; t0)� E[ ~X(t; ~x0; t0)]= Z t0 �~V ( ~XT (t0))� E[~V ( ~XT (t0))]� dt0And, the displacement covariance is given byXjk(t) = Z t0 Z t0 �jk � ~XT (t0); ~XT (t00)� dt0dt00And, by di�erentiation,Djk = 12 ddtXjk = Z t0 �jk � ~XT (t0); ~XT (t)� dt0The integrand represents a lagged covariance. If s = t� t0, then t0 = t� s and�jk � ~XT (t0); ~XT (t)� = �jk � ~XT (t� s); ~XT (t)�= E h�~Vj( ~XT (t� s))� E[~Vj( ~XT (t� s))]�� �~Vk( ~XT (t� s))�E[~Vk( ~XT (t� s))]�iIn order to implement this type of dispersion estimate, the paths that the 
uidparticles take have to be identi�ed. This can be done by generating velocity�elds and computing the paths using a particle tracking algorithm such as~XT ((k + 1)�t) = ~XT (k�t) + ~V ( ~XT (k�t))�t k = 0; 1; � � � ; n� 1Then by choosing an appropriate �t so that t = n�t where n is an integer andletting s = m�t, it follows that t0 = t� s = (n�m)�t. The formula for Djkcan be approximated byDjk = 12 ddtXjk � nXm=0E h�~Vj( ~XT ((n�m)�t))�E[~Vj( ~XT ((n�m)�t))]�� �~Vk( ~XT (n�t))� E[~Vk( ~XT (n�t))]�i�tThe velocities in this representation are elements of the Lagrangian velocity�eld. A distinction must be made between an Eulerian velocity �eld and the72



Lagrangian velocity �eld. It is true that at any given point the 
uid particle willmove with the velocity of the 
uid at that point. But, since the 
uid particleis following a changing path through the porous medium, it will encounteronly a subset of velocities that comprise the entire velocity �eld of the domain.This subset is the Lagrangian velocity �eld. The velocity �eld of the entiredomain is the Eulerian velocity �eld. In Section 1.11 the relationship betweenthe Lagrangian velocity covariance and the Eulerian velocity covariance wasdescribed in terms of the probability density function of the 
uid particles'sposition. Consequently, the statistical properties of the Lagrangian velocity�eld may well be di�erent from those of the Eulerian velocity �eld.2.3.5 Dagan's ApproachFormulations of the dispersion tensor in terms of the velocity covari-ances appear quite often in the literature. Section 1.7 describes a version basedon arguments in Gelhar and Axness[45] and Neuman[69]. Dagan[32] o�ers anapproach that allows the speci�cation of the dispersion tensor on a numericalgrid block by numerical grid block basis.As discussed in Section 2.1.3, the second spatial moment, Sij, whichcharacterizes the spread of a mass around its centroid, is given bySij = 1M Z
 n(Xi �Ri)(Xj � Rj)c( ~X; t)d ~X i; j = 1; 2; 3where M is the mass, ~R is the centroid coordinate, c( ~X; t) is the concentrationand n is the porosity.Since concentration is mass per unit volume, the second spatial moment of theplume with respect to the centroid can be written asSij(t) = 1V ZV [Xi(t;~a)� Ri(t)][Xj(t;~a)� Rj(t)]d~aThe Actual Dispersion Coe�cients are de�ned as half the rate of change ofthe plume's second spatial moment with respect to the centroid in the givenrealization 12 dSijdtSince Sij is a random variable, Dagan[30, 32] de�nes e�ective dispersion coef-�cients as: 73



Dij = 12 dE[Sij]dtThe key to Dagan's �nal result is the fundamental relationship, Kitanidis[58],Dagan[29], E[Sij(t)] = Sij(0) +Xij(t; 0)�Rij(t)From which it follows thatDij = 12 dE[Sij]dt = 12 dXijdt � 12 dRijdtIf the rectangle V0 is of dimension l1 in the direction of the mean 
ow, x1, andl2 be transverse to it, then the dispersion tensor components Dij(t; !) where! is the l1 � l2 rectangle are given by Dagan[30, Equation 15]Dij(t; l1; l2) = 4l21l22 Z l10 Z l20 Z t0 (l1 � b1)(l2 � b2)�[�ij(E[~V ]t0; 0)� 12�ij(E[~V ]t0 + b1; b2)�12�ij(E[~V ]t0 � b1; b2)]dt0db2db1So, by assuming a particular autocovariance function (exponential or Gaussian)the Dij(t; l2) can be solved for, and applied using the following steps:� Determine the log-transmissivity variogram� Calculate Dij for the assumed transverse dimension l2 of the numericalblocks� Attach the resulting Dij to rows of blocks at a distance x = kV kt fromthe input zone2.4 Distance Dependent Dispersivity Coe�cientsIn Gelhar[44] it is demonstrated that for a strati�ed aquifer to whichan hydraulic gradient which varies only in the z direction is applied parallel tothe layers, the variance of the displacement of a 
uid particle is given in termsof the hydraulic conductivity, K, by�2x = �2KE[K]2E[x]274



And, using the de�nition of dispersivity this means thatD = 12 d�2xdt = 12 d�2xdE[x] dE[x]dt= �2KE[K]2E[x]E[v]This result shows the dependence of the dispersivity on the mean distance. Thefollowing seeks to extend this result to higher dimensions. In order to determinethe e�ect of one variable on a second variable, it is desirable to have all othervariables held constant during the experiment. In economics this is referredto as ceteris paribus. If the object is to determine the e�ect of permeabilityor hydraulic conductivity on velocity, the experimenter would take a materialof known permeability, put it in a test tank, establish a hydraulic gradient inthe tank and measure the velocity. Next, a second material with a di�erentpermeability would be placed in the tank, a hydraulic gradient of the samemagnitude as before would be established and the resulting velocity measured.By maintaining a constant hydraulic gradient in both measurements, the e�ectof permeability on velocity can be determined. Because we want to know onlythe e�ect of permeability on velocity, the hydraulic gradient and conductivitycovariance will be assumed to be constant in the following calculations.2.4.1 Local Grid Block Dispersivity Coe�cientsThe seepage velocity is given by~V = �Kn r�And, the mean seepage velocity is given byE[~V ] = �E[K]n r�Let ~r be the position vector of a 
uid particle at time t. This vector is givenby the kinematic relationship~r = Z t0 ~V (t0)dt0 = � Z t0 Kn r�dt0The deviation of the position vector ~r from its expected value is given by~r � E[~r], and the matrix of covariances of these deviations is given by75



X = E h(~r � E[~r])(~r � E[~r])yi= E 24 Z t0 (K� E[K])r�n dt00! Z t0 (K�E[K])r�n dt0!y35= E 24Z t0 Z t0  K0r�n ! K0r�n !y dt00dt035= Z t0 Z t0 E � ~V 0 ~V 0y� dt00dt0But, since �E[ ~V 0(~x) ~V 0y(~y)]�ij = �ij(~x; ~y), this is basically the same form asEquation[ 2.14], page 59. In order to generalize the one dimensional result,we can argue as follows:X = E h(~r �E[~r])(~r � E[~r])yi= E 24 Z t0 Kn r�dt0 � E "Z t0 Kn r�dt0#! Z t0 Kn r�dt0 � E "Z t0 Knr�dt0#!y35= E 24((K�E[K]) tr�n )((K� E[K])tr�n )y35Letting ~K = K�E[K], and noting thatE[~r] = tE[~V ] = tnE[K]r�which implies that tnr� = E[K]�1E[~r]So X = E �� ~KE[K]�1E[~r]� � ~KE[K]�1E[~r]�y�Let A be an r� s matrix and B be a t�u matrix, then the Kronecker productis the rt� su matrix 76



A
B = 266664 a11B a12B � � � a1sBa21B a22B � � � a2sB...ar1B ar2B � � � arsB 377775In particular, if ~y 2 <r, z 2 <s, then ~y is r � 1 and ~z is s� 1 so that ~y 
 Is isrs� s and given by ~y 
 Is = 266664 y1Isy2Is...yrIs 377775and Ir 
 ~z is rs� s and given byIr 
 ~z = 2666664 ~z ~0 ~0 � � � ~0~0 ~z ~0 � � � ~0...~0 ~0 ~0 � � � ~z
3777775Given that X = E h(~r �E[~r])(~r � E[~r])yithen using the di�erentiation formula from Marlow[66] that if ~y 2 <r, ~z 2 <s,~x 2 <n, then dd~x �~y~zy� = (~y 
 Is) d~zd~x + (Ir 
 ~z) d~yd~xwhere d~yd~x = 266664 @1y1 @2y1 � � � @ny1@1y2 @2y2 � � � @ny2...@1yr @2yr � � � @nyr 377775and @iyj = @yj@xi77



In our case, we let r = s = n and~y = ~z = ~KE[K]�1E[~r] = K̂E[~r] = 2666664 Pnj=1 K̂1jE[rj]Pnj=1 K̂2jE[rj]...Pnj=1 K̂njE[rj]
3777775which is an n�1 vector. It has been shown that the dispersivity tensor containsthe term 12 ddtX = 12 dXdE[~r] dE[~r]dt = 12 dXdE[~r]E[~V ]According to Marlow[66], the matrix dXdt can be written as

dXdt =
26666666666666666664

dX11dtdX12dt...dX1ndt...dXn1dtdXn2dt...dXnndt
37777777777777777775which is n2 � 1. Also, dXdE[~r] is an n2 � n matrix and E[~V ] is an n� 1 vector sothat dXdE[~r]E[~V ] is also n2 � 1.Now, dXdE[~r] = E " dE[~r] �~y~zy�#= E "(~y 
 In) d~zdE[~r] + (In 
 ~z) d~ydE[~r]#Since ~y 
 In has dimension n2 � n and In 
 ~z has dimension n2 � n and d~zdE[~r]and d~ydE[~r] have dimension n� n, the matrix dXdE[~r] has dimension n2 � n.The components of this equation are evaluated as follows:78



~y 
 In = 2664 Pnj=1 K̂1jE[rj]In...Pnj=1 K̂njE[rj]In 3775And, In 
 ~z = 2666664 ~z ~0 � � � ~0~0 ~z � � � ~0...~0 ~0 � � � ~z
3777775where ~z = 2664 Pnj=1 K̂1jE[rj]...Pnj=1 K̂njE[rj] 3775 and ~0 = 266664 00...0 377775Furthermore, d~zdE[~r] = d~ydE[~r] = 2666664 K̂11 K̂12 K̂13 � � � K̂1nK̂21 K̂22 K̂23 � � � K̂2n...K̂n1 K̂n2 K̂n3 � � � K̂nn

3777775So, we can write(~y 
 In) d~zdE[~r] = 2664 Pnj=1 K̂1jE[rj]In...Pnj=1 K̂njE[rj]In 3775 2666664 K̂11 K̂12 K̂13 � � � K̂1nK̂21 K̂22 K̂23 � � � K̂2n...K̂n1 K̂n2 K̂n3 � � � K̂nn
3777775which is an n2 � n matrix. And,(In 
 ~z) d~ydE[~r] =

79



2666666666666666666666666664

Pnj=1 K̂1jE[rj ] 0 � � � 0... ... ...Pnj=1 K̂njE[rj ] 0 � � � 0��� ��� ��� ���0 Pnj=1 K̂1jE[rj ] � � � 0... ... ...0 Pnj=1 K̂njE[rj ] � � � 0��� ��� ��� ���...��� ��� ��� ���0 0 � � � Pnj=1 K̂1jE[rj ]... ... ...0 0 � � � Pnj=1 K̂njE[rj ]

3777777777777777777777777775
26664 K̂11 K̂12 K̂13 � � � K̂1nK̂21 K̂22 K̂23 � � � K̂2n...K̂n1 K̂n2 K̂n3 � � � K̂nn 37775

which is also an n2 � n matrix. The result will be demonstrated using a twodimensional example:

Local Grid BlockExample: n = 2In this example we can write
12 ddtX = 2666666666664

12 dX11dt12 dX12dt12 dX21dt12 dX22dt
3777777777775 = 12 dXdE[~r]E[~V ] = E "(~y 
 I2) d~zdE[~r] + (I2 
 ~z) d~ydE[~r]#E[~V ]

Expanding this yields 80



12 ddtX =
12E8>>>>>>>>><>>>>>>>>>:

26666666664
P2j=1 K̂11K̂1jE[rj ] P2j=1 K̂12K̂1jE[rj ]P2j=1 K̂21K̂1jE[rj ] P2j=1 K̂22K̂1jE[rj ]P2j=1 K̂11K̂2jE[rj ] P2j=1 K̂12K̂2jE[rj ]P2j=1 K̂21K̂2jE[rj ] P2j=1 K̂22K̂2jE[rj ]

37777777775+
26666666664
P2j=1 K̂11K̂1jE[rj ] P2j=1 K̂12K̂1jE[rj ]P2j=1 K̂11K̂2jE[rj ] P2j=1 K̂12K̂2jE[rj ]P2j=1 K̂21K̂1jE[rj ] P2j=1 K̂22K̂1jE[rj ]P2j=1 K̂21K̂2jE[rj ] P2j=1 K̂22K̂2jE[rj ]

37777777775
9>>>>>>>>>=>>>>>>>>>;�24 E[V1]E[V2] 35Using the �rst order approximation of the expected value of the 
uid particle'sposition, viz., E[~r] = E[~V ]tand assuming that K̂ij = 0 for i 6= j, it follows that

12 ddtX = 2666666666664
E[K̂211]E[V1]2tE[K̂11K̂22]E[V1]E[V2]tE[K̂11K̂22]E[V1]E[V2]tE[K̂222]E[V2]2t

3777777777775The presence of the expected velocity vector in this expression is key since itcan be changing from numerical grid block to numerical grid block. Figure3 shows the e�ect of a non-constant expected velocity on the path of a 
uidparticle. This �gure shows the result of solving Equation[ 2.17] �rst withE[~V ] = (0;�0:1), the dotted line, and then allowing E[~V ] = (0;�0:1) for the�rst 25 time steps, E[~V ] = (0; 0:0) for the next 25 time steps, E[~V ] = (0; 0:1)for the next 25 time steps, and �nally, E[~V ] = (0;�0:1) for the last 25 timesteps, the solid line in Figure 3.
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2.4.2 Global Dispersivity Coe�cientsThe presence of heterogeneities in the porous medium will cause thevelocity �eld to be non-uniform. To maintain dispersive symmetry, the disper-sion tensor should be recalculated on a grid block by grid block basis, takinginto consideration the expected velocity on the grid block. The preceding for-mulation can be extended to this case in the following manner: Let ~XT be thetrajectory of a 
uid particle. Then, the position vector of the particle is givenby ~r = Z t0 ~V ( ~XT (t0))dt0 = � Z t0 Kn r�dt0It is assumed that r� is steady state so that it does not depend on t0. Fur-thermore, it is assumed that the porous medium is locally homogeneous, i.e.,in the sense of Section 1.1 and Section 1.5, and that this local homogenietyapplies to numerical grid blocks.Suppose that ~XT spends from t0 to t1 on grid block 1, from t1 to t2 ongrid block 2, � � �, and from tn�1 to tn on grid block n. Then since r� does notdepend on time and the statistics of K do not depend on time on individualgrid blocks, we can write~r = � n�1Xi=0 Z ti+1ti K(i+1)n r�(i+1)dt0 = � n�1Xi=0 Z ti+1ti K(i+1)dt0 r�(i+1)n) E[~r] = � n�1Xi=0 Z ti+1ti E[K(i+1)]dt0 r�(i+1)nthen, ~r � E[~r] = � n�1Xi=0 Z ti+1ti �K(i+1) � E[K(i+1)]� dt0 r�(i+1)nUsing the formulas ~b
 ~ay = ~b~ay(~a +~b)
 (~c+ ~d) = (~a
 ~c) + (~a
 ~d) + (~b
 ~c) + (~b
 ~d)it follows that 83



X = E h(~r �E[~r])(~r � E[~r])yi= E "(� n�1Xi=0 Z ti+1ti �K(i+1) � E[K(i+1)]� dt0 r�(i+1)n )8<:� n�1Xj=0 Z tj+1tj �K(j+1) �E[K(j+1)]� dt00 r�(j+1)n 9=;y375= E 264(� n�1Xi=0 Z ti+1ti ~K(i+1)dt0 r�(i+1)n )8<:� n�1Xj=0 Z tj+1tj ~K(j+1)dt00 r�(j+1)n 9=;y375= n�1Xi=0 n�1Xj=0E 24(Z ti+1ti ~K(i+1)dt0 r�(i+1)n )
 (Z tj+1tj ~K(j+1)dt00 r�(j+1)n )y35= n�1Xi=0 n�1Xj=0E 24(Z ti+1ti ~K(i+1)dt0 r�(i+1)n )(Z tj+1tj ~K(j+1)dt00 r�(j+1)n )y35= n�1Xi=0 n�1Xj=0E 248<: 2Xl=1 Z ti+1ti ~K(i+1)ul dt0 r�(i+1)ln 9=;( 2Xm=1 Z tj+1tj ~K(j+1)vm dt00 r�(j+1)mn )y35De�ne the vectors ~a and ~b such that for u; v = 1; 2au = 2Xl=1 Z ti+1ti ~K(i+1)ul dt0 r�(i+1)lnand bv = 2Xm=1 Z tj+1tj ~K(j+1)vm dt00 r�(j+1)mnthen X = n�1Xi=0 n�1Xj=0E[~a(i+1)(~b(j+1))y]where(~a(i+1)(~b(j+1))y)uv = 2Xl=1 2Xm=1 Z ti+1ti Z tj+1tj ~K(i+1)ul ~K(j+1)vm dt0dt00 r�(i+1)ln r�(j+1)mn84



If it is assumed that the components E[ ~K(i+1)ul ~K(j+1)vm ] are constant over blocks,then (X)uv = n�1Xi=0 n�1Xj=0E 24 2Xl=1 2Xm=1 ~K(i+1)ul ~K(j+1)vm r�(i+1)ln �ti+1r�(j+1)mn �tj+135And, using the relationship thatE[~r(i)] = �tiE[~V (i)] = �tin E[K(i)]r�(i)) r�(i)n �ti = E[K(i)]�1E[~r(i)]The displacement covariance matrix becomes(X)uv = n�1Xi=0 n�1Xj=0E " 2Xl=1 ~K(i+1)ul �E[K(i+1)]�1E[~r(i+1)]�l 2Xm=1 ~K(j+1)vm �E[K(j+1)]�1E[~r(j+1)]�m#orX = n�1Xi=0 n�1Xj=0E �� ~K(i+1)E[K(i+1)]�1E[~r(i+1)]� � ~K(j+1)E[K(j+1)]�1E[~r(j+1)]�y�To get an adequate representation of exactly where in the domain di�erentmagnitudes of dispersion are to be expected, ensembles of particles must betracked. Such a representation is given in Figure 4. In this example, 5 particlesare tracked from two adjacent numerical grid blocks located in the center ofthe domain.These particle paths are used to identify the numerical grid blocksthat are most likely to be reached by a tracer plume that emanates from thegrid blocks containing the origin of the plume. Once the grid blocks most likelyto be reached have been identi�ed, the previous formulation can be applied ona grid block by grid block basis to estimate how dispersion will develop overtime. From Equation[ 2.24], page 71,Dij = Z t0 �ij �E[~V ]t0;E[~V ]t� dt0 = Z t0 E h ~V 0i �E[~V ]t0� ~V 0j �E[~V ]t�i dt0� 1kE[~V ]k Z~�T �ijds85



As time t0 increases from 0 to t, the particle moves from its original positionat time t = 0 to its position at time t, in block (m). As it moves, it traversesdi�erent grid blocks on its way to block (m). Using the arguments givenpreviously,Duv = m�1Xi=0 E "Z ti+1ti (�K(i+1) �E hK(i+1)i� r�(i+1)n )u� (�K(m) � E hK(m)i� r�(m)n )v dt0#= m�1Xi=0 E " ~K(i+1)r�(i+1)n �ti+1!u  ~K(m)r�(m)n !v#= m�1Xi=0 E �� ~K(i+1)E hK(i+1)i�1E h~r (i+1)i�u � ~K(m)E hK(m)i�1E h~V (m)i�v�= m�1Xi=0 E h�K̂(i+1)E h~r (i+1)i�u �K̂(m)E h~V (m)i�viOr, in terms of the full tensorD = m�1Xi=0 E ��K̂(i+1)E h~r (i+1)i� �K̂(m)E h~V (m)i�y�Since it may be di�cult to identify exactly the numerical grid blockswhere a local source is originating, or if more than one point source is involved,an entire column of grid blocks can be used to determine the particle paths.Figure 5 shows the result of tracking a particle from each of the grid blocks ina column in the center of the domain. Of course, in a simulation, more thanone particle from each grid block would be tracked.2.4.3 Molecular Di�usionIt is reasonable to have some level below which these dispersivity coef-�cients cannot fall. This level would, in e�ect, represent the level of moleculardi�usion. In order to specify such a level, an example from Batchelor[9] isused. For a solute of NaCl in water, the coe�cient of di�usion is found tobe 1.1 �10�5 cm2/sec at 15� C and for any concentration. For moleculessuch as potassium permanganate, KMnO4, which are much larger than wa-ter molecules, the coe�cient of di�usion is found to vary with the level ofconcentration. Since this is not a problem with sodium chloride, the level of86
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Figure 5 - Tracks From A Column Of Grid Blocks
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Figure 4 - Ensemble Of Particle Paths
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10�5 cm2/sec, or the equivalent level of 6� 10�4 cm2/min, will be used in theexamples.2.5 Random Variable Generation2.5.1 Independent Random VariablesIn order to generate the sample path of the stochastic process, it is as-sumed that the stochastic process is Gaussian and stationary, i.e., at each timet, the random variable X(t; !) has the same mean and variance and that thesetwo moments are su�cient to describe the random variables's distribution. Asample path can then be generated by sampling from a Gaussian distributionwith the speci�ed mean and variance. The following analysis shows that bygenerating two independent uniform random variables on the interval [0; 1]and using the Box-Muller transformation, Equation[ 2.25], two independentGaussian random variables can be produced.Let U1 and U2 be two independent uniform random variables with thesame density function on the interval [0,1]. De�ne the random variablesX1 = (�2 ln(U1)) 12 cos(2�U2) (2.25)X2 = (�2 ln(U1)) 12 sin(2�U2)The inverse relations are given byU1 = exp "�(X21 +X22 )2 # (2.26)U2 = 12� arctan�X2X1�Then, by taking derivatives, it follows that@X1@U1 = � cos(2�U2)(�2 ln(U1)) 12U1@X1@U2 = (�2 ln(U1)) 12 (�2� sin(2�U2))
88



And, that @X2@U1 = � sin(2�U2)(�2 ln(U1)) 12U1@X2@U2 = (�2 ln(U1)) 12 (2� cos(2�U2))The Jacobian of the transformation is thenJ = ��������� � cos(2�U2)(�2 ln(U1)) 12U1 (�2 ln(U1)) 12 (�2� sin(2�U2))� sin(2�U2)(�2 ln(U1)) 12U1 (�2 ln(U1)) 12 (2� cos(2�U2)) ���������= �2� cos2(2�U2)U1 � 2� sin2(2�U2)U1= �2�U1From Equation[ 2.26], U1 = exp "�(X21 +X22 )2 #Hence, jJ j = 2�exp h� (X21+X22 )2 iIf g(U1; U2) is the joint density function of U1 and U2, then the joint densityfunction of X1 and X2 is given byf(X1; X2) = g(U1; U2)jJ jFrom, Equation[ 2.26], it follows thatf(X1; X2) = g �exp h� (X21+X22 )2 i ; 12� arctan �X2X1��2�exph� (X21+X22)2 i
89



And, we have that8 X1; X2; exp "�(X21 +X22 )2 # 2 (0; 1)and, 8 X1; X2; 12� arctan�X2X1� 2 (0; 1)Since g is the joint density of two independent uniform random variables on(0; 1), it follows that8 X1; X2 g  exp "�(X21 +X22 )2 # ; 12� arctan�X2X1�! = 1Hence, f(X1; X2) = 12� exp "�(X21 +X22 )2 #= 1p2� exp "�X212 # � 1p2� exp "�X222 #which shows thatX1 andX2 are independent and each has the standard normaldistribution. Hence, the two U(0; 1) independent random variables are used toproduce two independent N(0; 1) random variables.Once an N(0; 1) distribution has been produced, an N(�; �2) distri-bution can be produced by the transformationY = �+ �X X � N(0; 1)Figure 6 illustrates this method by showing the results of generating 20000samples from a Gaussian distribution with mean 3.0 and standard deviation0.3. Plots of the two normal samples are shown along with their associatedlognormal plots. The sample lognormal points are found from the formulalgn[i] = exp(n[i])where n[i], i = 1; � � � ; m are the sample points from the normal distribution.
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Figure 6 - Sample Distributions
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2.5.2 Correlated Random VariablesOnce two independent normal random variables have been produced,it is possible via a linear transformation to produce two correlated randomvariables. Correlated random variables will be required in order to model ananisotropic porous medium.Given two independent standard normal random variables, X1 � N(0; 1) andX2 � N(0; 1), two new random variables can be de�ned by lettingX3 = a+ bX1 + cX2 a; b; c 2 <1X4 = d+ eX1 + fX2 d; e; f 2 <1then E[X3] = a, E[X4] = d andE[X3X3] = (a+ b)2 + c2E[X4X4] = (d+ e)2 + f 2E[X3X4] = ad+ be + cfExample:Suppose we want to de�ne two random variables X3 and X4 such thatE[X3] = 0 E[X4] = 0E[X3X3] = 1 E[X4X4] = 13 E[X3X4] = 12then a = d = 0 and b2 + c2 = 1e2 + f 2 = 13be + cf = 1292



Letting c = 1) b = 0) f = 12 ) e = 12p3 , so thatE[X3X3] = (a+ b)2 + c2 = 1E[X4X4] = (d+ e)2 + f 2 = 13E[X3X4] = ad+ be + cf = 12as required. Chapter 7 of Law and Kelton[61] gives many approaches to gen-erating random variables, both correlated and uncorrelated. If a multivariatenormal distribution is to be used, then a particularly simple algorithm existsfor generating a multivariate normal vector~X = (X1; X2; � � � ; Xn)yThe reason for this is that in the joint density function, Equation[ 2.19], page64, the covariance matrix, V, is symmetric and positive de�nite. Hence, it canbe factored as V = CCywhere C is lower triangular. The algorithm consists of the following two steps:(1) Generate Z1; Z2; � � � ; Zn as independent identically distributed N(0; 1)random variables following the procedure in Section 2.5.1.(2) For i = 1; 2; � � � ; n, set Xi = �i +Pij=1CijZj.It then follows that ~X = ~�+C~ZIn the study of porous media systems, the measurement of the physicalproperties of the system at each point of the domain is a practical impossibil-ity. In the case of these systems, it is common to assume that the physicalproperties of the system, i.e., hydraulic conductivity, etc., are realizations of aunderlying random �eld. Since the development of our dispersion estimates isbased on assumptions about the covariance function describing the hydraulicconductivities in the spatial domain, a method of generating random �eldsthat takes into consideration the degree of variance, correlation lengths, cross-correlations, anisotropies, etc. of the hydraulic conductivity is necessary. Such93



a method is provided by the Spectral Turning Bands method. In this method,simulations are performed along several lines using a unidimensional covariancefunction, C1(�), that corresponds to the 2 or 3-dimensional covariance functiongiven for the spatial domain. Given two spatial points ~x1, ~x2 in the domain,this correspondence is given byC(~x1; ~x2) = C(~h) = Z�C1(~h � ~u) f(~u) d~uwhere � represents the unit circle or unit sphere, f(~u) is the probability densityfunction of ~u, and ~h = ~x1 � ~x2. The value assigned to a point in the domainis given by an average of the values generated for the projection of the pointonto the various lines used in the simulation.Finally, the algorithm described in Robin, et al[80] is capable of co-generating pairs of three dimensional cross correlated random variables.2.6 SummaryIn this section, the all important dispersion tensor component of thetransport equation was investigated under some simplifying assumptions thatallow a better understanding of the concept. Section 2.1 looked at the disper-sion concept from an Eulerian point of view which lead to its characterization ashalf the time rate of change of the second spatial moment around the centroid.Section 2.3 introduced the Lagrangian approach. Here the motion of a 
uidparticle was described by a stochastic di�erential equation, Equation[ 2.17],page 60, and dispersion was characterized as describing the uncertainty sur-rounding the path of a 
uid particle as it proceeds through the porous medium.Under the assumption that the trajectory of the 
uid particle has aGaussian probability density function, it was shown that the dispersion tensoris equal to half the time rate of change of the covariances of the displacements inthe 
uid particle's position, which was then related to the velocity covariancesof the particle. Special consideration was given to a method due to Dagan thatallows the speci�cation of the dispersion on a grid block by grid block basis.In Section 2.4, a one dimensional result that describes the dispersiv-ity as a distance dependent entity was extended to higher dimensions. Thismethod shows that the symmetry of the dispersion tensor is with respect tothe average velocity vector. If the dispersion tensor is changed on a grid blockby grid block basis, then the dispersion tensor must be recomputed to take intoconsideration changes in the expected velocity on the block. Section 2.4.2 ap-plies the results of Section 2.4.1, which are applicable to locally homogeneous94



grid blocks, to the calculation of global dispersivity coe�cients. This is doneby using a particle tracking algorithm to identify the grid blocks that will bevisited by 
uid particles along their paths and applying the results of Section2.4.1 on a grid block by grid block basis.Finally, Section 2.5 reviewed some methods being used to generaterandom variables. These methods will be used extensively in our numericalcalculations.
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3. Methods Of Solution3.1 GeneralIn this section, methods of solving the groundwater 
ow/pollutionproblem are discussed. Whenever two miscible 
uids come together to formone phase, there is the potential for either the density of the phase or the vis-cosity of the phase to change. This change can be brought about by changesin the concentration and/or changes in the pressure. In the pollution problem,a change in the density can be caused by the pollutant mixing with the waterin an aquifer. In the Enhanced Oil Recovery (EOR) problem, a change in theviscosity can be brought on by a surfactant mixing with the oil in the reser-voir. The solution of an EOR problem may assume a viscosity/concentrationrelationship such as the quarter power rule, Russell and Wheeler[84]�(c) = [(1� c) +M 14 c]�4where c is the concentration of the surfactant andM is the ratio of the viscosityof oil to the viscosity of surfactant, ie, the mobility ratio.In the case that the density is dependent on the concentration of thepollutant, a coupled system of PDE's is obtained that must be solved simul-taneously. However, there are probably many cases where the density is notdependent on the concentration or that this dependence is weak and it can beassumed that there is no dependence. In this case, the 
ow and concentrationequations may be solved separately. The groundwater 
ow equation yields esti-mates of the piezometric head and velocity estimates are derived from Darcy'slaw. This is the case in tracer experiments. Then, by using either relation-ships between the velocity covariances and dispersion or between permeabilitycovariances and dispersion, dispersivities can be developed for use in the con-centration equation. By starting with the simpler uncoupled case, the totalsystem can be tested for reasonableness without having to deal immediatelywith the more di�cult coupled case. But, since the ultimate goal is to even-tually handle the coupled case, the next section investigates some methods ofhandling the simultaneous solution.3.1.1 Simultaneous SolutionThe groundwater 
ow equation used in tracer experiments has theform 96



S@��@t = r �Tr��where S is the storativity of the aquifer, T is the transmissivity and �� is thepiezometric head. If this equation is not used to determine velocities, then analternative expression must be used to obtain the velocities. These velocitiescan be obtained from Darcy's law in the following way: In general, Darcy's lawcan be written as ~q = K ~Jwhere ~q is the speci�c discharge, the volume of 
uid 
owing per unit timethrough a unit cross-sectional area normal to the 
ow, K is the hydraulicconductivity tensor and ~J = �r��is the hydraulic gradient. Because the cross-sectional area used in the de�nitionis a unit, the vector ~q has the dimension �Lt �, and so is considered a velocity.The Dupuit-Forchheimer equation accounts for the fact that the 
ow is onlythrough the void part of the solid matrix by dividing the speci�c discharge bythe porosity, n. ~V = ~qnso that ~V = � 1nKr��Hubbert de�ned the potential �� of a compressible 
uid as�� = z + Z pp0 dpg�(p)where z is the elevation, p is the pressure and g is the gravitational constant.In general, the density � depends on temperature, concentration of dissolvedmatter and pressure. So, the potential �� is for a compressible 
uid underisothermal conditions. The coe�cient of compressibility of a 
uid is expressedas, Bear[12], � = 1� @�@p97



and its solution is given by � = �0 exp[�(p� p0)]so that from the Hubbert potential�� = z + Z pp0 dpg�0 exp[�(p� p0)]= z + 1g�0� � 1g�0� e��(p�p0)= z + 1g�0� � 1g��Using this relationship and di�erentiating,r�� = rz + 1g��2r� and r� = ��rpwhich leads to r�� = rz + 1g�rpso that ~J = �r�� = �1g� (rp+ �grz)Taking Z to be depth, Z = �z, it follows from Darcy's law that,~q = K ~J = �Kr�� = �Kg� (rp� g�rZ)The tensor K can be expressed asK = kg��which means that~V = ~qn = �Kng� (rp� g�rZ) = �kn� (rp� g�rZ) (3.1)where k is the permeability tensor and � is the viscosity.98



In Chapter 2, the basic form of the concentration equation was illus-trated using assumptions about the stochastic nature of the variables. Herethe concentration equation is developed from a more traditional point of viewusing the conservation of mass law while at the same time retaining a stochastic
avor. Let c(~x; t) represent the concentration of the pollutant, ie, c(~x; t) is themass of the pollutant per unit volume of the single phase. The conservation ofmass law then states that@@t Z
 nc(~x; t)d~x = � Z@
 c(~x; t)~u � ~�d~x+ Z
 qd~x (3.2)wheren = Porosity, The Fraction Of The Volume 
 Available For Flow~u = Darcy Velocity or Volumetric Flow Rate Across Aq = Mass Flow Rate Per Unit Volume Injected Into 
Using the Divergence Theorem,@@t Z
 nc(~x; t)d~x = � Z
r � c(~x; t)~~ud~x + Z
 qd~xThe total 
ux of the pollutant is given by the productc(~x; t)~V (~x; t)On a representative elementary volume, REV, the concentration andvelocity can be represented asc(~x; t) = E[c(~x; t)] + c0(~x; t) E[c0(~x; t)] = 0~V (~x; t) = E[~V (~x; t)] + ~V 0(~x; t) E[~V 0(~x; t)] = 0then by multiplying and taking expected values,E[c~V ] = E[c]E[~V ]| {z }convective flux+ E[c0 ~V 0]| {z }dispersive fluxAssuming, at least locally, e.g., on a grid block, that the dispersive 
ux isFickian, then 99



E[c0 ~V 0] = �DrE[c]The velocity ~V represents the velocity of the 
uid in the void part of the matrix,and so we can write, on average, thatE[c~~u] = nE[c~V ] = n �E[c]E[~V ]�DrE[c]�Hence, by taking expected values in Equation[ 3.2], it follows that@@t Z
 nE[c(~x; t)]d~x = � Z
r � n �E[c]E[~V ]�DrE[c]� d~x+ Z
E[q]d~xSince this equation is in terms of volume averaged variables, the integrals canbe removed, see Gray[49], so that@@tnE[c(~x; t)] = �r � n �E[c]E[~V ]�DrE[c]�+E[q]So, for the case of the density being dependent on the concentration, � = �(c)the system of equations can be written as (dropping expected value symbols)@@t(nc) = �r � n �c~V �Drc�+ q~V = ��kn� (rp� g�rZ) (3.3)@(n�)@t = �r � n�~VClearly, this system assumes that the porosity is given by n(~x; t) and that thefour unknowns are c(~x; t), ~V (~x; t), �(~x; t) and p(~x; t).3.1.2 The Mixed ModelUsing the mixed method, the velocity and pressure can be solved forat the same time. The Mixed Model introduces the spaceH(div; 
) = f~q 2 (L2(
))2 : div(~q) 2 L2(
)gwith norm 100



k~qkH(div;
) = (k~qk20;
 + kdiv(~q)k20;
)1=2The Mixed Variational Formulation is then de�ned as:Find a pair of functions (~u; p) 2 H(div; 
)� L2(
)such that 8~q 2 H(div; 
); Z
 ~u � ~qdx+ Z
 p div(~q)dx = 0and 8v 2 L2(
); Z
 v(div(~u) + f)dx = 0; f 2 L2(
)The Discrete Mixed Formulation requires that there exist two �nite dimensionalspaces ~Qh and Vh such that~Qh � H(div; 
) Vh � L2(
)and a pair (~uh; ph) 2 ~Qh � Vh is sought such that8~qh 2 ~Qh; Z
 ~uh � ~qhdx+ Z
 ph div(~qh)dx = 0and 8vh 2 Vh; Z
 vh(div(~uh) + f)dx = 0; f 2 L2(
)A key element in the existence theorem of the mixed �nite element analysis isthe Babu�ska-Brezzi Condition.Theorem (Existence):Assume that ~qh 2 ~Qh and that8vh 2 Vh; Z
 vh div(~qh)dx = 0 ) div(~qh) = 0and that 9 a constant � > 0 such that101



8vh 2 Vh; sup~qh2 ~Qh R
 vh div(~qh)dxk~qhkH(div;
) � �kvhk0;
Then the problem (Ph) has a unique solution (~uh; ph) 2 ~Qh � Vh and 9 aconstant � > 0, depending on �, such thatk~u� ~uhkH(div;
) + kp� phk0;
 � � " inf~qh2 ~Qh k~u� ~qhkH(div;
) + infvh2Vh kp� vhk0;
# 2Starting from the second line in Equation[ 3.3], page 99,~V = �kn� (rp� g�rZ)and taking the divergence,r � ~V = r �  �kn�rp!+r � (g�rZ)which is written as r �  � kn�rp! = f (3.4)Letting ~uh = �kn�rphand multiplying this equation by any ~qh 2 ~Qh and integrating over 
,Z
 n�k�1~uh � ~qhd~x+ Z
rph � ~qhd~x = 0Integrating the second integral by parts using the Green's formulaZ
 pr � ~qd~x+ Z
rp � ~qd~x = I@
 p~q � ~�d
and assuming no 
ow boundary conditions, ~qh � ~� = 0 on @
, it follows that102



Z
 n�k�1~uh � ~qhd~x� Z
 phr � ~qhd~x = 0 (3.5)And, from Equation[ 3.4] with vh 2 VhZ
 vh (r � ~uh � f) d~x = 0 (3.6)Hence, Equations[ 3.5] and [ 3.6] represent the Discrete Mixed Formulation forthe pressure equation.3.1.3 The Spaces ~Qh And VhIn order to de�ne bases for the Raviart-Thomas �nite element spaces~Qh and Vh for the 3 dimensional case, �rst let 
 be the 3-simplex [0; L1] �[0; L2]� [0; L3] and de�ne the meshes:�X : 0 = x0 < x1 < � � � < xk = L1�Y : 0 = y0 < y1 < � � � < yj = L2�Z : 0 = z0 < z1 < � � � < zj = L3And, de�ne the piecewise polynomial spaceMrq(�) = fv 2 Cq[0; L] : v is a polynomial of degree � r on each subinterval of �gwhere q = �1 refers to discontinuous functions.Since in the error analysis of Raviart-Thomas[77] there is no require-ment that the elements of the subspace Vh be continuous across inter-elementboundaries, the �nite dimensional subspace for pressure used in Russell andWheeler[84] for the 2-dimensional case is extended to the 3-dimensional caseVh =M1�1(�X)OM1�1(�Y )OM1�1(�Z)It is further assumed in Raviart-Thomas[77] that given any vh 2 Vh there existsa ~qh 2 ~Qh such that 103



div ~qh = vhwhich leads to the de�nition of the subspace ~Qh as( ~Qh)x =M20(�X)OM1�1(�Y )OM1�1(�Z)( ~Qh)y =M1�1(�X)OM20(�Y )OM1�1(�Z)( ~Qh)z =M1�1(�X)OM1�1(�Y )OM20(�Z)So that, ~Qh = ( ~Qh)x � ( ~Qh)y � ( ~Qh)zTheorem 5 of Raviart-Thomas[77] then gives the error estimatek~q � ~qhkH(div;
) + kp� phk0;
 � Khr+1 (jpjr+1;
 + jpjr+2;
 + j�pjr+1;
)where K is a constant independent of h, and from which it follows that forr = 0 k~q � ~qhkH(div;
) � O(h)and kp� phk0;
 � O(h)so that the error estimates for the pressure and velocity are of the same order.For the general case where density and viscosity are dependent on theconcentration, the following set of coupled equations holds:@@t(nc) = �r � n �c~V �Drc�+ q~V = � kn� (rp� g�rZ)@(n�)@t = �r � �n�~V �104



In the tracer case, where the density is constant, the equations canbe written in the following uncoupled form:S@��@t = r �Tr��@@t(nc) = �r � n �c~V �Drc�+ qwhere S is the storativity of the aquifer, T is the transmissivity, and �� is thepiezometric head.3.2 2D Finite Element Solution3.2.1 GeneralThe goal of this current investigation is to study the system of equa-tions speci�ed by Equation[ 3.3], page 99, with the coe�cients of the disper-sivity tensor calculated in terms of the velocity covariances or permeabilitycovariances. The dispersivity tensor would then be a piecewise constant tensorspeci�ed on a grid block basis. Clearly, the system speci�ed by Equation[ 3.3]is a coupled system and must be solved simultaneously. This is because thedensity of the single phase is considered to be a function of the concentrationof the pollutant. It is conceivable that in many cases the density may be con-sidered to be constant, in which case the 
ow equation and the concentrationequation may be solved separately. It is this case that will be studied �rst.3.2.2 Finite ElementsA �nite element in <n is de�ned, Ciarlet[24], as a triple (T;	;�) suchthat(1) T is a closed subset of<n with nonempty interior and Lipshitz-continuousboundary.(2) 	 is a �nite dimensional space of real valued functions de�ned over theset T with dim 	 = N .(3) � is a set of linear functionals, �i; 1 � i � N de�ned on the space 	such that 9  j 2 	; 1 � j � N , with the property that�i( j) = �ijAlso, the following holds 105



 = NXi=1 �i( ) i 8  2 	The sets f�igNi=1 and f igNi=1 are dual bases. Suppose that there are two �-nite elements (D; 	̂; �̂) and (
e;	;�) that are related by the invertible a�nemapping F : D ! 
e 3F (~x) = A~x+~bthen the �nite elements are a�nely equivalent if(1) F (D) = 
e(2)  =  ̂ � F�1(3) ~ai = F (~̂ai) where the ~ai are the element nodes.The following relationship between mappings is de�ned-
?@@@@@@R

G  ̂G� ̂ =  ̂ �G
e D
<1Figure 7AThe mapping G� in Figure 7A is called a pull-back since it pulls a functionde�ned on D back to a function de�ned on 
e. It follows from (2) that ifG = F�1, then  =  ̂ �G = G� ̂ where G� is a pull-back.Similarly, the mapping G� : 	̂ �! 	 allows the de�nition of a push-forward mapping G� : � �! �̂ according to the following diagram:
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-
?@@@@@@R

G� � 2 �G��( ̂) = � �G�( ̂)	̂ 	
<1Figure 7BThe function G� pushes a functional de�ned on 	 forward to a functionalde�ned on 	̂.3.2.3 Rectangular ElementsIn implementing the uncoupled version of the 2D �nite element model,the elements are assumed to be rectangular with their edges aligned with thex and y axes as shown in Figure 8:
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-6 xy
Figure 8 - Rectangular Element
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Here ~� = �x~i + �y~j = cos(�)~i + sin(�)~j where � is the angle between theoutward normal to the boundary and the x-axis.For integration purposes, using Gaussian formulas, it is convenient touse as a reference element the following rectangle:
D

(�1; 1) (1; 1)
(�1;�1) (1;�1)

4 3
1 2Figure 9 - Reference ElementThe numbers in the corners of the element in Figure 9 denote the numberingof the local nodes. On the element D, the �rst order (linear) Lagrange shapefunctions are given by  ̂1 = 14(1� �)(1� �) ̂2 = 14(1 + �)(1� �) ̂3 = 14(1 + �)(1 + �) ̂4 = 14(1� �)(1 + �)These reference functions can be transformed to any rectangular element whoseside is of length a in the x-direction and of length b in the y-direction. Letting(x1; y1) represent the global coordinate of node 1, the transformation is givenby 108



" xy # = F  " �� #! = " a2 00 b2 # " �� #+ " a+2x12b+2y12 #For example, the 4 corners of the reference rectangle map in the following way:Node 1 : (�1;�1) ! (x1; y1)Node 2 : (1;�1) ! (a+ x1; y1)Node 3 : (1; 1) ! (x1 + a; y1 + b)Node 4 : (�1; 1) ! (x1; y1 + b)The inverse mapping then becomes" �� # = F�1  " xy #! = " 2a 00 2b # " xy # + " �2x1�aa�2y1�bb #Using this to transform the linear Lagrangian shape functions to the trans-formed element 
e, results in ̂1 ! �1� x�x1a � �1� y�y1b � =  1 ̂2 ! �x�x1a � �1� y�y1b � =  2 ̂3 ! �x�x1a � �y�y1b � =  3 ̂4 ! �1� x�x1a � �y�y1b � =  43.2.4 Numerical IntegrationLet D be the reference element whose corners are given byf(�1;�1); (1;�1); (�1; 1); (1; 1)gand let F : D! 
esuch that " xy # = F  " �� #! = " a2 00 b2 # " �� #+ " a+2x12b+2y12 #then 109



Z
e f(x; y)d
e = ZD f(x(�; �); y(�; �)) �����@(x; y)@(�; �) ����� d�d�The quadrature formulas for evaluating integrals over the reference rectangle,D, are derived from the quadrature formulas for the 1D case. Letting	(�; �) = f(x(�; �); y(�; �)) �����@(x; y)@(�; �) �����then ZD	(�; �)d�d� = Z 1�1 �Z 1�1	(�; �)d��d�� Z 1�10@ nXj=1	(�; �i)Wj1A d�� mXi=1 nXj=1	(�i; �j)WiWjwhere m and n are the number of quadrature points in the � and � directions,(�i; �j) are the Gauss points and the Wi and Wj are the Gauss weights.The number of Gauss points to use is based on the result that if thereare n+ 1 Gauss points, then the formulanXi=1 aif(xi)is exact for a polynomial of degree 2n+1. If the polynomial has degree p, then2n + 1 = p ) n + 1 = p+ 12so that the number of Gauss points (ngp) is given byngp = 8><>: p+12 if p+ 1 is evenp2 + 1 if p+ 1 is oddFor the linear Lagrange functions, the highest degree in both the � and �directions is 2. So, in the numerical integrations m = n = 2.
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3.2.5 Groundwater Flow EquationThe 2D groundwater 
ow equation is given byS@��@t = r �Tr��where S is the storativity of the aquifer, T is the transmissivity, and �� is thepiezometric head. The semi-discrete variational formulation takes the formwith respect to a four-node rectangular element 
e0 = Z
e vS @��@t d
e � Z
e vr �Tr��d
eThe second integral on the right side can be integrated via Green's formulaZ
 ~q � rpd
 + Z
 pr � ~qd
 = I@
 p~q � ~�d
to give 0 = Z
e vS @��@t d
e + Z
e Tr�� � rvd
e � I@
e vTr�� � ~�d
Assuming a uniform time step, �t, and a backward Euler estimate of the timederivative, @��@t � ��n � ��n�1�tthe fully discrete variational formulation is0 � Z
e vS  ��n � ��n�1�t ! d
e + Z
e Tnr��n � rvd
e� I@
e vTnr��n � ~�d
where the superscript n represents the nth timestep. Then making the substi-tutions ��n = rXj=1��j(tn) j(~x) ~x = (x; y)v =  i(~x) 111



and letting Tn = " T n11 T n12T n21 T n22 #The system of equations for the eth element becomesrXj=1 S��j(tn)�t Z
e  i jd
e + rXj=1T n11��j(tn) Z
e @ j@x @ i@x d
e+ rXj=1T n12��j(tn) Z
e @ j@y @ i@x d
e+ rXj=1T n21��j(tn) Z
e @ j@x @ i@y d
e+ rXj=1T n22��j(tn) Z
e @ j@y @ i@y d
e� I@
e vTnr��n � ~�d
� rXj=1 S��(tn�1)�t Z
e  i jd
e i = 1; 2; � � � ; rThe surface integral in this equation takes the formI@
e vTnr��n � ~�d
 = T n11 I@
e v@��n@x �1d
+ T n12 I@
e v@��n@y �1d
 (3.7)+ T n21 I@
e v@��n@x �2d
+ T n22 I@
e v@��n@y �2d
On @
1e, ~� = (�1; �2) = (0;�1) this becomes�0@T n21 rXj=1��j(tn) I@
1e  i@ j@x dx+ T n22 rXj=1��j(tn) I@
1e  i@ j@y dx1AAnd, with the no 
ow boundary condition on @
1e, this becomes112



�T n21 rXj=1��j(tn) I@
1e  i@ j@x dxOn @
2e, ~� = (�1; �2) = (1; 0) Equation[ 3.7] becomesT n11 rXj=1��j(tn) I@
2e  i@ j@x dy + T n12 rXj=1��j(tn) I@
2e  i@ j@y dyAnd, since �� is constant along this boundary, this becomesT n11 rXj=1��j(tn) I@
2e  i@ j@x dyOn @
3e, ~� = (�1; �2) = (0; 1) Equation[ 3.7] becomesT n21 rXj=1��j(tn) I@
3e  i@ j@x dx+ T n22 rXj=1��j(tn) I@
3e  i@ j@y dxAnd, with the no 
ow boundary condition, this becomesT n21 rXj=1��j(tn) I@
3e  i@ j@x dxOn @
4e, ~� = (�1; �2) = (�1; 0) Equation[ 3.7] becomes�0@T n11 rXj=1��j(tn) I@
4e  i@ j@x dy + T n12 rXj=1��j(tn) I@
4e  i@ j@y dy1AAnd, since �� is constant along this boundary, this is�T n11 rXj=1��j(tn) I@
4e  i@ j@x dywhere ~� = �x~i+�y~j = cos(�)~i+sin(�)~j and � is the angle between the outwardnormal to the boundary and the x-axis.Furthermore, it is not necessary to compute the boundary integralson a boundary between two elements in the interior of the global domain.Consider the following two elements that have a common boundary that liesin the interior of the global domain. 113




14 3
1 2 
24 3

1 2
4 5 6
1 2 3Figure 10 - Boundary Between ElementsAlong this common boundary in element 
1, we have the integralI@
21 vTnr��n �  10 ! d
And, along the common boundary in element 
2, we haveI@
42 vTnr��n �  �10 ! d
These integrals are to be interpreted as unoriented 
ux integrals, so that @
21 =@
42, and the same tensor Tn is used in both. This means that in the casethat boundary coincides with the interface of two physical blocks of di�eringpermeabilities, su�cient mixing has occurred along the interface to insure thatthere is not a discontinuity of permeabilities along the interface.In the element 
1 of Figure 10, the shape functions have the followingform on the common boundary: 1 = 0 2 = 1� (y � y1)b 3 = y � y1b 4 = 0114



And, in the element 
2 of Figure 10, the shape functions have the followingform on the common boundary: 1 = 1� (y � y1)b 2 = 0 3 = 0 4 = y � y1bSo that,  1 on 
2 =  2 on 
1and,  4 on 
2 =  3 on 
1Making the substitutions��n = rXj=1��j(tn) j(~x) ~x = (x; y)v =  i(~x)and letting Tn = " T n11 T n12T n21 T n22 #it follows thatI@
21 vTnr��n �  10 ! d
 = I@
21  iT n12 ���2(tn)��1b �� d
 (3.8)+ I@
21  iT n12 ���3(tn)�1b�� d
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where ��2(tn) represents global point 2, ��3(tn) represents global point 5 and fornon-zero results,  i can be either  2 or  3.And, I@
42 vTnr��n �  �10 ! d
 = � I@
42  iT n12 ���1(tn)��1b �� d
 (3.9)� I@
42  iT n12 ���4(tn)�1b�� d
where ��1(tn) represents global point 2, ��4(tn) represents global point 5 and fornon-zero results,  i can be either  2 or  3. It is clear that these 
uxes areequal but of opposite sign. Consequently, the contributions to either globalpoint 2 or global point 5 cancel each other. Hence, it is only necessary tocompute the boundary integrals when the local boundary coincides with theglobal boundary.Letting Mij = Z
e  i jd
eS11ij = Z
e @ i@x @ j@x d
e S12ij = Z
e @ i@x @ j@y d
eS21ij = Z
e @ i@y @ j@x d
e S22ij = Z
e @ i@y @ j@y d
eG11ij = I@
e  i@ j@x �xd
 G21ij = I@
e  i@ j@x �yd
G12ij = I@
e  i@ j@y �xd
 G22ij = I@
e  i@ j@y �yd
then letting Kij = T n11S11ij + T n12S12ij + T n21S21ij + T n22S22ij116



and Gij = T n11G11ij + T n12G12ij + T n21G21ij + T n22G22ijthen in matrix form it follows that� S�t [Mij] + [Kij]� [Gij]�n��j(tn)o � 1�t [Mij]n��j(tn�1)o (3.10)3.2.6 Matrix AssemblyThis section describes the assembly of the system of equations on thelocal rectangular elements into a global system for the entire domain. On arectangular element 
e, the local nodes will be designated uj; j = 1; 2; 3; 4.On the global domain, the mesh nodes will be designated Uj; j = 1; � � � ; nnp,where nnp is the number of global mesh nodes.The element nodal data is stored in the element nodes array, nod,which relates local node numbers to global node numbers bynod[e][a] = Awhere e is the element number, a is the local node number and A is the globalnode number. This array is set up from the input data.Figure 11 illustrates the subdivision of a rectangular domain into 4rectangular sub-domains, 
1;
2;
3 and 
4. In each sub-domain the corners ofthe rectangle are labeled 1, 2, 3, 4 in a counter-clockwise way. These numbersrepresent the local node numbers. And, the mesh nodes of the global domainare labeled 1 - 9 in a left to right and bottom to top way.

117




3
7 8 9

4 5 6
4 3
1 2 
44 3

1 2

1
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1 2Figure 11 - Subdivision Of A Rectangular DomainThe element nodes array is then given bynod[1][1] = 1 nod[1][2] = 2 nod[1][3] = 5 nod[1][4] = 4nod[2][1] = 2 nod[2][2] = 3 nod[2][3] = 6 nod[2][4] = 5nod[3][1] = 4 nod[3][2] = 5 nod[3][3] = 8 nod[3][4] = 7nod[4][1] = 5 nod[4][2] = 6 nod[4][3] = 9 nod[4][4] = 8 (3.11)
In this way each local node of each local rectangular element is associated witha global node in the mesh for the global domain.Equation[ 3.10], page 116, describes the system of equations on arectangular element 
e. If we let 118



Aeij = S�t [Mij] + [Kij]� [Gij]F eij = 1�t [Mij] n��j(tn�1)othen the system on the element 
e can be written as26664 Ae11 Ae12 Ae13 Ae14Ae21 Ae22 Ae23 Ae24Ae31 Ae32 Ae33 Ae34Ae41 Ae42 Ae43 Ae44 37775 26664 u1u2u3u4 37775 = 26664 F e1F e2F e3F e4 37775Using the relationship [ 3.11] between the local nodes and the global nodes,the systems on 
1 and 
2 can be written as26664 A111 A112 A113 A114A121 A122 A123 A124A131 A132 A133 A134A141 A142 A143 A144 37775 26664 U1U2U5U4 37775 = 26664 F 11F 12F 13F 14 37775and 26664 A211 A212 A213 A214A221 A222 A223 A224A231 A232 A233 A234A241 A242 A243 A244 37775 26664 U2U3U6U5 37775 = 26664 F 21F 22F 23F 24 37775The formula for incorporating the elements of the local systems into the globalsystem is derived from the equationnod[e][a] = AFor example, if we have the associationsnod[e][a1] = A1nod[e][a2] = A2and if Aij represents the ijth element in the global matrix, then Aij is built upwith the mappings of the form 119



AA1A1  AA1A1 + Aea1a1AA1A2  AA1A2 + Aea1a2etc.By either reading the associations o� the previous diagram or by using theelement nodes array, Equation[ 3.11], page 117, along with the associationsjust described, the coe�cient matrix of the global system has the form:26666666666664
A111 A112 0 A114 A113 0 0 0 0A121 A122 +A211 A212 A124 A123 +A214 A213 0 0 00 A221 A222 0 A224 A223 0 0 0A141 A142 0 A144 +A311 A143 +A312 0 A414 A313 0A131 A132 +A241 A242 A134 +A321 A133 + A244 +A322 +A411 A243 +A412 A324 A323 +A414 A4130 A231 A232 0 A234 +A421 A233 +A422 0 A424 A4230 0 0 A341 A342 0 A344 A343 00 0 0 A331 A332 +A441 A442 A334 A333 +A444 A4430 0 0 0 A431 A432 0 A434 A433

377777777777753.2.7 Velocity FieldOnce the piezometric head has been computed using the 
ow equation,the associated velocity �eld can be computed from the equation~V = �Kn r��If K is the hydraulic conductivity and B is the average depth of the tank, thenwe can write K0 = 1nK = 1nBTHence, ~V = � " K 011 K 012K 021 K 022 # " @��@x@��@y # = " �K 011 @��@x �K 012 @��@y�K 021 @��@x �K 022 @��@y # = " vxvy #Here, �� on a given element, 
e is given by the equation�� = rXi=1 ui iwhere 120



 1 =  1� (x� x1)a ! 1� (y � y1)b ! 2 = �x� x1a � 1� (y � y1)b ! 3 = �x� x1a ��y � y1b � 4 =  1� (x� x1)a !�y � y1b �In these equations, a is the horizontal length of the element, b is the verticalheight of the element and the point (x1; y1) is the coordinate of the lowerleft-hand corner of the element.3.2.8 The Transport EquationThe 2D transport equation for an incompressible porous medium isgiven by @u@t �r � (Dru) + ~V � ru = f (~x; t) 2 
� TwhereD is the dispersion tensor which may depend on time or distance from thesource and may have a component that is a stochastic process. The velocityvector, ~V , is assumed to be in (L1(
 � T ))2, but may also have a randomcomponent.The semi-discrete variational formulation takes the form with respectto a four-node rectangular element 
e0 = Z
e v@u@t d
e � Z
e vr � (Dru) d
e + Z
e v~V � rud
e � Z
e vfd
eThe second integral on the right side can be integrated via Green's formulaZ
 ~q � rpd
 + Z
 pr � ~qd
 = I@
 p~q � ~�d
to give
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0 = Z
e v@u@t d
e + Z
e Dru � rvd
e+ Z
e v~V � rud
e � Z
e vfd
e� I@
e vDru � ~�d
Assuming a uniform time step, �t, and a backward Euler estimate of the timederivative, @u@t � un � un�1�tthe fully discrete variational formulation is0 � Z
e v  un � un�1�t ! d
e + Z
e Dnrun � rvd
e+ Z
e v~V � rund
e � Z
e vfnd
e� I@
e vDrun � ~�d
where the superscript n represents the nth timestep. Then making the substi-tutions un = rXj=1uj(tn) j(~x) ~x = (x; y)v =  i(~x)and letting Dn = " Dn11 Dn12Dn21 Dn22 #The system of equations for the eth element becomes
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rXj=1 uj(tn)�t Z
e  i jd
e + rXj=1Dn11uj(tn) Z
e @ j@x @ i@x d
e+ rXj=1Dn12uj(tn) Z
e @ j@y @ i@x d
e+ rXj=1Dn21uj(tn) Z
e @ j@x @ i@y d
e+ rXj=1Dn22uj(tn) Z
e @ j@y @ i@y d
e+ rXj=1Vxuj(tn) Z
e @ j@x  id
e+ rXj=1Vyuj(tn) Z
e @ j@y  id
e� I@
e vDnrun � ~�d
� rXj=1 uj(tn�1)�t Z
e  i jd
e+ Z
e  ifnd
e i = 1; 2; � � � ; r3.2.9 Imposition Of The Boundary ConditionIn our problem, no 
ow boundary conditions are assumed to existalong the sides of the tank and zero concentrations are assumed to exist at theends of the tank. In addition, a pulsed-input is allowed to take place at oneof the injection ports in the tank for a speci�ed period of time. The followingexample illustrates how the system of equations is modi�ed to handle constantconcentrations at grid points. Suppose that the concentration is to remainconstant at a grid point on the left hand boundary, i.e.,u1 = �Suppose that the system to be solved is266664 A11 A12 � � � A1nA21 A22 � � � A2n...An1 An2 � � � Ann 377775 266664 u1u2...un 377775 = 266664 F1F2...Fn 377775123



Then by letting A11 = 1, A1i = 0; i = 2; � � � ; n and F1 = �, u1 is forced to beequal to � and the following system emerges266664 1 0 � � � 0A21 A22 � � � A2n...An1 An2 � � � Ann 377775 266664 u1u2...un 377775 = 266664 �F2...Fn 377775But, since u1 = �, the known terms can be moved to the right hand side toyield 266664 1 0 � � � 00 A22 � � � A2n...0 An2 � � � Ann 377775 266664 u1u2...un 377775 = 266664 �F2 � A21�...Fn � An1� 377775
u u u u u u u u uu u u u u u u u u�
�� �
��Injection Samplingu u u u u u u u uu u u u u u u u uu u u u u u u u u

Direction Of Flow-

Figure 12 - Boulder's Experimental Tank
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3.2.10 The Boulder ExperimentsNext, consider the test environment used in the Boulder experiments.It is similar to a con�ned aquifer into which a tracer (pollutant) is injected.It is assumed that the tracer immediately mixes locally with the water in theaquifer to form one phase. The Boulder experiment's horizontal tank has 45port locations where tracer injections can be made or samples can be taken.Constant head conditions are assumed at the ends of the tank and no 
owconditions are assumed on the sides of the tank. Figure 12 illustrates thelayout of the tank. The tank can be packed with various types of sand. Inthe homogeneous experiments, the tank is packed with a single type of sand.In the heterogeneous experiments, the tank is packed in a block arrangementwith each block having the dimensions of 12.2 cm � 12.2 cm, and there are200 blocks in a 20 � 10 rectangular array. Five types of sand are used withthe following hydraulic conductivities:Sand # Hydraulic-Conductivity (m/day)1 6.052 20.743 125.284 371.525 1036.5Figure 13 shows conceptually the locations of the �ve di�erent typesof sands by relative level of hydraulic conductivity. The actual hydraulic con-ductivity levels were not used to produce this plot because if the actual levelswere used, the resulting plot would not capture all of the features clearly be-cause of the wide spread between the lowest and highest values. Figure 14 is acontour plot of Figure 13, and probably shows in better detail the arrangementof the 5 sand types. In this �gure, the white areas represent the sands withthe highest hydraulic conductivity and the darker shades of gray representingprogressively lower hydraulic conductivities with the black areas the lowesthydraulic conductivity. With this arrangement of the sand blocks there is asigni�cant amount of heterogeneity in the tank.Using the �nite element model explained in Chapter 3, a simulation ofthe Boulder horizontal tank is conducted that is essentially described by Figure15. This methodology is a Monte Carlo method. The �rst thing that is done is125



0 20 40 60 80

10

20

30

40
Figure 14 - Hydraulic Conductivity Contours

Figure 13 - Hydraulic Conductivity Levels

20

40

60

80

10

20

30

40

10

20

30

20

40

60

80

126



for each of the 5 sands a sample hydraulic conductivity distribution is calculatedaccording to the method explained in Section 2.5.1. The samples generated arethen distributed over the domain of the tank by sand type. Following this, the
ow equation is solved for the steady state piezometric heads according to the�nite element scheme described in Section 3.2.5.

127



Flow/Concentration Solution Method-CreatePermeabilities(5 Sands) DistributeOverDomain?Solve FlowEquation ForPiezometric Head?ComputeElementVelocities?PPPPPPPPP��������� ���������PPPPPPPPP SampleSize OK?
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Figure 15 - Solution Methodology
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Figure 16 shows the computed pressure contours for one of these runs,which agrees with the pressure contours as measured in one of the tank exper-iments. The contours show very similar patterns. Figure 17 overlays the com-puted velocity �eld, Section 3.2.7, on the computed pressure contours showingthat the velocity vectors are orthogonal to the pressure contours. Flow linesfrom the tank experiments demonstrate velocity patterns similar to the com-puted velocities shown in Figure 17.Following the calculation of the velocities, the program cycles back togenerate another sample distribution of hydraulic conductivities. This processis continued until a predetermined number of sample runs have been made.The program then computes the dispersion coe�cients for the numerical gridblocks according to the methodology speci�ed in Section 2.4. These dispersioncoe�cients are used along with the average velocities to compute tracer plumescreated by injecting a tracer into the tank at a selected point. The �nite elementscheme for this is outlined in Section 3.2.8. Figure 18 shows the developmentof a computed plume. The dog-leg appearance is to be expected as can beinferred from looking at the 
ow lines of the velocity �eld.3.3 SummaryChapter 3 begins by de�ning the two basic forms of the 
ow/transportproblem. In the general case, either the density or the viscosity of the sin-gle phase created by two mixing 
uids is dependent on the concentrationand/or the pressure. In this case, the 
ow/transport problem takes the formof a coupled system of PDE's that must be solved simultaneously. The pres-sure/velocity pair can be solved for together using mixed �nite elements, fol-lowed by a solution of the transport equation by some method. The code thatis currently available to solve the coupled system in this fashion is the SEGMIXcode. It uses the mixed method to solve for the pressure/velocity pair and themodi�ed method of characteristics (MMOC) to solve the transport equation.However, in order to use this code to study the horizontal tank experiments,the treatment of the boundary conditions would have to be modi�ed.In the tracer case, the problem is less complicated, and the uncoupledsystem can be solved using the standard Galerkin �nite elements. Section3.2 contains descriptions of the implementation of the various components ofthe �nite element method. Section 3.2.2 to 3.2.4 explain the numerical gridand the numerical integration scheme used to calculate the integrals arising129
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Figure 17 - Computed Velocity Field On Pressure Contours
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from the variational formulation. Section 3.2.5 contains a derivation of thelocal system of equations for the 
ow equation, and Section 3.2.6 describesthe assembly of the local systems into a global system. The derivation ofthe velocity �eld from the computed piezometric heads is contained in Section3.2.7. Section 3.2.8 shows the derivation of the system of equations that followfrom the variational formulation of the transport equation. Since there areconstant boundary conditions at the ends of the tank, and a pulsed-input isallowed to take place at an injection point, it is necessary to allow constantconcentration conditions to exist at some grid points. The modi�cation of theglobal system of equations to allow certain grid points to maintain a constantlevel of concentration is explained in Section 3.2.9. Because of the pulsednature of the injection process, additional discritization is required around theinjection point in order to obtain acceptable Peclet numbers.Section 3.2.10 describes in more detail the horizontal test tank used inthe Boulder experiments. Two types of experiments are conducted in the tank.The homogeneous experiments are those in which the tank is packed with asingle type of sand as rated by its hydraulic conductivity. In the heterogeneousexperiments, the tank is packed in a block arrangement with 5 di�erent typesof sand. The hydraulic conductivities of the sands range from 6.05 m/dayfor Sand #1 to 1036.5 m/day for Sand #5. With this wide span of hydraulicconductivities, a signi�cant amount of heterogeneity is represented in the tank.The block arrangement of the sands in the tank is represented graphically inFigures 13 and 14 in Section 3.2.10. Figure 15 provides a 
owchart of the basicprogram components used and how they interact. Comparisons of computersimulation results shown in Figures 16 and 17 to actual tank measurementsshow very good agreement. Figure 18 illustrates a computed tracer plume.
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4. Moment EquationsPermeability, density and viscosity are related through hydraulic con-ductivity. So, both soil properties and 
uid properties are represented in hy-draulic conductivity. Furthermore, hydraulic conductivity determines the ve-locity �eld of the water in the aquifer, and if a solute is introduced into theaquifer, the path a solute particle takes through the aquifer is determined bytwo components. First, the path has a component that is due to molecular dif-fusion and, secondly, a component that is due to the mechanical mixing thatresults from the convective transport. This means that the developing plumeis dispersing about a path that is changing due to the in
uence of the con-vective transport determined by the large-scale heterogeneities of the aquifer'sdomain. In Chapter 2, one method of determining the dispersion used in thetransport equation was discussed, and in Chapter 3 that method was imple-mented to estimate the expected value of the concentration of a tracer injectedinto the tank. The entire approach was based on stochastic descriptions of thehydraulic conductivities of the 5 di�erent types of sands with which the tank ispacked. As explained in Chapter 3, the domain is subdivided into rectangulargrid blocks, each of which is assigned its own average velocity and dispersioncoe�cient computed according to the methodology explained in Chapter 2.This approach provides the domain of the aquifer with a velocity �eld thatmimicks large-scale changes in the permeabilities of the di�erent sections.However, only the expected value of the concentration is predicted.What is needed in addition to this is a system that will provide informationon higher order moments. In general, the more moments that are known, thebetter the probability density can be described. It would be desirable to atleast know something about the second moments.The purpose of this section is to analyze three methods of providinginformation on higher moments. In the �rst method, the second moments arederived from the transport equation by a method of distributed parameters.The second and third methods both involve the theory of stochastic di�erentialequations. For the second method, an approach using the Itô calculus, speci�-cally Itô's lemma, is used. Finally, the third method seeks to �nd the solutionin terms of the evolution operator. In certain circumstances, this method is asemigroup method. 132



4.1 Moments Derived From Distributed ParametersThe �rst method is based on the work of Graham And McLaughlin[48]who derive unconditional ensemble moments, ie, moments that do not dependon concentration observations. Starting from the transport equation,@c@t +r � (c~V )�r � [Drc] = 0 (4.1)and lettingc = E[c] + c0 ~V = E[~V ] + ~V 0 E[c0] = 0 E[ ~V 0] = 0 (4.2)we get by substituting Equation[ 4.2] into Equation[ 4.1]@E[c]@t + @c0@t + r � hE[c]E[~V ] +E[c] ~V 0 +E[~V ]c0 + c0 ~V 0i� r � [DrE[c] +Drc0] = 0 (4.3)and by taking expectations and using E[c0] = E[ ~V 0] = 0, we get the meanconcentration equation@E[c]@t +r � �E[c]E[~V ]��r � (DrE[c]) +r �E[c0 ~V 0] = 0 (4.4)Subtracting Equation[ 4.4] from Equation[ 4.3] we get an equation that involvesthe perturbations of the concentration and the velocity �eld@c0@t +r �E[c] ~V 0 + r �E[~V ]c0 +r � (c0 ~V 0)� r �Drc0 �r �E[c0 ~V 0] = 0 (4.5)Multiply Equation[ 4.5] by the perturbed velocity vector at a point ~x0 di�erentfrom ~x. Since the velocity perturbation depends only on the spatial variableand ~x0 is di�erent from ~x and the derivatives are taken at ~x, it follows that@(c0 ~V 0(~x0))@t + �r~x �E[c] ~V 0(~x)� ~V 0(~x0) +r~x �E[~V ]c0 ~V 0(~x0)+ r~x � �c0 ~V 0(~x)� ~V 0(~x0)�r~x �Dr~xc0 ~V 0(~x0)� r~x �E[c0 ~V 0(~x)] ~V 0(~x0) = 0133



The ith component of this equation is written@(c0V 0i (~x0))@t +  @@xj (E[c]V 0j (~x)!V 0i (~x0)+ @@xj (E[Vj]c0)V 0i (~x0) + @@xj �c0V 0j (~x)�V 0i (~x0)� @@xj  Djk @@xk (c0)!V 0i (~x0)� @@xj �E[c0V 0j (~x)]�V 0i (~x0) = 0Since the components V 0i are evaluated at ~x0, they are constants with respectto the @@xj operator, and so we can write@(c0V 0i (~x0))@t + @@xj �E[c]V 0j (~x)V 0i (~x0)�+ @@xj �E[Vj]c0V 0i (~x0)�+ @@xj �c0V 0j (~x)V 0i (~x0)� (4.6)� @@xj  Djk @@xk (c0V 0i (~x0))!� @@xj �E[c0V 0j (~x)]V 0i (~x0)� = 0De�ne CVic(~x0; ~x; t) = E[V 0i (~x0)c(~x; t)]CViVj(~x0; ~x) = E[V 0i (~x0)V 0j (~x)]CcViVj(~x0; ~x; t) = E[c0(~x; t)V 0i (~x0)V 0j (~x)]Ccc(~x0; ~x; t) = E[c0(~x0; t)c0(~x; t)]Taking expectations of Equation[ 4.6] yields the velocity-concentration covari-ance equation.@@tCcVi(~x0; ~x; t) + @@xjE[c]CViVj (~x0; ~x)+ @@xjE[Vj]CcVi(~x0; ~x; t) (4.7)+ @@xjE[c0(~x; t)V 0j (~x)V 0i (~x0)]� @@xj  Djk @@xkCcVi(~x0; ~x; t)! = 0134



Note: The last term in Equation[ 4.6] vanishes because E[V 0i (~x0)] = 0.Taking Equation[ 4.5] and multiplying by c0(~x0; t) where ~x0 6= ~x and using theassumption that E[c0(~x0; t)] = 0 and the covariance de�nitions we getE " @@t(c0(~x; t))c0(~x0; t)# + @@xjE[c(~x; t)]CVjc(~x0; ~x; t)+ @@xjE[Vj(~x)]Ccc(~x0; ~x; t) (4.8)+ @@xjE[c0(~x; t)c0(~x0; t)V 0j (~x)]� @@xj "Djk @@xkCcc(~x0; ~x; t)# = 0Interchanging the roles of ~x0 and ~x we getE " @@t(c0(~x0; t))c0(~x; t)# + @@x0jE[c(~x0; t)]CVjc(~x; ~x0; t)+ @@x0jE[Vj(~x0)]Ccc(~x; ~x0; t) (4.9)+ @@x0jE[c0(~x0; t)c0(~x; t)V 0j (~x0)]� @@x0j "Djk @@x0kCcc(~x; ~x0; t)# = 0Adding Equations [ 4.8] and [ 4.9] and using the product rule of di�erentiation@@tCcc(~x0; ~x; t) = @@tE[c0(~x0; t)c0(~x; t)]= E " @@t (c0(~x0; t))c0(~x; t)#+E " @@t(c0(~x; t))c0(~x0; t)#the following equation for the concentration covariance is obtained@@tCcc(~x0; ~x; t) + @@xjE[Vj(~x)]Ccc(~x0; ~x; t)
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+ @@x0jE[Vj(~x0)]Ccc(~x; ~x0; t)� @@xj "Djk @@xkCcc(~x0; ~x; t)#� @@x0j "Djk @@x0kCcc(~x; ~x0; t)# + @@xjE[c(~x; t)]CVjc(~x0; ~x; t)+ @@x0jE[c(~x0; t)]CVjc(~x; ~x0; t) + @@xjE[c0(~x; t)c0(~x0; t)V 0j (~x)]+ @@x0jE[c0(~x0; t)c0(~x; t)V 0j (~x0)] = 0 (4.10)The mean concentration equation can be written using the covariance notationas @E[c]@t + nXi=1 @@xi (E[c]E[Vi]) � nXi=1 @@xi 24 nXj=1Dij @@xjE[c]35+ nXi=1 @@xiCcVi = 0This equation has the form of a transport equation with a forcing term thatinvolves the concentration-velocity covariance.The velocity-concentration equation[ 4.7] has the form of a transportequation that involves a forcing term that consists of one term that containsthe product of the mean concentration and the velocity covariances and oneterm that involves the expected value of the product of the perturbation ofthe concentration and velocities. The mean concentration equation and thevelocity-concentration covariance are coupled through the E[c] variable andthe CcVi variable.The concentration-covariance equation[ 4.10] also has the form of atransport equation with a forcing term consisting of the last four terms inEquation[ 4.10]. The coupling to the other two equations is through the termsE[c] and CcVi.In order to solve this system, the mean velocities and the velocitycovariances are required as inputs. The terms, then, that have to be dealt withto form a closed system are
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@@xjE[c0(~x; t)V 0j (~x)V 0i (~x0)]@@xjE[c0(~x; t)c0(~x0; t)V 0j (~x)] (4.11)@@xjE[c0(~x0; t)c0(~x; t)V 0j (~x0)]These terms are considered to be small, and therefore neglected. To say thatthese terms can be considered to be small and therefore can be neglected doesnot seem convincing. By saying that the perturbations are small would cer-tainly imply that the expectations of the products of the perturbations aresmall, but these terms involve the spatial derivatives of the perturbations andthere is no reason to believe that they are small.These terms can be eliminated if the assumption is made that theycome from a multivariate Gaussian distribution. The multivariate Gaussianprobability density function for n dependent random variables is given byf(z1; z2; � � � ; zn) = jVj� 12(2�)n2 exp��12(~z � ~�)y(V�1)(~z � ~�)�where ~z = (z1; z2; � � � ; zn)y~� = (E[z1];E[z2]; � � � ;E[zn])y
V = 0BBBB@ �21 �12 � � � �1n�21 �22 � � � �2n...�n1 �n2 � � � �2N 1CCCCASo that V is the variance-covariance matrix.The multivariate characteristic function is given by, Springer[93], page 75,�(�1; �2; � � � ; �n) = exp��12~� yV~�� exp �i~� y~��137



Applying this theory to our problem, consider the trivariate case where~z = (c0(~x; t); c0(~x0; t); V 0j (~x))ySince the variations are assumed to have zero means, it follows that~� = 0And, the trivariate characteristic function has the form�(�1; �2; �3) = exp��12~� yV~��The expression ~� yV~� is a quadratic form, and when expanded is equal to~� yV~� = (�1; �2; �3) 264 �21 �12 �13�21 �22 �23�31 �32 �23 375 264 �1�2�3 375 = 3Xi=1 3Xj=1 �ij�i�jSo, the trivariate characteristic function is given by�(�1; �2; �3) = exp0@�12 3Xi=1 3Xj=1 �ij�i�j1AThe reason for introducing the multivariate characteristic function is that mo-ments can be generated from it by taking derivatives. In particular,E[z1z2z3] = " 1i3 @3�(�1; �2; �3)@�1@�2@�3 #�1=�2=�3=0On taking the partial derivatives and using the condition that �1 = �2 = �3 = 0,it follows that E[z1z2z3] = 0So, with the assumption of a joint Gaussian distribution the terms in Equa-tion[ 4.11] can be removed.
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4.2 An Itô Calculus Approach4.2.1 System De�nitionA solution is sought for the following system:@u@t + A(x; t; !)u = g(x; t; !) (x; t; !) 2 G� [0; t]� 
Q(x; t; !) = J(!) (x; t; !) 2 @G� [0; T ]� 
 (4.12)u(x; 0; !) = u0(x; !) (x; !) 2 G� 
where g 2 L2(
;B; P ) the space of second order random functions.G � <n is an open domain with a Lipshitz continuous boundary, @G, andt 2 (0;1).The operator A is de�ned asAu = Xjkj;jlj�m(�1)jkjDk(pkl(x; t; !)Dlu)The operatorD represents weak di�erentiation and the solution u 2 L2(0; T ;V ),where L2(0; T ;V ) = �f : [0; T ]! V : Z t0 kfk2V dt <1�The Hilbert space V represents an mth order Sobolev space of L2(
)-valuedrandom functions on the set G. The space V will be more completely speci�edin the sub-section entitled Existence Theory.4.2.2 Types Of ProblemsThe following is a list of the di�erent types of problems that canpotentially be handled using the stochastic evolution equation formulation:� The random initial value problem; u0 is random
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� The random boundary value problem; J is random� The random forcing problem; g is random� The random operator problem; A or Q is random� The random geometry problem; G is random� Combinations of the aboveIn this report, the groundwater 
ow problem will be treated as a random forcingterm problem, ie, g is allowed to be random. And, the groundwater transportproblem will be treated as a random operator problem, ie, the operator A willbe allowed to have a random component. The interest here is in techniques forsolving the stochastic evolution equations and in determining their �rst andsecond moment equations.First, the problem of existence of solutions has to be addressed. It isnecessary to be able to state conditions under which solutions will exist, andbe able to specify the spaces that will contain the solutions.4.2.3 Existence TheoryThe existence theory in this section is compiled from Becus[13], Sawaragi,Soeda, Omatu[85], Serrano, Unny, Lennox[90] and Oden and Reddy[72].Let (
;B; P ) be a complete probability space and de�neL2(
) = L2(
;B; P )to be the space of second order random functions on 
. A probability space iscomplete if the measure P is complete, i.e., if any subset of a set, B 2 B, withP (B) = 0, also belongs to B. The space L2(
) is a Hilbert space with innerproduct (f; g)
 = Z
 fgdP = E[fg]Next the following set M is de�nedM = ff : G! L2(
)g140



to be the set of second order random functions on G � <n.Using the set M , the following spaces are de�ned:H = L2[G;L2(
)] = ff 2M : kfk
 2 L2(G)gwhere L2(G) are the square-integrable functions on G.H is a Hilbert space with inner product(f; g)H = ZG(f; g)
dG = ZGE[fg]dG= ZG Z
 fgdPdGAnd, for m � 0,Hm = Hm(G;L2(
)) = ff 2M : D�f 2 H; j�j � mgHm is a Hilbert space with inner product(f; g)Hm = Xj�j�m(D�f;D�g)HHence, Hm is the mth order Sobolev space of L2(
)-valued functions on G. LetV be a real separable Hilbert space such thatV = Hand the injection i : V ! His continuous. It then follows that the following diagram can be establishedV i�! HZV # # ZHV 0 i0 � H 0
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where the mappings ZV and ZH are the Riesz maps between the Hilbert spacesV and its dual V 0 and between H and its dual H 0, respectively.And, by identifying H with its dual, H 0, it can be shown thatV � H = H 0 � V 0and that H 0 is densely embedded in V 0. Using the Hahn-Banach theorem,the duality pairing on V 0 � V can be identi�ed with the unique extension ofthe duality pairing on H 0 � H, < q; u >H . And, by the Riesz Representationtheorem, 8q 2 H 0, 9 vq 2 H such that< q; u >H= (vq; u)H 8u 2 Hwhere (�; �)H is the inner product on H. So, the duality pairing on V 0 � V canbe identi�ed with the unique extension of the inner product on H.Given this, the norm on V 0 can be represented ask�kV 0 = supu2Vu6=0 j < �; u >V jkukV= supu2Vu6=0 j(v�; u)H jkukVFor 0 < T <1, de�neL2(0; T ;V ) = (f : [0; T ]! V : Z T0 kfk2V dt <1)And, if f 2 L2(0; T ;V ), then Dtf is the derivative of f in the sense of V -valueddistributions, ie, Dtf 2 V 0De�ne W (0; T ) = nf 2 L2(0; T ;V ) : Dtf 2 L2(0; T ;V 0)oW (0; T ) is a Hilbert space with norm142



kfk2W = Z T0 �kfk2V + kDtfk2V 0� dtBecus[13] recasts the stochastic evolution equation in its variational form, andletting (A(x; t; !)u; v)H = a(u; v)satisfy ja(u; v)j �MkukV kvkV 9 M > 0and the ellipticity condition that 9� such that 8v 2 V and for some � > 0a(v; v) + �kvk2H � �kvk2Vfor almost all t 2 [0; T ], proves the following existence theorem.Theorem: There exists a unique stochastic process u 2 W (0; T ) as a solutionof the system [ 4.12]. Also, this solution is continuously dependent on the data,ie, the mapping fg; u0g ! uis continuous from L2(0; T ;V 0)�H to L2(0; T ;V ). 24.2.4 Stochastic IntegrationAt this point I will return to the concept of stochastic integration thatwas discussed brie
y in Chapter 2. That discussion characterized the stochasticintegral in terms of a Wiener or Brownian motion process. Doob[36] general-izes this somewhat to de�ne the stochastic integral in terms of a martingale.This term is not very descriptive. In fact, the primary de�nition in Webster'sdictionary is that of a part of a harness for a horse. However, it is also usedto describe a system of betting strategies. Of course, probability theory makesthis form of the de�nition more precise. Following Doob[36], Burrill[17] andJazwinski[54], the major ideas are outlined below. As a matter of conveniencethe Radon-Nikodym Theorem is stated as found in Burrill[17].Radon-Nikodym Theorem Let the measure � and the absolutely continu-ous additive function � be �-�nite. Then there is a �nite valued measurablefunction g such that 143



�(E) = ZE gd�for each measurable set E. 2Given a probability space (
; E ; P ) and an integrable random variableX on 
, de�ne the function �(E) = ZEXdPwhich is an additive function and absolutely continuous relative to P; (�(E) =0 if P (E) = 0). The set E belongs to a �-algebra F contained in E . So, bythe Radon-Nikodym Theorem there is an F -measurable function denoted byE[XjF ] such that �(E) = ZE E[XjF ]dP = ZEXdPfor each E 2 F and called the conditional expectation of X given F . In fact,E[XjF ] represents an equivalence class of integrable random variables suchthat any member of the equivalence class is measurable with respect to F andhas the same integral as X over any E 2 F .Next, let T � I [ f�1;+1gwhere I is the set of integers, and let fFt : t 2 Tg be a collection of �-algebrassuch that Fs � Ft � E for s < tand, �nally, let fX(t) : t 2 Tg be a collection on integrable random variablessuch that X(t) is measurable relative to Ft for each t. In probability theory,the sets in Ft are called events, and the measurability of X(t) with respectto the �-algebra Ft can be interpreted to mean that the values of X(t) aredetectable by the events in Ft.De�nition: The collection fX(t) : t 2 Tg is a martingale relative to fFt : t 2Tg if 144



X(s) = E[X(t)jFs] s < tand a semi-martingale relative to fFt : t 2 Tg ifX(s) � E[X(t)jFs] s < tFurthermore, the following theorem holdsTheorem: The collection fX(t) : t 2 Tg of integrable random variables is amartingale i� for all s; t 2 T with s < t and all E 2 FsZEX(s)dP = ZE E[X(t)jFs]dP = ZEX(t)dPand a semi-martingale i� for all s; t 2 T with s < t and all E 2 FsZEX(s)dP � ZE E[X(t)jFs]dP � ZEX(t)dP 2The relationship between martingales and the Wiener process is given by thefollowing theorem from Doob[36]Theorem: Let fX(t);Ft; a � t � bg be a real martingale, and suppose thatalmost all sample paths of the process are continuous. Suppose thatE[X(t)2] <1 a � t � band that for each pair s; t with s < tE[(X(t)�X(s))2]jFs] = t� swith probability 1. Then it follows that the X(t) process has independentincrements and is a Wiener process. 2Doob[36] de�nes the stochastic integralZE �(t; !)d�(t)by assuming that the process �(t) is a martingale (evidently it can be extendedto include �(t) as a semi-martingale). The Itô integral discussed in Chapter 2follows as a special case from the preceding theorem.145



Jazwinski[54] de�nes the Itô integral as the mean square limit of stepfunction processes in the following manner:De�nition A step function, g(t; !), is de�ned asg(t; !) = 8><>: 0 t < a1gj(!) aj � t < aj+1 j � n� 10 an � twhere a1 < � � � < an, and gj(!) is measurable with respect to Faj andE hjgj(!)j2i <1 and gj(!) is independent off�(ak)� �(al) : aj � al � ak � angThis is a condition of nonanticipativeness. One way of interpreting this is thatthe function gj is independent of the Wiener process in future time t. In otherwords, the values of gj are observable only by events prior to aj.Let fgn(t; !)g be a sequence of step function processes converging tothe process g(t; !) in the sense thatZT E hjg(t; !)� gn(t; !)j2i dt! 0 as n!1then the Itô integral of the process g(t; !) with respect to the Wiener process�(t; !) is de�ned to beZT g(t; !)d�(t) = (m2) limn!1 ZT gn(t; !)d�(t)Stochastic integrals are de�ned in the sense of mean squared convergence whichimplies convergence in measure P , because if � > 0 and
n = �! : ����ZT gn(t; !)d�(t)� ZT g(t; !)d�(t)���� � ��then Z
n ����ZT gn(t; !)d�(t)� ZT g(t; !)d�(t)����2 dP � Z
n �2dP = �2P (
n)Hence, from the mean convergence it follows that
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P (
n) � 1�2 Z
n ����ZT gn(t; !)d�(t)� ZT g(t; !)d�(t)����2 dP� 1�2 Z
 ����ZT gn(t; !)d�(t)� ZT g(t; !)d�(t)����2 dP! 0 as n!1In order to extend these results to a Hilbert space, H, it is necessary to de�nea Wiener process in a Hilbert space, Falb[37], Curtain and Falb[26], [27], andSawaragi, Soeda, Omatu[85]. If W (t) is an H-valued Wiener process, thenthere are complex random processes f�ig1i=0 such thatW (t) = 1Xi=0 �i(t)eialmost everywhere in (t; !). Here, feig1i=0 is an orthonormal basis of H. And,<(�i(t)) and =(�i(t)) are real Wiener processes.Itô stochastic integration is extended to the Hilbert space setting asfollows: First, in Section 1.3, a complex-valued second order random variablewas de�ned in terms of the modulus function, j � j. In the case of a Hilbertspace valued random variable, the H-valued random variable, X(!), is secondorder if E hkX(!)k2Hi <1where the modulus function is now replaced by the H-norm, k � kH . Secondly,the mean squared convergence is done in terms of the k � kH norm instead ofthe j � j function.Let H be a Hilbert space and W (t) an H-valued Wiener process.Also, let g(t; !) be a step function from T into L(H;H)g(t; !) = 8><>: 0 t < a1gj(!) aj � t < aj+1 j � n� 10 an � twhere a1 < � � � < an, and if gn(t; !) is a sequence of step functions convergingto g(t; !), then 147



ZT g(t; !)dW (t) = (m2) limn!1 ZT gn(t; !)dW (t)= (m2) limn!1 nXj=1 gnj (!) [W (tj)�W (tj�1)]Or, limn!1E "



ZT gn(t; !)dW (t)� ZT g(t; !)dW (t)



2H# = 0Because the Itô integral is applicable to a wider class of functions, it is used inthis analysis even though new rules of Itô calculus must be devised.4.2.5 Itô's Lemma In Hilbert SpaceThe most important new rule required for the solution of the stochasticevolution equations is Itô's lemma in Hilbert space. It is a kind of change ofvariable formula. The one-dimensional version of the Itô formula was describedin Section 1.1, where the relationshipdW (t)2 = dtwas used to develop it. Using the relationshipE hd ~W (t) d ~W (t)yi = Q(t)dtwhere ~W (t) = hW 1(t); � � � ;Wm(t)iyis an m-dimensional Wiener process, and the mappings~a : [t0; T ]� <d ! <db : [t0; T ]� <d ! <d�mthe d-dimensional vector stochastic di�erential equation isd ~X(t) = ~a(t; ~X(t)) + b(t; ~X(t)) d ~W (t)Then, Jazwinski[54], Kloeden, et al[59], for a su�ciently smooth function148



g : [t0; T ]�<d ! <kof the solution ~X(t), t0 � t � T , there is a k-dimensional process~Y (t) = g(t; ~X(t)) t0 � t � Tsuch that for the pth component of the vector process ~Y (t),dY p(t) = 0@@gp@t + dXi=1 ai@gp@xi + 12 dXj;k=1 mXi;l=1 bkiQilbjl @2gp@xj @xk1A dt+ mXl=1 dXi=1 bil @gp@xi dW l(t) p = 1; � � � ; kwhere all terms are evaluated at the points (t; ~X(t)). This is the �nite dimen-sional vector version of Itô's formula.As for the in�nite dimensional version, let�1(H;K) = fS(t; !) : S(t; !) 2 L(H;K)and Z T0 E[kS(t; !)k2L(H;K) <1gItô's Lemma Let H, K, and G be Hilbert spaces and letW (t) be an H-valuedWiener process. Suppose that g(t; c) is a continuous map of [0; T ]�K into Gand that u(t) is a K-valued stochastic process with stochastic di�erentialdu(t) = A(t; !)dt+ C(t; !)dW (t)such that� gt(t; c) is continuous on [0; T ]�K� g(t; �) is twice continuously di�erentiable on K for each �xed t 2 [0; T ].� gc(t; c) and gcc(t; c) are continuous in (t; c) on [0; T ]�K.� A(t; !) is a K-valued stochastic process which is measurable relativeto Ft, t 2 [0; T ], and integrable on [0; T ], with probability 1.� C(t; !) 2 �1(H;K) and R T0 E[kC(t; !)k4dt <1� W (t) is real, and gt and gc denote the partial and Frechet derivatives.149



Then z(t) = g(t; u(t))has the G-valued stochastic di�erentialdz(t) = �gt(t; u(t)) + gc(t; u(t))[A(t; !)] + 12 ~tr(gcc(t; u(t))[C(t)�W ]� dt+ gc(t; u(t))[C(t)]dW (t)Here ~tr represents a trace operator which is de�ned as~tr(gcc(t; u(t))[C(t)�W ] � 1Xi=1 gcc(t; u(t))[C(t)q�iei; C(t)q�iei] (4.13)where �W = P1i=1p�iei and the feig is an orthonormal basis of H of eigen-vectors of Q, the covariance operator associated with the Wiener process,W (t), with corresponding eigenvalues f�ig. The existence of these eigenvaluesand eigenvectors follows from the de�nition of an H-valued Wiener process,Falb[37], Curtain and Falb[26, 27] and Sawaragi, Soeda and Omatu[85], wherethe covariance operator, Q, is assumed to be compact.A Corollary that will be more useful is:Corollary: Suppose that in addition to the hypothesis of the theorem that welet G = <. Then dz(t) can be written asdz(t) = fgt(t; u(t)) + (A(t; !);rcg(t; u(t)))+ 12tr(C(t; !)Q(t)C�(t; !)�ccg(t; u(t)))gdt+ (C�(t; !)rcg(t; u(t)); dW (t))where rcg and �ccg are the gradient and Hessian of g with respect to c.Versions of these results on Itô's lemma are found in Curtain andFalb[26], Bensoussan[14] and Sawaragi, Soeda, Omatu[85].
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4.2.6 Small o NotationLet X be a B-space with dual X 0, then < y0; x > is the duality pairingof y0 and x. Let x1 2 X, y01 2 X 0 and de�ne the mappingx1 � y01 : X ! Xsuch that (x1 � y01)x = x1 < y01; x > 8x 2 XTheorem: Let X be a B-space and let  be the mapping of X � X 0 intoL(X;X) de�ned by  (x1; y01) = x1 � y01Then  has the following properties:�  is continuous�  is linear in both x1 and y01� (x1 � y01)0 = y01 � x1 if X is re
exiveNote: If X = <n, then ~x1 � ~y01 can be identi�ed with the matrix ~x1~yy1.The small � notation can be used to de�ne the concept of covari-ance on a Hilbert space H. The inner product (h;X(!))H is a linear randomfunctional on H 0. So, if X(!) 2 H, then(�; X(!))H : H 0 ! <1and (h;X(!)H is a real random variable. Hence, E[(h1; X1)H(h2; X2)H ] repre-sents the covariance of X1 and X2. Let h1; h2 2 H 0 and let X1; X2 2 H, thenby identifying H = H 0 it follows that�h1; (X1 �X 02)h2�H = (h1; (X1 �X2)h2)H= (h1; X1(X2; h2)H)H= (h1; X1)H (h2; X2)HSince (X1 �X 02)h2 2 H, by taking expectations it follows thatE[(h1; X1)H(h2; X2)H ] = �h1;E[(X1 �X 02)h2]�H151



Assuming for the moment that E[X1] = E[X2] = 0 and that the mapping� : H 0 �H 0 �! <1 3�(h1; h2) = E [(h1; x1)H(h2; x2)H ] = (h1;Cov[x1; x2]h2)HThen, by the Riesz Representation theory, there is a unique Riesz map � 2L(H 0; H) such that �(h1; h2) = (h1;�h2)Hwhere � is called the covariance operator, and since � is unique, � = E[X1�X 02].In the case that the expected values of X1 and X2 are not zero, the covarianceoperator of X1 and X 02 is de�ned as, Falb[37],Cov[X1; X2] = Cov[X1; X 02] = E[X1 �X 02]� E[X1] �E[X 02]4.2.7 Hilbert Space StructuresKadison[55] gives the following de�nitions for a Direct Sum Of HilbertSpaces and for a Direct Sum Of Operators:LetH1,H2, � � �,Hn be Hilbert spaces andK be the set of all n-tuples fx1; x2; � � � ; xngwith xi 2 Hi. Then there is a Hilbert space structure on K with the followingde�nitions:Algebraic Operations:afx1; � � � ; xng+ bfy1; � � � ; yng = fax1 + by1 � � � ; ayn + byngInner Product:< fx1; � � � ; xng; fy1; � � � ; yng >= (x1; y1) + � � �+ (xn; yn)Norm: kfx1; � � � ; xngk = [kx1k2 + � � �+ kxnk2] 12The resulting Hilbert space K is called a Hilbert direct sum of H1; � � � ;Hn andis denoted 152



H1 � � � � � Hn � nXi=1�HiLet Hi and Ki be Hilbert spaces and Ti 2 B(Hi;Ki); i = 1; � � � ; n, then theequation Tfx1; � � � ; xng = fT1x1; � � � ; Tnxng x1 2 H1; � � � ; xn 2 Hnde�nes a linear operator T such thatT : nXi=1�Hi ! nXi=1�Kiwhere T � nXi=1�TiThe following notation will be used:fx1; � � � ; xng � nXi=1�xiThe direct sum of operators has the following properties: nXi=1�Ti!� = nXi=1 T �inXi=1�(aSi + bTi) = a nXi=1�Si!+ b nXi=1�Ti! nXi=1�Ri! nXi=1�Si! = nXi=1�RiSiFrechet DerivativesIn order to derive the �rst moment equation, letg(t; �) = (h; �)H h 2 H 0So that 153



g : [0; T ]�H ! <And, for a �xed t, g : H ! <If the Frechet derivative exists, then the Gateaux derivative exists and the twoare equal. Denote the Frechet derivative by the symbol@g@� 2 L(H;<)By the Riesz Representation theorem, the Frechet derivative can be representedby the inner product on H. So, for a �xed h, the Frechet derivative is de�nedas @g@� � =  @g@� ; �!H = lim�!0 (h; � + ��)H � (h; �)H�From this de�nition it follows that @g@� ; �!H = (h; �)H ) @g@� = h 2 L(H;<)Since h and � are �xed, (h; �)H is a constant. So, the second Frechet derivativeof g is zero.To derive the second moment equation, letg(t; �) = (h1; �)H(h2; �)HThen, @g@� ; �!H = lim�!0 (h1; � + ��)(h2; � + ��)� (h1; �)(h2; �)�= lim�!0 (h1; ��)(h2; �) + (h1; �)(h2; ��) + (h1; ��)(h2; ��)�= (h1; �)(h2; �) + (h1; �)(h2; �)Or, in operator notation if we let 154



T1 = (h1; �)h2 and T2 = (h2; �)h1Then, T = T1 � T2 : H �H ! H �Hand, using the de�nitions for the inner products we have,< (h1; �)h2 � (h2; �)h1; � � � >= (h1; �)(h2; �) + (h1; �)(h2; �) =  @g@� ; �!HSo, we can make the identi�cation@g@� = (h1; �)h2 � (h2; �)h1For the second derivative, we can write@2g@�2 2 L(H;L(H;<)) �= L(H �H;<)where �= represents an isometry. Again, by the Riesz Representation theorem,the second derivative is given by@2g@�2 (�; �) =  @2g@�2 � � �; � � �!H�H= lim�!0 [(h1; � + ��)(h2; �) + (h2; � + ��)(h1; �)]� [(h1; �)(h2; �) + (h2; �)(h1; �)]�= lim�!0 [(h1; � + ��)(h2; �)� (h1; �)(h2; �)] + [(h2; � + ��)(h1; �)� (h2; �)(h1; �)]�= (h1; �)(h2; �) + (h2; �)(h1; �) �; � 2 HAnd, if we identify H with its dual H 0 we can write this operator in terms ofthe small o notation, so that(h1; �)h2 = (h2 � h1)�With this notation we can write 155



@2g@�2 (�; �) = (h1; �)(h2; �) + (h2; �)(h1; �)= < (h2 � h1)� (h1 � h2)� � �; � � � >Hence, @2g@�2 = h1 � h2 � h2 � h14.2.8 Moment Equation DerivationIn this section, equations for which the forcing term has a Gaussianwhite noise component are discussed, References for this section are �Astr�om[7],Bensoussan[14], Chow[22] and Serrano, Unny, Lennox[90].In the �nite dimensional case, �Astr�om[7] shows that the linear stochas-tic di�erential equation dx = �Axdt + f + dvwhere dv is a white noise process, has moment equationsdM1dt = �AM1 + fand dM2dt = �(AM2 +M2Ay) + fM1 +M1f y +R1 (4.14)where E[v(t)v(t)] = R1t. A result similar to this will be derived for the in�nitedimensional case.Consider the equation dudt = �Au + f + �where u is a function of (t; x; !) and belongs to a Hilbert space H; A is aspatially elliptic operator; f is deterministic; and � is a Gaussian white noiseprocess.In integral form, this equation is 156



u(t) = u(0) + Z t0 (�Au+ f)ds+ Z t0 �(s)dsThen, W (t) = R t0 �(s)ds is an H-valued Wiener process and the original equa-tion can be written as du(t) = (�Au + f)dt+ dW (t)For more generality, introduce the stochastic operator �(t) such that �(t) 2L(H;H) and Z t0 k�(s)k2L(H;H)ds <1So that we have du(t) = (�Au + f)dt+ �(t)dW (t)Using Itô's lemma,dg(t; u(t)) = (@g@t (t; u(t)) +  �Au + f; @g@u(t; u(t))! (4.15)+ 12tr�Q(t)�� @2g@u2) dt+  @g@u;�dW!And, Q(t) 2 L1(0; T ;L(H;H)) and is called the covariance operator.Allowing g(0; u(0)) = 0, Equation[ 4.15] can be interpreted in thestochastic di�erential equation sense asg(t; u(t)) = Z t0 (@g@s (s; u(s)) +  �Au + f; @g@u(s; u(s))!+ 12tr�Q(s)�� @2g@u2) ds+ Z t0  @g@u(s; u(s));�dW (s)!where dW (s) is to be interpreted as a Gaussian white noise.Now, if g = (h; u(t))H , h 2 H 0, we have from the Frechet derivative157



@g@u = h @2g@u2 = 0Furthermore, since g depends on t only through u,@g@t = 0Taking expectations and using the result thatE[(h; u)H] = (h;E[u])H, it followsthat (h;E[u])H = Z t0 E [(�Au+ f; h)H ] ds+ Z t0 E [(h;�dW (s))H]To evaluate the last integral,Z t0 E[(h;�dW (s))H] = (m2) limn!1 nXj=1E h�h; gnj (!)[W (tj+1)�W (tj)�Hi= 0since gnj (!) andW (tj+1)�W (tj) are independent which follows from the nonan-ticipativeness of the operator gnj (!) with respect to W (tj+1) � W (tj). So, ifM1 = E[u], then assuming that A is deterministic h; dM1dt ! = �(h;AM1) + (h; f) (4.16)Or, in this weak sense, the �rst moment equation isdM1dt = �AM1 + fTo obtain the moment equation for the second moment, letg = (h1; u)H(h2; u)HFrom the Frechet derivatives we have@g@u = (h1; u)h2 � (h2; u)h1And, 158



@2g@u2 = h2 � h1 � h1 � h2Hence, it follows from Itô's lemmaddt(h1; u)(h2; u) = � < (h1; u)h2 � (h2; u)h1; Au� Au >+ < (h1; u)h2 � (h2; u)h1; f � f >+ 12tr[��(h2 � h1)� (h1 � h2)�Q(t)]+ < (h1; u)h2 � (h2; u)h1;�dW � �dW >Expanding this equation we getddt(h1; u)(h2; u) = �[(h1; u)(h2; Au) + (h2; u)(h1; Au)]+ (h1; u)(h2; f) + (h2; u)(h1; f) (4.17)+ 12tr[��(h2 � h1)� (h1 � h2)�Q(t)]+ (h1; u)(h2;�dW ) + (h2; u)(h1;�dW )Taking expectations and using the following de�nition of the correlation oper-ator, E[(h1; X(!)(h2; Y (!)] = (h1; RXY h2)where RXY =M2, if X = Y , it follows that for M2 =M�2 and A deterministic,E[(h1; u)(h2; Au)] = E[(h1; u)(A�h2; u)] = (h1;M2A�h2)E[(h2; u)(h1; Au)] = E[(h2; u)(A�h1; u)] = (h2;M2A�h1) = (h1; AM2h2)E[(h1; u)(h2; f)] = (h1; Rufh2) = (h1;M1fh2)And, ddt(h1;M2h2) = �[(h1;M2A�h2) + (h1; AM2h2)]+ (h1;M1fh2) + (h1;M1fh2) (4.18)+ 12 E [tr��(h2 � h1)� (h1 � h2)�Q(t)]159



Interchanging the roles of h1 and h2, we getddt(h2;M2h1) = �[(h2;M2A�h1) + (h2; AM2h1)]+ (h2;M1fh1) + (h2;M1fh1) (4.19)+ 12 E [tr��(h1 � h2)� (h2 � h1)�Q(t)]Adding these Equations [ 4.18] and [ 4.19] together and using the de�nition ofthe inner product on a direct sum of Hilbert spaces,*h1 � h2; dM2dt � dM2dt h2 � h1+ = hh1 � h2;�(AM2 �M2A�)h2 � h1i+ hh1 � h2; (M1f � (M1f)�)h2 � h1i+ 12 E [tr��(h2 � h1)� (h1 � h2)�Q(t)]+ 12 E [tr��(h1 � h2)� (h2 � h1)�Q(t)]where, as before, the last term of Equation[ 4.17] vanishes on taking expecta-tions. Even though this equation has a weak sense formulation, it has aform similar to the simpler case Equation[ 4.14], page 155, above. UsingEquation[ 4.13], page 149, and the fact that Qei = �iei, the trace term can beput into a more usable form by expanding and using Parseval's relation andthe de�nition of the small o notation12 ~tr @2g@u2! [��W ] = 12 1Xi=1 @2g@u2 ��q�iei;�q�iei�= 12 1Xi=1(h1 � h2)� (h2 � h1) ��q�iei;�q�iei�= 12 1Xi=1 �(h1;�q�iei) + (h2;�q�iei)(h2;�q�iei)(h1;�q�iei)�= 12 1Xi=1 [(��h1; �iei)(��h2; ei) + (��h2; �iei)(��h1; ei)]
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Parseval= 12 [(Q��h1;��h2) + (Q��h2;��h1)]= (h1;�Q��h2) (4.20)This theory will be demonstrated in the next two examples. The�rst example will use the theory to derive the mean concentration equation,Equation[ 4.4], page 132, the velocity-concentration equation, Equation[ 4.7],page 133, and the concentration-covariance equation, Equation[ 4.10], page135. Consider the transport equation@c@t +r � (c~V )�r � (Drc) = 0Suppose that the tensor D has been speci�ed in a deterministic manner suchas speci�ed in Chapter 2, and the velocity and concentration are expressed as~V (~x; !) = E[~V (~x)] + ~V 0(~x) ; E[ ~V 0(~x)] = 0c(~x; t) = E[c(~x; t)] + c0(~x; t) ; E[c0(~x; t)] = 0In terms of Equation[ 4.12], page 138,A(~x; t; !) = r � ((�)(E[~V (~x; !)] + ~V 0(~x; !)))�r � (Dr(�))g(~x; t; !) = 0From now on, ! will not be speci�cally stated. Then, from Equation[ 4.16]page 157, h; @c@t! = �(h;Ac)= � �h;r � h(E[c] + c0)(E[~V ] + ~V 0)i�r � (Dr(E[c] + c0))�= � �h;r � h(E[c]E[~V ] +E[c] ~V 0 + c0E[~V ] + c0 ~V 0i�r � (Dr(E[c] + c0))�Taking expectations, and using E[c0] = E[ ~V 0] = 0, h; @E[c]@t ! = � �h;r � h(E[c]E[~V ] +E[c0 ~V 0]i�r � (Dr(E[c]))�161



So that in the weak sense,@E[c]@t +r � (E[c]E[~V ])�r � (DrE[c]) +r �E[c0 ~V 0] = 0which agrees with Equation[ 4.4], page 132. For the second moment equations,let ~x and ~x0 be two di�erent coordinate systems, then from Equation[ 4.17],page 158, with h1, h2 2 H 0,@@t(h1; c(~x; t))(h2; c(~x0; t)) = � h(h1; c(~x; t))(h2; A~x0c(~x0; t))+(h2; c(~x0; t))(h1; A~xc(~x; t)i (4.21)= (h1; c(~x; t)) h2; @c(~x0; t)@t !+ (h2; c(~x0; t)) h1; @c(~x; t)@t !as would be expected since the Wiener process is excluded from playing arole in this example. Expanding the left hand side of Equation[ 4.21], tak-ing expectations, using E[c0(~x; t)] = E[c0(~x0; t)] = 0 and letting Ccc(~x; ~x0; t) =E[c0(~x; t)c0(~x0; t)]E " @@t(h1; c(~x; t))(h2; c(~x0; t))# = E " @@t(h1;E[c(~x; t)] + c0(~x; t)])� (h2;E[c(~x0; t)] + c0(~x0; t))i= @@t hE(h1;E[c(~x; t)])(h2;E[c(~x0; t)]) + (h1; Ccc(~x; ~x0; t)h2)i= @@t h(h1;E[c(~x; t)]E[c(~x0; t)]h2) + (h1; Ccc(~x; ~x0; t)h2)i=  h1; @E[c(~x; t)]@t E[c(~x0; t)]h2!+  h1; @E[c(~x0; t)]@t E[c(~x; t)]h2!+ @@t(h1; Ccc(~x; ~x0; t)h2)Setting this equal to the expected value of the right hand side of Equation[ 4.21]@@t �h1; Ccc(~x; ~x0; t)h2�+  h1;E "@E[c(~x; t)]@t c(~x0; t) + @E[c(~x0; t)]@t c(~x; t)# h2!162



=  h1;E "@c(~x0; t)@t c(~x; t)# h2!+  h1;E "@c(~x; t)@t c(~x0; t)#h2!so that on rearranging terms,@@t(h1; Ccc(~x; ~x0; t)h2) = � h1;E "c(~x0; t)A~xc(~x; t) + @E[c(~x; t)]@t c(~x0; t)#h2!(4.22)�  h1;E "c(~x; t)A~x0c(~x0; t) + @E[c(~x0; t)]@t c(~x; t)# h2!From the �rst moment equation,@E[c(~x; t)]@t = �r~x�(E[c(~x; t)]E[~V (~x)])+r~x�(Dr~xE[c(~x; t)])�r~x�E[c0(~x; t) ~V 0(~x)]and, @E[c(~x0; t)]@t = �r~x0 � (E[c(~x0; t)]E[~V (~x0)]) + r~x0 � (Dr~x0E[c(~x0; t)])� r~x0 �E[c0(~x0; t) ~V 0(~x0)]Since A~x(�) = r~x � ((�)(E[~V (~x)] + ~V 0(~x))�r~x � (Dr~x(�))it follows from the �rst term on the right hand side of Equation[ 4.22] and byletting c(~x; t) = E[c(~x; t)] + c0(~x; t) that�  h1;E "c(~x0; t)A~xc(~x; t) + @E[c(~x; t)]@t c(~x0; t)# h2!= � �h1;E hc(~x0; t) hr~x � (E[c(~x; t)] ~V 0(~x) + c0(~x; t)E[~V (~x)]+ c0(~x; t) ~V 0(~x))�r~x � (Dr~xc0(~x; t))�r~x �E[c0(~x; t) ~V 0(~x)]ii h2�letting c(~x0; t) = E[c(~x0; t)] + c0(~x0; t) and expanding the previous result,
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= � �h1;E hr~x � �E[c(~x0; t)]E[c(~x; t)] ~V 0(~x) + c0(~x0; t)E[c(~x; t)]V 0(~x)+ E[c(~x0; t)]c0(~x; t)E[~V (~x)] + c0(~x0; t)c0(~x; t)E[~V (~x)]+ E[c(~x0; t)]c0(~x; t) ~V 0(~x) + c0(~x0; t)c0(~x; t) ~V 0(~x))� r~x � (Dr~xc0(~x; t)E[c(~x0; t)])�r~x � (Dr~xc0(~x; t)c0(~x0; t))�� r~x �E[c0(~x; t) ~V 0(~x)]E[c(~x0; t)]�r~x �E[c0(~x; t) ~V 0(~x)]c0(~x0; t)ih2�taking expectations, cancelling terms and using E[c0] = E[ ~V 0] = 0= � �h1; hr~x �E[c(~x; t)]Cc~V (~x; ~x0; t) +r~x �E[~V (~x)]Ccc(~x; ~x0; t) (4.23)+ r~x �E[c0(~x0; t)c0(~x; t) ~V 0(~x)]�r~x � (Dr~xCcc(~x; ~x0; t))ih2�Also, from the second term on the right hand side of Equation[ 4.22] an equationexactly like this one can be derived in the same way only with the vectors ~xand ~x0 interchanged.� �h1; hr~x0 �E[c(~x0; t)]Cc~V (~x0; ~x; t) +r~x0 �E[~V (~x0)]Ccc(~x0; ~x; t) (4.24)+ r~x0 �E[c0(~x; t)c0(~x0; t) ~V 0(~x0)]�r~x0 � (Dr~x0Ccc(~x0; ~x; t))i h2�Equations[ 4.22], [ 4.23] and [ 4.24] give the result for the concentration covari-ance equation as@@t(h1; Ccc(~x; ~x0; t)h2) = � �h1; hr~x �E[c(~x; t)]Cc~V (~x; ~x0; t) +r~x �E[~V (~x)]Ccc(~x; ~x0; t)+ r~x �E[c0(~x0; t)c0(~x; t) ~V 0(~x)]�r~x � (Dr~xCcc(~x; ~x0; t))ih2�� �h1; hr~x0 �E[c(~x0; t)]Cc~V (~x0; ~x; t) +r~x0 �E[~V (~x0)]Ccc(~x0; ~x; t)+ hr~x0 �E[c0(~x; t)c0(~x0; t) ~V 0(~x0)]�r~x0 � (Dr~x0Ccc(~x0; ~x; t))i h2�Comparing this with Equation[ 4.10], page 135, it is seen that this equationis the vector form of Equation[ 4.10].164



Finally, returning to Equation[ 4.16], page 157, and multiplying both sides by(h; ~Vi(~x0), where ~Vi(~x0) is the ith compoment of the vector ~V (~x0), we have@@t(h1; c(~x; t))(h2; ~Vi(~x0)) = � h(h1; A~xc(~x; t))(h2; ~Vi(~x0))iNext, write@@t(h1; c0(~x; t))(h2; ~V 0i(~x0) = @@t(h1; c(~x; t)� E[c(~x; t)])(h2; ~Vi(~x0)�E[~Vi(~x0)])= @@t h(h1; c(~x; t))(h2; ~Vi(~x0))� (h1; c(~x; t))(h2;E[~Vi(~x0)])� (h1;E[c(~x; t)])(h2; ~Vi(~x0)) + (h1;E[c(~x; t)])(h2;E[~Vi(~x0)])iTaking expectations and di�erentiating,@@t �h1; Cc~Vi(~x; ~x0; t)h2� = @@tE[(h1; c(~x; t))(h2; ~Vi(~x0)]�E " h1; @@tc(~x; t)!�h2;E[~Vi(~x0]�#=  h1; "E " @@tc(~x; t)~Vi(~x0)#� @@tE[c(~x; t)]E[~Vi(~x0)]# h2!Substituting expressions for @@tc(~x; t) and @@tE[c(~x; t)] yields@@t �h1; Cc~Vi(~x; ~x0; t)h2� = �h1; hE h� nr~x � c(~x; t)(E[~V (~x)] + ~V 0(~x))� r~x � (Dr~xc(~x; t))g ~Vi(~x0)i+ nr~x � (E[c(~x; t)]E[~V (~x)])�r~x � (Dr~xE[c(~x; t)])+ r~x �E[c0(~x; t) ~V 0(~x0)]oE[~Vi(~x0)]ih2�Let c(~x; t) = E[c(~x; t)] + c0(~x; t) and expand
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@@t �h1; Cc~Vi(~x; ~x0; t)h2� = �h1; hE h� nr~x �E[c(~x; t)]E[~V (~x)] +r~x � c0(~x; t)E[~V (~x)]+r~x �E[c(~x; t)] ~V 0(~x) +r~x � c0(~x; t) ~V 0(~x)� r~x � (Dr~xE[c(~x; t)])�r~x � (Dr~xc0(~x; t))g ~Vi(~x0)i+ nr~x � (E[c(~x; t)]E[~V (~x)])�r~x � (Dr~xE[c(~x; t)])+ r~x �E[c0(~x; t) ~V 0(~x0)]oE[~Vi(~x0)]ih2�And, �nally, by letting ~Vi(~x0) = E[~Vi(~x0)] + ~V 0i(~x0) and expanding again@@t �h1; Cc~Vi(~x; ~x0; t)h2� = �h1; hE h� nr~x �E[c(~x; t)]E[~V (~x)]E[~Vi(~x0)]+r~x �E[c(~x; t)]E[~V (~x)] ~V 0(~x0)+r~x � c0(~x; t)E[~V (~x)]E[~Vi(~x0)] +r~x � c0(~x; t)E[~V (~x)] ~V 0i(~x0)]+r~x �E[c(~x; t)] ~V 0(~x)E[~Vi(~x0)] +r~x �E[c(~x; t)] ~V 0(~x) ~V 0i(~x0)+r~x � c0(~x; t) ~V 0(~x)E[~Vi(~x0)] +r~x � c0(~x; t) ~V 0(~x) ~V 0i(~x0)�r~x � (Dr~xE[c(~x; t)]E[~Vi(~x0)])�r~x � (Dr~xE[c(~x; t)] ~V 0i(~x0))� r~x � (Dr~xc0(~x; t)E[~Vi(~x0)])�r~x � (Dr~xc0(~x; t) ~V 0i(~x0)oi+ nr~x � (E[c(~x; t)]E[~V (~x)])�r~x � (Dr~xE[c(~x; t)])+ r~x �E[c0(~x; t) ~V 0(~x0)]oE[~Vi(~x0)]i h2�So, by taking expectations, cancelling terms and using the conditions E[ ~V 0] =E[c0] = 0, the �nal equation for the velocity-concentration equation is166



@@t �h1; Cc~Vi(~x; ~x0; t)h2� = �h1;r~x �E[~V (~x)]Cc~Vi(~x; ~x0; t)+ r~x �E[c(~x; t)]C~Vi~V (~x; ~x0; t)+ r~x �E[c0(~x; t) ~V 0(~x0)~Vi(~x0)]� r~x � (Dr~xCc~Vi(~x; ~x0; t))h2�which agrees with the previously obtained velocity-concentration Equation[ 4.7],page 133.The second example involves measurement uncertainty. This examplewill shows how the trace term in Equation[ 4.17] can be used. Consider@c@t +r � (c~V )�r � (Drc) = 0 (4.25)Suppose that there is measurement uncertainty in the laboratory experiment,and that this uncertainty is random. Then, in the laboratory, the experimenterswill record the results �c, and the variables u and �c will be related by�c(~x; t; !) = c(~x; t) + �(t; !) (4.26)Using Equation[ 4.26] in Equation[ 4.25],@(�c(~x; t; !)� �(t; !))@t +r � (�c(~x; t; !)~V )�r � (Dr�c(~x; t; !) = 0 (4.27)The derivatives in Equation[ 4.27] have to be interpreted in the mean-squaresense, ie, if x(t; !) is a random function, then_x(t; !) = (m2) limh!0 x(t + h; !)� x(t; !)h) limh!0E 24�����x(t + h; !)� x(t; !)h � _x(t; !)�����235= limh!0 Z
 �����x(t+ h; !)� x(t; !)h � _x(t; !)�����2 dP167



And, from the inequality jf + gj2 � 22(jf j2 + jgj2)it follows that ddt(f + g) = ddtf + ddtgUsing this, Equation[ 4.27] can be written as@�c(~x; t; !)@t +r � (�c(~x; t; !)~V )�r � (Dr�c(~x; t; !) = d�(t; !)dtwhere d�dt is a stochastic process. Hence, the introduction of measurementuncertainty is equivalent to applying a stochastic forcing term to the equation.The situation can be characterized by the following diagram similar to onefound in Gelb[43]:
System - Measurement - Model - û(t)EstimateStateSystemInformationA Priori??? SourcesUncertaintyMeasurementSourcesUncertaintySystem

u(t) �u(t)StateSystem Observation
In this diagram, the System Uncertainty Sources are represented by any un-certainty that may exist in the speci�cation of D and ~V , the MeasurementUncertainty Sources are represented by �.The random forcing term is assumed to be a Gaussian white noiseprocess. This is equivalent to assuming that the process, �(t; !), is a Wienerprocess which can be de�ned as the limit of a random walk, or as the integralof a Gaussian white noise process with zero mean.W (t) = Z t0 �(s)ds168



The following is a block diagram representation of this equation:�(t) - R -W (t)
E[�(t)�(�)] = q(t)�(t� �)A second feature of the Boulder experiments that must be modeledis the pulsed input feature of the experiment. This means that in the tracerexperiment, the tracer, benzene, is injected at a rate of 5 ml/min for a periodof 4 hours and then the injection pump is turned o�. However, samples aretaken for a period of 8 hours. This means that at a speci�ed measuring point,the sampling device will see the concentrations of benzene �rst increase, thenlevel o�, and �nally decrease to zero.In the �nite element model, this allowed for by imposing a non-zeroboundary condition at the origin for a speci�ed number of time steps, and thenimposing a zero boundary condition at the origin for the remainder of the timesteps of the simulation. The following is a segment of code that performs thistask:/*************************************************************//* Impose The Left Hand Boundary Condition *//*************************************************************/if (nt <= bctimesteps)impose_bndy_cond();else {lbdy = 0.0;impose_bndy_cond();}Here, the variable lbdy is originally input to the program with a non-zero value.Once the speci�ed number of timesteps for injection of the tracer, bctimesteps,has passed, lbdy is set to zero and the boundary condition function imposes azero boundary condition on each succeeding time step.The two graphs on the next page illustrate the output from the �nite169



element program with a pulsed input. The surface shown in Figure 19 is aspace-time representation of the concentration. Figure 20 shows a time-slice ofthis surface. This curve has the same shape as the actual measurements whenthey are plotted.Figure 21 entitled Comparison Time Pro�le shows the Pulsed InputTime Pro�le with and without the e�ects of a random forcing term (mea-surement uncertainty). The dotted line represents the time pro�le withoutmeasurement uncertainty, and the solid line shows the time pro�le with mea-surement uncertainty taken into consideration.Returning to the equation@�c(~x; t; !)@t +r � (�c(~x; t; !)~V )�r � (Dr�c(~x; t; !) = d�(t; !)dtFor the sake of simplicity, assume that the parameters D and ~V are deter-ministic. This means that there will be no need of a velocity-concentrationcovariance equation as in the previous example. The equation for the expectedvalue of the concentration takes the form@E[�c(~x; t)]@t +r � (E[�c(~x; t)]~V (~x))�r � (DrE[�c(~x; t)]) = 0For the equation of the concentration covariance, let ~x and ~x0 be two di�erentcoordinate systems, then from Equation[ 4.17], page 158,@@t(h1; �c(~x; t))(h2; �c(~x0; t)) = � h(h1; �c(~x; t))(h2; A~x0�c(~x0; t))+ (h1; �c(~x0; t)(h2; A~x�c(~x; t))i+ 12tr [(h2 � h1)� (h1 � h2)Q(t)]where � = I. And, by proceeding as in the previous example,@@t(h1; C�c�c(~x; ~x0; t)h2) = � �h1; hr~x �E[~V (~x)]C�c�c(~x; ~x0; t)� r~x � (Dr~xC�c�c(~x; ~x0; t) +r~x0 �E[~V (~x0)C�c�c(~x0; ~x; t)]170



0 20 40 60 80 100 120 140
0

0.2

0.4

0.6

0.8

1
Figure 20 - Pulsed Input Time Slice

Figure 19 - 1D Pulsed Input Over Time
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� r~x0 � (Dr~x0C�c�c(~x0; ~x; t))ih2�+ 12tr [(h2 � h1)� (h1 � h2)Q(t)]Finally, substituting for the tr term from Equation[ 4.13], page 149, it followsthat@@t(h1; C�c�c(~x; ~x0; t)h2) = � �h1; hr~x �E[~V (~x)]C�c�c(~x; ~x0; t)� r~x � (Dr~xC�c�c(~x; ~x0; t) +r~x0 �E[~V (~x0)C�c�c(~x0; ~x; t)]� r~x0 � (Dr~x0C�c�c(~x0; ~x; t))�Qi h2�4.3 SummaryChapter 4 actually starts the second part of the thesis. The previoussections have investigated the components of the equations and the forms ofthe equations. However, only the expected or mean value of the concentrationis predicted. Because of the uncertainties involved in specifying the physicalcharacteristics of the porous medium, the concentration of a solute at a givenpoint in time is a random variable, and over a period of time it is a stochasticprocess. Consequently, in order to more accurately characterize the distribu-tion of the solute concentration, higher order statistical moments such as thevariance need to be estimated also. In theory, the more moments that can bepredicted, the better this characterization will be. But, in practice, it is usuallya di�cult problem just to obtain information on the variance or covariance ofvariables in the system. A much referenced paper in this area is the Grahamand McGlaughlin[48] paper which speci�es a set of three equations that areto be solved for the mean concentration, the velocity-concentration covarianceand the concentration covariance. These equations were presented in Section4.1 for the purpose of comparison with mean and covariance equations derivedfrom other methods.Randomness can enter the boundary value problem in many di�erentways. Equation[ 4.12], page 138, is a statement of the stochastic boundaryvalue problem, and the discussion following that equation speci�es the variousways in which randomness can enter the picture. Existence theory for the173



stochastic boundary value problem was covered in Section 4.2.3 and found tobe not unlike the nonstochastic case.Stochastic integration is again addressed in Section 4.2.4, this timefrom the more general perspective of amartingale. The Itô integral then followsfrom this more general de�nition as a special case. The use of the Itô integralrequires that the rules of calculus have to be modi�ed. The most importantnew rule is that of Itô's lemma. It is a change of variable formula. Thereason the change of variable formula has to be modi�ed is due to changes indi�erential relationships that were covered in Section 1.1. The Itô formula isa stochastic calculus chain-rule. It can also be extended to martingale typeprocesses, Karatzas[57]. Curtain and Falb[26] have extended Itô's lemma toin�nite dimensional Hilbert spaces. It is this form that is used to derive weakforms of the moment equations in Section 4.2.8. For the purpose of illustratingthis theory, the key equation is Equation[ 4.17], page 158, which is applied totwo examples. The �rst example uses this theory to derive mean and covarianceequations that in the weak form are identical to those used by Graham andMcLaughlin[48]. The second example is cast in terms of accounting for thee�ects of measurement error that is assumed to enter the experiment as arandom perturbation that takes the form of a Wiener process.
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5. Stochastic Evolution Equations5.1 General Theoretical FoundationsAs was observed in Chapter 2, the dispersion tensor can be considereda time stochastic process. That result along with the stochastic nature of thevelocity �eld allows the transport equation to be written in a form that allowsthe separation of the deterministic components from the stochastic compo-nents. That is, the stochastic PDE that represents the transport equation canbe separated into a sum of a deterministic operator and a stochastic operatoras the following 1-D example shows:@u@t �E[D(t)]@2u@x2 +E[V ]@u@x = D0(t; !)@2u@x2 � V 0(!)@u@xu(x; 0) = u0 u(1; t) = 0The left hand side of this equation is the standard form of the transport equa-tion, while the random components associated with dispersion and velocityhave been moved to the right hand side in the form of a random operator.It is well known that there is a correspondence between the Cauchy problemand the abstract boundary value problem similar to the left hand side of theequation stated above. The Cauchy problem can be stated as:Let H be a Hilbert space, D(A) a subspace of H and let the operatorA an unbounded, linear operator from D(A) to H. Then letu0(t) + Au(t) = f(t) (5.1)u(0) = u0and the Cauchy problem is to �nd a function u(t) such that for t > 0, u(t) 2D(A) and satis�es Equation[ 5.1], so that u(t) is an H-valued function.Hence, there must exist a correspondence between the H-valued func-tion u(t) and the solution, u(~x; t) to the boundary value problem. And, a cor-responding relationship between the derivative u0(t) and the partial derivative175



@@tu(~x; t). Also, the operator A must be related to the boundary value problem.Following Showalter[91], let I = [a; b] be a closed, bounded intervalin < and let 
 be a bounded, measurable subset of <n. Let u(t) 2 C[I; L2(
)].Let a = t0 < t1 < � � � < tn = b be a uniform partition of I such thatun(~x; t) = ( u0(~x; tk) tk � t < tk + 1; k = 0; 1; � � � ; n� 1u0(~x; b) t = tnHere u(ti) = u0(~x; ti) 2 D(A) is a representation of u(t). Thenun(~x; t) : 
� I ! <Since each u0(~x; tk) 2 L2(
), for t 2 I, the t-section of the function un(~x; t) isgiven by utn(~x) = un(~x; t) ~x 2 
And, since the t-section utn(~x) 2 L2(
), it is measurable. And if ~x 2 
 is �xedwe get a step function. So, the t-section de�nes the following mapping:utkn (~x) : [tk; tk+1)� 
! <If � 2 <, then the set P = f(~x; t) : utkn (~x) > �gis either empty or of the form E � [tk; tk+1)where E is a measurable subset of 
. In either case, P is a measurable subsetof 
�I. And, since un(~x; t) is a �nite sum of these functions, it is a measurablefunction on the product measure space 
� I.Since the partition of I is uniform and since u(t) is uniformly contin-uous on I, then for � > 0 9 �� > 0 such that if the partition n is large enough,then jtk � tk+1j < �� k = 0; 1; � � � ; n� 1Hence, if t 2 I, then 9 k such that t 2 [tk; tk+1) and so176



jt� tkj � jtk � tk+1j < ��) kun(~x; t)� u(t)k0;
 = ku0(~x; tk)� u(t)k0;
 < �This means that limn!1 kun(~x; t)� u(t)k0;
 = 0uniformly on I. Hence, using Fubini's theorem,limn!1 kun(~x; t)� u(t)k2L2(
�I) = limn!1 ZI kun(~x; t)� u(t)k20;
dt = 0Clarkson's inequality states that if f; g 2 L2(
), thenkf + g2 k20;
 + kf � g2 k20;
 � 12kfk20;
 + 12kgk20;
Using this, it follows thatkum(~x; t)� un(~x; t)k20;
 � 2 �kum(~x; t)� u(t)k20;
 + kun(~x; t)� u(t)k20;
�And, since this limit is uniform on I, it follows thatlimn;m!1 ZI kum(~x; t)� un(~x; t)k20;
dt = limn;m!1 kum(~x; t)� un(~x; t)k2L2(
�I) = 0So, the sequence fun(~x; t)g is a Cauchy sequence in L2(
�I), and since L2(
�I) is complete, 9 u(~x; t) 2 L2(
� I) such thatlimn!1 kun(~x; t)� u(~x; t)k2L2(
�I) = 0Hence, for � > 0,ku(~x; t)� u(t)kL2(
�I) � ku(~x; t)� un(~x; t)kL2(
�I) + kun(~x; t)� u(t)kL2(
�I)for n large enough. This implies then thatku(~x; t)� u(t)kL2(
�I) = 0Hence, u(~x; t) = u(t) a.e. on I. And by changing u(t) to u0(~x; t) on a set ofmeasure zero, the correspondence between u(t) and u(~x; t) is established.177



To show the relationship between u0(t) and @@tu(~x; t), let � 2 C10 [I; L2(
)] andlet �(~x; t) 2 C10 [
� I] be a representation of �(t). Also. let u 2 C1[I; L2(
)]and let v(~x; t) be a representation of u0(t) for almost all t 2 I. Then, integratingby parts,ZI Z
 u(t)�0(t)d
dt = ZI �Z@
 u(t)�(t)d
� Z
 u0(t)�(t)d
� dt= � ZI Z
 u0(t)�(t)d
dtThen, using the representations, it follows that� ZI Z
 u(~x; t) @@t�(~x; t)d
dt = ZI Z
 v(~x; t)�(~x; t)d
dtAnd, this means that in the weak or distributional sense thatu0(t) = v(~x; t) = @@tu(~x; t)In order to show the relationship of the operator A to the boundaryvalue problem, suppose that V;H; and B are Hilbert spaces, that 
 is a linearsurjection of V onto B with kernel V0, that �V0 = H, that i is a continuousinjection of V0 into H, that H is a pivot space, and that H is identi�ed withits dual, H = H 0, then the following diagram can be establishedV0 i�! HZV0 l l ZHV 00 i0 � H 0This means that the following embeddings exist:V0 ,! H = H 0 ,! V 00Similarly, suppose that �V = H, that i is a continuous injection of V into H,that H is a pivot space, and that H is identi�ed with its dual, H = H 0, thenthe following diagram can be established
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V i�! HZV l l ZHV 0 i0 � H 0This means that the following embeddings exist:V ,! H = H 0 ,! V 0Hahn-Banach Theorem: Let X be a normed linear spece, M a linear sub-space of X and f1 a continuous linear functional on M . Then there exists acontinuous linear functional f de�ned on X such thati f1(u) = f(u) 8u 2Mii kf1k = kfk 2If v 2 V and v0 2 V 0, then v0(v) =< v0; v >Vand since V is a linear subspace of H, there is an h0 2 H 0 such that h0 is anextension of v0. Hence, the duality pairing on V 0 � V can be identi�ed withthe duality pairing on H. By the Riesz Representation Theorem, 9 vh0 2 Hsuch that < h0; h >H= (vh0 ; h)HHence, the duality pairing on V 0 � V can be identi�ed with the inner producton H. The trace operator 
 maps the space V onto the Hilbert space B. Forexample, we might haveH = L2(
); V = H1(
); V0 = H10 (
); B = H 12 (@
)
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Suppose there is a continuous bilinear form a1 : V �V ! <. If (v1; v2) 2 V �Vand v1 is considered �xed and v2 2 V0, then a1(v1; v2) is a continuous linearoperator on V0. So, for each v1 2 V we can writea1(v1; v2) = Av1(v2) v2 2 V0The linear functional Av1 depends linearly and continuously on v1. This de-pendence is given formally by Av1 = Av1Hence, a1(v1; v2) =< Av1; v2 >V v2 2 V0And, the operator A is a continuous linear operator from V to V 00 , ie,A 2 L[V; V 00 ]Let VA = fv1 2 V : Av1 2 Hg (H = H 0 ,! V 00 )Note: The reason that VA is required can be seen by the following example:Let V = H1(
), then by the trace theorem the operator 
0 can be extended bycontinuity to a mapping of H1(
) onto H 12 (@(
)), but it says nothing aboutthe mapping 
1. In fact, 
1 cannot be extended to all of H1(
). A smallerspace is required, and VA is that space.Since Av1 2 H = H 0 ,! V 00 for v1 2 VAwe can write a1(v1; v2) =< Av1; v2 >V= (Av1; v2)H 8v2 2 V0Now, let v2 2 V and de�ne the operator(GAv1; v2)H = a1(v1; v2)� (Av1; v2)H v1 2 VA; v2 2 VIf v2 2 V0, it follows that 180



(GAv1; v2)H = 0and this means that GA : VA ! V ?0 � V 00The trace operator 
 is a continuous linear operator that maps thespace V onto the boundary value space B. At this point the following theoremcan be applied:Theorem: Let X, Y be B-spaces, and let T 2 L(X; Y ), and T 0 2 L(Y 0 ; X 0)its transpose, then the following hold:i N (T 0) = R(T )?ii R(T ) is dense in Y i� T 0 is 1� 1iii R(T ) is closed in Y i� R(T 0) is norm� closed in X 0iv If R(T ) is closed; then R(T 0) = N (T )? 2By letting X = V , Y = B, T = 
, T 0 = 
0, and 
 : V onto B it follows frompart (iii) of the Theorem that since B is closed the transpose 
0 maps B0 ontoR(
0). Furthermore, by part (ii) of the Theorem, since R(
) = B, 
0 is 1-1.Hence, 
0 is an isomorphism of B0 onto R(
0). Since the N (
) = V0 and sinceR(
) is closed, part (iv) of the theorem givesR(
0) = V ?0This means that �
0��1 : V ?0 onto! B0De�ne the function � = �
0��1GA : VA ! B0Then, GAv1 = �
0� �
0��1GAv1 = 
0�v1 8v1 2 VA181



Hence, if GAv1 2 H ,! V 00 , then(GAv1; v2)H = �
0�v1; v2�H = (�v1; 
v2)H= < �v1; 
v2 >Bsince �v1 2 B0 and 
v2 2 B.So, for v1 2 VA it follows that from the de�nition of (GAv1; v2)H thata1(v1; v2) = (Av1; v1)H+ < �v1; 
v2 >B (5.2)This equation has the general form of a Green's formula. Also, by specifyingthe bilinear form a1(v1; v2) the operator A can be derived.For example, given the equation@u@t +A(~x)u = 0where A(~x) = � 2Xi;j=1 @@xi aij(~x) @@xj + 2Xj=1 bj(~x) @@xj + c(~x)then if H = L2(
), a1(v1; v2) can be taken to bea1(v1; v2) = Z
8<: 2Xi;j=1 aij(~x) @@xj v1 @@xi v2 + 2Xj=1 bj(~x) @@xj v1v2 + c(~x)v1v29=; d
Then a1(v1; v2) can be written as, with A = " a11(~x) a12(~x)a21(~x) a22(~x) #,a1(v1; v2) = Z
A(~x)rv1 � rv2d
 + Z
 v2~b(~x)rv1d
+ Z
 c(~x)v1v2d
And, if the �rst term on the right-hand side is integrated by parts it followsthat 182



a1(v1; v2) = Z
 ��r � (A(~x)rv1) +~b(~x) � rv1 + c(~x)v1� v2d
+ Z@
 v2A(~x)rv1 � ~nd�By comparing this equation to Equation[ 5.2], and by making the followingassociations,�v1 = A(~x)rv1 � ~nj@
 
v2 = v2j@
Av1 = ��r � (A(~x)rv1) +~b(~x) � rv1 + c(~x)� v1So, that A = AIt is known that if the operator A generates a strongly continuoussemigroup, Tt, then the mild solution of the Cauchy problem is given byu(t) = Ttu0 + Z t0 Tt�sf(s)ds (5.3)Pazy[74] de�nes a strong solution as a function u which is di�erentiable a.e.on [0; T ] such that u0 2 L1(0; T : H), u(0) = u0 and u0(t) = Au(t) + f(t) a.e.on [0; T ]. Furthermore, Pazy[74] Corollary 2.10 and Corollary 2.11, since H isre
exive , if f is Lipshitz continuous on [0; T ], then the Cauchy problem has aunique strong solution given by Equation[ 5.3].In the above discussion, the operator A does not depend on the timevariable t. In our case, the situation is more complicated because the operatorA not only depends on t, e.g. is temporally inhomogeneous, but also has arandom component !.As far as the temporally inhomogeneous case is concerned, the funda-mental solution, as characterized in Tanabe[94], is an evolution operator U(t; s)which has the following properties:(1) U(t; s) is a strongly continuous function, de�ned on 0 � s � t � T ,and is bounded(2) U(t; r)U(r; s) = U(t; s) for 0 � s � r � t � T183



(3) U(s; s) = I for each s 2 [0; T ](4) @@tU(t; s) = A(t)U(t; s)(5) @@sU(t; s) = �U(t; s)A(t)And, the solution to the initial value problemdu(t)dt = A(t) u(t) + f(t) 0 � t � Tu(0) = u0can be written as u(t) = U(t; 0)u0 + Z t0 U(t; s)f(s)dsIn Curtain and Falb[27], the authors extend this result to evolution equationsof the form du+ A(t)u(t)dt = �dW (t)u(0) = u0where for a separable Hilbert space H and a Hilbert space K, A(t) is a closed,possibly unbounded linear operator on K, �(�; �) 2 �2(H;K) where�2(H;K) = (S(t; !) : S(t; !) 2 L(H;K) and Z T0 kS(t; !k2L(H;K)dt <1 wp 1)W (t) is an H-valued Wiener process and u0 is a K-valued random variable.Theorem 3.6 of Curtain and Falb[27] gives the solution asu(t) = U(t; 0)u0 + Z t0 U(t; s)�(s)dW (s)where U(t; s) is an evolution operator generated by �A(t). Letting �(s) = I,the identity operator,u(t) = U(t; 0)u0 + Z t0 U(t; s)dW (s)From the de�nition of the stochastic integral,E �Z t0 U(t; s)dW (s)� = 0184



Consequently, E[u(t)] = U(t; 0)E[u0], because U(t; 0) is deterministic and u0is a random variable. From Section 4.2.6,Cov[u(t); u(t)] = E[u(t) � u0(t)]�E[u(t)] �E[u0(t)]and, in the weak sense,(h1;Cov[u(t); u(t)]h2) = (h1;E[u(t) � u(t)]h2) (5.4)� (h1;E[u(t)] �E[u(t)]h2)Expanding the �rst term in the right hand side of Equation[ 5.4],(h1;E[u(t) � u(t)]h2) = (h1;E[u(t)]) (h2;E[u(t)])= (h1; U(t; 0)E[u0]) (h2; U(t; 0)E[u0])= E [(h1; U(t; 0)E[u0]) (U�(t; 0)h2; u0)]= (h1; U(t; 0)E[u0]E[u0]u�(t; 0)h2)Assuming nonanticipativeness of u0 with W (s) for s > 0, the second term onthe right hand side of Equation[ 5.4] is(h1;E[u(t) � u(t)]h2) = E ��h1; U(t; 0)u0 + Z t0 U(t; s)dW (s)�� �h2; U(t; 0)u0 + Z t0 U(t; s)dW (s)��= E [(h1; U(t; 0)u0)(h2; U(t; 0)u0)+ �h1; Z to U(t; s)dW (s)��h2; Z t0 U(t; s)dW (s)��= (h1; U(t; 0)E[u0u0]U�(t; 0)h2)+�h1;E �Z t0 U(t; s)dW (s) � Z t0 U(t; s)dW (s)�h2�But, from Sawaragi[85], Lemma 2.3, 185



E �Z t0 U(t; s)dW (s) � Z t0 U(t; s)dW (s)� = Z t0 U(t; s)Q(t)U�(t; s)dswhere Q(t) is the covariance operator associated with the Wiener processW (t).Hence, in the weak sense of Equation[ 5.4](h1;Cov[u(t); u(t)]h2) =�h1; �U(t; 0)Cov[u0; u0]U�(t; 0) + Z t0 U(t; s)Q(t)U�(t; s)ds�h2�which is in agreement with results from the �nite dimensional case, �Astr�om[8].It should be noted that in these cases, the operator A(t), although allowed todepend on t, is not allowed to have random components. Hence, this theorywould apply to the situation where the boundary value problem is allowed tohave a random forcing term.5.2 Application To Transport And Scale-UpAs presented in Section 1.7, the spectral methods used to treat scale-up resulted in analytical expressions of a scaled-up dispersivity tensor. And,as commented on in Section 1.8, these scaled-up dispersivity tensors were allsubject to the constraint that the medium involved was assumed to be onlymildly heterogeneous. Another way of saying this is that the variance of thelog-hydraulic conductivities, Y , is subject to the condition �2Y < 1. Thisassumption allowed linearization techniques to be used in the development ofthe scaled-up dispersivity tensors.The approach that makes the most sense in describing dispersionis the Lagrangian framework used by Dagan[29, 30, 31, 32, 33, 33]. In thisapproach, transport is developed in terms of indivisible solute particles whichare convected by the 
uid. The second spatial moment about the centroidof the plume, Sij, characterizes how the solute plume is dispersed about thecentroid. The actual dispersivity coe�cients are de�ned as half the time rateof change of the second spatial moment about the centroid,Sij(t) = 1M Z
 n(xi �Ri)(xj �Rj)C(~x; t)d~x i; j = 1; 2; 3Dij(t) = 12 dSij(t)dt186



The validity of this de�nition was veri�ed for a special case in Chapter 2. Thereare two sources of uncertainty in the expression for Sij, the exact position ofthe centroid of the plume, ~R(t), and the exact level of solute concentration,C(~x; t). Since the concentration has a random component to it, the secondspatial moment about the centroid is a stochastic process in time. Becauseof this, Dagan, Section 2.3.5, de�nes e�ective dispersivity coe�cients as theexpected values of the Dij's.Dij(t) = 12 dE[Sij(t)]dtFigure 22 conceptualizes this idea of dispersivity. As the plumespreads out, a new average dispersivity tensor applies at each time step. Butin the types of models that are considered in this section, Monte Carlo meth-ods will be used to include both the dispersivity and the velocity as randomcomponents of a random di�erential operator.
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Figure 22 - Conceptual DispersivitySij = 1M Z
 n(xi � Ri)(xj � Rj)C(~x; t)d~x i; j = 1; 2; 3
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Dij = 12 dE[Sij]dtIn the following sections, the time dependent dispersivity coe�cientwill be incorporated into the stochastic partial di�erential equation model. Inkeeping with the basic notion of dispersion being a stochastic quantity, boththe dispersion coe�cients and the velocity will be allowed to have randomcomponents. The approach used is to treat the stochastic partial di�erentialequation as a stochastic evolution equation. The solution of which requiresan iterative process. References for this section are Adams[1], Adomian[3],Butzer and Berens[18], Serrano[88, 89], Tanabe[94], Tang and Pinder[95] andYosida[99].5.3 Stochastic ParametersIn Section 4.2.1, the stochastic partial di�erential equation was in-troduced, Equation[ 4.12], page 138. And, in Section 4.2.2, one of the manyproblems that can be treated using the stochastic partial di�erential equationwas identi�ed as the stochastic operator equation. The operator A is stochasticif one or more of its components is a stochastic process.Consider the equation@u@t (x; t; !) + A(x; t; !)u = g(x; t; !)u j@G = 0 u(x; 0) = u0(x)LetA(x; t; !)u = (E[~V ] + ~V 0(t; !))ru�r � ((E[D(t)] +D0(t; !))ru)= E[~V ]ru�r � (E[D(t)]ru) + ~V 0(t; !)ru�r � (D0(t; !)ru)So, we can write@u@t +E[~V ]ru�r � (E[D(t)]ru) = g �Ruu j@G = 0 u(x; 0) = u0188



where R � ~V 0(t; !)r(�)�r � (D0(t; !)r(�))Notice that in order to simplify matters, the velocity is assumed to be strictlyhomogeneous (strictly stationary). Since the solution u appears on both sidesof this equation, it cannot be represented explicitly. The solution can, however,be formally represented using an iterative process. The next section appliesthis series approach to represent the solution.5.4 Formal SolutionIn this section we formally develop a series representation for theinverse of the partial di�erential operator. Consider the equationLt;xu = gwhere Lt;x = Lt;x +Rt;xand Lt;x is a deterministic partial di�erential operator and Rt;x is a zero meanstochastic partial di�erential operator.If L�1t;x and L�1t;x exist, then Lt;xu = g �Rt;xu) u = L�1t;xg � L�1t;xRt;xu (5.5)Hence, u = L�1t;xg = L�1t;xg � L�1t;xRt;xL�1t;xgSo, the operator equation isL�1t;x = L�1t;x � L�1t;xRt;xL�1t;xParametrizing with � we getL�1t;x = L�1t;x � �L�1t;xRt;xL�1t;xSubstituting 189



L�1t;x = 1Xi=0 �iHiwe have that 1Xi=0 �iHi = L�1t;x � �L�1t;xRt;x 1Xi=0 �iHiEquating powers of �, it follows thatH0 = L�1t;xH1 = �L�1t;xRt;xH0 = �L�1t;xRt;xL�1t;xH2 = �L�1t;xRt;xH1 = (L�1t;xRt;x)2L�1t;x...So, Hi can be expressed in terms of Hi�1, and sinceL�1t;x = 1Xi=0 �iHiit follows with � = 1 thatL�1t;x = 1Xi=0(�1)i(L�1t;xRt;x)iL�1t;xHence, u = 1Xi=0(�1)i(L�1t;xRt;x)iL�1t;xgSince Lt;x is the deterministic part of the equation, we can write its inverse interms of the evolution operator asL�1t;x = U(t; 0)u0 + Z t0 U(t; s)(�)dsthen from Equation[ 5.5], the solution can be written as190



u = U(t; 0)u0 + Z t0 U(t; s)g(s)ds� Z t0 U(t; s)Rs;xu(s)dsand parametrizing with � asu = U(t; 0)u0 + Z t0 U(t; s)g(s)ds� � Z t0 U(t; s)Rs;xu(s)dsThe two integrals in this expression are stochastic since the integrands arestochastic processes. By selecting sample paths of the random components,the integrals become ordinary integrals.Letting u = 1Xi=0 �iHig = L�1t;xgthen, in operator notation it follows that1Xi=0 �iHi(�) = U(t; 0)u0 + Z t0 U(t; s)(�)ds� � Z t0 U(t; s)Rs;x 1Xi=0 �iHi(�)ds= U(t; 0)u0 + Z t0 U(t; s)(�)ds� Z t0 U(t; s)Rs;x 1Xi=0 �i+1Hi(�)dsEquating powers of �,i = 0 ) H0(�) = U(t; 0)u0 + Z t0 U(t; s)(�)dsi = 1 ) H1(�) = � Z t0 U(t; s)Rs;xH0(�)dsi = 2 ) H2(�) = � Z t0 U(t; s)Rs;xH1(�)ds...i = n ) Hn(�) = � Z t0 U(t; s)Rs;xHn�1(�)dsExpanding H1(�), 191



H1(�) = � Z t0 U(t; s)Rs;x �U(s; 0)u0 + Z s0 U(s; �)(�)d��ds= � Z t0 U(t; s)Rs;xU(s; 0)u0ds� Z t0 Z s0 U(t; s)Rs;xU(s; �)(�)d�dsExpanding H2(�),H2(�) = � Z t0 U(t; s)Rs;xH1(�)ds= � Z t0 U(t; s)Rs;x �� Z s0 U(s; �)R�;xU(�; 0)u0d�� Z s0 Z �0 U(s; �)R�;xU(�; �)(�)d�d�#ds= Z t0 Z s0 U(t; s)Rs;xU(s; �)R�;xU(�; 0)u0d�ds+ Z t0 Z s0 Z �0 U(t; s)Rs;xU(s; �)R�;xU(�; �)(�)d�d�dsHence, in this way all of the terms of the series can be expanded. The procedureis demonstrated in the following example:Example - Transport EquationConsider the 1-D problem in which the parameters E[D] and E[V ] are con-stants. @u@t � (E[D] + D0(t; !))@2u@x2 + (E[V ] + V 0(t; !))@u@x = 0�1 � x � 1 t > 0u(x; 0) = u0; u(�1; t) = 0; u(1; t) = 0This equation can be rewritten as 192



@u@t �E[D]@2u@x2 +E[V ]@u@x = D0(t; !)@2u@x2 � V 0(t; !)@u@xBefore proceeding, the next two de�nitions are required.De�nition: Let X be a B-space. If Tt is an operator such thatTt : <+ ! B(X)and satis�es(1) Tt+s = TtTs t � 0; s � 0(2) T0 = I(3) limt!0 kTtx� xkX = 0 8x 2 Xthen Tt is called a strongly continuous semigroup.De�nition: The in�nitesimal generator of a semigroup Tt is de�ned byAx = limt!0+ 1t (Ttx� x)D(A) is the set x 2 X for which the limit exists.In order to illustrate the meaning of this de�nition, the followingTheorem and Proposition from Rudin[83] regarding bounded or unboundedself-adjoint operators are helpful:Theorem: To every self-adjoint operator A in H there corresponds a uniqueresolution E of the identity, on the Borel sets of the real line, such that(Ax; y) = Z 1�1 �dEx;y(�) = Z 1�1 �d(E�x; y) (x 2 D(A); y 2 H)Also, E is concentrated on �(A) � (�1;1) in the sense thatE(�(A)) = I 2Proposition: Let A be self-adjoint. (Ax; x) � 0 if and only if �(A) � (�1; 0].From the Theorem, it is clear that A = R1�1 �dE�, and from thesymbolic calculus for operators, Rudin[83], Friedman[39], if E is a spectraldecomposition of the operator A and the spectrum of A is such that193



�(A) � (�1; 0]then etA can be represented asTt = etA = Z�(A) et�dE�Then, from the de�nition of the integral it follows that if t = 0, then e0 = Iand limt!0+ R�(A) et�dE�x� xt = limt!0+ R�(A) et�dE�x� R�(A) eodE�xt= limt!0+ Z�(A)  et� � 1t ! dE�x= Z�(A) ddtet������t=0 dE�x= Z�(A) �dE�x= AxTherefore, (Tt)0 ���t=0 = A, and in this sense, the operator A is the in�nitesimalgenerator of the semigroup Tt.Since E[D] is a constant, the solution can be expressed in terms of asemigroup as u = Ttu0 + Z t0 Tt�sRs;xu(x; s)dsSo, if we let Rs;x = D0(s; !) @2@x2 � V 0(t; !) @@xthe solution can be written asu(x; t) = Ttu0 + Z t0 Tt�s  D0(s; !) @2@x2 � V 0(t; !) @@x!u(x; s)ds194



The semigroup Tt is the one generated by the operatorA = �E[V ] @@x +E[D] @2@x2To �nd the semigroup, start from the problem@u@t +E[V ]@u@x �E[D]@2u@x2 = 0 (5.6)And, u(�1; t) = 0 u(1; t) = 0 u(x; 0) = u0In Section 2.3, it was shown that the solution to this problem wasgiven, with the change of variables X = x� E[V ]t and T = t, by�(X; T ) = Z 1�1K(X � �;E[D]T )u0(�)d�where K(X � �;E[D]T ) = 1(4�E[D]T ) 12 e� (X��)24E[D]TSubstituting for X and T yields�(X; T ) = Z 1�1 e� (x�E[V ]t��)24E[D]t2q�E[D]t u0(�)d�And, the candidate for the semigroup operator becomesTt(�) � Z 1�1 e� (x�E[V ]t��)24E[D]t2q�E[D]t (�)d� (5.7)The following verify the semigroup properties: Let u0(x) 2 Lp(�1;1)Property 1: T0 = I 195



Ttu0(x) = Z 1�1 e� (x�E[V ]t��)24E[D]t2q�E[D]t u0(�)d�Let � = x� E[V ]t+ 2qE[D]t sThen, Ttu0(x) = 1p� Z 1�1 e�s2u0(x�E[V ]t + 2qE[D]t s)dsAnd, it follows that as t! 0,Ttu0(x)! 1p� Z 1�1 e�s2u0(x)ds = u0(x)Hence, T0 = IProperty 2: TtTs = Tt+s t � 0; s � 0TtTsu0(x) = Z 1�1 e�(x�E[V ]t��)2=4E[D]t2p�qE[D]t 24Z 1�1 e�(��E[V ]s��)2=4E[D]s2p�qE[D]s u0(�)d�35d�= Z 1�1 14�E[D]pts Z 1�1 exp "�(x� E[V ]t� �)24E[D]t #� exp "�(��E[V ]s� �)24E[D]s # d� u0(�)d�Let g = ��E[V ]s� �, then the inner integral becomes14�E[D]pts Z 1�1 exp "�(x�E[V ](t + s)� �)� g)24E[D]t # exp " �g24E[D]s# d�Then using the following property of the Gaussian distribution1q4�(t1 + t2)exp �x24(t1 + t2)! = 14�pt1t2 Z 1�1 exp "�(x� u)24t1 # exp "�u24t2 # du196



it follows that14�E[D]pts Z 1�1 exp "�(x� E[V ](t+ s)� �)� g)24E[D]t # exp " �g24E[D]s# d�= 12q�E[D](t+ s)exp �(x� E[V ](t + s)� �)24E[D](t+ s) !Hence, TtTsu0(x) = Z 1�1 e�(x�E[V ](t+s)��)24E[D](t+s)2q�E[D](t+ s)u0(�)d� = Tt+su0(x)Property 3: limt!0 kTtx� xkX = 0 8x 2 XStarting from the de�nitionTtu0(x) = Z 1�1 e� (x�E[V ]t��)24E[D]t2q�E[D]t u0(�)d�If we let s = x�E[V ]t andG(t; s� �) = e� (s��)24E[D]t2q�E[D]tThen it follows that Ttu0(x) = Z 1�1G(t; s� �)u0(�)d�From Adams[1] we have the following Theorem 4.30 due to Young:Theorem: Let 1 � p < 1 and let u 2 L1(<n) and v 2 Lp(<n). Then theconvolution productsu � v(x) = Z<n u(x� y)v(y)dy; v � u(x) = Z<n v(x� y)u(y)dyare well de�ned and equal for almost all x 2 <n. Moreover, u�v 2 Lp(<n) andku � vkp � kuk1kvkp 2197



Applying this to our case, it follows thatkTtu0(x)kLp(�1;1) � kG(t; s� �)kL1(�1;1)ku0(�)kLp(�1;1)But, kG(t; s� �)kL1(�1;1) = Z 1�1 e� (x�E[V ]t��)24E[D]t2q�E[D]t d� = 1Hence, kTtu0(x)kLp(�1;1) � ku0kLp(�1;1) ) kTtk � 1, so that each Tt iscontinuous.Clearly, u0(x) = R1�1 e� (x�E[V ]t��)24E[D]t2p�E[D]t u0(x)d�, so thatjTtu0(x)� u0(x)j = 12q�E[D]t �����Z 1�1 e� (s��)24E[D]t (u0(�)� u0(x))d������Letting y = s��2pE[D]t = x�E[V ]t��2pE[D]t , then� = x� E[V ]t� 2qE[D]tyAnd,jTtu0(x)� u0(x)j = 1p� ����Z 1�1 e�y2(u0(x� E[V ]t� 2qE[D]ty)� u0(x))dy����Letting p0 be the conjugate exponent of p, ie, 1p + 1p0 = 1, thenjTtu0(x)� u0(x)j � 1p� Z 1�1 e�y2p e�y2p0 ju0(x� E[V ]t� 2qE[D]ty)� u0(x)jdyApplying H�older's inequality to the right hand side integraljTtu0(x)� u0(x)j � 1p� �Z 1�1 e�y2p ju0(x� E[V ]t� 2qE[D]ty)� u0(x)jpdy� 1p� �Z 1�1 e�y2dy� 1p0= K �Z 1�1 e�y2p ju0(x�E[V ]t� 2qE[D]ty)� u0(x)jpdy� 1p
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So that,jTtu0(x)� u0(x)jp � Kp Z 1�1 e�y2p ju0(x�E[V ]t� 2qE[D]ty)� u0(x)jpdyIntegrating with respect to x and using Fubini's theorem,kTtu0(x)� u0(x)kpLp(�1;1) �Kp Z 1�1 Z 1�1 e�y2p ju0(x� E[V ]t� 2qE[D]ty)� u0(x)jpdydx= Kp Z 1�1 e�y2p Z 1�1 ju0(x� E[V ]t� 2qE[D]ty)� u0(x)jpdxdyThen, using Fatou's lemma,lim supt#0 kTtu0(x)� u0(x)kpLp(�1;1) �Z 1�1 e� y22  lim supt#0 Z 1�1 ju0(x�E[V ]t� 2qE[D]ty)� u0(x)jpdx! dyBut, lim supt#0 Z 1�1 ju0(x� E[V ]t� 2qE[D]ty)� u0(x)jpdx = 0since this is true for continuous functions with compact support and the inte-grand can be arbitrarily closely approximated by such functions. So,limt#0 kTtu0(x)� u0(x)kpLp(�1;1) = 0Hence, Tt is a strongly continuous semigroup. The above argument is based onsimilar arguments given in Tanabe[94] and Yosida[99]. This argument can beextended to <n. Next, a uniqueness argument can be used to show that Tt isa semigroup generated by the operator A. To do this we need the followingTheorem: Let Tt be a strongly continuous semigroup on a B-space X within�nitesimal generator A. If x0 2 D(A), then(1) Ttx0 2 D(A) 8t � 0(2) ddt(Ttx0) = ATtx0 = TtAx0 t > 0 2199



If Gt is a strongly continuous semigroup generated by A, then by the theoremddtGtx0 = AGtx0then by forming the product Gs�tTtx0 and di�erentiatingddt (Gs�tTtx0) = Gs�t ddt(Ttx0) + ddt (Gs�t) Ttx0= Gs�tATtx0 �AGs�tTtx0Since Gt is the semigroup generated by A, the theorem gives thatAGs�tTtx0 = Gs�tATtx0so that ddt (Gs�tTtx0) = Gs�tATtx0 � Gs�tATtx0 = 0Hence, Gs�tTtx0 is constant with respect to t. Letting t = 0 and s = t it followsthat GsT0x0 = Gsx0 = G0Tsx0 = Tsx0Therefore, for all s > 0 and x0 2 D(A) the following holds:Gsx0 = Tsx0Since D(A) = X, if x 2 X and fxng1n=1 � D(A) such that xn ! x, thenkGsx� TsxkX = kGsx� Gsxn + Tsxn � TsxkX� kGsx� GsxnkX + kTsxn � TsxkX� kGsk kx� xnkX + kTsk kxn � xkX! 0as xn ! x since Gs, Ts 2 B(X). This means that Gsx = Tsx, 8x 2 X so thatthe semigroups are equal. Hence A is the in�nitesimal generator of Tt.200



Using the expression for the solutionu = 1Xi=0Higwhere for g = 0, H0(0) = Ttu0H1(0) = � Z t0 Tt�sRTsu0dsH2(0) = Z t0 Z s0 Tt�sRTs�rRTru0drdsAnd, the solution is given byu(x; t) = Ttu0 + Z t0 Tt�s  D0(s; !) @2@x2 � V 0(t; !) @@x! 1Xi=0Hi(0)dswith Tt(�) � Z 1�1 e�(x�E[V ]t��)24E[D]t2q�E[D]t (�)d�And, for the in�nite interval, the solution to the problem [ 5.6] page 194, isgiven by Ttu0(x) = Z 1�1 e�(x�E[V ]t��)24E[D]t2q�E[D]t u0(�)d�Also, if this operator is restricted to the functions u(x) for whichu(�x) = �u(x) for x > 0then by a change of variables and rearranging terms, it follows thatZ 1�1 e� (x�E[V ](t�s)��)24E[D](t�s)2q�E[D](t� s)u(�)d� = Z 10 264e� (x�E[V ](t�s)��)24E[D](t�s) � e� (x�E[V ](t�s)+�)24E[D](t�s)2q�E[D](t� s) 375 u(�)d�
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So, on this restricted domain, the operatorU(t; s) = Tt�s(�) � Z 10 264e� (x�E[V ](t�s)��)24E[D](t�s) � e� (x�E[V ](t�s)+�)24E[D](t�s)2q�E[D](t� s) 375 (�)d�is our original semigroup. Restricting the domain should not e�ect us, sincewe are only interested in the non-negative x axis.The solution for a semi-in�nite interval is then given by Guenther andLee[51] as Gtu0 = Z 10 264e� (x�E[V ]t��)24E[D]t � e� (x�E[V ]t+�)24E[D]t2q�E[D]t 375 u0(�)d�which is the solution for the problem@�@~t � E[D]@2�@~x2 = 0�(~x; 0) = u0 ~x > 0�(0; ~t) = 0 ~t > 0where ~x = x = E[V ]t, ~t = t and �(~x; ~t) = u(x; t). Li[62] uses a Laplacetransform to show that the solution is also given bya(x; t) = u02 8<:erfc0@x� E[V ]t2qE[D]t 1A+ exp E[V ]xE[D] ! erfc0@x� E[V ]t2qE[D]t 1A9=; (5.8)One numerical routine that makes this formulation of the solution easy to workwith is a routine for calculating the error function , erf(x), which is computedby an algorithm due to Hastings[52] which is given byerf(x) � 1� (a1t + a2t2 + a3t3 + a4t4 + a5t5)e�x2where
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t = 11 + 0:3275911x; a1 = 0:254829592; a2 = �0:284496736a3 = 1:421413741; a4 = �1:453152027; a5 = 1:061405429According to Greenberg[50] it is supposed to be uniformly accurate over 0 �x <1 to within �1:5� 10�7.The function u(x; t), which is given byu(x; t) = Gtu0 + Z t0 Gt�s  D0(s; !) @2@x2 � V 0(t; !) @@x! u(x; s)dsis then the solution of the problem of a long uniform channel which is initiallyuncontaminated, and at t = 0, a contaminant is introduced whose concentra-tion at x = 0 is maintained at u0.Taking this equation and parameterizing it with �,u(x; t) = Gtu0 + � Z t0 Gt�s  D0(s; !) @2@x2 � V 0(t; !) @@x!u(x; s)ds (5.9)Clearly, as long as Gtu0 6= 0, the operatorGtu0 + � Z t0 Gt�s  D0(s; !) @2@x2 � V 0(t; !) @@x! (�)dsis not linear. So. by writingu(x; t) = 1Xi=0 �iHi(g(x; t))where g(x; t) is the forcing term, on substituting, it follows that1Xi=0 �iHi(g) = Gtu0 + � Z t0 Gt�s  D0(s; !) @2@x2 � V 0(t; !) @@x! 1Xi=0 �iHi(g)dsEquating powers of �,
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i = 0 ) H0(g)i = 1 ) H1(g) = Z t0 Gt�s  D0(s; !) @2@x2 � V 0(t; !) @@x!H0(g)dsi = 2 ) H2(g) = Z t0 Gt�s  D0(s; !) @2@x2 � V 0(t; !) @@x!H1(g)ds (5.10)...i = n ) Hn(g) = Z t0 Gt�s  D0(s; !) @2@x2 � V 0(t; !) @@x!Hn�1(g)dsH0(g) has already been determined. Since it is assumed that the solute injec-tion at the left hand boundary is held constant at u0, the formula Equation[ 5.8]will be used as a representation of H0(g). In order to have a speci�c realizationfor Hi(g), it is necessary to �x !. This will make V 0(t; !) and D0(s; !) samplepaths. Additional questions that have to be answered before the feasibilityof this type of approach can be addressed clearly involve the convergence ofthe series. Some type of convergence analysis has to be made to determine thenumber of terms that are needed to be retained for a desired accuracy. Also,the additional complexity of extending this approach to 2 and 3 dimensionshas to be considered. And, numerical implementations need to be worked out.5.5 ConvergenceThis section will consider convergence questions surrounding the in-�nite series solutions developed above. As discussed earlier, recall that thesolution to the problem is given as an in�nite series in the formu(x; t) = 1Xi=0Hi(g)where the Hi(g) terms are given by Equations[ 5.10]. In particular, H0(g) isgiven as H0(g) = a(x; t)First o�, de�ne the operators
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L�1t;x � Z t0 Tt�s(�)ds= Z t0 Z 10 264e� (x�E[V ](t�s)��)24E[D](t�s) � e� (x�E[V ](t�s)+�)24E[D](t�s)2q�E[D](t� s) 375 (�)d�dsAnd, Rs;� � D0(s; !) @2@�2 � V 0(t; !) @@�So that L�1t;xRs;�(�) = Z t0 Z 10 264e� (x�E[V ](t�s)��)24E[D](t�s) � e� (x�E[V ](t�s)+�)24E[D](t�s)2q�E[D](t� s) 375�  D0(s; !) @2@�2 � V 0(t; !) @@�! (�)d�dsFix X and T so that (x; t) 2 [0; X]� [0; T ]Then, using Equations[ 5.10] as a reference, the Hi(g)'s can be written in thefollowing way: H0(g(x; t)) = a(x; t)H1(g(x; t)) = L�1t;xRs;�H0(g(�; s))= L�1t;xRs;�a(�; s)Hence, u1(x; t) = H0(g(x; t)) +H1(g(x; t))= a(x; t) + [L�1t;xRs;�]1a(�; s)205



And, continuing in this way, we can writeH2(g(x; t)) = L�1t;xRs;�H1(g(�; s))= [L�1t;xRs;�]2a(�; s)So that, u2(x; t) = H0(g(x; t)) +H1(g(x; t)) +H2(g(x; t))= a(x; t) + [L�1t;xRs;�]1a(�; s) + [L�1t;xRs;�]2a(�; s)In general, the nth approximation can be written asHn(g(x; t)) = [L�1t;xRs;�]na(�; s)un = nXi=0Hi(g(x; t)) = a(x; t) + nXi=1[L�1t;xRs;�]na(�; s)The solution is given by the limitu(x; t) = limn!1un(x; t) = a(x; t) + limn!1 nXi=1 hL�1t;xRs;�ii a(�; s) (5.11)Consider the di�erence for n > mkun+1 � unk = k a(x; t) + n+1Xi=1 hL�1t;xRs;�in+1 a(�; s)!� a(x; t) + nXi=1 hL�1t;xRs;�in a(�; s)! k= k hL�1t;xRs;�in+1 a(�; s)k� kL�1t;xRs;�kk hL�1t;xRs;�in a(�; s)k= kL�1t;xRs;�kkun � nn�1k206



So, if we let � = kL�1t;xRs;�k thenkun+1 � unk � �kun � un�1k� �2kun�1 � un�2k...� �nku1 � u0kMore generally,kun � umk = k(un � un�1) + (un�1 � un�2)+ � � �+ (um+1 � um)k� kun � un�1k+ kun�1 � un�2k+ � � �+ kum+1 � umk� ��n�1 + �n�2 + � � �+ �m� ku1 � u0k�  1Xi=m�i! ku1 � u0kBut, 1Xi=m�i = 11� � � 1� �m1� � = �m1� �So, it follows that kun � umk � �m1� �ku1 � u0kNow, if � < 1, ie L�1t;xRs0� is a contraction, then given � > 0, 9 N� suxh that ifn > m > N�, then �m < 1� �ku1 � u0k�and, 207



kun � umk � �m1� �ku1 � u0k < �The sequence fung is a Cauchy sequence and by the completeness of the Hilbertspace converges to a unique limit, namely, u(x; t).Referring to Equation[ 5.9] on page 202, and as shown on that page, Equa-tion[ 5.9] is parametrized with � to obtainu(x; t) = Gtu0 + � Z t0 Gt�s  D0(s; !) @2@x2 � V 0(t; !) @@x!u(x; s)ds(5.12)This equation has the form of a Volterra integral equation of the second kind.Recalling thatL�1t;xRs;�(�) = Z t0 Z 10 264e� (x�E[V ](t�s)��)24E[D](t�s) � e� (x�E[V ](t�s)+�)24E[D](t�s)2q�E[D](t� s) 375�  D0(s; !) @2@�2 � V 0(t; !) @@�! (�)d�dsEquation[ 5.12] can be put in the formu(x; t) = a(x; t) + �L�1t;xRs;�u(�; s)dsTherefore, the equation to solve is given byTu = uwith T � a(x; t) + �L�1t;xRs;�If f0 is some initial estimate of the solution, thenTf0 = a + �L�1t;xRs;�f0
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T 2f0 = T [a+ �L�1t;xRs;�f0]= Ta+ �L�1t;xRs;�[a+ �L�1t;xRs;�f0]= a + �L�1t;xRs;�a+ �2[L�1t;xRs;�]2f0In general, T nf0 = a + �L�1t;xRs;�a+ �2[L�1t;xRs;�]2a+ � � �+ �n[L�1t;xRs;�]nf0and if L�1t;xRs;� is a contraction then the solution is given byu = limn!1T nf0= a + 1Xi=1 �i[L�1t;xRs;�]iawith � = 1 then u becomesu(x; t) = a(x; t) + limm!1 mXi=1[L�1t;xRs;�]ia(�; s)which is the same as Equation[ 5.11], page 205. So, the convergence theory isthe same as that for the Volterra integral equation of the second kind.Following methods similar to the one illustrated in Figure 12, Section3.2.10, Monte Carlo methods can be used to construct concentration pro�lesfrom which concentration means and variances can be constructed.As a test problem, consider the 1-D example of a long channel ofuniform sand which has an established 
ow through it. The channel is initiallyuncontaminated and at t = 0 a contaminant or tracer is introduced whoseconcentration at x = 0 is maintained at u0. The physical parameters used inthe model are as follows:
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Distance From Origin 1, 2, 5, 10 MetersTime 10 DaysVelocity 0.3 m/dayDispersion 0.1 m2/DayConcentration At x = 0 1.0 mgrm/liter�t 0.05�x 0.05The following tables give some results of applying this iterative methodto this problem. The numbers in the columns labeled Concentration and In-crement are interpreted as follows: In row i, add the number in the Incrementcolumn to the number in the Concentration column. This will produce thenumber in the Concentration column in row i + 1.
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Example 1: Time = 10.0 DaysDistance From OriginMeters Iteration Concentration Increment1.0 1 0.968878174061 0.0000189647732 0.968897138835 0.0000008474973 0.968897986332 0.0000003387094 0.968898325040 0.0000000024495 0.968898327489 -0.0000000043636 0.9688983231272.0 1 0.843295693603 -0.0000144721272 0.843281221477 -0.0000026131053 0.843278608371 0.0000000357474 0.843278644118 0.0000000440505 0.843278688168 0.0000000020646 0.8432786902325.0 1 0.101972946853 -0.0000020732682 0.101970873586 0.0000001488623 0.101971022447 -0.0000000343504 0.101970988097 0.0000000050565 0.101970993154 0.0000000005756 0.10197099372810.0 1 0.000000211885 -0.0000001419552 0.000000197690 0.0000000000343 0.000000197724 0.0000000000004 0.000000197724 0.0000000000005 0.000000197724 0.0000000000006 0.000000197724In this example, the dispersion is allowed to have a random component andthe velocity is not. The sample path of the stochastic process D0(t; !) wasgenerated from a Gaussian distribution with a mean of zero and a standarddeviation of 0.03.
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Example 2: Time = 10.0 DaysDistance From OriginMeters Iteration Concentration Increment1.0 1 0.971451709277 0.0000277651682 0.971479474446 -0.0000002883213 0.971479186125 0.0000000087734 0.971479194898 -0.0000000002525 0.971479194646 0.0000000000076 0.9714791946532.0 1 0.835760450146 -0.0000315006112 0.835728949535 0.0000011173513 0.835730066886 -0.0000000235174 0.835730043368 0.0000000003985 0.835730043767 -0.0000000000046 0.8357300437625.0 1 0.101035253556 0.0000237927552 0.101059046311 0.0000000499113 0.101059096222 -0.0000000078344 0.101059088388 0.0000000003585 0.101059088746 -0.0000000000136 0.10105908873310.0 1 0.000000249522 -0.0000000077502 0.000000241772 -0.0000000038423 0.000000237930 -0.0000000000184 0.000000237912 0.0000000000005 0.000000237912 0.0000000000006 0.000000237912 0.000000000000In this example, the velocity is allowed to have a random component andthe dispersion is not. The sample path of the stochastic process V 0(t; !) wasgenerated from a Gaussian distribution with a mean of zero and a standarddeviation of 0.03.
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Example 3: Time = 10.0 DaysDistance From OriginMeters Iteration Concentration Increment1.0 1 0.972000869383 0.0000012564512 0.972002125834 -0.0000029433103 0.971999182524 -0.0000000299124 0.971999152612 0.0000000080365 0.971999160648 0.0000000006036 0.9719991612522.0 1 0.836701222644 -0.0000607240772 0.836640498567 0.0000010261033 0.836641524670 -0.0000004935834 0.836641031086 -0.0000000622185 0.836640968868 0.0000000058936 0.8366409747615.0 1 0.099088557472 0.0000254478942 0.099114005366 0.0000013816943 0.099115387060 -0.0000002919364 0.099115095124 0.0000000273795 0.099115122503 0.0000000052056 0.09911512770810.0 1 0.000000089299 -0.0000002366242 -0.000000147325 0.0000000017843 -0.000000145541 -0.0000000000444 -0.000000145585 -0.0000000000015 -0.000000145585 0.0000000000006 -0.000000145585In this example, both the velocity and the dispersion are allowed to have ran-dom components. The sample paths of the stochastic processes V 0(t; !) andD0(t; !) were generated from a Gaussian distribution with a mean of zero anda standard deviation of 0.03. At the 10.0 meter mark, the process has thepathological behavior of converging to a negative concentration.213



In Section 2.3.3, the transport equation was solved using the Fouriertransform. As part of that process, a �rst order equation, Equation[ 2.21], page66, was obtained. Since the dispersion tensor contained constant coe�cients,the autonomous �rst order equation had an easy solution in terms of the Fouriertransform, �̂(!; T ) = f̂(!)e�~!T ~D~!THowever, the situation changes considerably if the dispersion tensor is allowedto depend on time. The �rst order equation, Equation[ 2.21] is now a nonau-tonomous equation because the dispersion term ~D depends on time. In orderto solve this equation, we need to know the analytical form of ~D. Referringto Equation[ 1.13], page 37, it can be seen that in the case of steady stateor ergodic 
ow, the dispersion is esentially constant and so can be handled bythe semigroup approach presented earlier. In the case of non-ergodic 
ow, theproblem becomes much more di�cult since the dispersion tensor is now timedependent. The equation that needs to be solved for the fundamental solutionis now a nonautonomous equation and has the formdu(t)dt = A(t) u(t)where A(t) � �E[V ] @@t +E[D(t)] @2@x2 .This case can be reduced to the autonomous case by creating the system8><>: du(t)dt = A(�) u(t) u(0) = u0d�dt = 1 �(0) = 0Solving this system yields the solutionTtu0(x) = Z 1�1 e�(x�E[V ]t��)24E[D(t)]t2q�E[D(t)]tu0(�)d�If the operator U(t; 0) is de�ned asU(t; 0)(�) � Z 1�1 e�(x�E[V ]t��)24E[D(t)]t2q�E[D(t)]t(�)d�Then this integral operator can be used to study the case of the expecteddispersion being time dependent. 214



5.6 SummaryChapter 5 investigated the application of the theory of stochastic evo-lution equations to the problems of 
ow and transport. Section 5.1 reviewedthe connections between the boundary value problem and the abstract evo-lution equation for both the autonomous and nonautonomous cases. Curtainand Falb[27] extend these results to the case where the forcing term of theabstract evolution equation contains an H-valued Wiener process. From theCurtain and Falb result, weak forms of the mean and covariance equationsare found. Section 5.2 considered the time dependent forms of the dispersiontensor and Section 5.3 gave the form of the stochastic PDE in terms of a sumof deterministic and stochastic operators.Section 5.4 represented the solution of the stochastic PDE as an in-tegral equation involving an evolution operator that derived from treating thedeterministic part of the stochastic PDE as an abstract di�erential equation.An iterative approach to solving this integral equation was presented and theconvergence property of the series solution was given in Section 5.5. A testproblem was also solved in order to investigate the speed of convergence of theseries.
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6. Future Research6.1 GeneralThe Neumann expansion procedure outlined in Sections 5.4 and 5.5can be extended using the Karhunen-Lo�eve expansion for a stochastic pro-cess and the Galerkin method, thus turning it into a stochastic �nite elementmethod, Ghanem and Spanos[46]. However, the method continues to be subjectto the convergence criterion kL�1t;xRs;�k < 1In order to avoid this restriction, a method using the Homogeneous Chaosesof Wiener is outlined next. The Karhunen-Lo�eve expansion is a Fourier-typeexpansion of the form �(~x; !) = 1Xk=1(�k) 12 �k(!)�k(~x)The f�kg is a sequence of constants, the f�k(~x)g is a sequence of orthonormaldeterministic functions and the f�k(!)g is a sequence of random variables givenby �k(!) = (�k)� 12 ZD �(~x; !)�k(~x)d~xThe details of the existence of the constants f�kg and the orthonormal se-quence f�k(~x)g is covered in Lo�eve[63]. Basically, the covariance function ofthe process �(~x; !) can be written asC(~x1; ~x2) = 1Xk=0�k�k(~x1)�k(~x2)And, since the �k's form an orthonormal sequence, it follows thatZD C(~x1; ~x2)�k(~x1)d~x1 = �k�k(~x2)so that the constants f�kg and the functions f�k(~x)g are solutions of thisFredholm type two integral equation. And, the random variables �k(!) aredetermined by these solutions. 216



In Section 5.4, the formal solution of the equationLt;xu = gwas developed by �rst splitting the operator Lt;x into a deterministic part anda zero mean stochastic part, i.e.,Lt;x � Lt;x +Rt;xFor example, the stochastic transport equation can be written as@u@t + @@x [E[V (x)]u]�D(t)@2u@x2 + @(uV 0(x; !))@x = 0or, @u@t +E[V (x)]@u@x �D(t)@2u@x2 + @(uV 0(x; !))@x = @@xE[V (x)]uSince @@xE[V (x)] can be computed and u(t; x; !) can be estimated from theprevious time step, t��t, by lettingf(t; x; !) = @@xE[V (x)]u(t; x; !)the following holds approximately,@u@t +E[V (x)]@u@x �D(t)@2u@x2 + @(uV 0(x; !))@x � ~fwhere ~f = @@xE[V (x)]u(t � �t; x; !). In this example, it is assumed that thedispersion tensor, D, has been dealt with as explained in Section 2.4. Thisleaves as the only random coe�cient the random velocity term, V 0(x; !) whichdoes not depend on t. By the Karhunen-Lo�eve expansion, V 0(x; !) can beexpanded as V 0(x; !) � mXk=1(�k) 12 �k(!)�k(x)where the sum has been truncated after m terms, the f�k(!)g are randomvariables and f�k(x)g are deterministic functions of x. Then, it follows thatLt;xu+ mXk=1(�k) 12 �k(!)R(u�k(x)) � ~f217



or, Lt;xu+ mXk=1(�k) 12 �k(!)�k(x)Ru � ~f � mXk=1(�k) 12 �k(!)uR�k(x) = f̂where Lt;x(�) � @@t(�) +E[V (x)] @@x (�)�D(t) @2@x2 (�)R(�) � @@x(�)6.2 Homogeneous ChaosClearly, the Karhunen-Lo�eve expansion requires a knowledge of thecovariance function. This is can be done for the random coe�cients in theoperator equation, but not for the solution process since its covariance functionis not known. What is needed is a way of representing the solution process thatdoes not require knowledge of its covariance function. In order to circumventthis problem, the Homogeneous Chaoses �rst introduced by Wiener in 1938can be used. First, the following results are provided for convenience.De�nition: LetD be a subset of <n. LetX denote the complete inner productspace of functions de�ned on D. A function of two variables ~x1 and ~x2 in d,K(~x1; ~x2) is called a Reproducing Kernel Function for the space X if� for each �xed ~x2 2 D, K(~x1; ~x2) considered as a function of ~x1 is in X.� for each function f(~x1) 2 X and every point ~x2 2 D, the reproducingproperty f( ~x1) = (f(~x1); K(~x1; ~x2))Xwhere (�; �)X is the inner product on X and ~x2 is held constant.The following results due to Aronszajn provide existence and uniqueness:Theorem: A necessary and su�cient condition that X have a reproducingkernel function is that for each �xed ~x2 2 D, the linear functionalL(f) = f(~x2)is bounded jL(f)j � ckfk 8 f 2 X218



Theorem: If X possesses a reproducing kernel, it is unique.Let �(~x; !), ~x 2 D be a real Gaussian process de�ned on a probability space(
;B; P ). De�ne the �-algebra B� to be the completion with respect to themeasure P of �f�(~x) : ~x 2 Dgwhere �f�(~x) : ~x 2 Dg denotes the smallest �-algebra with respect to whichthe �(~x) are measurable.Assume that E[�(~x)] = 0and C(~x1; ~x2) = E[�(~x1)�(~x2)]Then, H(C) is the Hilbert space determined by the kernel C(~x1; ~x2). H(C)is called the Reproducing Kernel Hilbert Space (RKHS) of C(~x1; ~x2) or of theprocess �(~x). For each ~x 2 D, C(�; ~x2) 2 H(C) and(f; C(�; ~x2))H(C) = f(~x2) 8f 2 H(C)The following notation for tensor products is required for what follows. LetHi; i = 1; � � � ; p be Hilbert spaces, then the tensor product Hilbert space isgiven by H1 
 � � � 
Hp or the shorthandH1 
 � � � 
Hp � 
pH if Hi = H; i = 1; � � � ; pLet feig1i=1 be a complete orthonormal sequence in H(C). Also, let L1(�)be the closed linear subspace of L2(
;B�; P ) spanned by all �nite, real linearcombinations nXi=1 ci�(~xi)then it can be shown, Kallianpur[56], that there is an isometric isomorphismbetween L1(�) and H(C). Clearly, ei1
� � �
eip as i1 � � � ip range independentlyfrom 1 to 1 form a complete orthonormal system for 
pH(C). And, if h1 
� � � 
 hp 2 
pH, then the tensor 219



�(h1 
 � � � 
 hp) = 1p!X� h�1 
 � � � 
 h�pwhere � = (�1; � � � ; �p) is a permutation of the integers (1; � � � ; p), is a com-pletely symmetric tensor.The Hilbert space � (
pH) is then taken to be the closed linear sub-space of 
pH generated by elements of the formnXk=1 ck� �hk1 
 � � � 
 hkp�Let H = H(C) be the RKHS of the Gaussian process �(~x; !), ~x 2 D. Further-more, let f�ig1i=1 be a sequence of random variables over (
;B�; P ) such that �iis the element in L1(�) which corresponds to ei in H(C) by the isometry above.Then, from Kallianpur[56, Lemma 6.5.1], a complete orthonormal system de-noted fen1;���;nr�1;���;�rg exists for the space � (
pH(C)) where �1; � � � ; �r are distinctintegers in the sequence i1; � � � ; ip with �i occurring ni times and Pri=1 ni = p.Next, de�ne the following linear subspaces of L2(
;B�; P ). First,de�ne �̂p to be the space of all polynomials in f�i(!)g1t=1 of degree not exceedingp. Then let �p to be the set of all polynomials in �̂p orthogonal to �̂p�1,sometimes written �p = �̂p	 �̂p�1. Finally, let �p be the space spanned by �p.The subspace �p of L2(
;B�; P ) is called the pth Homogeneous Chaos. The set�p is called the Polynomial Chaos of Order p.It can then be shown, Kallianpur[56, Lemma 6.6.1], that the followingrepresentation of elements of �p holds:Lemma: A random variable 
 belongs to �p (p > 1) i� it is of the form
(!) =X am1;���;mrhm1 [��1(!)] � � �hmr [��r(!)]for some choice of distinct integers �1; � � � ; �r. The summation is over mi � 0and �1; � � � ; �r are �xed, hn(x) is the nth normalized Hermite polynomial andthe coe�cients satisfy am1;���;mr = 0 if rXi=1mi 6= p220



The desired homogeneous chaos decomposition of the L2-space of a Gaussianprocess is given in the following theorem from Kallianpur[56, Theorem 6.6.1]:Theorem: L2(
;B�; P ) = Xp�0��pFor any u 2 L2(
;B�; P ), the expansionu =Xp�0 Xn1+���+np=p X�1<���<�r �Fp; en1;���;nr�1;���;�r�p hn1 [��1(!)] � � �hnr [��r(!)] (6.1)holds where Fp 2 � (
pH(C)).Polynomial chaoses of any order p consist of all orthogonal polyno-mials of order p involving any combination of the random variables f�i(!)g1t=1.Ghanem and Spanos[47, 46] rewrite the previous expression for u(!) 2 L2(
;B�; P )as u(!) = ai0�0 + 1Xi1=1 ai1�1(�i1(!))+ 1Xi1=1 i1Xi2=1 ai1i2�2(�i1(!); �i2(!))+ 1Xi1=1 i1Xi2=1 i2Xi3=1 ai1i2i3�3(�i1(!); �i2(!); �i3(!)) + � � �Each polynomial chaos is a function of the countably in�nite set f�i(!)g and istherefore an in�nite dimensional polynomial. For practical purposes, this mustbe reduced to a �nite dimensional subspace. The n-dimensional polynomialchaos of order p is the subset of the polynomial chaos of order p which involvesonly n of the uncorrelated random variables �i(!). The convergence propertieswill then depend on n and the choice of the subset f��igni=1.In Ghanem and Spanos[47, 46] the polynomial chaoses for orders 0 to3 are found to be
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�0 = 1�1(�i) = �i�2(�i1 ; �i2) = �i1�i2 � �i1i2�3(�i1 ; �i2; �i3) = �i1�i2�i3 � �i1�i2i3 � �i2�i1i3 � �i3�i1i2where �ij is the Kronecker delta.6.3 Stochastic Finite ElementsStarting from the equationLt;xu+ mXk=1(�k) 12 �k(!)�k(x)Ru � f̂ (6.2)with boundary conditions of the form�(x)u(t; x; !) = 0 x 2 @Dassume that for a �xed t, u(t; x; !) is a second order random variable, henceits Karhunen-Lo�eve expansion can be expressed asu(t; x; !) = lXj=1 ej(t)�j(t; !)bj(t; x) (6.3)where �j(t; !) = 1ej(t) ZD u(t; x; !)bj(t; x)dxSince at time t the covariance function is not known, Equation[ 6.3] is of littleuse in this form. However, using the polynomial chaoses, the random variable�(t; !) can be expressed as�j(t; !) = a(j)i0 (t)�0 + 1Xi1=1 a(j)i1 (t)�1(�i1)+ 1Xi1=1 i1Xi2=1 a(j)i1i2(t)�2(�i1 ; �i2) + � � �
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where a(j)i1���ip(t) are deterministic constants and �p(�i1; � � � ; �ip) is the pth orderpolynomial chaos. Truncating after the P th polynomial gives�j(t; !) = PXi=0 x(j)i (t)	j[f�rg] (6.4)where x(j)0 (t) = a(j)i0 (t); x(j)1 (t) = a(j)i1 (t); x(j)2 (t) = a(j)i1i2(t); � � �and 	0[f�rg] = �0; 	1[f�rg] = �1(�i1); 	2[f�rg] = �2(�i1 ; �i2); � � �Substituting Equation[ 6.4] into Equation[ 6.3] and letting cj(t; x) = ej(t)bj(t; x)yields u(t; x; !) = lXj=1 PXi=0 x(j)i (t)	i[f�rg]cj(t; x) (6.5)= PXi=0 di(t; x)	i[f�rg]where di(t; x) = lXj=1x(j)i (t)cj(t; x)Then, substituting Equation[ 6.5] into Equation[ 6.2] gives"Lt;x + mXk=1(�k) 12 �k(!)�k(x)R# PXi=0 di(t; x)	i[f�rg] � f̂ (6.6)Next, expanding di(t; x) in the space C2 asdi(t; x) � nXj=1 dji(t)gj(x) (6.7)and substituting it into Equation[ 6.6] results in223



PXi=0 nXj=1	i[f�rg]Lt;xdji(t)gj(x)+ PXi=0 mXk=1(�k) 12 �k(!)	i[f�rg] nXj=1 dji(t)Rgj(x)�k(x) � f̂The terms can be rearranged to form the followingPXi=0 nXj=1 "	i[f�rg]Lt;x (dji(t)gj(x)) + dji(t) mXk=1(�k) 12 �k(!)	i[f�rg]R (gj(x))�k(x)# � f̂Multiplying both sides by gl(x) and integrating over D gives the system ofequationsPXi=0 nXj=1 "	i[f�rg](@dji(t)@t L(1)jl + dji(t)L(2)jl )+ dji(t) mXk=1(�k) 12 �k(!)	i[f�rg]Rikl# � flwhere l = 1; � � � ; n andL(1)jl = ZD gj(x)gl(x)dxL(2)jl = ZD "E[V (x)]@gj(x)@x �D(t)@2gj(x)@x2 # gl(x)dxRikl = ZD R(gi(x))gl(x)�k(x)dxfl = ZD f̂ gl(x)dxIn this system of equations, i spans the number of polynomial chaoses andj spans the number of basis functions from C2. In order to �nd the vectorof entries fdji(t)g at time t, the polynomial chaoses have to be replaced withnumbers. This is done by multiplying by 	m[f�rg], taking expected values andusing the orthonormal relationshipsE [	j[f�rg]	m[f�rg]] = �jmand the computable quantitiesE [�k(!)	j[f�rg]	m[f�rg]]This yields an nP � nP system. Once this system is solved for the vectorfdji(t)g, the di(t; x) coe�cients can be calculated from Equation[ 6.7], andu(t; x; !) can then be subsequently represented by Equation[ 6.5].224



6.4 The Covariance FunctionThe success of the procedure outlined above depends in large part indescribing the covariance function and obtaining its eigenvalues and eigenfunc-tions. The problems of 
ow and transport as presented in this thesis assume aknowledge of the porous medium that is very di�cult to obtain in actual prac-tice. For that reason, special assumptions regarding the stochastic propertiesof the hydraulic conductivities are often made. In particular, Equation[ 1.21],page 43, relates the spectrum of the velocity to the spectrum of the log-hydraulic conductivity. By taking Fourier transforms, a relationship betweenthe covariance of the velocity and the covariance of the log-hydraulic conduc-tivity can then be established. The problem is then in choosing a spectrumthat can be representative of the log-hydraulic conductivity. In order to illus-trate the procedure, one choice that has been used is the Whittle spectrum fortwo-dimensional spatial processes. This spectrum has the form, Mizell[67],S(~k) = �2�2� (k21 + k22 + �2)2 ; ~k = (k1; k2)y ; � = �2�where � is the integral scale and �2 the variance of the process. Graham andMcLaughlin[48] use a slightly modi�ed form of this spectrum called SpectrumA by Mizell[67] which has the formS(~k) = 2�2�2 (k21 + k22)� (k21 + k22 + �2)3Substituting this for SY 0Y 0(~k) in Equation[ 1.21], page 43, gives an expressionfor the velocity spectrum ofS~q0~q0(~k) � �I� k~kk�2~k~ky�E[~q]E[~q]y �I� k~kk�2~k~ky� 2�2�2 (k21 + k22)� (k21 + k22 + �2)3In order to obtain the velocity covariance matrix, the Fourier transform of thisexpression must be taken, which yields for this two dimensional exampleC(~x1; ~x2) = R~q0~q0(~�)� Z<2 �I� k~kk�2~k~ky�E[~q]E[~q]y �I� k~kk�2~k~ky� 2�2�2 (k21 + k22)� (k21 + k22 + �2)3 ei~��~kd~kwhere as described in Section 1.6, the vector ~� is the separation vector extendingfrom ~x1 to ~x2. This particular 2 � 2 symmetric velocity covariance matrix225



is evaluated in Graham and McLaughlin[48]. As noted in Section 1.6, thisrelationship is the result of the �rst order approximation Equation[ 1.19], page42. However, higher order estimates have been calculated, one of the morerecent studies in this area is given in Deng and Cushman[35]. Also, instead ofanalytical representations of the velocity covariance, numerical estimates canbe established by Monte Carlo methods.In order to obtain estimates of the eigenvalues and eigenfunctions forthe problem ��(~x1) = ZD C(~x1; ~x2)�(~x2)d~x2a Galerkin approach is used. Let fhi(~x)g be a complete set of functions in thespace of square integrable functions on D. Each eigenfunction of the kernelC(~x1; ~x2) can be approximated by the �nite sum�k(~x) � NXi=1 
(k)i hi(~x)On substituting this �nite sum into the preceding equation produces an error.The error, �N , is then assumed to be orthogonal to the approximating subspace,or equivalently,(�N ; hj(~x)) = ZD �Nhj(~x)d~x = 0 j = 1; � � � ; Nwhich yields the following system of equations:0 = NXi=1 
(N)i �ZD �ZD C(~x1; ~x2)hi(~x2)d~x2� hj(~x1)d~x1 � �(N)k ZD hi(~x1)hj(~x1)d~x1�j = 1; 2; � � � ; NLetting Cij = ZD ZD C(~x1; ~x2)hi(~x2)hj(~x1)d~x1d~x2Bij = ZD hi(~x1)hj(~x1)d~x1Dij = d(j)i�ij = �ij�(N)i 226



yields the system (C � �B)D = 0which is a generalized eigenvalue-eigenfunction problem. If the fhi(~x)g is anorthonormal sequence, then an ordinary eigenvalue-eigenfunction problem isthe result.
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