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ABSTRACT

One need in the current theory of subsurface transport in porous
media is an improved understanding of the basic transport physics in highly
heterogeneous subsurface environments using models that are valid at multiple
scales. The thesis addresses this problem by first developing a theoretical back-
ground for the spectral representation of stochastic processes which are then
used to illustrate the more common aspects of the theoretical descriptions of
dispersion. The analysis shows how the dispersion tensor in the homogeneous
case must be modified in order to include mildly heterogeneous permeability
fields and provides a transformation law for the conversion of the spectrum of
velocity perturbations to the spectrum of log hydraulic conductivities. This
theoretical connection is important because in Chapter II a Lagrangian ap-
proach is used to develop a description of dispersion in terms of the covariance
of the hydraulic conductivities using a particle tracking algorithm. Chapter 111
describes the numerical methods used to implement the algorithm. Chapter IV
treats the transport equation using stochastic calculus, specifically [t0’s lemma,
from which weak formulations of the mean and covariance equations can be de-
rived. Chapter V considers the application of the theory of stochastic evolution
equations to the problem of transport. By allowing both the dispersion and
velocity to have random components, the evolution equation can be split into
deterministic and stochastic parts. Using semigroup methods, the solution is
given in terms of a Neumann expansion. Finally, Chapter VI uses the operator
splitting method of Chapter V to illustrate a stochastic finite element method
for solving the transport equation that uses the Karhunen-Loeéve expansion,
the Galerkin method and the Homogeneous Chaos spaces of Wiener.

This abstract accurately represents the content of the candidate’s thesis. 1
recommend its publication.
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Thomas F. Russell
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1. Introduction

1.1 Overview

This study is concerned with the basic forms of the equations of flow
and transport of solutes or contaminants through porous media. Whenever two
miscible fluids come together to form one phase, there is potential for either the
density of the phase or the viscosity of the phase to change. This change can be
brought about by changes in the concentration and/or changes in the pressure.
In the case that the density is dependent on the concentration of the pollutant,
a coupled system of PDE’s is obtained that must be solved simultaneously,
see Equation| 3.3|, page 99. Using Darcy’s law and the Hubbert potential
for a compressible fluid, the velocity can be related to the pressure via the
permeability of the medium, see Equation| 3.1], page 97. This equation can
be solved for the velocity, pressure pair by the mixed finite element method.

In the case of constant density, the situation is less complicated. This
is referred to as the tracer case. Here, the system can be written as an uncou-
pled system consisting of the flow equation, which can be solved for the piezo-
metric head, and the transport equation. Once a velocity field has been derived
from the piezometric head distribution, the transport equation is solved for the
concentration plume that evolves over time. Section 3.2 discusses a 2D finite
element implementation of the tracer case. This model is subsequently used to
simulate horizontal tank experiments conducted in Boulder at the University
of Colorado’s Civil Engineering Department under the direction of Professor
Tissa Illangesekare. The Boulder experiments are discussed in Section 3.2.10.
Briefly, the tank environment is like that of a confined aquifer into which a
tracer (pollutant) is injected. The tank has 45 port locations where tracer in-
jections can be made and samples can be taken. Constant head conditions are
assumed on the ends of the tank, and no flow boundary conditions are assumed
on the sides of the tank.

Both homogeneous and heterogeneous experiments are run in the
tank. In the homogeneous case, the tank is packed with a uniform sand, i.e.,
of uniform hydraulic conductivity. Spectral methods can be used to study the
homogeneous packing. As would be expected, Fourier series can be used to
solve the 1D flow equation resulting in a solution of the form
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By letting ¢ — o0, the steady state solution is then linear. In the two dimen-
sional case, the constant head contours are nearly parallel, yielding a uniform
velocity field. Both the model results and the experimental results show these
characteristics.

The velocity field is determined from the flow equation or the ve-
locity /pressure equation described earlier. However, prior to solving for the
concentration distribution using the transport, advection-dispersion, equation,
the dispersion parameter must be provided. The first two chapters of this study
focus on the determination of the dispersion parameter. For homogeneous me-
dia, spectral methods can again be used to develop a theoretical formulation
for the treatment of dispersion. These spectral methods can be extended to
include mildly heterogeneous media by using stochastic process techniques. A
stochastic process can be given a spectral representation defined in terms of
special stochastic processes that have orthogonal increments. The first step of
the procedure used to construct an integral spectral representation is to define
orthogonal stochastic measures, Section 1.3. Once this is done, it can be shown
that there is an isomorphism between processes with orthogonal increments,
continuous from the right, and the orthogonal stochastic measures. It is this
association that makes the integral spectral representation work, Sections 1.4
and 1.5.

Based on a review of the literature, it is our view that the theoretical
descriptions of dispersion in porous media found in Gelhar and Axness[45], Neu-
man and Zhang|70] and Dagan[29, 30, 31, 32, 33, 34] are the most prominent.
All of these theories link dispersion to the hydraulic conductivity properties of
the media. However, there are fundamental differences which have generated a
lot of debate in the literature. Section 1.8 seeks to select the common aspects
of the Gelhar and Axness[45] and Neuman and Zhang[70] approaches which
are based on the integral spectral representations of stochastic processes. The
analysis shows how the dispersion tensor associated with the homogeneous case
must be modified to include mildly heterogeneous cases, Equation| 1.13], page



37. The modification is in terms of the integral of the spectrum of the velocity
perturbations. Section 1.10 provides a transformation that allows the conver-
sion of the spectrum of the velocity perturbations to the spectrum of the log
hydraulic conductivity perturbations, Equation[ 1.21], page 43. This theoreti-
cal connection is important because in Section 2.4 a description of dispersion in
terms of the covariance of the hydraulic conductivities using a particle tracking
algorithm will be developed.

Chapter 2 discusses the time and distance forms of the dispersivity
tensor. In this analysis, the solute body spatial moments are given by

M:/ncdf
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Here M is the mass, R is the centroid coordinate, S;; is the second spatial
moment which characterizes the spread around the centroid, n is the porosity
and c is the contaminant concentration. Starting from the transport equation
with V' representing fluid velocity,
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and using integration by parts, it can be shown that

Zero Moment = Conservation Of Mass

First Moment = Centroid Of The Mass Concentration Moves
With Velocity V.

dSi;

Second Moment = D;; = % dt

Although the result that dispersion is related to the time rate of
change of the second moment makes intuitive sense, in order to implement
such a definition requires knowledge of the plume that is probably not avail-
able. For this reason, dispersion is dealt with as a stochastic entity. Dealing



with the problem from a stochastic point of view allows a certain level of
uncertainty to be accounted for by the model. This means that instead of
deterministic ordinary and partial differential equations, the parameters and
variables in the differential equations will be allowed to have stochastic com-
ponents. This switch to stochastic differential equations brings with it many
difficulties that require a stochastic calculus to handle. For example, in dis-
cussing the movement of a fluid particle through a porous medium, stochastic
differential equations of the form

dX (1) = a(t, X (t))dt + b(t, X (1))dW (¢)

will arise where X (¢) is the trajectory of the particle through the medium and
W (t) is a special type of stochastic process called a Wiener process. This
equation has the interpretation on the interval [0, ¢] of

X(t) = X(0) + ./Ota,(s,X(s))ds + /Utb(s,X(s))dW(s)

The integrals in this equation cannot be interpreted in the usual sense.
In the case of the first integral on the right hand side, the integrand, a(s, X (s))
is a random function, i.e., for a given s, a(s, X(s)) is a random variable. The
second integral is even more difficult to deal with since the measure part of the
integral is a stochastic process which can be shown to have infinite variation.
Hence, the usual Stieltjes interpretation is not applicable. How these integrals
are dealt with is discussed in Section 2.2 and again in Section 4.2.4. As will
be seen in those sections, the stochastic differential equation and stochastic
integral have more than one interpretation.

Section 2.3 is the first section in which the Lagrangian approach is
used to give the basic form of the transport equation and the basic form of the
dispersion tensor that can be derived from it. In the Lagrangian framework,
transport is characterized in terms of indivisible solute particles , i.e., ensembles
of molecules in a small volume, which are transported by the fluid. The total
displacement of the fluid particle can be decomposed into a component due
to convection and a component due to diffusion, Equation| 2.12], page 58.
The diffusion component is represented by a Brownian motion. The convective
component is described by the fundamental kinematic equation

- =

()= [ V(R ()t

where V(X7 is the Lagrangian velocity field associated with the fluid particle.
Assuming the first order relationship between the displacement of X, X', and
the displacement of V, V', is given by
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it follows that the displacement covariance tensor is given by the time integra-
tion of the velocity covariances, Equation| 2.14], page 59. This characterization
of the displacement covariance will play a central role in the development of
the dispersion tensor.

As will be seen in Section 3.1.1, the transport equation is usually
derived from conservation of mass considerations. However, in Section 2.3.2
it will be demonstrated that the basic form of the transport equation can be
derived by treating the fluid particles as obeying the following It6 stochastic
differential equation

Then, the transport equation follows from the Fokker-Planck or Kolmogorov
forward equation. This derivation is restricted to the case where dispersion is
created only by the Brownian motion, X,.

In Section 2.3.3, the solution of the transport equation is shown to be
a multivariate Gaussian density function, and the dispersion tensor is shown
to be one-half the time rate of change of the covariances of the trajectory dis-
placements. Section 2.3.4 expands on this result to show that the components
of the dispersion tensor should be related to the time rate of changes in the
covariances of the fluid particle or the time integral of the velocity covariances
which approximates the path integral of the velocity covariances along the fluid
particle’s trajectory. The integrand of this integral is a lagged covariance over
the interval of integration. A numerical formulation of this integral is given
which depends on a particle tracking algorithm which is suitable for implemen-
tation in a computer code. Section 2.3.5 is an extension of these results due to
Kitanidis[58] and Dagan|[32].

One of the objectives of this study is to be able to specify the disper-
sion coefficients on a numerical grid block basis so that they can be used in a
finite element model. Section 2.4 contains the details of a proposed method of
doing this. By dividing the domain of the problem into numerical grid blocks on
which it can be assumed that gradients and hydraulic conductivity covariances
are constant, the local displacement covariance tensor, which is represented in
the literature as a bold-faced X, can be expressed as
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where K = K — E[K] and K is hydraulic conductivity and the dagger, f,
represents the vector transpose. Since 7”in this expression is the position vector
of the fluid particle with reference to some injection point, this is really a
distance dependent formula. One of the conclusions of experimental studies is
that dispersivity varies with the distance from the input zone. The manner
in which it varies depends on the degree and location of heterogeneities in
the porous medium domain. The presence of heterogeneities in the porous
medium will cause the velocity field to be non-uniform. In order to get an
adequate representation of exactly where in the domain different magnitudes
of dispersion are to be expected, ensembles of particles must be tracked. Figure
4 in Section 2.4 illustrates the tracking of 5 particles from each of two adjacent
grid blocks located near the center of the domain. These particle paths are
used to identify the numerical grid blocks that are most likely to be reached by
a tracer plume that emanates from the grid blocks containing the origin of the
plume. Once the grid blocks most likely to be reached have been identified,
the previous formulation can be applied on a grid block by grid block basis to
estimate how dispersion will develop over time. In this case, the displacement
covariance matrix is given by
n—1n—1
X=Y Y E {(K(i+1)E[K(i+l)}IE[F(H—I)D (K(HI)E[K(HI)}1E[F(j+1)})q

i=0 j=0

where the superscripts represent individual block designations. Dispersivity
estimates are derived by differentiating this expression with respect to time.

Since it may be difficult to identify exactly the numerical grid blocks
where a local source is originating, or if more than one point source is involved,
an entire column of grid blocks can be used to determine the particle paths.
Figure 5, Section 2.4, shows the result of tracking a particle from each of the
grid blocks in a column in the center of the domain. Of course, in a simulation,
more than one particle from each grid block would be tracked.

Section 2.5 discusses some methods of random variable generation
that are either currently being used or are planned to be used in the models
of flow and transport being created. Since all of the methodology is based on
exploiting randomness or uncertainty, it is necessary to have methods of simu-
lating this randomness. In Section 2.5.1, it is shown that by using a Box-Muller



transformation, two independent uniform random variables can be converted
into two independent Gaussian random variables. It is also shown, Section
2.5.2, how correlated random variables can be simply generated. However,
for more sophisticated simulations in 3 dimensions, efficient computer codes
are available that are capable of cogenerating pairs of 3 dimensional, cross-
correlated random fields with different correlation scales, Robin, et al[80].

Chapter 3 discusses the numerical method being used to study the
groundwater flow/transport problem. The particular form of the equations
that are to be solved depends on the relationship that is assumed between
the density, viscosity and concentration. For example, in an Enhanced Oil
Recovery problem, a change in the viscosity of the single phase is brought
about by the mixing of a surfactant with the oil in the reservoir. In problems
that involve a pollutant entering an aquifer, many times it is the density that
changes with the concentration of the pollutant. In these cases, it can be argued
using standard definitions of the physical properties of a compressible fluid that
the seepage velocity is related to hydraulic conductivity, pressure and density;
or to the permeability, pressure, density and viscosity, Equation[ 3.1], page 97.
The transport equation is usually derived by applying the Divergence theorem
to the Conservation of Mass law. These equations result in a coupled system of
equations, Equation| 3.2], page 98. For this coupled system, the mixed finite
element method can be used to solve for the pressure/velocity pair, followed by
a solution of the transport equation by some method. Currently, the code that
is available to solve the coupled system is the SEGMIX code. This code uses
mixed finite elements to solve for the pressure/velocity pair and the modified
method of characteristics (MMOC) to solve the transport equation. SEGMIX
assumes a rectangular domain with no flow boundary conditions on the sides.
In order to use this code to simulate the Boulder tank experiments, it would
have to be modified to accept constant head conditions at the ends of the tank
and no flow boundary conditions on the sides of the tank.

The types of experiments that are being conducted in the Boulder
horizontal tank are tracer experiments. This means that a solute such as
benzene or sodium chloride is injected at a selected port and samples are taken
from a port downstream of the injection port. In this case, the effect on density
is probably minimal, and the uncoupled flow/transport system of equations is
adequate to study the experiments numerically.

The numerical method being used to solve the uncoupled system is
finite elements. Because Gaussian integration formulas are used to evaluate the



integrals that arise in the system of equations resulting from the variational
formulation, a reference element which is convenient for integration purposes
is defined which is affinely equivalent to the elements in the domain. Affine
equivalence can be defined in terms of special mappings called pull-backs and
push-forwards. These concepts are explained in Sections 3.2.2 to 3.2.4.

Section 3.2.5 contains a derivation of the local system of equations
that arise from the variational formulation of the flow equation, Equation| 3.10],
page 116. Once the systems of equations on the local rectangular elements have
been established, they must be assembled into a global system of equations for
the whole domain. This process is described in Section 3.2.6. The derivations
of the velocity field from the piezometric head estimates is given in Section
3.2.7.

Section 3.2.8 shows the derivation of the system of equations that
follow from the variational formulation of the transport equation. Since there
are constant boundary conditions at the ends of the tank, and a pulsed-input
is allowed to take place at an injection point, it is necessary to allow constant
concentration conditions to exist at some grid points. The modification of the
global system of equations to allow certain grid points to maintain a constant
level of concentration is explained in Section 3.2.9. Section 3.2.10 describes
in more detail the horizontal test tank used in the Boulder experiments. Two
types of experiments are conducted in the tank. The homogeneous experiments
are those in which the tank is packed with a single type of sand as rated by its
hydraulic conductivity. In the heterogeneous experiments, the tank is packed
in a block arrangement with 5 different types of sand. The hydraulic conduc-
tivities of the sands range from 3.618 m/day for Sand #1 to 1036.8 m/day
for Sand #5. With this wide span of hydraulic conductivities, a significant
amount of heterogeneity is represented in the tank. The block arrangement of
the sands in the tank is represented graphically in Figures 13 and 14 in Section
3.2.10. Figure 15 provides a flowchart of the basic program components used
and how they interact. Comparisons of computer simulation results shown in
Figures 16 and 17 to actual tank measurements show very good agreement.
Figure 18 illustrates a computed tracer plume.

Chapter 4 actually starts the second part of the thesis. The previous
sections have investigated the components of the equations and the forms of
the equations. However, only the expected or mean value of the concentration
is predicted. Because of the uncertainties involved in specifying the physical
characteristics of the porous medium, the concentration of a solute at a given



point in time is a random variable, and over a period of time it is a stochastic
process. Consequently, in order to more accurately characterize the distribu-
tion of the solute concentration, higher order statistical moments such as the
variance need to be estimated also. In theory, the more moments that can be
predicted, the better this characterization will be. But, in practice, it is usually
a difficult problem just to obtain information on the variance or covariance of
variables in the system.

A much referenced paper in this area is the Graham and McGlaughlin[48]
paper which specifies a set of three equations that are to be solved for the mean
concentration, the velocity-concentration covariance and the concentration co-
variance. Section 4.1 derives and discusses these equations because they will be
used as a basis of comparison for an approach to developing moment equations
based on the It6 calculus.

Randomness can enter the boundary value problem in many different
ways. Equation| 4.12], page 138, is a statement of the stochastic boundary
value problem, and the discussion following that equation specifies the various
ways in which randomness can enter the picture. Existence theory for the
stochastic boundary value problem is not unlike the nonstochastic case. A
summary is included in Section 4.2.3.

Stochastic integration is again addressed in Section 4.2.4, this time
from the more general perspective of a martingale. The It6 integral then follows
from this more general definition as a special case. The use of the Ito integral
requires that the rules of calculus have to be modified. The reason for this
can be illustrated as follows: Suppose that 1 (¢) is a one dimensional Wiener
process, then it is well known that it can be represented as the limiting form
of a random walk. And, as part of this limiting process the step size of the
random walk goes to zero as the square root of the time interval

AW = O(Atz)
Gardiner[42] shows that for the It6 integral this property means that

dt if N=0

AW (@) = { 0 if N>0

and that dt dW(t) = 0. The most important new rule is that of It6’s lemma.
It is a change of variable formula. The reason the change of variable formula



has to be modified is due to the above differential relationships. For example,
if f is a smooth function and X (¢) satisfies the It differential equation

dX(t) = a dt + b dW (1)

Then, on expanding df [ X (t)]

dfiX(1)] = fIX () +dX(B)] — FIX ()]

= rixolax + LD x4

= fIX@)](adt+bdW(t)) + w (adt+bdW(t)" +---

And, using the differential relationships, it follows that

n
df[X(t)] = f'[X ()] (a dt +bdW (1)) + @wt

which is different from the ordinary calculus rule. The It6 formula is a stochas-
tic calculus chain-rule. It can also be extended to martingale type processes,
Karatzas[57]. Curtain and Falb[26] have extended It6’s lemma to infinite di-
mensional Hilbert spaces. It is this form that is used to derive weak forms of
the moment equations in Sections 4.2.5 to 4.2.8. For the purpose of illustrating
this theory, the key equation is Equation| 4.17], page 158, which is applied to
two examples. The first example uses this theory to derive mean and covari-
ance equations that in the weak form are identical to those used by Graham
and McLaughlin[48]. The second example is cast in terms of accounting for
the effects of measurement error that is assumed to enter the experiment as a
random perturbation that takes the form of a Wiener process.

Chapter 5 considers the application of the theory of stochastic evolu-
tion equations to the problems of flow and transport. In the deterministic case,
it is well known that the boundary value problem can be recast as an abstract
evolution equation or Cauchy problem. Such a problem takes the form of

W Au=f()  0<i<T

u(0) = ug

10



The term abstract is attached to indicate the fact that the functions involved are
mapping a time interval, [0, 7] C R!, into a Banach or Hilbert space. Hence,
for a Hilbert space H, the function u(t) is an H-valued function. It follows,
then, that there must be an association between the abstract functions u(t) and
the real-valued functions u(Z,t) of the boundary value problem. And, there
must be an association between the differential operator of the boundary value
problem and the operator A(t) of the abstract evolution equation. Section
5.1 explores these connections and the forms of the solution to the abstract
evolution equation for both the autonomous case, A independent of £, and the
nonautonomous, A(t) is dependent on ¢, cases. The solution, in general, is
given as an integral equation.

Curtain and Falb[27] are able to extend these results to the case
where the forcing term of the abstract evolution equation contains an H-valued
Wiener process, as defined in Section 4.2.4. The solution in this case is given
in terms of an evolution operator U(t, s) generated by —A(t) as

u(t) = U(t,0)ug + /Ut U(t, s)®(s)dW (s)

where the integral is now a stochastic integral. Working from the Curtain
and Falb solution, weak forms of the mean and covariance equations for the
solution wu(t) are found that agree with the forms of these equations for the
finite dimensional case as given in Astrom]8].

In Section 5.2, the time stochastic process nature of the dispersion
tensor is again considered. The fact that the dispersion tensor could be con-
sidered as a time dependent quantity was first shown in Section 2.1. But,
since then, it has been treated in the models developed up to this section as
an effective parameter by some type of averaging process. In the following
sections, the time dependent dispersivity coefficient will be incorporated into
the basic partial differential equation model. Both the dispersion coefficients
and the velocity will be allowed to have random components. Section 5.3 gives
the general form of the stochastic PDE that results in terms of the sum of
deterministic and stochastic operator components.

Section 5.4 represents the solution of the stochastic PDE as an integral
equation which has the form

u(t) = U(t,0)ug + Ut 5)g(s)ds — | Ut $) Ry au(s)ds

11



where ¢(s) is the forcing function which may be stochastic, R, , is the stochastic
operator component and U(¢, s) is the evolution operator that is the evolution
operator that is derived from treating the deterministic part of the stochastic
PDE as an abstract differential equation. As an example of this procedure, the
following 1-D transport equation is solved

, 0%u , ou
— — (E[D]+ D'(t,w)) o (BV]+ V' (w)) 5 =0
Since it is assumed that the E[D] is a constant in this example, the evolution
operator U (t, s) can be expressed as a strongly continuous semigroup generated
by the operator
0 0?
A=-E|V|—+E[D]—
Vg, +EDl5
Using a change of variables to a moving coordinate system, the semi-
group is calculated and its properties verified. The solution is then given as an
integral equation that has the form of a Volterra type two equation. Section 5.5
applies the classical integral equation methods to characterize the convergence
property of the series solution to the integral equation, Hochstadt[53].

In order to provide some insight into the speed of convergence of this
series, a test problem is constructed and three scenarios tested. The first case
allows the dispersivity to have a random component, but not the velocity.
The second case allows the velocity to have a random component, but not the
dispersivity. Finally, the last case allows both the dispersivity and the velocity
to have random components. The results are contained in the tables at the end
of Section 5.5. Monte Carlo methods can be used to generate several sample
paths for the random components, and from these, concentration means and
variances can be calculated.

The Neumann expansion procedure discussed in Sections 5.4 and

5.5 can be extended to a stochastic finite element method by combining the
Karhunen-Loeve expansion, a Fourier type expansion of a stochastic process,
with the Galerkin method. This approach is, however, subject to the same con-
vergence criterion discussed in Section 5.5. Instead of pursuing the Neumann
expansion any further, Chapter 6 on Future Research describes an alternative
method which is based on the following three components:

(1) The Karhunen-Loéve Expansion

(2) The Galerkin Method

(3) Wiener’s Homogeneous Chaos Spaces

12



As described in Section 5.4, the formal solution of the equation
Et,zu =g

is developed by splitting the operator £, , into a deterministic part and a zero
mean stochastic part, i.e.,

['t,:ﬂ = Lt,z + Rt,z

and using the Karhunen-Loeve expansion to express the random coefficients in
the stochastic component, R, .. and the Homogeneous Chaoses of Wiener to
represent the solution.

As described in Section 6.1, the Karhunen-Loéve expansion requires
a knowledge of the covariance function of the stochastic process. Specifically,
the expansion requires that the eigenvalues and eigenfunctions associated with
the covariance function of the process being represented be known. Although
certain assumptions can be made regarding the covariance function associ-
ated with the stochastic coefficients of the stochastic operator, the covariance
function of the solution process is not known. What is required is a way of
representing the solution process that does not require a knowledge of its co-
variance function. The principal result in this approach is the Homogeneous
Chaos decomposition of the Ly-space of a Gaussian process. The fundamentals
of this type of decomposition are provided in Section 6.2. The stochastic finite
element method using Homogeneous Chaoses is outlined in Section 6.3. Since
the success of this finite element procedure depends on obtaining the eigenval-
ues and eigenfunctions of the covariance function, some details of this problem
are covered in Section 6.4.

1.2 Stochastic Processes

Some of the more famous and fundamental results on contaminant
transport through porous media involve the characterization of dispersion in
terms of the spectral representation of stochastic processes, Gelhar and Axness[45],
Neuman, et al[69]. This introduction will trace the development of these spec-
tral representations from their beginnings in classical functional analysis to
their use in deriving fundamental theoretical formulations of the dispersion
tensor. In doing so, the key role that the dispersion tensor plays in the process
of scaling-up from small homogeneous laboratory experiments to larger het-
erogeneous field problems will become clear. The following definitions can be
found in many references, for example Burrill[17], Doob[36] and Todorovic[96]:
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Definition: Let (€, B,P) be a probability space. A real (complex) valued
measurable function with domain €2 is a real (complex) random variable.

Definition: A real (complex) stochastic process is a family of real (complex)
random variables {X(¢) : ¢ € T} defined on a common probability space
(Q,B,P) with T C R'.

Definition: A stochastic process is said to be strictly stationary if its dis-
tributions do not change with time, i.e., if for any t;,¢9,---,t, € T and
for any h € T, the multivariate distribution function of the random variable
(X4y4n, -+, X4, +n) does not depend on h.

Ex:

.f(X17X27...JXTL;tIJ...Jtn) :f(XIJXQJJXn7t1+h77tn+h)

Definition: A stochastic process {X; : ¢t € T'} is wide sense stationary if
[ ] EHXt‘Q] < o0

e E[X,.,, X{| = E[X,, X{] VteT
where E represents the expected value. Doob[36], shows that for wide sense

stationary processes, the following holds:

Proposition If { X (¢);¢ € R'} is a process which is wide sense stationary, then
there is a group of unitary transformations {U;;t € R'} such that for each ¢,

X(t) = UX(0)

Us+t = UsUt
Uy = Identity Element
U_, = Inverse Of U,

Using the notation (-,-) to represent the Hilbert space inner product, the fol-
lowing spectral representation theorem exists for unitary operators, Riesz and
Sz.-Nagy[79], Section 137,
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Stone’s Theorem Every one-parameter group {U;;t € R'} of unitary trans-
formations for which (U, f, g) is a continuous function of ¢, for all elements f
and ¢, admits the spectral representation

+o0 o\
Ut:/ MR,

o

where {E,} is a spectral family. Furthermore, E is uniquely determined.

E)\ is an orthogonal projection with the properties
(1) E)\ S E# for A< 12
(2) Exto = E)
(3) Ex —>0 forA —» —o0
(4) Ex — 1 ford = o
A second theorem related to this is, Riesz and Sz.-Nagy[79], Section 138,

Bochner’s Theorem In order for the function p(t) (—oc <t < 0o) to admit
the representation

p) = [ eav()

with a nondecreasing and bounded real function V' (\), it is necessary and
sufficient that p(t) be continuous and nonnegative definite in the sense that

m
Z p(tu - tu)puﬁu 2 0
pr=1
whatever the positive integer m, the real numbers t,, ¢,, - - -, ¢, and the complex

numbers py, pa, -, P

The reason that these two theorems are connected is that the function

P(t) = (Utf; f)

is nonnegative definite, and from this it follows that, Riesz and Sz.-Nagy[79],
Section 138,

Uif.9) = [ eMd(Exf.g) (1.1)

— 00

where F) is a spectral family.
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From the polarization identity, the following holds in a complex Hilbert
space

= R(E}f.9) +iS (Eif.9)

= R(E\f, Exg) +iS (Erf, Erg)

f+g f—9 . f+ig f—ig
= IIEATII2 — IIEATIIQH | Ex 5 |* - IIEATH2

In particular, if ¢ = f, then

(Exf. ) = E\fI?
and Equation| 1.1] then gives

Wi )= [ MBS (1.2

From the properties of the spectral family,

0<|EfIP = (Bxf Exf) = (E3f.f)

= (Exf, f)

and, if A\ > p then E\ > E, = (E\f,f) > (E.f, f), so that ||E\f|? is real
and nondecreasing. Furthermore,

IEI” < 1B fI1” = IF117

so that [|Eyf]|? is also bounded. Equation| 1.2] will be useful in the discussion
of the Bochner-Khinchin theorem in Section 1.4.

1.3 Stochastic Measures
In the preceding section, it was shown that a stochastic process X ()
that is wide sense stationary has the representation
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X(1) = U, X(0) = [ T EMAEL X (0)

The process {E,\X(0) : A € R'} turns out to be a special type of stochastic
process. Also, in order to be able to interpret this integral in the usual sense,
this process must be associated in some way with a type of measure. In this
section a stochastic measure and a stochastic integral are defined that allow
the representation as a stochastic process in terms of a unique orthogonal
stochastic measure which corresponds to a stochastic process with orthogonal
increments, Section 1.4. The details of this section on Stochastic Measures are
found in Todorovic[96].

Definition: A complex-valued random variable Z on (2, B, P) is called second
order if

E[|Z]’] < o0
The family of all such random variables is denoted by
L,{Q), B, P}
Todorovic[96] shows that given the definition of equality that
=2y Wt Z =27 (a.s.)

ie, they differ on at most a set of measure zero, so that the space Lo{Q, B, P}
consists of equivalence classes, and using the inner product definition

(Z1,7,) = E |7, Z5] = /Qzlzgdp(w)

where the symbol * represents complex conjugation, then L, (€2, B,P) is an
inner product space. The norm for this space is defined as

1
12l| = +(2, 2)} = B[ 7]’

Using this norm to define distance, Ly(£2, B,P) is a metric space.

The Cauchy-Schwarz inequality holds, Todorovic[96], and the inner product is
uniformly continuous, for if Zy, 71, Zs € Lo{Q), B, P}

(21, Zo) — (Za, Zo)| < (Z1 — Z, Zo)| < || 20| || 21 — Zs|
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so that for || Z) — Zs|| < 57, [(Z1, Zo) — (Za, Zy)| < €.

1Zoll”

The mode of convergence on this metric space is that of mean squared
convergence and defined as

(m*) lim Z, =2 iff ||Z, Z|]| -0 as n— o
n—oo

And, this definition of convergence leads to the following form of the

Riesz-Fisher Theorem If {7, }7°, is a Cauchy sequence, then there exists a
Z € Lo{Q, B, P} such that

(m?) lim Z, = Z O

n— 00

Let {S,S} be an arbitrary measurable space, and let Sy be the algebra
of sets that generates the o-algebra S.

Definition: A mapping
n:Sy — Lz{QaB,P}
such that

n® = 0
nAUB) = n(A)+n(B) (as.)

for any disjoint sets A, B € &y is called an elementary random or stochastic
measure.

Definition: Let m(A) = ||n(A4)]|> < oo for any A € Sy where || - [|? = E[| - |?]

Definition: An elementary random measure is said to be orthogonal if
(n(A),n(B)) =0 Vdisjoint A, B € S

It is clear from the orthogonality property of the random measure 7(-) that
the set function m(-) is finitely additive. And, if it is assumed that m(-) is
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countably subadditive, then it can be extended to a measure on Sy. According
to Proposition 12.3.9 of Royden[81], all that is required is a semialgebra of sets
C that generates Sy and that on C, m(0) = 0, m(-) is finitely additive on C and
countable subadditive on C. Furthermore, the measure m(-) so defined on S,
can then be extended to the measurable space {S,S}.

Definition: m(-) is called the measure associated with n(-). Let
Ly(m) = L2{S, S, m}

the Hilbert space of complex-valued functions on S which are square integrable
with respect to m.

Definition: For step functions
h(s) = EH: celp,(s) disjoint By € Sy
k=1
define
o(h) = [ hs)n(as) = 3 cn(B)

It is clear that the mapping 1) takes step functions in Ly(m) and maps them
into random variables in L, (€2, B, P). Furthermore, given two step functions

h(s) and f(s)

((h), Y () 1ysr) = (i zin(A;), ilyjn(Bj)>

=1 LQ(Q’B’P)

= 2> mig; (n(A), n(Bj))LQ(Q,B,P)
i=1j=1
and, since the sets A; and B; can be written in terms of disjoint sets as
Ai = (A4i\ Bj)U (AN B))

Bj = (Bj\ A)U(A;N By)
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it follows from the orthogonality of 7)(-) that the inner product (n(A;), n(B;))

L?(QaB’p)
can be written as

(n(A3), U(Bj))Lz(Q,B,P) = (n(4i N Bj),n(A;N Bj))LZ(Q,B,P)

consequently, the inner product (¢(h), ¥(f));,q,5.p) can be written as

WV e = 3 eam(4i0 )

— HM:

= (h'J f)Lz(m)

Therefore, the mapping 1 preserves the inner product of the step functions
from Ly(Q2, B, P) to Ly(m). If g € Ly(m), then let {h,}5°_; be a sequence of
step functions such that

lg—hal| =0 as n— o

then from the orthogonality of n(-)

19 (hn) = () II* = o = hn||* = 0 a5 m,m — oo

So, {¢(hy)}2; is a Cauchy sequence, and by the Riesz-Fisher Theorem, 3 (g) €
L,{$2, B, P} such that

|l (g) —Y(ha)|l = 0 as n— oo

Definition: The random variable ¢(g) is called the stochastic integral of ¢ €
Lo(m) with respect to the elementary orthogonal random measure 7). It is
denoted by

U(9) = [ g(s)n(ds) (13)

The elementary stochastic measure 1 which is defined on &y can be extended to
the o-algebra S, Todorovic[96]. Hence, Equation[ 1.3] is taken to be the integral
of a g € Ly(m) over the set S with respect to the orthogonal stochastic measure

7.
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1.4 Process With Orthogonal Increments

Let {S,S,m} = {R',R,m} where R = Real Line, and R = o-
algebra of Borel sets of R'. Let {Z(t);t € R'} C Lo{Q), B, P} with E[Z(t)] =
0, Vt € R'. Then, using Stone’s theorem, these stochastic processes can be
written as

Z(t) = U, Z(0) = /jo ¢NAE, Z(0)

From the properties of the spectral family that the F) are symmetric and for
)\1 S )\Qa

Ey\ Ey, = E),

it follows that, for \y < Ay < Ay
E[(Ex Z(0) — ExZ(0)) (Ex, Z(0) — Ex, Z(0))] =
((E/\l - E/\O)Z(O)’ (E)\z - E/\l)Z(O)) = (Z(O)’ (E)\l - E/\o)(E/\Q - E/\l)Z(O))
The operator product in the last term can be expanded as
(E/\l - E/\o)(E/\Q - E/\l) = E/\l E)\z - E)\l E)\l - E)\o E)\z + E)\o E)\l
- E)\l - EAl - EAO + E}\g

= 0

Consequently, the stochastic processes F\Z(0), —o0o < A < oo that appear in
the Stone representation have the special property

E[(E) Z(0) = ExZ(0)) (Ex, Z(0) — Ex, Z(0))] =0

Todorovic[96] makes the following

Definition: The stochastic process {Z(t);t € R'} is said to have orthogonal
increments if, for any tq < t; < t,

E[Z(t) = Z(t)][Z(t2) — Z(t)]" = 0
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where the symbol * represents complex conjugation.

Definition: The process Z(t) is right continuous in the mean squared sense if
vVt € R, t fixed,

1Z(t) — Z(t)]| = 0 as t Lt

Todorovic[96] shows that there exists an isomorphism between processes { Z(t) :
t € R'} C Ly{Q, B, P} with orthogonal increments continuous from the right
in the mean squared sense and the orthogonal stochastic measures n with m(-)
the measure associated with it. This correspondence is given by

Z(t) = n((=o0, 1)

From this, for ¢ > s,

= (s, t]) = Z(t) - Z(s)

Ash[6] characterizes the Borel sets in various ways. In particular,
they can be defined as the smallest o-algebra of subsets of R' that contains
the intervals (—oc,t], t € R'. Furthermore, from this definition the function
F(t) can be defined as

F(t) = m((—o0.1]) = [In((—o0,t])]"

= E[lZ(t)") = B[Z(t)Z(1)"]

where * represents the complex conjugate. Since m((—oc,t]) = m((—oc,s| U

(s,t]), then
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F(t) = F(s) +m((s, 1])
So that,
m((s,t]) = F(t) = F(s)
It can be shown, Todorovic[96], Ash[6], that the function
F(t) = E[Z()Z(t)"]

is bounded, right continuous and non-decreasing.

Letting n(dt) = dZ(t), then
dF(t) = mi(dt) = |[n(dt)||"
= [dz(®)]”
= E[ldz(t)[]

= E[dZ(t)dZ(t)"]
Hence, the following holds
dF(t) = E[dZ(t)dZ(t)"]

And, if the process Z(t) has orthogonal increments, then

. 0 ift£t
BldZ(t)dZ(r)"] = { dF(t) ift ’ %
Definition: The stochastic integral
+0o0
[ nwaz)
is to be interpreted as
+00
| ntynan

23
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From the definition of the stochastic integral, Equation| 1.3|, page 20, h(t) is
a complex-valued function. If

h(t) = ™

then
U,Z(0) = / B TNA()

=/ M dn(d))

where 7 is the orthogonal stochastic measure associated with the stochastic
process with orthogonal increments, EZ(0).

1.5 Spectral Representation
Let {Z(t);t € R'} C Lo{Q, B, P} be a wide sense stationary process
with

E[Z()] =0 C(t) = E[Z(s + 1) 2" (s)]

The following proposition follows from the non-negative definiteness of the
covariance function, Todorovic[96].

Proposition The covariance function C(¢) is continuous on R! if it is contin-
uous at zero.

From the definition of the inner product,
C(t) = (Z(s +1), Z(5))

Let f = Z(0), then from the discussion in Section 1.2, the covariance can be
expressed in terms of the unitary operators as

C(t) — (Us+tf7 Usf)

= (UtUsfa Usf)

Letting g = U, f = Z(s) and using Equation| 1.2], page 16, it follows that
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Ct) = (Uig.g) = [ el Ergl”

Furthermore, since |[E\g||* is real, bounded and nondecreasing and E) is
uniquely determined, then

F\) =1Exgl® = E[E:Z(s) (ExZ(s))"] = B[Z(A) Z(A)'] (1.5)
and obtain

O(t) = [ O:O GNAF())

In particular, letting ¢t = 0 and using the spectral family properties, the covari-
ance can be written as

CO) = [ dlEgl? = | Bxgll?
= llgl®

= E[Z(s) Z7(s)]

The forgoing discussion illustrates to the famous

Bochner-Khinchin Theorem A complex-valued function C(t) defined on
R continuous at zero is the covariance function of a wide sense stationary
stochastic process iff it can be written in the form

o= T GG\

o

where F(-) is a real nondecreasing bounded function on R' called the spectral
distribution of the process £(t).

If the spectral distribution function F(-) is absolutely continuous,
then the spectral density of the process is given by

F=FO) =5 [ e e
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So, the covariance function and the spectral density form a Fourier Transform
pair.

Comparing this with Equation| 1.4], page 23, and Equation]| 1.5], page 25, the
spectral density can be written as

fN)dN = dF(N\) = E[dZ(N)dZ(N)Y]
So that the covariance function takes the form

o) = [ O:O FN)e™dA

f(A) is called the continuous spectrum of C'(¢) and the integral expresses C(t)
as a continuous bundle of waves having amplitudes f(A).

Similarly, the cross-spectrum Sxy (w) of two processes X (¢) and Y ()
is the Fourier transform of their cross-correlation Ryy (7)
+o00 .
E[X(t+7)Y"()] = Rxy(7) = Sxy (w)e™ dw

J =00

and

1 ftoo

Sxy(u)) ny(T)eiindT

T
Let {£(t);t € R'} C Lo{Q, B, P} be a wide sense stationary process such that
BE()] =0 and  C(t) = BIE(t+ 5)E°(s)

Then from Todorovic[96] there is the following existence

Proposition Let the covariance function C(¢) be continuous at zero. Then,
there exists a unique orthogonal stochastic measure n with values in Ly{Q2, B, P}
such that

€0 = [ PN (as)

and

In(A)|]? = m(A) = /A dF VYAER
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where m(-) is the Lebesque-Stieltjes measure associated with 1 and generated
by the spectral distribution F'.

Hence, if {Z¢(\); A € R'} is a stochastic process with orthogonal
increments corresponding to the orthogonal stochastic measure 7(-), the process
{&(t);t € R'} has the spectral representation

€0 = [Tt = [Nz

1.6 Space Correlations And Space Spectra
The interpretation of the independent variable as a space variable
instead of a time variable does not change things, Lumley and Panofsky[64].

Homogeniety is the property that for the space variable corresponds
to stationarity for the time variable.

+oc i\
fa) = [ eMazey
In 3-dimensions, the corresponding spectral representation is given as
o ik-@ 7
€)= [ ™ dze()

where £ is the wave number and Zg(lz) is a stochastic process with orthogonal
increments.

In the case that time is a contributing factor, the spectral represen-
tation can be written as

& 1) = [ eFaze(k.1

As in the one-dimensional case, if Z(lg) is a stochastic process with
orthogonal increments, then

L (1.6)

Ay

o 0 ifk
E[dZ(k)dZ(K')] = { T

dF (k)
where dF (k) = f(k) dk and f(k) is the spectral density of the process.

The cross-spectrum of two processes X and Y is given by
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- 1 o
Sev(B) = o | R (@) Fd7
and, its Fourier inverse is the cross-correlation of the processes X and Y, given
by

Ry (%) = /m Sxy(F)e*TdR

For a homogeneous process, the following is true

— —

In particular, if X and Y are real stochastic processes,

-

Rxy(—0) = Ryx(f)
and, if X =V,

Rxx(—0) = Rxx(0)

so that the covariance function of a real stochastic process is an even function.

Also,

= = = =

Rxy(—0) + Ryx(—0) = Ryx(0) + Rxy(0)

—

So, clearly, Rxy(f) + Ry x(f) is an even function. Furthermore, if Ryy is an
even function, then using the mapping T(¥) = —# = 7 and the change of
variable formula it follows that

- 1 N —i(—k)T 3=
SXX(*k) = W/g;3 RXX(T)@ (=) d’T

1 o iRe(—F) g
= o Jo B @

1 =\ —ik-Z =
— W./WRXX('T)@ RE(1)di

— SX)((E)

The last equality follows from the change of variable formula and the fact that
—1 is the Jacobian of the transformation 7. Hence, Sx x (k) is an even function.

-

Similarly, Syy (k) + Sy x (k) is an even function.
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1.7 Ergodicity

For many properties that are to be measured, it is easier to obtain
one observation at each point in time of a random sequence over a long period
of time than to obtain several observations at the same point in time.

The former method is called averaging along the process (time aver-
ages) and the latter method is called averaging across the process (ensemble
averages).

A statement that these two averages are the same is called an ergodic theorem.
Burrill[17] states the following:

Definition: Let M be a 1-1 mapping of €2 onto . M is a measure-preserving
transformation whenever the following condition holds: FE is a measurable
set iff M(F) is and P(E) = P(M(F)) for each measurable set E. For every
integer ¢, the function M* defined inductively by M* = M1 o M is a measure
preserving transformation.

Weak Ergodic Theorem: If M is a measuring-preserving transformation
and if X € Ly, then

1 n—1 5
(m*) lim > M'X =X

exists.
The important corollary is

Corollary:

The transformation M is called ergodic if X is a.s. constant. If this
is true, then from the corollary

1 n—1

lim Y X(t) = E[X]

(m?)

where X (¢t) = M'X. So, it is clear from this that the mean-squared limit
taken over time is equal to the expected value of the random variable X. The
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term ergodic can have several interpretations. If a stochastic process has the
property that the mean taken along the process is equal to the mean taken
across the process, then the process is said to be mean-ergodic. In general,
a stochastic process is ergodic if the ensemble averages are equal to the time
averages.

In the Hilbert space context, F. Riesz proved the following form of
the

Mean Ergodic Theorem Let H be a Hilbert space and U; : H — H be a
strongly continuous one parameter unitary group. Let the closed subspace H
be defined by

Hy={x€eH : Uz=a VteR'}

and let P be the orthogonal projection onto Hy. Then for any v € H

1 (T
lim —/ Usxds = Px O
0

t—oo T

The statement and proof are found in Abraham, et al[2]. Using the Hilbert
space of second order random variables, Ly(2, B, P) and the Proposition from
Section 1.2, there is a group of unitary operators {U;;t € R'} such that

X(t) = U,X(0)

The theorem then says that the limit of the time averages is a random variable
that is invariant under the group of operators, {U; : t € R'}.

If X(¢,w) is a sample path of a stochastic process X (t,w), then the
integral

! TX d
— t,w)dt
= | xto)

represents a time average of X (¢,w) over the interval [0,7]. From this, the
random variable

1 T
Yi(w) = —/ X (t,w)dt
T Jo
can be formed. Clearly, if X (#,w) is a stationary process, then E[X] =

E[X(t)] V¢ and
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BV] = 7 [ BIX(1)]dt = BIX]
The variance of Yy (w) is given by
oy, = E|(Yr - E[Y7])’| = E[(Y7 - E[X])’]
Clearly, if (m?) limg_,o Y7 (w) = E[X], then 0§, — 0 as ' — co. Similarly, if

oy, — 0as T — oo, then (m?)limy_,o Y7 (w) = E[X].

Assuming homogeniety, if the independent variable is a spatial vari-
able instead of a time variable, the interpretation is that as more spatial points
are included in the average, the variance of the spatial average tends to zero.

1.8 Stochastic Solute Transport And Dispersion

A key component in the scale-up problem is the correct formulation of
the dispersion tensor used in the transport equation. Using arguments similar
to those found in Gelhar and Axness[45] and Neuman|[69], the reason for the
focus on dispersion can be illustrated as follows:

Starting from the transport equation,

onc

and letting the porosity be constant, it follows that
dc -
— =-V-|cV —DVe
5 [ ]

where ¢ = concentration, V= seepage velocity, and D = molecular diffusion.

From the conservation of mass equation

d(np)
ot

=~V (pq)

with constant porosity and density, it follows that

V-V=0 and V-E[V]=0
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Writing the transport equation as

Jc ~
5+ V- (V) = V- (DVY) (1.7)

and letting the concentration and velocity be stochastic processes, which are
distributed as follows:

— —

V = E[V]+V E[V'] =0

the substitution of these distributed parameters into Equation| 1.7] yields

% +V - [(E[e] + ¢)(E[V] + V)] = V - (DV(E[]] + ¢))
Expanding,

+V - {E[JE[V]+E[]V' + (E[V] +V'} = (1.8)
V - [DV(E[c] + )]

ot

)

Taking expectations and using E[¢/| = E[V'] =0,

O0E|[c|
ot

+ V- (E[JE[V])+ V-E[(V] =V - [DV(E[])] (1.9)

Subtracting Equation[ 1.9] from Equation[ 1.8],

?9_75 + V- [B[V' + CEB[V] + ¢V~ B[V = V- [DV(¢)]

Important assumption: Assuming that the perturbations from their means
in ¢ and V are small, the second order perturbation term

V' — E[¢V]

is eliminated because for small perturbations this difference would be close to
zero leaving the first order approximation
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%—i + V- [E[]V'+ (E[V]] ~ V- [DV(c)]

Expanding and using the zero divergence of V and E[V],

ac iy .
a—i+VE[c] V' £V -E[V]=V- (DV) (1.10)

Assuming that ¢’ depends on both # and ¢ and that there is spatial homogeneity,
the following spectral representations can be made:

d(T,t) = / G ED 7, (K 1)
§R3

V@) = [ eFaz, (k)
§R3 i

VH - (VllﬂVQIaV?:)T

where k = (k1, ko, k3) is the wave number and ¥ = (x;, z9, z3) is the position
vector.

Defining
- - - ™~
AZp (F) = (42,0 (k), dZs (), dZ,,: (K)
and making the change of variables

and letting

=  Ele@t)]=Eu@t)] = @) =271

so that v/(7,t) is ¢/(#,t) in the moving coordinate system. In other words,
¢’ and V' are the same stochastic process represented in different coordinate
systems. This allows us to write in terms of the spectral representations,
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/ eiE'gdZ,/(E, t) _ V’(:J, t) — Cl(f, t) = / eiE.ded(]z, t)
R e
_ / ez’E-@ﬂE[W“dZC/(E, t)
3

_ / eiE'geiE'EW}tch/(E, t)
3

The stochastic process v/ (7, t) has a unique orthogonal stochastic mea-
sure associated with it, and from the above equality and the isomorphism be-
tween the orthogonal stochastic measures and the processes with orthogonal
increments, continuous from the right, it follows that

—

FEVIG7 (R, 1) = dZ, (K, t)

= |ik-E[V]dZ.(k,t) + 0

ot

(dZ.(F. t))] BVl % (dZ., (k.1)) (1.11)

Substituting v'(,t) into Equation[ 1.10], page 33, and simplifying yields

0V (1)

o =V (7.) BV + V,Ep(@ 1) V' + V(5 1) B[V

Then letting V = V,, it follows that

WY | GRG0V = V- DV (F.1)]

Substituting the spectral representations for v’ and V' in this equation gives

%(/ eiE-(ﬁ+E[\7}t)dZd(E, t)) + VE[v(y, t)]-/ eiE-:E‘dZV"(EJ 1)
3
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Hence, using Equation[ 1.11]

7o — =g a — L7 o
ik-% E 7, e 7, ik-% E — Z
/W [m [V]dZe (R, t) + - (d c(k-,t))] + [, IVE (0] - dz (F.1)
_ V. (Dv Fqz,(F, t))
JR3
Taking derivatives and simplifying yields

—

/% eiﬁ'f% (dZo (k1)) + /§R ¢*% ik - B[V| + Dk - k] dZu (K. 1)

- / GFIVE[V(,1)] - dZ (1)
§R3

And, using the uniqueness of the spectral representation, the following first
order ordinary differential equation is obtained

0

o (dZCz(/Z, t)) + [Z/Z . E[V] 1+ Dk - E] dZCI(E, t)

— _VE[u(§,1)] - dZy (F, 1)

Letting a = [zlz . E[‘?] + Dk - E}, this equation has the solution, assuming that
dZ.(k,0) =

—

t -
A7y (F 1) = —e ot / "VE[Y] - dZ (F)dr
0

Furthermore, if it is assumed that the gradient VE[v] is constant, then VE[v] =
VE][c|, and it follows by evaluating the integral that

a dZy(k,t) = ~b(t)VE[e] - dZ (k)

where b(t) = 1 — e %. The assumption that the gradient of the average con-
centration is constant means that the concentration is spatially linear. This is
another assumption that requires only mild heterogeneities. Multiplying both

sides of this by a = [ZE .E[V] + Dk - lg], then gives

—

—VE(d] - dZg (k) |—ik -

= - = dZq (k)
(k-E[V])2+ (D

k)?

E[V] + Dk - k| b(t)
Dk -
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Multiplying both sides by dZ;. (k)*, the complex conjugate transpose, taking
expectations and using the fact that

E|[(VE[d] - dZp (k) dZp (k)] = E[dZp () dZV/(lZ)*]TVE[c]

yields
b(t) [ik - B[V] — DF - K] (St . (F)VE[])' s
(k- E[V])2 + (Dk - k)2 B

where Sp/ (k) is the cross-spectrum matrix and S v (k) is the cross-spectrum
vector.

Now, taking the inverse Fourier Transform

Ry () = /

R3

¢ NG o (F)dE

and letting & = 0, it follows that

E[¢V] = R,p(0) = .%BSC'VI(E)d/%’
(1.12)
- b(t) [~ik - E[V] + DF - | sfv,v,(/Z)VE[c]dE
s (k- E[V])? + (Dk - k)?

Take the kj term of the matrix S‘T;,V, (k) which, as shown in Section 1.6, has

the property that SV’V'(E) + SV/V/(I;) is an even function, and assume that
kY ik

SVIVI(E) = szvf(lg) and that D is positive definite, then using the mapping
KV ik

T(k) = —k = & and the change of variable formula, it follows that
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Jwe (k- E[V))? + (Dk - k)2

Without the symmetry assumption, this result would contain the term SVI; v (/2)+
Svjka' (k). Returning to the transport equation

Jc

pri ~V - [V =DV

we know that by writing the concentration and velocity in terms of distributed
parameters,

V = EV]+V E[V'] =0
we obtain Equation[ 1.9], page 32, namely,

OE|[c|
ot

+ V- (E[(JE[V]) - V- (DVE[¢]) + V-E[¢V'] =0

The term E[c"_/”] is an additional dispersive flux term that has already been
expressed in terms of VE[c| via Equation[ 1.12], page 36. So, the transport
equation for E[¢| can be stated in terms of a new dispersion tensor, D, as

8];[6] +V - (E[JE[V]) - V- (DVE[d]) = 0
where
Bpy [ M0 (DEE)Spo®) -
w (k- E[V])? + (Dk - k)2



It is clear from this formulation that in general, D is a time dependent quantity.
If K € R and if Dk - k is positive definite, then since a = [ik - E[V] + Dk - k¢,

lim b(t) = lim1—e ™
t—o0 t—o0
— 11— lm ef[DE-E—I—iE-E[VHt
t—o0
=1 since Dk - k >0

And, assuming that the interchange of limit and integral makes sense, the
asymptotic or steady state limit as ¢t — oo for D is

N (DE-E)S
D=D+ S
® (k- B[V])? +

1.9 Comments And Limitations

The assumption of ergodicity is implicit in the study, i.e., the solute
transport in an ensemble of aquifers approximates the real field situation. This
means that if the independent variable is a spatial variable, then the variance
around the average must go to zero as the size of the domain gets arbitrarily
large. Hence, the scale of the system must be large in comparison to the
correlation scale, the length scale over which variables remain correlated. So,
the estimates of macroscopic dispersivity and effective hydraulic conductivity
are meaningful only if the scale of the problem is large in comparison to the
correlation scale. Consequently, Equation| 1.12], page 36, is valid only after
a large displacement distance has been reached, perhaps tens or hundreds of
meters.

The adequacy of the first order approximation of the solute transport
equation

oc - -

En + V- [E[c]V'+ E[V]] = V- [DV(d)]

depends on small perturbations in ¢ and V and is not certain for large variance
of hydraulic conductivity. In this same vein, the assumption that the gradient
of the expected concentration is constant also depends on mild heterogeneities.
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Existing linear theories predict that transverse dispersivities tend
asymptotically to zero as Fickian conditions are reached. The assumption
of mildly fluctuating hydraulic conductivities has been used to justify elimi-
nating nonlinear terms in establishing the linear theories. However, Rubin[82]
found that higher order terms may cause some reduction in longitudinal mix-
ing and a significant enhancement in the transverse spread. Hence, the im-
portance of non-linearities should not be disregarded in studying dispersion in
geologic media. Although it is the point of view of this study that significant
heterogeneities should be modelled using numerical models, attempts at in-
corporating heterogeneity and therefore nonlinearities in the analytical models
have been made. Neuman and Zhang[70] recover part of the nonlinearity due
to the deviation of the plume particles from their mean trajectories using what
has become known as Corrsin’s Conjecture, which is a statement relating the
Lagrangian covariance of the velocity to the Eulerian covariance of the velocity
through the probability density of the particle’s position. From this, nonlinear
analytical expressions for the time dependent dispersivity have been developed.
The relationship between the Lagrangian and Eulerian velocity fields is key to
the developments of dispersion that are to follow.

1.10 Velocity/Permeability Covariance Relationship

Spectral arguments similar to those used in the preceding subsection
can also be used to develop a fundamental relationship between the Fourier
Transforms of the velocity covariances and the log-hydraulic conductivity co-
variances, Equation| 1.21], page 43. This relationship is important because it
shows the connection between velocity covariances and log-hydraulic conduc-
tivity covariances, and hence permeability covariances. This means that esti-
mates of dispersion can be based on either velocity covariances or permeability
covariances. In essence, the characterization of dispersion as a phenomenon
created by permeability says that dispersion is a result of deviations in local
permeabilities from a global average permeability.

By Darcy’s law
7— KVg

where K is the hydraulic conductivity, in general for R? a second rank symmet-
ric tensor, and —V¢ is the hydraulic gradient. By assuming that the medium
is isotropic, the second rank tensor can be replaced by a scalar hydraulic con-
ductivity, K.

Let Y = In(K) and suppose that
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V=E[]+Y; ¢=Elg+d: E[]=0, EN=0
Then,
¢=—¢"V(E[¢] + ¢')

And, since K = e¥ = B’ it follows by expanding e*” that

7= "1 +Y' + g +--)(VE[¢] + V¢')

Letting .J = —VE[¢], then

7=V (T V) +Y'(J - V') +

Take expectations and dropping terms higher than first order, yields the first
order approximation

E[q] ~ "M
From Darcy’s law and the incompressibility condition, respectively,
qd=—-KVo, V-¢=0
it follows that since K = ¢, then
V- (e¥Vg¢) =0
Expanding this it follows that
VY Vo +e"'Vip=0

which yields

VY V¢ +Vp=0 (1.14)

Then using the distributed parameters

Y =E[Y]+Y' ¢ =E[p] + ¢ (1.15)
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with

and substituting Equation[ 1.15] into Equation[ 1.14], it follows that
V(E[Y]+Y") - V(E[¢] + ¢) + V*(E[¢] + ¢') = 0
Expanding and treating E[Y] as a constant, gives
VY'-VE[¢] + VY' V¢ + V2 E[¢] + V?¢' =0

And, by retaining only first order perturbation terms, i.e. dropping the VY’ -
V¢' term, it follows that

VY’ VE[¢] + V’E[¢] + V?¢' =~ 0

Taking expectations and using E[Y'] = 0 and E[¢'] = 0, results in

0= —V?E[¢] ~ VY- VE[¢] + V¢ (1.16)

Substituting in Equation| 1.16] the spectral representations

e o= [ i
it follows that

/ ik - VE[@|e* *dZy: (k) — / 1E2e™ 7 dZy (k) ~ 0
R3 R3
And, using the uniqueness of the spectral representation theorem,
ik - VE[|dZy: (k) ~ ||k||?dZy (k) (1.17)

Starting from the expansion

= E[Y] / (YI)Z /

g=—-e"(1+Y +T+---)(VE[¢]+V¢)

and disregarding terms involving the products of perturbed quantities yields

7~ —e®Y(VE[¢] + V¢’ + Y'VE[¢)]) (1.18)
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And, taking expectations and using E[Y'] = E[¢'] =0,
E[7] ~ —<""VE[g)
Then since ¢ = E[7] + ¢, it follows from Equation[ 1.18] that
i

¢ ~ —eBYI(V¢' + Y'VE[¢])

Using the spectral representations

R3 §R3

F3

it follows that
/% Tz (F) e (v /% e Taz, (k) + /% 3 eik'fdzy,(k)VE[qs])
By the uniqueness of the spectral representation theorem
dZ5(k) ~ —e®YikdZ, (k) — "V IVE[¢]dZy (k)

Using the first order approzimation, E[q] ~ BV T = EVIVE[g],

dZ;(k) ~ E[qldZy: (k) — ie®YkdZ (k) (1.19)

Then from Equation| 1.17]

dZy (k) ~ i||k]| k- VE[p|dZy: (k) (1.20)

Equations | 1.19] and [ 1
eBY1J, and the fact that

.20] along with the first order approzimation, E[q] ~
t k(k - E[7)) = kk'E[q] yield
d7;(k) ~ (T - ||k]|*kk") BlgdZy (k)

where I is the identity matrix. Multiplying this expression by its conjugate
transpose yields

B[dZ, (F)dZ,; (F)'] ~ (1~ ||F| K BBl (1 ||| FEY) BldZy ()dZy (7))

And, using the formulas, Equation[ 1.6], page 27,
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E(dZ;(k)dZ; (k)] = dF(k)=S

E[dZy: (k)dZy (k)] = dF(k) = Sy (k) dk

it follows that

Sz (k) ~ (T— ||kl 72kEY) BlQBQ) (T |F|2kET) Syno (k) (1.21)
This result agrees with Dagan[31, Equation 4.10].

1.11 Summary

This section introduced some important concepts of stochastic pro-
cesses that will be used and expanded on in subsequent sections to study the
general problem of scale-up. Some basic conclusions can be drawn from the
presentation in this section. First, from Equation| 1.13], page 37, it is clear
that in the absence of variations in the velocity field no adjustment to the local
dispersion tensor D is necessary. Secondly, from Equation| 1.21], page 43, it
is clear that the variations in the velocities are due to the variations in the
hydraulic conductivities. Consequently, the conclusion is that the dispersion
tensor requires scaling-up in the presence of variations in the hydraulic conduc-
tivities. Another way of saying this is that the effects of heterogenieties in the
porous medium cannot be adequately modeled using a local dispersion tensor
only. This means that although a local dispersion tensor may be adequate for
describing plume development in small homogeneous laboratory experiments,
it must be modified in a way that takes into consideration either variations in
the velocities or variations in the hydraulic conductivities if it is to be used to
adequately describe plume development in highly heterogeneous field problems.

The linear theories that have been characterized in this section depend
on the assumption of only mild heterogeneities being present in the porous
medium. However, researchers have found that this restriction may lead to
erroneous conclusions regarding both the longitudinal and transverse spread
of the plume. For this reason, attempts have been made to modify the linear
theories. To this end, Corrsin’s conjecture has been borrowed from the field
of plasma diffusion to aid in the modification of the linear theories. Corrsin’s
conjecture relates the Lagrangian velocity covariance to the FEulerian velocity
covariance through the probability density of the particles’s position.

B[V OV ()] = [ BIV0.0)7(7.0p(. )dy



As will be seen in the next section, the idea of Lagrangian velocity covariance is
key to the characterization of dispersion in a highly heterogeneous environment.

Field studies made by various researchers to determine dispersivity
values have concluded that:

e Field dispersivity values are larger than laboratory dispersivity values
by a few orders of magnitude.

e Dispersivity varies with the distance from the solute input zone.

Consequently, the upscaled dispersion tensor can be represented either as a
time dependent quantity, as in the case of Equation| 1.13], page 37, or as a
distance dependent quantity. Chapter 2 of this study will investigate further
the origins of time and distance characterizations of the dispersion tensor. In
addition, the next chapter will provide information on some methods that will
be used to study the scaling up of dispersion from a stochastic point of view.
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2. Dispersivity Coefficients - Time And Distance Forms

2.1 Time Dependent Dispersivity Coefficients
2.1.1 Introduction

In the previous section, it was shown that when heterogenieties are
introduced into the porous medium, the component of the transport equation
that is significantly affected is the dispersion tensor. And, it was concluded
that the dispersion tensor could be characterized as either a time dependent
or a distance dependent quantity.

In this section, these characterizations will be developed further, al-
beit with some simplifying assumptions. The intent is to provide motivation
for the formulations of dispersion that will be used in subsequent sections. In
Section 2.1.3, a characterization of the dispersion tensor is derived from the
transport equation and shown to be equal to half the time rate of change of the
second spatial moment tensor. This makes physical sense in that the second
spatial moment represents the spread around the centroid of the mass plume.
Dispersion, characterized in this manner, then represents how the spread of the
plume with respect to the centroid is changing over time. It is also shown that
the centroid of the plume moves with the velocity of the flow. So, by using the
centroid of the plume as a reference point, this characterization eliminates any
changes in the plume due to convective influences. The following is required:

Let  be a bounded, open connected domain in " with a Lipshitz-
continuous boundary, 2. Then the Fundamental Green’s Formula, integration
by parts, is given by

/qT-Vde—l—/pV-quQ:/ - Py (2.1)
Q Q JoQ

and follows from the Divergence Theorem

/V-&dQ:/ & - idy
JQ JOQ

by letting @ = pq and using the expansion

V-(pq) =Vp-qd+pV-q (2.2)
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2.1.2 Transport Equation
Let ¢(Z,t) represent the concentration distribution of a solute, then
the mass transport equation of this solute is given by

g +V.Ve=V-(DVe) (2.3)

ot
V=- <E> Vo
n

where K is the hydraulic conductivity, n is the porosity and ¢ is the hydraulic
head.

Here V is the seepage velocity

Initially, a divergence free velocity field is assumed,
V-V =0

2.1.3 Spatial Moments Of The Solute Concentration

In this section expressions are developed for the first three spatial
moments of the solute concentration. In these calculations the porosity, n, is
assumed to be constant and included in the definition of ¢(Z, ).

Zero Moment
M, = / o(7,1)dQ
Ja

Taking the time derivative of this integral, gives

d d
L, = / 1)dQ = / %€ 10
dt” 0 dt

And, from the mass transport equation and the Divergence theorem

Lgy = —/V-Vch-l—/V-(DV(:)dQ
dt Ja Ja

—/cV-VdQ+/ cv-ﬁdﬂy
Q o9

+ /Qv . (DVe)dS

— f/ cV-ﬁde/ (DV¢) - 7dy
JOQ J O
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So, the time rate of change of M, depends on the boundary conditions. And,
if c =0 and Ve = 0 on 052, then 4 Mo = 0 implies M is a constant. Since
My is the total mass, this is a statement about the conservation of mass of the
solute.

First Moment

Taking the time derivative,

d d _oc
M dt/ﬁxc(:r,t)d :1:8 d
And, from the Transport Equation| 2.3], page 46,
d
%oy = / #V - Ve) dQ+/ - (DV¢))dQ
dt Q

From Equation| 2.2], page 45,
V-Ve=V-(V)=eV-V

By letting {€;}, i=1,---,n be a standard basis of R", it follows that

%Ml — —Zé/miv-(cV)dQ

+ /(’TV VdQ+Zel/ . (DV¢))dQ

Using the assumption of a divergence free velocity field, the second integral on
the right hand side of the previous equation vanishes so that

iM1 Zel/ 2V - (¢V) dQ—i—Zel/ z;(V - (DVe¢))d (2.4)

Let V be independent of 7, then from Green’s formula[ 2.1] the two integrals
on the right are evaluated as

/ V- (V) = — / (V) - VadQ+ | a;(cV) - vdy
Ja 0 o9
= —/ (:VidQ—l-/ 2;(cV) - Ddy
o Joa

= —Vi/chQ (2.5)
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if ¢ =0 on 0f).

/mi(V-(DV(z))dQ — —/DV(;-VmidQ—l-/ 7:(DVe) - 7dS)
JQ JQ JOQ

- '/Q(DV(:)idQ

if Ve =0 on 0f).

Combining these results it follows that

d n n =
D, = v;i/ a0 — j-/Dv idQ:V/ dQ—/DVdQ
! ; “ izzle Q( ) o’ Q ¢

Now, if D is dependent on only ¢, and letting

[jl 51 -Ve
52 52 -Ve
D= ) — DVe= _
ﬁn ﬁn -Ve
it follows that
51 - Ve
52 -Ve
/ DVedS) — / _ 0
Q Q :
ﬁn -Ve

But, by integrating by parts, each component integral is equal to zero,

/ﬁi-Vch:f/cV-ﬁidQ+/ D - 7y = 0 (2.6)
Ja Ja Jao
since D; is independent of  and ¢ = 0 on 0f).

Then, from Equations | 2.4], [ 2.5] and [ 2.6] it follows that

d .
LY, :V/ 0
dt ! QC

And, since My = [, cdS) is a constant, this yields
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d (M -

— (=) =V 2.7

7 (1) 27)
But since % is the centroid of the concentration mass, Equation| 2.7] says that

the centroid of the concentration mass moves with velocity V.
Second Moment

The first moment, M;, is a vector quantity and the zero moment is a constant.
The quantity

is the centroid(center of mass) and is also a vector quantity. The second mo-
ment about the centroid is given by

M, = /Q(f RN — B) (7, 1)dD

M, is a matrix since the quantity

is a matrix. So, M, can be written as
M, = / Se(Z, 1)d92
Q

In order to evaluate the time rate of change of M,, first consider the

Diagonal Element: i = j
First, from the definition of the centroid and Equation[ 2.7], page 49,

dt/ tdQ:—2V;/ (@i R de+/ —dQ
— —2v/ ch+/ —V - Ve+ V- (DVe)]dQ
— —2v/ )edQ — {—/ cV-(:ri—Ri)QVdQ

Q

- /aQ c(x; — R;)*V - ﬁd’y} + /Q(a:Z — R;)?V - (DV¢)dQ
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Now,
9] Q

so that the first two terms of the last equality cancel, and using the boundary
condition ¢ = 0 on 02, the boundary integral vanishes so that

%/ﬂ(«’rz — R)%c(Z,t)d) = /Q(xz — R;)?’V - (DV¢)dQ

Integrating by parts and using the boundary condition that Ve = 0 on 02,

/(mi—Ri)QV-(DV(:)dQ — —/DV(:-V(.ri—Ri)QdQ—i- (#: — R)*DVe- idy
Q Q

o0

_ [n oc n ac-l
= —2'/0 []E_;Dlja—’rj”sza—T]J (xl_Rl) 40

i=1

" Jc
- fz/ Dy~ (2; — R;)dS

Dz’l(fri _Rz)
DiQ(-Ti *Rz)
- —2/Vc-&dQ = _
JQ .
Dm(Tl - Ri)
— 9 —/cV-&dQ—l—/ od - Fdvy
JQ Jog
9

Consequently, a diagonal element can be written as

o ld (i — R)?c(Z,t)dQ
" 2dt o c(,1)d

Off-Diagonal Element: i # j
In this case, take the time derivative of the 75 component of Ms,

%/Q(T C Ry — Ry)e(,1)d = /Q (

dR; -
p” > (zj — R;)e(,1)dS2
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dR, B}
() o Rtz
Jc

+ /Q(T ~ R)(a; — Ry) 52
- fvi/n(mj — Rj)ed — Vj/ﬂ(.ri — Ry)edS)
+ [ (@ = B)(w; — B)[=V - Ve+ V- (DY)
_ _vi/Q(xj — R})ed) — Vj/ﬂ(xi — Ry)ed®2 (2.8)
+/Q(:ci — R)(x; — R,V - VedQ

+/Q(xi ~ R)(x; — R,)V - (DV¢)d2

Integrating by parts the integral

[ (@i~ Ry~ R)V-Ved = — [ eV (@~ Rz, — R;)VdQ
o [ el R — Ry)V -y
= — [ ell@i — RYV; + (w; — R;)Vi]ag.9)
And, integrating by parts the last integral in Equation| 2.8], it follows from
Equation| 2.1], page 45,
/Q(:r — R)(z; — R,)V - (DV)dQ = — /Q DVe- V(a — Ri)(w; — R;)dQ

JOQ

(xj - RJ’) +— ithelement

o]
Il

S / DVe - @dQ :
0 (z; — R;) « jthelement
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_ 0 -
(z; — R))
i oc " Jc
= /Q[ZDMGT"”’ZDMGT] : df)
=1 Tk 1 Tk (Tl Rl)
I 0 J

(2.10)

n oc n Ooc
= - /Q [Z Dika—k(ﬂ?y‘ — Rj) + ];Djka—rk(xi — Ri)] dQ

k=1 z
Consider the integral

n oc ", Oc

Q1 Oy,

— / Ve fdo F=
Q :
Din(x]' - Rj)
= —/cV-ﬁdQ-F cg-ﬁdv
Jo Joa
- / ¢D;;dS) C(F ) =0 7€
Ja
= *Dij cd)
Jo
So, Equation[ 2.10], page 52, and the fact that D,; = Dj;, yield
/ (wi — R)(x; — R,)V - (DVe)dQ = 2D, [ edQ)
Q Q

And, from Equations [ 2.8], [ 2.9] and [ 2.10] it follows that

D;;(t) =

3| |

Since the mass of the solute is given by
M= / ¢(Z, 1)d)
Ja

this result can be written as
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1dr1 S
Dy(t) = 55 |77 (@ By Ry)el@ 0
which is in agreement with the definition given by Dagan for the Actual Dis-
persion Coefficients.

2.2 Stochastic Differential Equations

2.2.1 Introduction
In order to proceed further with the investigation of the dispersion

tensor in terms of a stochastic analysis, it is necessary to define the type of
integration that will be required to analyze certain stochastic differential equa-
tions that arise naturally. This will be the subject of Subsections 2.2.2 to 2.2.5.
Although the present discussion is very superficial, it will be adequate for the
immediate need. However, this material will be expanded later when more
details are required.
2.2.2 Integral Of A Stochastic Process

According to Jazwinski[54] a stochastic process X (t) is mean square Rie-
mann integrable over [a, b] if for

a=ty <t <---<t,=0b

and
p= miax(tiﬂ —t;), <t <t

the following mean squared limit exists

hrnZX (tir — ):/abX(t)dt

p%O
Or,
n—1 b 2
}JILI(IJE ; X(tlz)(tH_l - tl) - /a X(t)dt ] =

As an existence theorem for the mean square Riemann integral, the following
can be shown to be true, Jazwinski[54].

Theorem: X (t) is mean square Riemann integrable over [a, b] if and only if
E[X (t) X (7)] is Riemann integrable over [a, b] X [a, b].

53



This notion of integrating a stochastic process is different from stochastic in-
tegration which will be defined next.

2.2.3 Wiener Process (Brownian Motion)

In Section 1.2, the concepts of a random variable and a stochastic
process were defined. In short, a stochastic process can be thought of as a
mathematical model that describes the occurrence of a random phenomenon
at each point in time subsequent to some initial time. Karatzas and Shreve[57]
make the following

Definition: If (€2, B, P) is the probability space on which the stochastic process
X(t,w) is defined, then X (¢,w) is measurable if the mapping

X(t,w) 1 ([0,00) x 2, B([0,0)) @ B) = (R4, B(R*))

is measurable. Here B([0, 00)) and B(R?) represent the Borel sets of [0, oc) and
R, respectively.

Definition: Given a probability space (2, B, P), a nondecreasing family {B; :
t > 0} of sub-o-algebras of B, B, C B, C B for 0 < s < t < oo is called a
filtration.

Definition: The stochastic process X (¢,w) is adapted to the filtration {B,} if
for each t > 0, X (¢, w) is a Bi-measurable random variable.

With these definitions, the one-dimensional Brownian motion can be defined
as follows:

Definition: A one-dimensional Brownian Motion is a continuous, adapted
process W = {W;, B,;0 < t < oo} defined on the probability space (2, B, P),
with the properties:
(1) Wy =0 (as.)
(2) For 0 < s < t, the increment W, — W; is independent of B, and is
normally distributed with mean 0 and variance ¢ — s.

Definition:

A process ((t) is a white noise process if its values ((¢;) and ((¢;) are uncorre-
lated for every t; and ¢; such that ¢, # ¢;. For a white noise process with zero
mean,
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E[C(t)C(T)] = q(t)o(t — 7), q(t) > 0

The Wiener process can be defined as the limit of a random walk, or as the
integral of a Gaussian white noise process with zero mean.

Wt = [ Cls)ds

The following is a block diagram representation of this equation:

¢(t) I W (t)

2.2.4 Stochastic Integration

Because the solutions of the stochastic evolution equations come from
spaces whose members are random functions, the solution process will require
integrating these functions. For reasons given below, this will require a new
type of integration called stochastic integration.

Consider an integral of the form

/OtB(s)dW(s) (2.11)

where W (s) is a Brownian motion process.

To illustrate the difficulty involved with interpreting this type of integral in
the usual Riemann-Stieltjes sense, it is necessary to define a sample path of a
Brownian motion process.

Definition: The mapping t — W (t,w) (w fixed) is called a sample path.

The following facts regarding sample paths of a Brownian motion process are
proved in Friedman[40)].

e Almost all sample paths of a Brownian motion are nowhere differen-
tiable
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e Almost all sample paths of a Brownian motion have infinite variation
on any finite interval
A non-rigorous reason for the first bullet is that since

AW =0 (At?)
then

AW 1

ENAt%—)oo as At —=0

Consequently, given the preceding discussion of the interpretation of W (t) as

the integral of a Gaussian white noise, the derivative % must be interpreted
as a 0-correlated Gaussian white noise which is a purely mathematical ideal-

ization.

So, the integral [ 2.11] cannot be defined as a Stieltjes integral in the usual
sense, for in order to do so, the sample paths would have to have bounded
variation.

2.2.5 Types Of Stochastic Integrals
Stochastic integrals have been defined in different ways. Two of these
methods of defining the stochastic integral are:
e [t0 Integral
x Applicable to a larger class of functions
x Does not follow the formal rules of calculus
e Stratonovich Integral
x Applicable to a restricted class of functions
x Follows the formal rules of calculus
Stochastic integrals are defined in the sense of convergence in measure or mean
squared convergence. Although the definition of stochastic integrals will be
expanded in more detail below, the present discussion is adequate for the im-
mediate purpose of exploring the dispersion tensor.

2.3 The Concentration Equation

Traditionally, the concentration or solute transport equation is de-
veloped from the consideration of conservation of mass in terms of variables
averaged over a Representative Elementary Volume (REV), Bear[12], Gray[49].
In this section, the solute transport equation will be derived using stochastic
considerations. In addition, the all important dispersion tensor will be further
scrutinized with the objective in mind of finding expressions for this tensor
that can be used in out computational work.
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2.3.1 The Lagrangian Approach
By the Dupuit-Forcheimer equation, Bear[12], the filtration velocity,

Vs given in terms of the specific discharge, ¢, and the porosity, n, as

V=

3y

In a heterogeneous porous medium, the properties of the medium cannot be
precisely known. Hence they are considered to be composed of an average
value plus some type of random component that describes the uncertainty
associated with the medium. Because of this, both ¢ and n are random and so
is the velocity V. The uncertainty associated with the velocity field of a fluid
particle can be illustrated by the situation depicted in Figure 1. The black dot
in this figure represents a fluid particle about to begin its journey through a
porous medium represented by the open circles. As shown, there are several
paths that the particle can ultimately take. And, there is no way of knowing
which path will be the actual path.

Figure 1

Figure 1 depicts the mechanical mixing component of dispersion. If
the velocity field could be perfectly described, i.e., if at each juncture it was
known which way the particle was going to go, then there would be no mechan-
ical dispersion to account for, only molecular diffusion. As shown in Chapter
1 and as will be discussed further below, the mechanical dispersion can be
accounted for through the velocity covariances, or equivalently, through the
permeability covariances.

The velocity covariances are defined as
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Vi = V —E[V]
ik (@) = BV5(@)V'(7)]

In the Lagrangian framework, transport is developed in terms of indivisible
solute particles which are transported by the fluid. As discussed in Bear and
Verruijt[11], the solute particles can be thought of as ensembles of molecules
in a small volume. If the vector XjT represents the total displacement of the
particle which started its motion at ¥ = zy, t = ¢y, then the vector X?T can be
decomposed into

~ ~" s ~~ g
Total Displacement Convection Dif fusion

In this expression, the first term on the right hand side is due to a mechanical
mixing of the fluid and requires movement of the fluid in order to exist. The
second term on the right hand side is due to molecular diffusion which can take
place without motion of the fluid. Hence, it does not contribute to the velocity
field of the fluid particle. It does, however, contribute to the total displacement
of the fluid particle. The vector )Zd represents a Normalized Brownian motion
or Brownian motion with zero drift type of displacement. Hence, X, can be
defined as the integral of a white noise process

where the autocovariance of the white noise, assuming a constant spectral
density f(A) = K and using the integral representation for the delta function,

i(r) = ﬁ Js1 €7rd, is given by

Ejv(t+ m)v(t)"] = - Ke™d\ = 21K 6(1) = ad(7)

Even though 0(7) is not a function in the mathematical sense, the idea is that

if 7 # 0, then the autocovariance is zero.

The vector X comes from convective transport and is related to the
velocity field by the kinematic relationship

— t—» -
Xt t) = [ V(Xpar
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= [+ V5 e 2.13)
_ E[V]t+/0t\7"()(})dt’
= E[V]t + X'(t; 50, to)

By taking expectations, it follows that E[X;] = E[X] = E[V]t, and if X}
in the integrand of the above integral is replaced by its average, a first order
approzimation of Xr in terms of V' is obtained, Dagan|33]

—

- t L
Xi(t50,t0) = [ VAEIV]H)a

Replacing the vector X (#) with the vector E[V]t' in essence assumes that the
displacements of the velocity about the expected velocity path are not unlike
those about the actual trajectory. This type of assumption is similar to that
used by Taylor who assumed that since the expected velocity was much greater
than the velocity fluctuations, any disturbances or eddies in a wind tunnel were
transported with the expected velocity without significant distortion, Monin
and Yaglom[68].

The displacement covariance tensor, X, is then expressed in terms
of the velocity covariances as

Xk (t; @0, to) = E[X'(t; 20, t0) X'k (t; ©0, to)]
(2.14)

t rt 5 .
= / / p]k (E[V}tl, E[V}t”)dt,dt”
J0O JO

The mass of the indivisible particle is denoted my,, and the solute is assumed
to be inert, i.e., it does not react with the fluid that transports it nor with
the solid matrix. A solute particle follows a path through the porous medium
according to Equation| 2.12]. The velocity of the particle is given by

dX; -
— =V t>0 2.15
o (2.15)

The concentration field associated with the particle is given by

— — m — g —
Crp(Z, t; 7o, to) = %(5@ — Xop(t; Zo, to)) (2.16)
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where n is the effective porosity. The concentration is defined as mass per unit
volume, but, only a portion of the unit volume is available for flow, and that
portion is given by the porosity. Hence, if the concentration is multiplied by
the porosity and integrated over R", the result is the mass of the fluid parti-
cle. From Equation| 2.16], this is equal to my, at each point of the particle’s
trajectory. This illustrates the indivisible nature of the fluid particle.

The concentration field Cy, is a stochastic function, i.e., at each time
t, the function Cj,(Z,t) is a random variable of the spatial variable, Z. This
follows from the fact that the trajectory X is a stochastic function. Hence, if
p()Z'T, t) represents the probability density function of X, then

E(C,(7.t: 5. t0)] = /% Cp(Xit, Ty, to)d X7

_ / 57— Xp)p(Xpst, o, to)dXr
JRE N
m

fp — —
= @1, 7,1
n p(l‘, 3 L0, 0)

It is clear from this equation that the probability density function of the con-
centration field is the same as that of the trajectory X So, the concentration
field is random because the trajectory is random. As mentioned before, the
velocity field is also a stochastic function. From Equation[ 2.12], page 58, the
following stochastic differential equation can be formed

dX; dX dX,

o @t T ar

And, since X, is a Wiener process, the second term on the right hand side
is formally a Gaussian white noise. Furthermore, Equation|[ 2.13|, page 59,
yields,

dX Lo dX,
LT BV + V(X)) + =2
dt VI+Vi(Xr) + dt

The resulting stochastic differential equation then takes the form

dXp = (E[V]+ V!(Xp)) dt + dX, (2.17)

which is to be interpreted in terms of the stochastic integral equation as
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X (t) = Xp(0 +/ (BIV] + V/(Xy)) ds+/dXd

The uncertainty of the position of the fluid particle, )E:T, can be demonstrated
by solving the finite-difference form of this stochastic differential equation, viz.,
fort0<t1<---<tn,

— —

Xi(tivr) = Xo(t:) + (BV] + V/(Xp(t:)) At + AX,(i)

where

Ati — ti-{—l_ti
AXy(i) = Xa(tipr) — Xa(t:)

Figure 2 shows various realizations of the path of a fluid particle. The average
velocity vector is along the line x = y. What is immediately clear from this
figure is that the final position of a fluid particle can vary greatly depending on
the exact path taken through the porous medium. And, this is the essence of
dispersion. If we knew exactly which path each fluid particle takes, there would
be no mechanical dispersion. Since this is impossible to know, the transport
equation must include a term to compensate for this uncertainty. This was
the case in Chapter 1 where the dispersion tensor was modified to include a
component in part described by the spectrum of the velocity covariances.
2.3.2 Basic Form Of Transport Equation

It can be shown, Jazwinski[54], that under certain circumstances the
solution process of an Ito stochastic differential equation (SDE) is a Markov
process and that the probability density or transition probability density func-
tion of the solution process solves the Fokker-Planck or Kolmogorov for-
ward equation, i.e., given the [t6 SDE

d7 = (7, t)dt + B(Z,1)dX,

where 2 and @ are n-vectors, B is an n xm matrix and X, is an m-vector Wiener
process with Q(¢)dt = E [dXd dX(H, then the density function, p, satifies

0 1
2+ V- (pd) = 5V V(yBQB')

It is important to note that the coefficient of the d)zd term in Equation[ 2.17],
page 60, which in this case is the identity, is not allowed to be spatially
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Figure 2 - Sanple Particle Paths

0.125 | /\/ ‘

0.1: VA

o.075| A \
A ) \;;N\/\“"'\/\\J

A/

0.02 004 006 008

o

62



varying. If this term had a spatially varying coefficient, then the form of
the Fokker-Planck equation would depend on whether the Ito theory or the
Stratonovich theory is applied. For example, Gardiner[42], if the stochastic
differential equation (SDE)

dit = @(Z, t)dt + B(T, t)dX,
is an Ito SDE, then the equivalent Stratonovich SDE is given by
dit = @ (&, t)dt + B (&, 1)d X,

where

1

@; = @ — 5> BrioBy
9 <
7.k

S

Bj; = By

And, the form of the Fokker-Planck equation depends on which approach is
used.

If, for simplicity, it is assumed that V’(XT) = 0 in Equation| 2.17],
page 60, then the resulting stochastic differential equation is

dX; = E[V]dt + dX,

Given that the solution process X, is a Markov process, then the probability
density function, p, satisfies

op - 1

—+ V- (pEV :V-<— tV) 2.18
5 TV (PEIV)) QU (2.18)
So, if we let D = %Q(t), then the tensor D is either a constant or a time
dependent quantity. To be accurate, Equation| 2.18| represents a diffusion

—

process with drift coefficient E[V] and a diffusion coefficient D.

Obviously, this equation has the form of the transport equation. And,

the expected value of the concentration field solves the same equation, e.g.,
OE[C]

ot

+ V- (E[CIE[V]) = V- (DVE[C])
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Hence, the basic form of the concentration equation follows from the funda-
mental displacement Equation| 2.12|, page 58 and the associated stochastic
differential equation.

Clearly, this equation accomodates only the dispersion created by the
Brownian motion term, X;. Whereas, according to Equation[ 2.12], page 58,
the total dispersion is going to come from that associated with the convective
transport and that associated with the Brownian motion.

2.3.3 Solution Of Basic Transport Equation
In general terms, the multivariate Gaussian probability density func-
tion (pdf) for n dependent random variables is given by

~
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where

2
0y 012 **° Oi1n
2
021 09 +++ Ogp
V =
2
On1t Op2 - Oy

so that V is the variance-covariance matrix. And, the multivariate character-
istic function for the Gaussian probability density is given by

1o 2 T
61 Gor 1 Go) = exp (=58 TVE) exp (iC 1) (2.20)
In theory, the characteristic function of a random variable is given by
f@ = [ r@essan

Clearly, f is the Fourier Transform of the function f(Z) so that
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-\ 1 P/ =\  —i@E -
f(w)—w./m f@)e Az

Given that the trajectory Xp is given by Equation| 2.12], page 58, and assum-

ing the the probability density function is Gaussian and has the form

o exp {5(¥r ~ BIVIN|(V)(%r - BV

then this pdf solves a non-divergence form of Equation| 2.18], page 63, e.g.,

9 )
S +E[V]-Vp=V.DVp

To see this, first from Ortega|73]:

If D is a real symmetric matrix, then there is an orthogonal matrix
P whose columns are the eigenvectors of D, such that

P'DP = diag(\;, Xo,---,\,) =D
where A, Ay, -+, A, are the eigenvalues of D. The change of variables
7 =Py

has the effect of aligning the principle axes of the matrix D with the coordinate
axes and D becomes a diagonal matrix.

In this case, the non-divergence form of the transport equation in the
original ¥ system, wviz.,

— +E[V]-Vp=V-DVp

becomes in the rotated & system

dp = "o 0 — -

And, by making the change of variables to a moving coordinate system,
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and,

then it follows that

ov " 0%v -
T ; Digxax, =

v(X,0) = f(X)

This equation is transformed by forming

L= | Ov - .
_ 10X -
0= / e [_BT DAV] dX

Assuming that (X, T) and Vv(X,T) — 0 as |X| — oo and integrating by
parts, it follows that

/W yxjxjei}z'“jd)z = —wj /W ei}?'“ju()z‘,T)d)_('

So, letting vy = ‘g—;

0=0p(&,T) + 3D, T)

And, by transforming the initial condition, the following ordinary differential
equation results

(2.21)
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which has the solution
(3, T) = f(@)e DT

v(X,T) can be retrieved by writing

WX, T) = / (3, T)e X %dg

And, using the transform

it follows that

_ 1 R N [,
X.T) = 1d-(X-Y)-& Du)Td—» YVdY
VX T) (2m)n /n /n ‘ 1)

Next, let ﬁ = X — Y and write the inside integral as

and let
§(@) = e P
then
o) = — [ e etDaTqg
(2m)™ Jyn
_ i /OO e*inﬁl*ﬁllw%wal . i /OO e*iwnﬁn*ﬁnnszdwn
21 J -0 21 J o0

Then, using the integral from Guenther and Lee[51, p. 167]

2

/°° o iwf- DT g <%) o or
—00

(M

it follows that
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(47T)% (Dyy - --Dyp)?

Consequently, Equation| 2.22] can be written as

V(X,T) :/ K(X —¥,Dy, - D) f(V)dY

.

where

Hence, if f(Y) = §(Y), then

— — ~ ~ —

WX, T) = / K(X — ¥,Dy .- D, T)§(V)d¥

2
1 Z?—l(uf))(;T)
— = = €
(47T)3(Dy; - --D,,)2
_ 1 o3 (XD IX)

(27)% (2D T - - - 2D, T)?

- 1 e,% [L(ffE[V}t)fﬁfl(f*E[V}t)]

1 -4 [(P1G-EWIN) 4D (P G-EV )]

_ b iRV RED RGBT
(2m)2 (2Dt - - - 2Dt)2
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Since, PQLtf)*lPT = D! and since det(PTP) = det(I) = 1, then

2tD[ "
———— = €
(2m)=

(M
T
o
S

|=

v}
<
<
S

p(,t) =

For given #, t, and E[V], the probability p(#,t) is then linked to the size of
the components of the D tensor; which indicates spreading due to dispersion.
Comparing this equation with Equation[ 2.19], page 64, it is seen that p(Z,t) is
a Gaussian density function with mean E[V]¢ and covariance matrix V = 2¢D,
from which it follows immediately that

1. 1d 1dXp;;
2 Vir = g Cov K Xl = 55

This method does not work if the matrix D is allowed to be a function of ¢,

for then E[V] would depend on ¢ also by virtue of the dependence of P! on
t. However, in the case that D does depend on ¢, if it is assumed that p is a
Gaussian density function, then it can be shown by direct differentiation that in
order for p to satisfy the transport equation it is necessary that Equation| 2.23]
hold.

2.3.4 Dispersion As Velocity Covariances
If X' and X, are not correlated, then it follows from Equation[ 2.14],
page 59, and Equation| 2.23| that

o 1 dXTz'j 1 dXZ] 1 dXdij
Y9 dt 2 dt 2 dt

ﬁ ﬁ 1dXy
= ") dt' dt" dl
2dt//p” [VI£, BV1) T Tar

Letting
3 - -
1) = [ pig(BIVIY, EIV))a
J0

then X;; = [y f(¢",t)dt" and by the Liebnitz formula

dX; )
— = —f(t" t)d
W= 100 [
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— t t +/ p” ] /’)dtll

t = - - =
_ /U P B[V E[V]t)dt’ + / oy (EIV]L B[V)")dt"

Furthermore, it is assumed that a type of stationarity or homogeneity (Section
1.2 or Section 1.6) in the sense that E[V] is constant and

—

py(EVI E[V]E) = B [V4(E[V]) V(B[]

= py(EVI(t' 1))

This means that p;; depends only on the separation vector E[V](t' —t). Also,
since the stochastic processes considered are all real,

—

pu(E[V) E[V]t) = E[Vi(E[V]) V(E[V])]

= p;(E[V]t, B[V])
which leads to the conclusion that

1dX,,
1 — 1))dt’
2 dt /p” )

And, if the mapping & is defined as

then it follows from the definition of a path integral that

[ o = /Utpijw(t'),Emwna'(t')ndt'

= IRV [ oy BTV, BV
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Hence, Ji pi;(E[V]t', E[V]t)dt' is a path integral. And, consequently,

1dX;;
2 dt

t N 5 1
[ o ®I7IE 7)) Tl Lo

If the true Lagrangian path integral is given by

[ pijds
or

then the path o is an approximation to the path o, so that for the true La-
grangian path

dt’

dr(t)

t
[ pds = [ py @r(t).50(1)|
or .
t

~ [ pu (EIVIE E[V]E) V)] d

so that

— - 1
Yo dt

_ /Ot oy (BIV]E, E[V]6))dt’ ~

= ide .24
] e (224

This result says that the components of the dispersion tensor should be related
to time rate of changes in the covariances of the position of a fluid particle or
the time integral of the velocity covariances. Furthermore, it also says that
the calculation of the components of the dispersion tensor should take into
consideration the orientation of the path of the fluid particle.

In the pure Lagrangian sense, it is not assumed that the expected
velocity is constant along the fluid particle’s path. If ¥ and i represent two
points on the particle path, then

=

pik (@, ) = E[(Vi(®) — BV;(@)]) (Vi(i) — E[Va()])]
Using the kinematic relationship

t

—

X(t; 7o, to) =

—

V(X (t)dt!

S—

it follows that B[X (t; 7y, )] = JLE[V(Xr(#))]dt’. The convective displace-
ment is given by



—

X' (170, t) = X(t 0, t0) — B[X (7, to)]

—

_ /0 (P(Ra(t)) — BV (Rp(2)])

And, the displacement covariance is given by

t rt N -
X]k(t) = /U /0 ng (XT(t,),XT(t”)) dtldt”

And, by differentiation,

The integrand represents a lagged covariance. If s =¢ — ', then ¢’ =¢ — s and

— —

pin (Xr(t). Xr(t)) = pju (Xr(t — 5), Xr (1)

— —

= B[(V(Xr(t - )~ BV, (Xr(t - ))])

x (Vi(Xr(t = 5)) = BIV(Xr(t - 9))])]

In order to implement this type of dispersion estimate, the paths that the fluid
particles take have to be identified. This can be done by generating velocity
fields and computing the paths using a particle tracking algorithm such as

Xo((k+ 1)At) = Xp(kAt) + V(X (kAL)) At k=01,---,n—1

Then by choosing an appropriate At so that ¢ = nAt where n is an integer and
letting s = mAt, it follows that ' =¢ — s = (n —m)At. The formula for D,y
can be approximated by

O m 3 B [(F (e — m) ) — B (Fr(0 — m) A1)

D= ——
k= g

x (Vi(Xr(nAt)) — E[Vi(Xr(nAt)])] At

The velocities in this representation are elements of the Lagrangian velocity
field. A distinction must be made between an Eulerian velocity field and the
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Lagrangian velocity field. It is true that at any given point the fluid particle will
move with the velocity of the fluid at that point. But, since the fluid particle
is following a changing path through the porous medium, it will encounter
only a subset of velocities that comprise the entire velocity field of the domain.
This subset is the Lagrangian velocity field. The velocity field of the entire
domain is the Fulerian velocity field. In Section 1.11 the relationship between
the Lagrangian velocity covariance and the Eulerian velocity covariance was
described in terms of the probability density function of the fluid particles’s
position. Consequently, the statistical properties of the Lagrangian velocity
field may well be different from those of the Eulerian velocity field.

2.3.5 Dagan’s Approach

Formulations of the dispersion tensor in terms of the velocity covari-
ances appear quite often in the literature. Section 1.7 describes a version based
on arguments in Gelhar and Axness[45] and Neuman[69]. Dagan[32] offers an
approach that allows the specification of the dispersion tensor on a numerical
grid block by numerical grid block basis.

As discussed in Section 2.1.3, the second spatial moment, S;;, which
characterizes the spread of a mass around its centroid, is given by

1 — —
S, = M/Qn(Xi CR)(X; - Ry)e(X,1)dX i.j=1,2,3

where M is the mass, R is the centroid coordinate, ¢(X, ¢) is the concentration
and n is the porosity.

Since concentration is mass per unit volume, the second spatial moment of the
plume with respect to the centroid can be written as

Sy(t) = 1= [ [Xi(t.@) — R(0))IX, t,8) — Ry (1))da

The Actual Dispersion Coefficients are defined as half the rate of change of
the plume’s second spatial moment with respect to the centroid in the given
realization

1dS;;

2 dt

Since S;; is a random variable, Dagan[30, 32] defines effective dispersion coef-
ficients as:
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~_ 1dE[S;j]
Y9 dt

The key to Dagan’s final result is the fundamental relationship, Kitanidis[58],
Dagan[29),

E[S;;(t)] = Si;(0) + Xi;(,0) — Ry;(2)

From which it follows that

D, = =
T dt 2 dt 2 dt

If the rectangle Vj is of dimension /; in the direction of the mean flow, x;, and
l; be transverse to it, then the dispersion tensor components D;;(t,w) where
w is the l; x [y rectangle are given by Dagan[30, Equation 15]

4 I lo t
Dyt ) = g [ [0 b))
1

— —

X[pig (B[VIE, 0) = 5pig (E[VIE + by, by)

%pij(E[V]t' — by, by)|dt'dbydb,
So, by assuming a particular autocovariance function (exponential or Gaussian)
the D;;(t,l3) can be solved for, and applied using the following steps:
e Determine the log-transmissivity variogram
e Calculate D;; for the assumed transverse dimension /5 of the numerical
blocks
e Attach the resulting D;; to rows of blocks at a distance z = ||V/||¢ from
the input zone

2.4 Distance Dependent Dispersivity Coefficients

In Gelhar[44] it is demonstrated that for a stratified aquifer to which
an hydraulic gradient which varies only in the z direction is applied parallel to
the layers, the variance of the displacement of a fluid particle is given in terms
of the hydraulic conductivity, K, by
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And, using the definition of dispersivity this means that

ldoy 1 do; dE[z]

D= 50 T 2im a
= E[I[;]QE[:J:]E[U]

This result shows the dependence of the dispersivity on the mean distance. The
following seeks to extend this result to higher dimensions. In order to determine
the effect of one variable on a second variable, it is desirable to have all other
variables held constant during the experiment. In economics this is referred
to as ceteris paribus. If the object is to determine the effect of permeability
or hydraulic conductivity on velocity, the experimenter would take a material
of known permeability, put it in a test tank, establish a hydraulic gradient in
the tank and measure the velocity. Next, a second material with a different
permeability would be placed in the tank, a hydraulic gradient of the same
magnitude as before would be established and the resulting velocity measured.
By maintaining a constant hydraulic gradient in both measurements, the effect
of permeability on velocity can be determined. Because we want to know only
the effect of permeability on velocity, the hydraulic gradient and conductivity
covariance will be assumed to be constant in the following calculations.

2.4.1 Local Grid Block Dispersivity Coefficients
The seepage velocity is given by

- K
V=-=Vo
n

And, the mean seepage velocity is given by

EK]

E[V] = — Vo

Let 7 be the position vector of a fluid particle at time ¢. This vector is given
by the kinematic relationship

t_’ i ! tK !
F:/ Vtyat = — [ =vedt
J0

0o n

The deviation of the position vector 7 from its expected value is given by
7 — E[r], and the matrix of covariances of these deviations is given by
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X — B[(F- EM) - E[f)]

- _</ot(K _ E[K])%qﬁdt”) (/Ot(K — E[K])%dt,>t]

- B _/Ot ./Ut (K’%) (K’%)Tdt”dt’}
= [ el

But, since <E[‘7’(7)‘7’T(gj)]> = pi;j(Z.7), this is basically the same form as
ij

Equation[ 2.14], page 59. In order to generalize the one dimensional result,

we can argue as follows:

dt" dt'

X = B[ B0 E)]

i t t t t t
- E ( Ewﬁdt’—EV Ewﬁdt’D (/ Engdt'—EV Engdt'D]
i JO N JO N JO N JO N

- v om0 T im0

Letting K = K — E[K], and noting that
E[f] — (E[V] = %E[K]V¢
which implies that
V6 =B[K] Bl
S0

X=E

(KE[K|'Eli1) (KE[K)'E[)'

Let A be an r x s matrix and B be a t X u matrix, then the Kronecker product
is the rt X su matrix
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anB apB - a4 B
A9B - anB apB - - ayB
arlB ar2B e arsB

In particular, if 7 € R", z € R*, then ¢/ is r x 1 and 2’is s x 1 so that § ® I, is
rs X s and given by

les
- yQIs
Yy Is - .
yrLs
and I, ® Zis rs x s and given by
Z00 ---0
G zd .0
I, ® 2=
0 00 zZ

Given that
X = E (7~ E[f)(7 — E[f)]

then using the differentiation formula from Marlow[66] that if § € R", 27 € R*,
Z € R", then

d dz dif
— (77" = (71 1.) == + (1 7 2L
where
Oy Ooyr -+ Opn
dy O1yo OoYo -+ OnYo
dz :
31% 52% anyr
and
Ay
0;y; = J
Yi 651:1
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In our case, we let r = s = n and

> Ki;Elr)]

> - " KoE[r;
ij=z=KEK| 'E[f] = KE[f] = | 777 73]
j=1 KnjE[Tj]

which is an n x 1 vector. It has been shown that the dispersivity tensor contains
the term
1d, 1dX dE[f] 1 dX

2= amA @~ 2amA )

According to Marlow|[66], the matrix ©X can be written as

- dXy T

dX dt
dt AX

dt
dX,9

dt

dXnn
L —aqt

—

which is n? x 1. Also, -2% is an n? x n matrix and E[V] is an n x 1 vector so

’ dE[7]
that %E[V] is also n? x 1.
Now,
dX d
= E|g= ()
dE[7] E[/]
dz dyf
= E|y®],)— +(1,®2) —
[<y OL) o+ (L0 2) o

Since ¥ ® I, has dimension n? x n and I, ® 7 has dimension n? x n and dg'%
and % have dimension n x n, the matrix % has dimension n? x n.

The components of this equation are evaluated as follows:
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7=1
i1 K Erj]1L,
And,
Z 0 0
|0z 0
I, 7=\
00 Z
where
]n':l Kle[TJ]
Z= and 0=
i1 KnjElr]
Furthermore,
I:<11 Ii<12 I:<13
dz dy | Ku Ky Ky
dE[7 B ;
IA<nl Kn? IA<nf*}
So, we can write
Ki K
" Ky ElriI, - -
(&1L, dz 21 1_] ) Koy Ky
Yy n dE[ﬂ - i . :
j=1 K,;E[r;]L, Knl Km
which is an n? x n matrix. And,
dy
(h@@m
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( Z;l—] KUE[T]] 0 0 |
Z;l—] KnjE[TJ] 0 0
0 Z? 1 KUE[T]] 0 . . . N
: Kiu K Kiz o Kip
n - Ky Kz Ko - Ky,
0 Zy 1 Ko Elr;] 0 :
- o N N - Knl Kn? Kn? Knn
0 0 Z?:l Ky;Elr)]
0 0 Y RyEl]

which is also an n? x n matrix. The result will be demonstrated using a two

dimensional example:

Local Grid Block
Example: n =2

In this example we can write

IS

X117
dt

N [—

[a—Y

DO | =
u

2 |X
¥

1 dX - dz dy
= T EV]=E|fOL) —— + (I, ® 2) —

IS
a

N =
U
o~

IS

>
o
o

N =

dt

Expanding this yields
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1d
X =
2dt

( ( > KuKy Bl Y7 KKyE[r] ]  KuKyEfrj] Y7 KoKy Elrg }

Y KaKyElrj] Y7, KooKy Elry] L KuKyElr] Y7 KKy E[r]

> KuKyEfrj] Y7 KoKy Elry KoKy Efrj] Y7 KooKy Elry]

L Y KoKy Elrj] Y7, KooKy Efry] | KoKy E[r;] Y7, KnKyElr)] |

[ BT
| B3 |

X

Using the first order approximation of the expected value of the fluid particle’s
position, viz.,

E[7] = E[V]t

and assuming that IA(Z-J- = 0 for 7 # 7, it follows that

E[K? |E[V1]*
E[K K] E[V1]E[V]t

E[K Ky E[Vi]E[V5]t

E[K3,E[V3]’t

The presence of the expected velocity vector in this expression is key since it
can be changing from numerical grid block to numerical grid block. Figure
3 shows the effect of a non-constant expected velocity on the path of a fluid
particle. This figure shows the result of solving Equation| 2.17] first with

— —

E[V] = (0,—-0.1), the dotted line, and then allowing E[V] = (0, —0.1) for the

first 25 time steps, E[V] = (0,0.0) for the next 25 time steps, E[V] = (0,0.1)

for the next 25 time steps, and finally, E[V] = (0,—0.1) for the last 25 time
steps, the solid line in Figure 3.
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2.4.2 Global Dispersivity Coefficients

The presence of heterogeneities in the porous medium will cause the
velocity field to be non-uniform. To maintain dispersive symmetry, the disper-
sion tensor should be recalculated on a grid block by grid block basis, taking
into consideration the expected velocity on the grid block. The preceding for-
mulation can be extended to this case in the following manner: Let X7 be the
trajectory of a fluid particle. Then, the position vector of the particle is given

by

t . t K
F:/vaﬂwmﬂzi/—vmﬂ
0 0o n

It is assumed that V¢ is steady state so that it does not depend on t'. Fur-
thermore, it is assumed that the porous medium is locally homogeneous, i.e.,
in the sense of Section 1.1 and Section 1.5, and that this local homogeniety
applies to numerical grid blocks.

Suppose that Xr spends from %y to ¢; on grid block 1, from #; to 5 on
grid block 2, -- -, and from ¢, ; to t,, on grid block n. Then since V¢ does not
depend on time and the statistics of K do not depend on time on individual
grid blocks, we can write

n—1 i1 i+1 n—1 i1 1+1
o _Z/m K! )V¢“+1)dt’: _Z/t+ K+ gy Vplith
i—=0 ti n =0 ti n
noloetig . Vplit1)
= Em:—z/+EmW%wiﬂ—
i=0 't n
then,
noloetig ) . (i+1)
r— E[rf] = — / " (K(z+1) _ E[K(z+1)]) At ¢
i=0 7t n
Using the formulas
beal = bal
@+ @@E+d) =@+ (@2d+ (b8 + (b d)

it follows that
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X = E[(F-E[f)(F - E[)]

- H Z/M KO+ E[K““)])dt'w}

n

n—1 ) : T
{_ Z /t]+1 (K(j+1) - E[K(]+1)]) dt” V¢(]+1)}

j=0"1 n

n—ln— i . i . i T
— Zl Zl E /tz+1 K+ g V¢ D) ® /tj+1 KO+ gg Vplith -I
i—0 i— Ji; n t l n J

Ji;
n—1ln—1 [ . i+1 . i+1)y T
— E {/t’+1 K+ g Vo )} {/t]“ KU+ g VUt )} ]
i=0 j=0 | \Jti n ti n J
n—1n—1 [ 2 tiv1 - v¢ (i+1) 2 tiv1 - V¢(j+1) T-I
— E / K H'l ~ / KUY g Z2m
Z Z {Z ti ul Z tj vm n J

J
L =1 n m=1

Define the vectors @ and b such that for u,v=1,2

2 tit1 ~ v¢ (i+1)
(1+1 v
Ay = K
; /tz ul n
and
2 41
= /m Kt  VoR
el n
then
n—1n—1
x = 5 5wt 020
i=0 j=0
where

Vo Vol

n n

(d‘(i+1)(5‘(]‘+1))1) Z i /tz+1 /t]+1 K(i+1)K(]+1 dt' dt"
uv ¢ ¢ ul

=1 m=1"" J
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If it is assumed that the components E[K(Hl)KEfnfl)] are constant over blocks,
then

1n

2 2 (i+1) (5+1)
(2 ‘7¢ ‘7¢%
z > 3 RUMRYD S A o A

n

||
[iNgh

1m=1
And, using the relationship that

. AL
B[] = ALE[F0] = 24

K®)Ve®

A\

At; = EKY] B[]
n

The displacement covariance matrix becomes

Z Z [ZKzH ( z+1)] 1E ~(z+1 )l E_:IK]+1 ( (]+1)]1E[F(j+1)])m]

=1
or
n—1n—1

X=Y Y E {(K(i+1)E[K(i+l)]IE[F(H—I)]) (K(j+1)E[K(j+1)]1E[F(j+1)])q

i=0 j=0

To get an adequate representation of exactly where in the domain different
magnitudes of dispersion are to be expected, ensembles of particles must be
tracked. Such a representation is given in Figure 4. In this example, 5 particles
are tracked from two adjacent numerical grid blocks located in the center of
the domain.

These particle paths are used to identify the numerical grid blocks
that are most likely to be reached by a tracer plume that emanates from the
grid blocks containing the origin of the plume. Once the grid blocks most likely
to be reached have been identified, the previous formulation can be applied on
a grid block by grid block basis to estimate how dispersion will develop over
time. From Equation| 2.24], page 71,

szfmAmWﬁEMQﬁ’:‘[EWQ@WW)WAHWQMﬂ

2
o
="
5?‘\
>
>
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As time t' increases from 0 to t, the particle moves from its original position
at time ¢ = 0 to its position at time ¢, in block (m). As it moves, it traverses
different grid blocks on its way to block (m). Using the arguments given
previously,

o = SB[ ffewpee) T
x {(K(m) ~E[K™)) vi(’”)} dt’]
_ mlE[(K(i+l)v¢:+l) Atm) (Kw)Vﬁ(m))]
=0 ! u . v
m—1

= E [(K(HI)E [K(”l)}fl E [F(i+1)]>

u

S
Il
<)

3
L

Since it may be difficult to identify exactly the numerical grid blocks
where a local source is originating, or if more than one point source is involved,
an entire column of grid blocks can be used to determine the particle paths.
Figure 5 shows the result of tracking a particle from each of the grid blocks in
a column in the center of the domain. Of course, in a simulation, more than
one particle from each grid block would be tracked.

2.4.3 Molecular Diffusion

It is reasonable to have some level below which these dispersivity coef-
ficients cannot fall. This level would, in effect, represent the level of molecular
diffusion. In order to specify such a level, an example from Batchelor[9] is
used. For a solute of NaCl in water, the coefficient of diffusion is found to
be 1.1 x107® em?/sec at 15° C and for any concentration. For molecules
such as potassium permanganate, KMnQO,, which are much larger than wa-
ter molecules, the coefficient of diffusion is found to vary with the level of
concentration. Since this is not a problem with sodium chloride, the level of
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1075 ¢cm?/sec, or the equivalent level of 6 x 10~* cm?/min, will be used in the
examples.

2.5 Random Variable Generation

2.5.1 Independent Random Variables

In order to generate the sample path of the stochastic process, it is as-
sumed that the stochastic process is Gaussian and stationary, i.e., at each time
t, the random variable X (¢, w) has the same mean and variance and that these
two moments are sufficient to describe the random variables’s distribution. A
sample path can then be generated by sampling from a Gaussian distribution
with the specified mean and variance. The following analysis shows that by
generating two independent uniform random variables on the interval [0, 1]
and using the Box-Muller transformation, Equation|[ 2.25], two independent
Gaussian random variables can be produced.

Let U; and U, be two independent uniform random variables with the
same density function on the interval [0,1]. Define the random variables

X, = (=2In(U;))2 cos(2nUs)
(2.25)
X, = (=2In(l}))2 sin(2xUs)
The inverse relations are given by
—(X? + X2
U expl (X7 + 2)]
2
(2.26)
1 X
U, = %arctan <fi>
Then, by taking derivatives, it follows that
0X1  —cos(2nUy)
8U1 (—21D(U1))%U1
0X 1
L= (=2In(lh))? (=27 sin(2xU))
oU,
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And, that

0Xy  —sin(27ls)
8U1 (—21D(U1))%U1
0X,

o, (—21n(Uy))? (27 cos(2nUs))

The Jacobian of the transformation is then

_—cos@nla) Lo
(—2In(U1)) 20, (=2In(Uh))2 (27 sin(27Uy))

_—sin@nls) 1
(—21n(U1)) 2 Uy (—2In(U1))= (27 cos(2nU5))

—2mcos?(2rls) 27 sin®(27wUsy)

U1 Ul
27
=
From Equation| 2.26],
X2+ X2
U, = exp [_M]
2
Hence,
27
‘J| = 22
oxp [~ O]

If g(Uy, Us) is the joint density function of U; and Us,, then the joint density
function of X; and X5 is given by

g(Ula UQ)

f(X1,Xy) = 7l

From, Equation| 2.26], it follows that

g (exp [—@] , i arctan (%))

2

X24x2
exp {,(17“;2)}

f(XlaXQ) =
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And, we have that

(0,1)

X2+ X2
V X1, Xo, exp [_¥]

and,

1 X
vV X, X, 2—arctan (f) e (0,1)

7T 1

Since g is the joint density of two independent uniform random variables on
(0,1), it follows that

X7+ X2 1 X
A Xl,XQ q (exp [—%] ,% arctan (fi)) =1

Hence,

f(XI;XQ) = S ¢Xp

sl e
= oD T | T OXP T

which shows that X; and X, are independent and each has the standard normal
distribution. Hence, the two U(0, 1) independent random variables are used to
produce two independent N (0, 1) random variables.

Once an N(0, 1) distribution has been produced, an N(u,o?) distri-
bution can be produced by the transformation

Y=p+oX X ~ N(0,1)

Figure 6 illustrates this method by showing the results of generating 20000
samples from a Gaussian distribution with mean 3.0 and standard deviation
0.3. Plots of the two normal samples are shown along with their associated
lognormal plots. The sample lognormal points are found from the formula

lgn[i] = exp(ni)

where n[i], i = 1,---,m are the sample points from the normal distribution.
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Figure 6 - Sanple Distributions
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2.5.2 Correlated Random Variables

Once two independent normal random variables have been produced,
it is possible via a linear transformation to produce two correlated random
variables. Correlated random variables will be required in order to model an
anisotropic porous medium.

Given two independent standard normal random variables, X; ~ N(0,1) and
Xy ~ N(0,1), two new random variables can be defined by letting

X3 = a+bX;+cXy a,b,c € R

X4 = d+€X1+fX2 d,e,fE??l

then E[X3] = a, E[X,] = d and

E[X3X3] = (a+b)?+¢?
EX,Xy] = (d+e)*+ f?
E[X3X,] = ad+be+cf

Example:
Suppose we want to define two random variables X3 and X, such that

1 1
E[X;X;] =1 E(X,X,] = 3 E[X;X,] = 2
then a = d =0 and
V4+ct =1
1
2 2 _ 4
e+ f° = 3
1
b = =
e+cf 5
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Lettingc:1:>b:0:f:%:e:%,sothat
EX;X;] = (a+b)*+c =1
2 2 |1
1
E[X3X4] = ad+be+cf:§

as required. Chapter 7 of Law and Kelton[61] gives many approaches to gen-
erating random variables, both correlated and uncorrelated. If a multivariate
normal distribution is to be used, then a particularly simple algorithm exists
for generating a multivariate normal vector

X = (X17X27...7XR)T

The reason for this is that in the joint density function, Equation[ 2.19], page
64, the covariance matrix, V, is symmetric and positive definite. Hence, it can
be factored as

VvV = cct

where C is lower triangular. The algorithm consists of the following two steps:
(1) Generate 7y, Zy, -+, Z, as independent identically distributed N(0, 1)
random variables following the procedure in Section 2.5.1.

(2) Fori=1,2,---,n,set X; = p; + >, C;; Z;.
It then follows that

X =ji+CZ

In the study of porous media systems, the measurement of the physical
properties of the system at each point of the domain is a practical impossibil-
ity. In the case of these systems, it is common to assume that the physical
properties of the system, i.e., hydraulic conductivity, etc., are realizations of a
underlying random field. Since the development of our dispersion estimates is
based on assumptions about the covariance function describing the hydraulic
conductivities in the spatial domain, a method of generating random fields
that takes into consideration the degree of variance, correlation lengths, cross-
correlations, anisotropies, etc. of the hydraulic conductivity is necessary. Such
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a method is provided by the Spectral Turning Bands method. In this method,
simulations are performed along several lines using a unidimensional covariance
function, C4(+), that corresponds to the 2 or 3-dimensional covariance function
given for the spatial domain. Given two spatial points Z;, Z3 in the domain,
this correspondence is given by

C@n,#) = C(h) = [ G- ) £(@) di

where ¥ represents the unit circle or unit sphere, f(i) is the probability density
function of u, and h = 1 — T9. The value assigned to a point in the domain
is given by an average of the values generated for the projection of the point
onto the various lines used in the simulation.

Finally, the algorithm described in Robin, et al[80] is capable of co-
generating pairs of three dimensional cross correlated random variables.

2.6 Summary

In this section, the all important dispersion tensor component of the
transport equation was investigated under some simplifying assumptions that
allow a better understanding of the concept. Section 2.1 looked at the disper-
sion concept from an Eulerian point of view which lead to its characterization as
half the time rate of change of the second spatial moment around the centroid.
Section 2.3 introduced the Lagrangian approach. Here the motion of a fluid
particle was described by a stochastic differential equation, Equation| 2.17],
page 60, and dispersion was characterized as describing the uncertainty sur-
rounding the path of a fluid particle as it proceeds through the porous medium.

Under the assumption that the trajectory of the fluid particle has a
Gaussian probability density function, it was shown that the dispersion tensor
is equal to half the time rate of change of the covariances of the displacements in
the fluid particle’s position, which was then related to the velocity covariances
of the particle. Special consideration was given to a method due to Dagan that
allows the specification of the dispersion on a grid block by grid block basis.

In Section 2.4, a one dimensional result that describes the dispersiv-
ity as a distance dependent entity was extended to higher dimensions. This
method shows that the symmetry of the dispersion tensor is with respect to
the average velocity vector. If the dispersion tensor is changed on a grid block
by grid block basis, then the dispersion tensor must be recomputed to take into
consideration changes in the expected velocity on the block. Section 2.4.2 ap-
plies the results of Section 2.4.1, which are applicable to locally homogeneous
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grid blocks, to the calculation of global dispersivity coefficients. This is done
by using a particle tracking algorithm to identify the grid blocks that will be
visited by fluid particles along their paths and applying the results of Section
2.4.1 on a grid block by grid block basis.

Finally, Section 2.5 reviewed some methods being used to generate
random variables. These methods will be used extensively in our numerical
calculations.

95



3. Methods Of Solution

3.1 General

In this section, methods of solving the groundwater flow/pollution
problem are discussed. Whenever two miscible fluids come together to form
one phase, there is the potential for either the density of the phase or the vis-
cosity of the phase to change. This change can be brought about by changes
in the concentration and/or changes in the pressure. In the pollution problem,
a change in the density can be caused by the pollutant mixing with the water
in an aquifer. In the Enhanced Oil Recovery (EOR) problem, a change in the
viscosity can be brought on by a surfactant mixing with the oil in the reser-
voir. The solution of an EOR problem may assume a viscosity /concentration
relationship such as the quarter power rule, Russell and Wheeler[84]

pule) = [(1—¢) + Mic™

where ¢ is the concentration of the surfactant and M is the ratio of the viscosity
of oil to the viscosity of surfactant, ie, the mobility ratio.

In the case that the density is dependent on the concentration of the
pollutant, a coupled system of PDE’s is obtained that must be solved simul-
taneously. However, there are probably many cases where the density is not
dependent on the concentration or that this dependence is weak and it can be
assumed that there is no dependence. In this case, the flow and concentration
equations may be solved separately. The groundwater flow equation yields esti-
mates of the piezometric head and velocity estimates are derived from Darcy’s
law. This is the case in tracer experiments. Then, by using either relation-
ships between the velocity covariances and dispersion or between permeability
covariances and dispersion, dispersivities can be developed for use in the con-
centration equation. By starting with the simpler uncoupled case, the total
system can be tested for reasonableness without having to deal immediately
with the more difficult coupled case. But, since the ultimate goal is to even-
tually handle the coupled case, the next section investigates some methods of
handling the simultaneous solution.

3.1.1 Simultaneous Solution
The groundwater flow equation used in tracer experiments has the
form
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0p* .
S 5% V.-TV¢
where S is the storativity of the aquifer, T is the transmissivity and ¢* is the
piezometric head. If this equation is not used to determine velocities, then an
alternative expression must be used to obtain the velocities. These velocities
can be obtained from Darcy’s law in the following way: In general, Darcy’s law
can be written as

7F=K.J
where ¢ is the specific discharge, the volume of fluid flowing per unit time
through a wnit cross-sectional area normal to the flow, K is the hydraulic
conductivity tensor and

J=-V¢

is the hydraulic gradient. Because the cross-sectional area used in the definition
is a unit, the vector ¢ has the dimension (%), and so is considered a velocity.
The Dupuit-Forchheimer equation accounts for the fact that the flow is only
through the void part of the solid matrix by dividing the specific discharge by

the porosity, n.

V=

SEEST)

so that
- 1 .
V=-—-KV¢
n
Hubbert defined the potential ¢* of a compressible fluid as
P d
¢* =z 4+ —p
no 9p(p)

where z is the elevation, p is the pressure and g is the gravitational constant.
In general, the density p depends on temperature, concentration of dissolved
matter and pressure. So, the potential ¢* is for a compressible fluid under
isothermal conditions. The coefficient of compressibility of a fluid is expressed

as, Bear[12],
10p
p=—="
pdp
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and its solution is given by

p = poexp|B(p — po)]

so that from the Hubbert potential

D dp
o = 2+ |
po 900 exp[ﬁ(p - po)]
1 1
_ _ —B(p—po)
= z+4+ e
apoB gpofs
N 1 1
= v _
apo3 gBp

Using this relationship and differentiating,

Vo =Vz+ Vp and Vp=[(pVp

1
9pp?
which leads to

1
V¢* =Vz+ —Vp
gp
so that
. . 1
J=-V¢*'=—(Vp+pgVz)
gp
Taking Z to be depth, Z = — 2z, it follows from Darcy’s law that,
— 7 * _K
7=KJ=-KV¢"=— (Vp— gpVZ)
gp

The tensor K can be expressed as

which means that

. ¢ -K —k
V="L="20(Tp gpV2)= — (Vp - gpV2)
n. ngp np

where k is the permeability tensor and yu is the viscosity.
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In Chapter 2, the basic form of the concentration equation was illus-
trated using assumptions about the stochastic nature of the variables. Here
the concentration equation is developed from a more traditional point of view
using the conservation of mass law while at the same time retaining a stochastic
flavor. Let ¢(Z,t) represent the concentration of the pollutant, ie, ¢(Z, t) is the
mass of the pollutant per unit volume of the single phase. The conservation of
mass law then states that

0

E./Q ne(Z, 1)dz = —/ o3, t)qz-ﬁdm/quf (3.2)
where
n = Porosity, The Fraction Of The Volume  Available For Flow
i = Darcy Velocity or Volumetric Flow Rate Across A

q = Mass Flow Rate Per Unit Volume Injected Into €2
Using the Divergence Theorem,

0 -
2 / ne(#,1)d7 = — / V- o, t)ﬁd.f+/ qd7
ot Ja Ja Q

The total flux of the pollutant is given by the product

—

o(7, 1)V (2, 1)

On a representative elementary volume, REV, the concentration and
velocity can be represented as

o(@,t) = Ble@ t)]+c (Tt Elc (Z,1)]=0

V(Z,t) = E[V(Z1)]+V (i1 E[V'(Z,1)] =0

then by multiplying and taking expected values,

E[cV] = E[JE[V] + E[¢V]
convective flur  dispersive flux

Assuming, at least locally, e.g., on a grid block, that the dispersive flux is
Fickian, then
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E[¢V'] = -DVE[(]

The velocity v represents the velocity of the fluid in the void part of the matrix,
and so we can write, on average, that

E[ctl] = nE[cV] = n (E[(]E[V] - DVE[c])

Hence, by taking expected values in Equation| 3.2], it follows that

%/ﬂnE[c(f,t)]d.f: —/QV.n(E[c]E[V] fDVE[c])dm./ﬂ El¢|d7

Since this equation is in terms of volume averaged variables, the integrals can
be removed, see Gray[49], so that

0 -
o Ble(@. )] = V0 (E[(/E[V] -~ DVE[c]) + E[g]
So, for the case of the density being dependent on the concentration, p = p(c)

the system of equations can be written as (dropping expected value symbols)

57(n¢) = ~V-n(cV ~DVe) +q
TR (V VZ) (3.3)
= i p—gp .
d(np) -
- V- -npV
5 V -np

Clearly, this system assumes that the porosity is given by n(Z,t) and that the

—

four unknowns are ¢(%,t), V(Z,t), p(Z,t) and p(Z,1).

3.1.2 The Mixed Model
Using the mixed method, the velocity and pressure can be solved for
at the same time. The Mixed Model introduces the space

H(div; Q) = {g € (L*(Q))? : div(q) € L*(2)}

with norm
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1@ mraivioy = (11l + I1div(@)[5.0)"2
The Mized Variational Formulation is then defined as:
Find a pair of functions
(i, p) € H(div; Q) x L*(Q)

such that

Vi € H(div; Q), /Qﬁ G + /Qp div(§)dz = 0
and

Vo € L2(Q), /Qv(div(ﬁ) 4 fde=0, feLX9)

The Discrete Mized Formulation requires that there exist two finite dimensional
spaces ), and V}, such that

Qn C H(div;Q) Vi C L*(Q)
and a pair (i, pp) € Qp, X Vj, is sought such that
Vi, € O, /Qﬁh Gz + /Qph div(g,)dz = 0
and
Yon € Vi, /th(div(ﬁh) Y f)dr =0, feL*9Q)

A key element in the existence theorem of the mixed finite element analysis is
the Babuska-Brezzi Condition.

Theorem (Existence):

Assume that ¢, € th and that

Yoy, € Vj, / vp div(@y)dz =0 = div(g,) =0
Jo
and that 3 a constant «v > 0 such that
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div(q,)d
Vv, € Vp, sup Jo Uff iv(gh)dz
GheQn \@h || (divs)

Then the problem (P,) has a unique solution (i, p,) € Qn X V, and 3 a

constant 7 > 0, depending on «, such that

> al|vpon

||17— ﬁhHH(div;Q) + ||P - thU,Q <r7| inf ||17— §h||H(div;Q) + inf ||p - Uh||0,Q
7, v EVY

qh€Qn

Starting from the second line in Equation[ 3.3], page 99,
V=— (Vp—gpV7)
np
and taking the divergence,

} K
V- V=V. (—Vp) +V - (9pVZ2)
np

which is written as

Letting

and multiplying this equation by any ¢}, € @h and integrating over (),

/nukflﬁh@hdm/ Vpn - Gudi = 0
Q Q

Integrating the second integral by parts using the Green’s formula

/pv-qdf+/vp-§df=7§ i - ey
Q Q o0

(3.4)

and assuming no flow boundary conditions, ¢, - 7 = 0 on 042, it follows that
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/nuk’lﬁh-q*hd.f— / oV - GrdT = 0 (3.5)
JQ JQ

And, from Equation| 3.4] with v, € V},

/th (V-iy — f)d7 =0 (3.6)

Hence, Equations| 3.5] and [ 3.6] represent the Discrete Mixed Formulation for
the pressure equation.

3.1.3 The Spaces @h And Vj,

In order to define bases for the Raviart-Thomas finite element spaces
@, and Vj, for the 3 dimensional case, first let Q be the 3-simplex [0, L] x
0, Lo] x [0, L3] and define the meshes:

AXZO:.'I)[] < T < e < .’I)k:Ll
AY : 0=y < 1 < -+ < y;j = Ly

AZZOZZO <z < - < Z]:Lg

And, define the piecewise polynomial space

M (A) = {v € CY0, L] : v is a polynomial of degree < r on each subinterval of A}

where ¢ = —1 refers to discontinuous functions.

Since in the error analysis of Raviart-Thomas|77] there is no require-
ment that the elements of the subspace V}, be continuous across inter-element
boundaries, the finite dimensional subspace for pressure used in Russell and
Wheeler[84] for the 2-dimensional case is extended to the 3-dimensional case

Vi = ML (AX) @M (AY) R M (AZ)

It is further assumed in Raviart-Thomas|77] that given any v, € V}, there exists
a gy € @, such that
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div (Th = Up,
which leads to the definition of the subspace Qh as

(Qn)s = MGAX) @M, (AY) Q M, (AZ)
(@n)y = ML(AX) @ MGAY) Q M, (A7)

(Qn). = ML (AX) Q@ ML (AY) Q M(AZ)
So that,
Qn = (@n)a X (@h)y X (Qn)-
Theorem 5 of Raviart-Thomas|77] then gives the error estimate

| d = @l maivioy + |lp = palloo < KRt (Iplr+1.0 + [Plrt2.0 + [ADr41.0)

where IC is a constant independent of A, and from which it follows that for
r=20

17— Gl r(aiviny < O(h)

and

|l — pallogn < O(R)

so that the error estimates for the pressure and velocity are of the same order.

For the general case where density and viscosity are dependent on the
concentration, the following set of coupled equations holds:

E(m‘) = —V-n(cV—DV(z) +4q
- k
V= ——(Vp—gpVZ)
np
d(np) _ 7
% -V (an)
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In the tracer case, where the density is constant, the equations can
be written in the following uncoupled form:
0o*

— =V .TVyp"
ot ¢

%(nc) =-V-n (017 — DVC) +q

where S is the storativity of the aquifer, T is the transmissivity, and ¢* is the
piezometric head.

3.2 2D Finite Element Solution

3.2.1 General

The goal of this current investigation is to study the system of equa-
tions specified by Equation| 3.3], page 99, with the coefficients of the disper-
sivity tensor calculated in terms of the velocity covariances or permeability
covariances. The dispersivity tensor would then be a piecewise constant tensor
specified on a grid block basis. Clearly, the system specified by Equation]| 3.3]
is a coupled system and must be solved simultaneously. This is because the
density of the single phase is considered to be a function of the concentration
of the pollutant. It is conceivable that in many cases the density may be con-
sidered to be constant, in which case the flow equation and the concentration
equation may be solved separately. It is this case that will be studied first.

3.2.2 Finite Elements
A finite element in R is defined, Ciarlet[24], as a triple (T, ¥, ) such
that
(1) T isa closed subset of " with nonempty interior and Lipshitz-continuous
boundary.
(2) W is a finite dimensional space of real valued functions defined over the
set T" with dim ¥ = N.
(3) X is a set of linear functionals, o;, 1 < i < N defined on the space ¥
such that 3¢; € ¥, 1 <7 < N, with the property that

Uz’(%‘) = 5z‘j

Also, the following holds
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w:ZUi(wW)i Viyew

i=1

The sets {o;}Y, and {¢;}}, are dual bases. Suppose that there are two fi-
nite elements (D, ¥, Y) and (2., ¥, X) that are related by the invertible affine
mapping

F:D — Q. 5
F(@) = AZ+Db

then the finite elements are affinely equivalent if

§‘R1

Figure 7A
The mapping G* in Figure 7A is called a pull-back since it pulls a function
defined on D back to a function defined on €. It follows from (2) that if
G = F~', then ¢ = ¢ o G = G*¢) where G* is a pull-back.

Similarly, the mapping G* : ¥ — U allows the definition of a push-
forward mapping G, : ¥ — ¥ according to the following diagram:
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G.o(y) = 00 G*(Y) ceX

%1

Figure 7B
The function G, pushes a tunctional defined on W forward to a functional
defined on V.

3.2.3 Rectangular Elements

In implementing the uncoupled version of the 2D finite element model,
the elements are assumed to be rectangular with their edges aligned with the
x and y axes as shown in Figure 8:

7=(0,1)
o5}
V=(-1,0) «— Q. - V=(1,0)
o} o2
Y
G
T v=(0,-1)

Figure 8 - Rectangular Element
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Here 7 = v,i + v,] = cos(a)i + sin(a)j where a is the angle between the
outward normal to the boundary and the z-axis.

For integration purposes, using Gaussian formulas, it is convenient to
use as a reference element the following rectangle:

(—1,1) (1,1)

4 3

1 2

(—1,-1) (1,-1)

Figure 9 - Reference Element

The numbers in the corners of the element in Figure 9 denote the numbering
of the local nodes. On the element D, the first order (linear) Lagrange shape
functions are given by

b= 1-90 )
d = 0+61-n)
dy = 1+61+n)
b= 3090+
These reference functions can be transformed to any rectangular element whose
side is of length a in the z-direction and of length b in the y-direction. Letting

(1, y1) represent the global coordinate of node 1, the transformation is given
by
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LD =18 ]

For example, the 4 corners of the reference rectangle map in the following way:

Node 1 : (—1,-1) = (z1,1)

Node 2 : (1,-1) —=(a+z,y1)
Node 3 : (1,1) = (z1 +a,y +0b)
Node 4 : (-L,1) = (21,00 + D)

The inverse mapping then becomes

BRI E=

Using this to transform the linear Lagrangian shape functions to the trans-
formed element €., results in

o N

,@1 N (1 _ 13:1331) (1 _ y;yl) — wl
ho (=)(-50) =w
b (m2) () =

B () () v

3.2.4 Numerical Integration
Let D be the reference element whose corners are given by

{(_17 _1)7 (17 _1)7 (_17 1)7 (17 1)}

and let
F:D—Q,
such that
T 5 [ é- a+2z,
= F — 2 + 2
[y] ([UD [oan] [—”f“
then
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| o= [ Jaen).vem) a& ‘5

The quadrature formulas for evaluating integrals over the reference rectangle,
D, are derived from the quadrature formulas for the 1D case. Letting

O(x,y)
(&, n)

U(En) = fz(En).y(En)

then

1

| wie nydedn
D

1 1

[ wie nyan) de

7N\

%

/
r

/\

> U m)W. ) dg

1 \jZ

—

>

=1

Q

\I’ fl,n] W;W;

o
M-
]

~.

where m and n are the number of quadrature points in the £ and n directions,
(&, m;) are the Gauss points and the W; and W; are the Gauss weights.

The number of Gauss points to use is based on the result that if there
are n + 1 Gauss points, then the formula
n
Z a; f (i)
i=1
is exact for a polynomial of degree 2n+ 1. If the polynomial has degree p, then
+1
2n+1=p = n+1l= pT
so that the number of Gauss points (n,,) is given by
+1 . .
B~ if p+1 is even
gp =
» . .
s+1 if p+1 is odd

For the linear Lagrange functions, the highest degree in both the & and 7
directions is 2. So, in the numerical integrations m = n = 2.
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3.2.5 Groundwater Flow Equation
The 2D groundwater flow equation is given by

d¢*
ot

S V. TV

where S is the storativity of the aquifer, T is the transmissivity, and ¢* is the
piezometric head. The semi-discrete variational formulation takes the form
with respect to a four-node rectangular element €2,

0:/ q;saidge/ vV - TV S,
JQ. ot Ja.

The second integral on the right side can be integrated via Green’s formula

/q*-vpdmr/pv-cfd@:f 7 vy
JQ JQ (019
to give

8 *
0— / 2822 40, + / TV - VudQ, — 74 VTV 6" - dy
Qe ot Qe Joq,
Assuming a uniform time step, At, and a backward Euler estimate of the time

derivative,

8@5* o ¢*n - ¢*n71
ot At

the fully discrete variational formulation is

N ¢*n o ¢*n71 . o
0 =~ S [ ——— ) dQ, + [ T"V¢é*™ - VudQ,
. At Q.

- % vIT"V ™" - Udy
29,

where the superscript n represents the n'” timestep. Then making the substi-
tutions

¢ = 2 05(tn)t(@) 7= (2,9)

vo= P(7)
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and letting

™ T
|
[Tm TZQ]

The system of equations for the e’ element becomes

; / YiydQ, + nglqu(t S g0
d n k aw] az/)l
* ZTDQ} fn) Q. Oy 8r
a O 31/11
T )
+ ]Zl 21¢](t Q. ax ay

: o5 O
oS [ 2 ‘”d@e

et 0. Oy Oy
— f vT"V ™" - DUdy
09,
T S * e )
~ S 20 ) ¢ ) /;w]dﬂ i=1,2
j=1
The surface integral in this equation takes the form
a * M
f oIV - Udy = Tﬁ% v ¢ vidry
o0, Joa. Oz
a * 1
+ T1”27{ v ¢ dry
Joa. O
a * 1
+ T2”17{ v ¢ vodry
Joq, Oz
+ 715 .émg v 9y vodry
On 990}, 7 = (v1,15) = (0, —1) this becomes
- v, . dv;
— | *(t i—2dx + T *(t, i—2dx
(212@53( méw I xr+ 222@53( .amw )

And, with the no flow boundary condition on 92, this becomes
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1Z¢ 20 gy

891 " Ox

On 00%, 7 = (1, 1») = (1,0) Equation[ 3.7] becomes

e’

- oY, - 81/)
T" ) tn z—]d Ty : tn ) ]
112%( ) mgw B Y+ 122%( ) amlb
And, since ¢* is constant along this boundary, this becomes
81/)-
T —1d
11 Z ¢ am O Y
On 0932, 7 = (1, 1) = (0,1) Equation[ 3.7] becomes
n - * 877b n - * 877b
15 Z¢j(tn) wz’—a ]d-T+T22Z¢j(tn) (U5 ]d
=1

o003 T =1 803

And, with the no flow boundary condition, this becomes

9
T2"12¢ w’d

8Q3 ' Ox

On 00!, 7 = (11, 15) = (—1,0) Equation| 3.7] becomes

e’

4 o; aw
— | 17, E (tn i—d E —2d
( 11 = ¢]( ) an 'l/) ax y + 2 ¢ 894 ay )
And, since ¢* is constant along this boundary, this is

1Z¢ 6,24,

394 " Ox

where 7 = v,i+1,] = cos(a)i+sin(a)] and « is the angle between the outward
normal to the boundary and the z-axis.

Furthermore, it is not necessary to compute the boundary integrals
on a boundary between two elements in the interior of the global domain.
Consider the following two elements that have a common boundary that lies
in the interior of the global domain.
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Ql QQ

1 211 2

1 2 3
Figure 10 - Boundary Between Elements

Along this common boundary in element €2, we have the integral
7{ bve - (1) a
0902 0 )"

And, along the common boundary in element €2,, we have

% vT"Ve" - ( 1 > dry
Jood 0

These integrals are to be interpreted as unoriented flux integrals, so that Q% =
0925, and the same tensor T" is used in both. This means that in the case
that boundary coincides with the interface of two physical blocks of differing
permeabilities, sufficient mixing has occurred along the interface to insure that
there is not a discontinuity of permeabilities along the interface.

In the element €2, of Figure 10, the shape functions have the following
form on the common boundary:

Y1 = 0

_ (y — 1)
vro= T
by = y—b?h
Yg = 0
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And, in the element €y of Figure 10, the shape functions have the following
form on the common boundary:

Py = 0

Yy = 0

by = y—by1
So that,

Y1 on Qg =1hy on
and,

Yy on Qy =13 on (2

Making the substitutions

and letting

T4 T
|G ]
[Tm T3

it follows that

fo O ( ; ) dr = § ot o) (7)] &
+ f ot o) (5)] o
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where ¢3(t,) represents global point 2, ¢5(¢,) represents global point 5 and for
non-zero results, ¢; can be either ¢y or 3.

And,
égﬂww”(ﬁ>m:=.&ﬂmﬂwm(%ﬂm
.é93¢¢n%[¢2@n)(%)]dv

where ¢7(t,) represents global point 2, ¢}(#,) represents global point 5 and for
non-zero results, 1); can be either 1y or ¢3. It is clear that these fluxes are
equal but of opposite sign. Consequently, the contributions to either global
point 2 or global point 5 cancel each other. Hence, it is only necessary to
compute the boundary integrals when the local boundary coincides with the
global boundary.

(3.9)

Letting

A@zém%me

51/11 Y 3% Y,
11 _ ) 12 J
Sij = . Ox Ox e Sij = . Ox Oy oy
3% Y, 3% 0y,
2l — —24Q, 22 —2dQ,
Sij . Oy Ox Sij . Oy Oy

Gll - % 1/% de7 GQl = 7{ sz Vyd7

Gi=f wBne = w
dy
then letting

Ky = T{ Sy + TihSi7 + 13,57 + T35
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and
Gy =TI Gy + T1GE + T3 G + TG

then in matrix form it follows that

(5 M)+ [55) -~ 164]) {0500} ~ < M {650} (310)

3.2.6 Matrix Assembly

This section describes the assembly of the system of equations on the
local rectangular elements into a global system for the entire domain. On a
rectangular element ()., the local nodes will be designated u;, j = 1,2,3,4.
On the global domain, the mesh nodes will be designated U;, j = 1,---,ny,,,
where n,, is the number of global mesh nodes.

The element nodal data is stored in the element nodes array, nod,
which relates local node numbers to global node numbers by

nod[e|[a] = A

where e is the element number, a is the local node number and A is the global
node number. This array is set up from the input data.

Figure 11 illustrates the subdivision of a rectangular domain into 4
rectangular sub-domains, €2y, 25, Q23 and €24. In each sub-domain the corners of
the rectangle are labeled 1, 2, 3, 4 in a counter-clockwise way. These numbers
represent the local node numbers. And, the mesh nodes of the global domain
are labeled 1 - 9 in a left to right and bottom to top way.
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4 3|4 3
Qs Q4

1 211 2

4 ! 6

4 3|4 3
0 2y

1 2|1 2

1 2 3

Figure 11 - Subdivision Of A Rectangular Domain

The element nodes array is then given by

nod[1][1] =1 mnod[1][2] =2 nod[1][3] =5 nod[1][4] =4
nod[2][1] =2 nod[2][2] =3 nod[2][3] =6 nod[2][4] =5
(3.11)
nod[3|[1] =4 nod[3][2] =5 nod[3][3] =8 nod[3][4] =7
nod[4][1] =5 nod[4][2] =6 nod[4][3] =9 nod[4][4] =8

In this way each local node of each local rectangular element is associated with
a global node in the mesh for the global domain.

Equation[ 3.10], page 116, describes the system of equations on a
rectangular element .. If we let
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e S
Ay = A7 [M;j] + [Ki;] — [Gij]

1 *
= E[Mi<]{¢j(tn,1)}

then the system on the element €2, can be written as

Al AL, AL A Uy Fy
Ay A%y Ay AL uz | k3
A5 A5, A5 A5 us Fy
A AL, ALy AL Uq Fy

Using the relationship [ 3.11] between the local nodes and the global nodes,
the systems on {2; and €2, can be written as

Al A A Ay Ui F!
Ay AS Ay Ay || Ue | | Fy
Ay Al Ay Ay || Us | | B
Al Al Al Al LU Fy
and
Al AL, AL AL Uy F?
Aj A5, A3 AL || Us | _ | S
Af AL, AR AL || Us || B
AL AL AL AL DL Us Fy

The formula for incorporating the elements of the local systems into the global
system is derived from the equation

nodle]la] = A
For example, if we have the associations
nodle]la;] = Ay

nodle]las] = Ay

and if A;; represents the i element in the global matrix, then A;; is built up
with the mappings of the form
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AAlAl < AA1A1+A6

aipay

AAIAZ — AA1A2+A6

ajas
etc.
By either reading the associations off the previous diagram or by using the

element nodes array, Equation| 3.11], page 117, along with the associations
just described, the coefficient matrix of the global system has the form:

( Al Al 0 Al, Al 0 0 0
Ab AL+ AL AL Al Aby + A3y Af, 0 0

0 A2, A2, 0 A2, A2, 0 0

Al Al 0 Ay + A} Als + A, 0 Al Al

Ay Af + AL AL, A+ A3 AR+ AL AL+ AL AL+ AL A3 AR+ AY

0 A3 A3, 0 A3y + A5, A3+ A5 0 A3y

0 0 0 A3, A3, 0 A3, A3,

0 0 0 A3, A, + AL Al A3, Al + AL
0 0 0 0 Al U ST

3.2.7 Velocity Field
Once the piezometric head has been computed using the flow equation,
the associated velocity field can be computed from the equation

. K
V=-=v¢
n

If K is the hydraulic conductivity and B is the average depth of the tank, then
we can write

K = ik= L
n nB

Hence,
/ 7 a * ! 8¢* ! 8¢*
-l e ][ E ik ][]

’ 7 9" "9t T
K21 K22 dy _KQIW - K22 oy

Here, ¢* on a given element, (), is given by the equation
r
P = Z Uit
i=1

where
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-
= () (-1
(./

Y3 =

- () )

In these equations, a is the horizontal length of the element, b is the vertical
height of the element and the point (z;,%;) is the coordinate of the lower
left-hand corner of the element.

3.2.8 The Transport Equation

The 2D transport equation for an incompressible porous medium is
given by

ou - .

E—V-(DVU)—!—V-VU,:f (#,t) e A x T
where D is the dispersion tensor which may depend on time or distance from the
source and may have a component that is a stochastic process. The velocity
vector, V, is assumed to be in (L>(Q2 x T))?, but may also have a random
component.

The semi-discrete variational formulation takes the form with respect
to a four-node rectangular element €2,

0= v@dge—/ vV - (DVu) dQeJr/ vV-VudQe—/ v fdQ,
Q. Ot Q. Qe Qe

The second integral on the right side can be integrated via Green’s formula
/ 7 VpdQ + / PV - G0 = f - vy
) 0 o0

to give
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0 — g a9, + / DVu - VodS,

n / WV - VudS), — / v fdQ,
e QE

— % vDVu - vdy
09,

Assuming a uniform time step, At, and a backward Euler estimate of the time
derivative,

ou  u"—u!

ot~ T At

the fully discrete variational formulation is

T T
0 =~ / v (7> dQ, + / D"Vu" - VudSl,
Ja. At Ja.

+ / 7)‘7-Vu"dQe—/ vfrdS2,

— jl{ vDVu" - vdy
09,

where the superscript n represents the n'” timestep. Then making the substi-
tutions

w = zuy W@ Ty

and letting

Dn — l DTlll DTIZQ ]

n n
D21 D22

The system of equations for the e’ element becomes
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/wif"dﬁe =12,
Qe

3.2.9 Imposition Of The Boundary Condition

In our problem, no flow boundary conditions are assumed to exist
along the sides of the tank and zero concentrations are assumed to exist at the
ends of the tank. In addition, a pulsed-input is allowed to take place at one
of the injection ports in the tank for a specified period of time. The following
example illustrates how the system of equations is modified to handle constant
concentrations at grid points. Suppose that the concentration is to remain

constant at a grid point on the left hand boundary, i.e.,

Uy =

Suppose that the system to be solved is

All A12
A21 AQZ
[ Anl An?

Ay, Uy Fy
Aoy, Ug F,

iR
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Then by letting Ay =1, A;; =0, 1 =2,---,n and F} = a, u; is forced to be
equal to a and the following system emerges

1 o --- 0 Uy Q
Ay Agy -+ Ay, Ug _ F,

But, since u; = «, the known terms can be moved to the right hand side to
yield

1 0 --- 0 Uy «
0 Ay - Ay, Ug F, — Ay«
0 An2 o Ann Unp Fn - Anla

Direction Of Flow

[ ] [ ] @ [ ] [ ] [ ] @ [ ] [ ]

Injection Sampling
([ [ ] ([ [ ] [ ] ([ ([ ([ [ ]
([ [ ] ([ [ ] [ ] ([ ([ ([ [ ]
([ [ ] ([ [ ] [ ] ([ ([ ([ [ ]

Figure 12 - Boulder’s Experimental Tank
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3.2.10 The Boulder Experiments

Next, consider the test environment used in the Boulder experiments.
It is similar to a confined aquifer into which a tracer (pollutant) is injected.
It is assumed that the tracer immediately mixes locally with the water in the
aquifer to form one phase. The Boulder experiment’s horizontal tank has 45
port locations where tracer injections can be made or samples can be taken.
Constant head conditions are assumed at the ends of the tank and no flow
conditions are assumed on the sides of the tank. Figure 12 illustrates the
layout of the tank. The tank can be packed with various types of sand. In
the homogeneous experiments, the tank is packed with a single type of sand.
In the heterogeneous experiments, the tank is packed in a block arrangement
with each block having the dimensions of 12.2 ¢cm x 12.2 ¢m, and there are
200 blocks in a 20 x 10 rectangular array. Five types of sand are used with
the following hydraulic conductivities:

Sand # Hydraulic-
Conductivity (m/day)

6.05
20.74
125.28
371.52
1036.5

Tt = W N~

Figure 13 shows conceptually the locations of the five different types
of sands by relative level of hydraulic conductivity. The actual hydraulic con-
ductivity levels were not used to produce this plot because if the actual levels
were used, the resulting plot would not capture all of the features clearly be-
cause of the wide spread between the lowest and highest values. Figure 14 is a
contour plot of Figure 13, and probably shows in better detail the arrangement
of the 5 sand types. In this figure, the white areas represent the sands with
the highest hydraulic conductivity and the darker shades of gray representing
progressively lower hydraulic conductivities with the black areas the lowest
hydraulic conductivity. With this arrangement of the sand blocks there is a
significant amount of heterogeneity in the tank.

Using the finite element model explained in Chapter 3, a simulation of
the Boulder horizontal tank is conducted that is essentially described by Figure
15. This methodology is a Monte Carlo method. The first thing that is done is
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Figure 13
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for each of the 5 sands a sample hydraulic conductivity distribution is calculated
according to the method explained in Section 2.5.1. The samples generated are
then distributed over the domain of the tank by sand type. Following this, the
flow equation is solved for the steady state piezometric heads according to the
finite element scheme described in Section 3.2.5.
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Flow /Concentration Solution Method

Create Distribute
Permeabilities . Over
(5 Sands) Domain
A
Y
Solve Flow

Equation For
Piezometric Head

Y

Compute
Element
Velocities

Compute
Element
Dispersivities

Y

Solve
For
Concentration

Figure 15 - Solution Methodology
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Figure 16 shows the computed pressure contours for one of these runs,
which agrees with the pressure contours as measured in one of the tank exper-
iments. The contours show very similar patterns. Figure 17 overlays the com-
puted velocity field, Section 3.2.7, on the computed pressure contours showing
that the velocity vectors are orthogonal to the pressure contours. Flow lines
from the tank experiments demonstrate velocity patterns similar to the com-
puted velocities shown in Figure 17.

Following the calculation of the velocities, the program cycles back to
generate another sample distribution of hydraulic conductivities. This process
is continued until a predetermined number of sample runs have been made.
The program then computes the dispersion coefficients for the numerical grid
blocks according to the methodology specified in Section 2.4. These dispersion
coefficients are used along with the average velocities to compute tracer plumes
created by injecting a tracer into the tank at a selected point. The finite element
scheme for this is outlined in Section 3.2.8. Figure 18 shows the development
of a computed plume. The dog-leg appearance is to be expected as can be
inferred from looking at the flow lines of the velocity field.

3.3 Summary

Chapter 3 begins by defining the two basic forms of the flow /transport
problem. In the general case, either the density or the viscosity of the sin-
gle phase created by two mixing fluids is dependent on the concentration
and/or the pressure. In this case, the flow/transport problem takes the form
of a coupled system of PDE’s that must be solved simultaneously. The pres-
sure/velocity pair can be solved for together using mixed finite elements, fol-
lowed by a solution of the transport equation by some method. The code that
is currently available to solve the coupled system in this fashion is the SEGMIX
code. It uses the mixed method to solve for the pressure/velocity pair and the
modified method of characteristics (MMOC) to solve the transport equation.
However, in order to use this code to study the horizontal tank experiments,
the treatment of the boundary conditions would have to be modified.

In the tracer case, the problem is less complicated, and the uncoupled
system can be solved using the standard Galerkin finite elements. Section
3.2 contains descriptions of the implementation of the various components of
the finite element method. Section 3.2.2 to 3.2.4 explain the numerical grid
and the numerical integration scheme used to calculate the integrals arising
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from the variational formulation. Section 3.2.5 contains a derivation of the
local system of equations for the flow equation, and Section 3.2.6 describes
the assembly of the local systems into a global system. The derivation of
the velocity field from the computed piezometric heads is contained in Section
3.2.7. Section 3.2.8 shows the derivation of the system of equations that follow
from the variational formulation of the transport equation. Since there are
constant boundary conditions at the ends of the tank, and a pulsed-input is
allowed to take place at an injection point, it is necessary to allow constant
concentration conditions to exist at some grid points. The modification of the
global system of equations to allow certain grid points to maintain a constant
level of concentration is explained in Section 3.2.9. Because of the pulsed
nature of the injection process, additional discritization is required around the
injection point in order to obtain acceptable Peclet numbers.

Section 3.2.10 describes in more detail the horizontal test tank used in
the Boulder experiments. Two types of experiments are conducted in the tank.
The homogeneous experiments are those in which the tank is packed with a
single type of sand as rated by its hydraulic conductivity. In the heterogeneous
experiments, the tank is packed in a block arrangement with 5 different types
of sand. The hydraulic conductivities of the sands range from 6.05 m/day
for Sand #1 to 1036.5 m/day for Sand #5. With this wide span of hydraulic
conductivities, a significant amount of heterogeneity is represented in the tank.
The block arrangement of the sands in the tank is represented graphically in
Figures 13 and 14 in Section 3.2.10. Figure 15 provides a flowchart of the basic
program components used and how they interact. Comparisons of computer
simulation results shown in Figures 16 and 17 to actual tank measurements
show very good agreement. Figure 18 illustrates a computed tracer plume.
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4. Moment Equations

Permeability, density and viscosity are related through hydraulic con-
ductivity. So, both soil properties and fluid properties are represented in hy-
draulic conductivity. Furthermore, hydraulic conductivity determines the ve-
locity field of the water in the aquifer, and if a solute is introduced into the
aquifer, the path a solute particle takes through the aquifer is determined by
two components. First, the path has a component that is due to molecular dif-
fusion and, secondly, a component that is due to the mechanical mixing that
results from the convective transport. This means that the developing plume
is dispersing about a path that is changing due to the influence of the con-
vective transport determined by the large-scale heterogeneities of the aquifer’s
domain. In Chapter 2, one method of determining the dispersion used in the
transport equation was discussed, and in Chapter 3 that method was imple-
mented to estimate the expected value of the concentration of a tracer injected
into the tank. The entire approach was based on stochastic descriptions of the
hydraulic conductivities of the 5 different types of sands with which the tank is
packed. As explained in Chapter 3, the domain is subdivided into rectangular
grid blocks, each of which is assigned its own average velocity and dispersion
coefficient computed according to the methodology explained in Chapter 2.
This approach provides the domain of the aquifer with a velocity field that
mimicks large-scale changes in the permeabilities of the different sections.

However, only the expected value of the concentration is predicted.
What is needed in addition to this is a system that will provide information
on higher order moments. In general, the more moments that are known, the
better the probability density can be described. It would be desirable to at
least know something about the second moments.

The purpose of this section is to analyze three methods of providing
information on higher moments. In the first method, the second moments are
derived from the transport equation by a method of distributed parameters.
The second and third methods both involve the theory of stochastic differential
equations. For the second method, an approach using the It6 calculus, specifi-
cally It0’s lemma, is used. Finally, the third method seeks to find the solution
in terms of the evolution operator. In certain circumstances, this method is a
semigroup method.
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4.1 Moments Derived From Distributed Parameters

The first method is based on the work of Graham And McLaughlin[48]
who derive unconditional ensemble moments, ie, moments that do not depend
on concentration observations. Starting from the transport equation,

Ooe

aJrv.(cv)fv.[Dv(:] =0 (4.1)

and letting

—

¢c=E[d+¢ V=E[V]+V' E[]=0 E[V]=0 (4.2)
we get by substituting Equation| 4.2] into Equation| 4.1]
O0E[c] oOc - - . .
% + a—; + V- [E[JE[V]+E[d]V' + E[V]d + V]
— V-.[DVE[(]+DVd] =0 (4.3)

and by taking expectations and using E[¢'] = E[V"] = 0, we get the mean
concentration equation

O0E[c]|
ot

Subtracting Equation| 4.4] from Equation| 4.3] we get an equation that involves
the perturbations of the concentration and the velocity field

+V - (E[(JE[V]) ~ V- (DVE[c]) + V-E[(V] =0 (4.4)

ac . 3 .
a—;+v-E[c]v' v OV-E[V] V- (¢V)

— V.-DV{ -V -E[¢V]=0 (4.5)

Multiply Equation| 4.5] by the perturbed velocity vector at a point 7' different
from #. Since the velocity perturbation depends only on the spatial variable
and 2’ is different from 7 and the derivatives are taken at Z, it follows that

(V' (a")
ot
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The " component of this equation is written

o(c'V; (2")) 9 | v

0 .d
o (BIVI) /@) + o (o

- o (Do) D) - o (B @) i) =0

_|_

Since the components V; are evaluated at :L?’, they are constants with respect
to the % operator, and so we can write
J

o(c'V; (a")) 0 L
5 + o, (BleV](@)V] (27))
+ g (BVEVE) + 5 (VEVIE) (1.6)
- ai] (D]ka—u(c"/l’(7))> "o, (E[c’v;(f)]w(‘f)) —0
Define
CVzc({‘;a_’T_i’ t) E[VZ({I)()(T_" t)]
Cvy, (2, %) = E[V/(2")V/(7)]
Covy, (2, @,t) = B[ (T, )V (2)V] (7))
C.(2,Z,t) = E[d(,t)¢(,1)]

Taking expectations of Equation| 4.6] yields the velocity-concentration covari-
ance equation.

grln (@ 20) + FBleCuy, (. 2)
+ G ENICw . 2.1 (47)
+ %E[c’(*,t)%’(f)%’(j)]
— %(ngai cV,(T’aFat)> =0
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Note: The last term in Equation[ 4.6] vanishes because E[V/(z')] = 0.

Taking Equation| 4.5] and multiplying by c’(:f’, t) where 2" # i and using the
assumption that E[/(2/,t)] = 0 and the covariance definitions we get

£ %(a(f,t))c'(ﬂ,t)] + e Bl D)0y (. .1
‘ ai V() Corl, 2, 1) (48)
+ %E[C'(f,t)c’(x’at)vj'(f)]

E %(c’(:f’,t))c’(f,t)] 4 8?69E[c(xf,t)]cvjc(f,:a,t)
LB )l 7. 1) (49)
+ LR )@ V)

Adding Equations [ 4.8] and [ 4.9] and using the product rule of differentiation

8 - a i 1=
accc(:r T, t) = &E[C (a,t)c (2, 1)]
— E [%(c’(f’,t))c’(f, t)] +E [%(c’(f, t))c'(.ff,t)]

the following equation for the concentration covariance is obtained

o . - 0 NS
ECCC(QE’VT,I&) + a—r]E[‘/J(l')]CCC(JI ,CE,t)
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0 5 . o o .
E[V; (2’ 7,a',t) — 2— | D; ', Ft
+ ax’] [‘/;( )]Ccc(Ta ) ) &rj l Jka:EkCCC(T’T’ )
0 0 - 0 .
J— X g ! E — ‘ T =
o7 it %CCc(x,:c,t)] +—8xj [e(Z,1)]Cv,e(a!, T, 1)
+ LB, 0]Cy (@, 1) + 2Bl (@ 0@, V(@)
3$'J ) Vie\ Ly 3:1:] y s j
+ aa’ E[¢ (', )¢ (7, )V} («)] = 0 (4.10)
e

The mean concentration equation can be written using the covariance notation
as

OBld] , -~ 0 R N LU
o+ X PR = X513 Dy Pl
"0
+ ;axiCCVi:O

This equation has the form of a transport equation with a forcing term that
involves the concentration-velocity covariance.

The velocity-concentration equation| 4.7] has the form of a transport
equation that involves a forcing term that consists of one term that contains
the product of the mean concentration and the velocity covariances and one
term that involves the expected value of the product of the perturbation of
the concentration and velocities. The mean concentration equation and the
velocity-concentration covariance are coupled through the E[¢] variable and
the C.y, variable.

The concentration-covariance equation| 4.10] also has the form of a
transport equation with a forcing term consisting of the last four terms in
Equation[ 4.10]. The coupling to the other two equations is through the terms
E[c¢] and C.y;.

In order to solve this system, the mean velocities and the velocity
covariances are required as inputs. The terms, then, that have to be dealt with
to form a closed system are
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(4.11)

%E[c’(ﬂ,t)c’(f, )V (7))
These terms are considered to be small, and therefore neglected. To say that
these terms can be considered to be small and therefore can be neglected does
not seem convincing. By saying that the perturbations are small would cer-
tainly imply that the expectations of the products of the perturbations are
small, but these terms involve the spatial derivatives of the perturbations and
there is no reason to believe that they are small.

These terms can be eliminated if the assumption is made that they
come from a multivariate Gaussian distribution. The multivariate Gaussian
probability density function for n dependent random variables is given by

_IVEE L v
[z ) = Gr e {—5E =@ (V)=

where

o7 012 O1n
2
021 Oy O2n
V =
2
Op1 Op2 "+ On

So that V is the variance-covariance matrix.

The multivariate characteristic function is given by, Springer[93], page 75,

?(Ci, Gos oo, Cn) = exp (—%ﬁVf) exp (szﬁ)

137



Applying this theory to our problem, consider the trivariate case where

-

7= (c(z,t),d (', t), V(Z))
Since the variations are assumed to have zero means, it follows that
fi=10

And, the trivariate characteristic function has the form
]_ —’T -
861, Gor o) = exp (5 TVC)

The expression C_’Tvgis a quadratic form, and when expanded is equal to
L. [0% 012 013-‘[@-‘ 3 3
CTVC = (C17C27C3) 021 U% 023 G| = Zzai]’CiCj
[ 031 O3 03 J [ € J ==l
So, the trivariate characteristic function is given by
1 3 3
¢(C1; Go, C3) = exp D) Z Z UijCiCj
i=1j=1

The reason for introducing the multivariate characteristic function is that mo-
ments can be generated from it by taking derivatives. In particular,

B 1 8%]5((1, C2a CS)
E[z12,25] = [EW] C1=Co=(3=0

On taking the partial derivatives and using the condition that (; = (; = (3 =0,
it follows that

E[21222’3] =0

So, with the assumption of a joint Gaussian distribution the terms in Equa-
tion[ 4.11] can be removed.
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4.2 An It6 Calculus Approach

4.2.1 System Definition
A solution is sought for the following system:

ou

o + Az, t,w)u = g(x,t,w) (x,t,w) € G x [0,t] x
Qr,t,w) = J(w) (z,t,w) € 0G x [0,T] x Q (4.12)
u(z,0,w) = ug(x,w) (z,w) € G xQ

where g € Lo(2, B, P) the space of second order random functions.

G C R" is an open domain with a Lipshitz continuous boundary, 0G, and
t € (0, 00).

The operator A is defined as

Au= > (—1)* I D* (py (2, t, w) D'u)

k[,[t]<m

The operator D represents weak differentiation and the solution u € L?(0,T;V),
where

LQ(O,T;V):{f:[O,T}—H/ : /Ot||f||2vdt<oo}

The Hilbert space V represents an m' order Sobolev space of L?({2)-valued
random functions on the set GG. The space V will be more completely specified
in the sub-section entitled Existence Theory.

4.2.2 Types Of Problems
The following is a list of the different types of problems that can
potentially be handled using the stochastic evolution equation formulation:

e The random initial value problem; uq is random
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The random boundary value problem; .J is random

The random forcing problem; ¢ is random

The random operator problem; A or () is random

The random geometry problem; GG is random

Combinations of the above

In this report, the groundwater flow problem will be treated as a random forcing
term problem, ie, g is allowed to be random. And, the groundwater transport
problem will be treated as a random operator problem, ie, the operator A will
be allowed to have a random component. The interest here is in techniques for
solving the stochastic evolution equations and in determining their first and
second moment equations.

First, the problem of existence of solutions has to be addressed. It is
necessary to be able to state conditions under which solutions will exist, and
be able to specify the spaces that will contain the solutions.

4.2.3 Existence Theory
The existence theory in this section is compiled from Becus[13], Sawaragi,
Soeda, Omatu[85], Serrano, Unny, Lennox[90] and Oden and Reddy|[72].

Let (€2, B, P) be a complete probability space and define
LQ(Q) = LQ(QaBa P)

to be the space of second order random functions on €2. A probability space is
complete if the measure P is complete, i.e., if any subset of a set, B € B, with
P(B) = 0, also belongs to B. The space Lo(£2) is a Hilbert space with inner
product

(f.9)0 = | fgdP = Elfg
Next the following set M is defined

M={f:G— Ly(Q)}
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to be the set of second order random functions on G C R".

Using the set M, the following spaces are defined:
H = Ly[G; Ly(Q)] = {f € M : || fllo € L*(G)}

where L?(G) are the square-integrable functions on G.

H is a Hilbert space with inner product

(f:9)m = /G(fag)QdGZ/GE[fg]dG

- /G /Q FgdPdG

And, for m > 0,
H™ = H™(G: L2(Q) ={f € M:D"f € H,|a] <m}

H™ is a Hilbert space with inner product

(fag)Hm - Z (DafaDag)H

la|<m

Hence, H™ is the m!" order Sobolev space of Ly(£2)-valued functions on G. Let
V' be a real separable Hilbert space such that

V=H
and the injection
1V —>H

is continuous. It then follows that the following diagram can be established

vV - H
Zy | | l Zy
v
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where the mappings Zy and Zg are the Riesz maps between the Hilbert spaces
V and its dual V' and between H and its dual H’, respectively.

And, by identifying H with its dual, H', it can be shown that
VcCH=H cV

and that H' is densely embedded in V’. Using the Hahn-Banach theorem,
the duality pairing on V' x V' can be identified with the unique extension of
the duality pairing on H' x H, < ¢q,u >p. And, by the Riesz Representation
theorem, Vg € H', 3 v, € H such that

< qu>p= (vg,u)n Yue H

where (-, )y is the inner product on H. So, the duality pairing on V' x V' can
be identified with the unique extension of the inner product on H.

Given this, the norm on V' can be represented as

< ¢,u >
Il = sup =Pu>v ]
vev lully
u7#0
o a0
vev  lullv
u7#0

For 0 < T < oo, define
T
LQ(O,T;V):{f:[O,T]—>V : / ||f||2vdt<oo}
J0

And, if f € L?(0,T;V), then D,f is the derivative of f in the sense of V-valued
distributions, ie,

D, f eV’
Define

W(0,T)={f € L0, T;V) : Dif € L*(0,T;V")}
W(0,T) is a Hilbert space with norm
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T
118 = [ (LA + IDef 1) e

Becus[13] recasts the stochastic evolution equation in its variational form, and
letting

(A(z, t,w)u,v) g = a(u,v)
satisfy
|a(u, )| < Ml[ullv|lollvy 3 M >0
and the ellipticity condition that 3\ such that Vv € V' and for some o > 0
a(v,v) + Alloly > aflv]?

for almost all ¢ € [0, T], proves the following existence theorem.

Theorem: There exists a unique stochastic process u € W (0,7T) as a solution
of the system [ 4.12]. Also, this solution is continuously dependent on the data,
ie, the mapping

{g,u0} = u

is continuous from L?(0,7; V') x H to L*(0,T;V). O

4.2.4 Stochastic Integration

At this point I will return to the concept of stochastic integration that
was discussed briefly in Chapter 2. That discussion characterized the stochastic
integral in terms of a Wiener or Brownian motion process. Doob[36] general-
izes this somewhat to define the stochastic integral in terms of a martingale.
This term is not very descriptive. In fact, the primary definition in Webster’s
dictionary is that of a part of a harness for a horse. However, it is also used
to describe a system of betting strategies. Of course, probability theory makes
this form of the definition more precise. Following Doob[36], Burrill[17] and
Jazwinski[54], the major ideas are outlined below. As a matter of convenience
the Radon-Nikodym Theorem is stated as found in Burrill[17].

Radon-Nikodym Theorem Let the measure y and the absolutely continu-
ous additive function ¢ be o-finite. Then there is a finite valued measurable
function ¢ such that
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¢(E) = /F gdp

for each measurable set E. O

Given a probability space (€2, £, P) and an integrable random variable
X on €, define the function

$(E) = /EXdP

which is an additive function and absolutely continuous relative to P, (¢(E) =
0 if P(E)=0). The set E belongs to a o-algebra F contained in £. So, by
the Radon-Nikodym Theorem there is an F-measurable function denoted by
E[X|F] such that

8(F) :/EE[X\}"]dP:/EXdP

for each £ € F and called the conditional expectation of X given F. In fact,
E[X|F] represents an equivalence class of integrable random variables such
that any member of the equivalence class is measurable with respect to F and
has the same integral as X over any F € F.

Next, let
T CIU{—oc,+o0}

where I is the set of integers, and let {F; : t € T'} be a collection of o-algebras
such that

F,CF,CcE for s<it

and, finally, let {X(¢) : t € T'} be a collection on integrable random variables
such that X (t) is measurable relative to F; for each ¢. In probability theory,
the sets in F; are called events, and the measurability of X (¢) with respect
to the o-algebra F; can be interpreted to mean that the values of X () are
detectable by the events in F;.

Definition: The collection {X (¢) : t € T'} is a martingale relative to {F; : t €
TY if
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X(s) =E[X(t)|F s<t
and a semi-martingale relative to {F, : t € T'} if
X(s) <E[X(t)|F] s<t

Furthermore, the following theorem holds

Theorem: The collection {X(¢) : t € T} of integrable random variables is a
martingale iff for all s,¢ € T with s < ¢ and all £ € F;

[ x(@ar = [ B Fr = [ x@ar

E

and a semi-martingale iff for all s,¢t € T with s < t and all £ € F;
/ X(s)dP < / E[X (1)|F,]dP < / X(t)dP 0
JE E E

The relationship between martingales and the Wiener process is given by the
following theorem from Doob|[36]

Theorem: Let {X(¢), F;,a <t < b} be a real martingale, and suppose that
almost all sample paths of the process are continuous. Suppose that

E[X (1)?] < o0 a<t<b
and that for each pair s,t with s <t
BI(X(t) = X(s))’)|F] =t —s

with probability 1. Then it follows that the X (¢) process has independent
increments and is a Wiener process. O

Doob[36] defines the stochastic integral

/E O(t, w)dA(1)

by assuming that the process (3(¢) is a martingale (evidently it can be extended
to include ((¢) as a semi-martingale). The It6 integral discussed in Chapter 2
follows as a special case from the preceding theorem.
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Jazwinski[54] defines the It0 integral as the mean square limit of step
function processes in the following manner:

Definition A step function, g(t,w), is defined as

0 < aq
g(t,w) =4 gj(w) @ <t<aj; j<n-1
0 a, <t
where a; < -+ < a,, and g;(w) is measurable with respect to F,, and

E [\gj(w)ﬂ < 0o and g¢;(w) is independent of

{B(ar) — Bla) s a; < ap < ay, < ay}

This is a condition of nonanticipativeness. One way of interpreting this is that
the function g, is independent of the Wiener process in future time ¢. In other
words, the values of g; are observable only by events prior to a;.

Let {¢g"(t,w)} be a sequence of step function processes converging to
the process ¢(t,w) in the sense that

/E“g(taw)*g"(t,w)ﬂ dt -0 as n— oo
T

then the Ito integral of the process ¢(f,w) with respect to the Wiener process
B(t,w) is defined to be

[ 9t.0)ast) = (m*) lim [ g"(t,w)dB(0)

Stochastic integrals are defined in the sense of mean squared convergence which
implies convergence in measure P, because if € > 0 and

. {w ; /Tg”(t,w)dﬂ(t)—/Tg(t,w)dﬂ(t) > e}

then

Lo t.)a50) - [ ate.)an00]

.

Hence, from the mean convergence it follows that

P > / E2dP = 2P(9,)
Qo
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PO < 5 [ |[ oo~ [ otwase) ap
< L[| fawwasn - [ otase)| ap

— 0 as n—

In order to extend these results to a Hilbert space, H, it is necessary to define
a Wiener process in a Hilbert space, Falb[37], Curtain and Falb[26], [27], and
Sawaragi, Soeda, Omatu[85]. If W(t¢) is an H-valued Wiener process, then
there are complex random processes {;}:2, such that

W(t) = i Bi(t)e;

almost everywhere in (t,w). Here, {e;}3°, is an orthonormal basis of H. And,
R(B;(t)) and I(f;(t)) are real Wiener processes.

[to stochastic integration is extended to the Hilbert space setting as
follows: First, in Section 1.3, a complex-valued second order random variable
was defined in terms of the modulus function, |- |. In the case of a Hilbert
space valued random variable, the H-valued random variable, X (w), is second
order if

B [|X()[}] <o

where the modulus function is now replaced by the H-norm, || - ||5. Secondly,
the mean squared convergence is done in terms of the || - || norm instead of
the | - | function.

Let H be a Hilbert space and W (t) an H-valued Wiener process.
Also, let g(t,w) be a step function from T into L(H, H)

0 t<a
g(t,w) =4 gj(w) @ <t<aj j<n-1
0 a, <t

where a; < -+ < a,, and if ¢"(¢,w) is a sequence of step functions converging
to g(t,w), then
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/T gt ) dW(E) = (m?) lim [ ¢"(t,w)dW (1)

Or,

n— 00

lim E [H/Tg"(t,w)dW(t)/Tg(t,w)dW(t)

2
R
H

Because the 1t6 integral is applicable to a wider class of functions, it is used in
this analysis even though new rules of 1t6 calculus must be devised.

4.2.5 1It6’s Lemma In Hilbert Space

The most important new rule required for the solution of the stochastic
evolution equations is It6’s lemma in Hilbert space. It is a kind of change of
variable formula. The one-dimensional version of the Ito formula was described
in Section 1.1, where the relationship

dW (t)* = dt
was used to develop it. Using the relationship
E [dW () dW (1)] = Q(t)dt

where
T

—

W(t) = W), W(#)]
is an m-dimensional Wiener process, and the mappings

a: [tU,T] X §Rd—>§Rd

b : [tg, T] x RT — RIx™
the d-dimensional vector stochastic differential equation is
dX (t) = d(t, X (t)) + b(t, X (1)) dW ()

Then, Jazwinski[54], Kloeden, et al[59], for a sufficiently smooth function
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qg . [to,T] X %d — §Rk
of the solution X (£), t, < t < T, there is a k-dimensional process
Y () = g(t, X (1)) ty<t<T

such that for the p'* component of the vector process }7(75),

P d P 2 D
(1 89 8g 1 0 0" gt
i 255 i " 0x; Ok j O,
m d agp
+ > S bu— dWH(t)  p=1,---k
= o O

where all terms are evaluated at the points (¢, X (¢)). This is the finite dimen-
sional vector version of Ito’s formula.

As for the infinite dimensional version, let

w(H,K) = {S(t,w): St w) e L(H K)
and [ BIIS(H @) a0 < o)

It6’s Lemma Let H, K, and G be Hilbert spaces and let W (¢) be an H-valued
Wiener process. Suppose that ¢(t, ¢) is a continuous map of [0,7] x K into G
and that u(t) is a K-valued stochastic process with stochastic differential

du(t) = A(t,w)dt + C(t,w)dW (t)

such that
e g.(t,¢) is continuous on [0,7] x K
e ¢(t,-) is twice continuously differentiable on K for each fized t € [0, T.
e g.(t,c) and g..(t, ¢) are continuous in (¢,¢) on [0, 7] x K.
o A(t,w) is a K-valued stochastic process which is measurable relative
to Fy, t € [0,T], and integrable on [0, T, with probability 1.
C(t,w) € u(H,K) and [ E[||C(t,w)||*dt < oo
e W (t) is real, and g; and g. denote the partial and Frechet derivatives.
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Then
z2(t) = g(t, u(?))
has the G-valued stochastic differential
ax(t) = Lot u(0) + gt w(O)AW )] + (gt u(t) C O] e
+ ge(t u(t)[C()]dW (1)

Here tr represents a trace operator which is defined as

11 (gec(t, () [C(1)éw] = i Geelt, u(®)[C (8 Nier, CE) Nies]  (4.13)

where &y = 3%, v/ Aie; and the {e;} is an orthonormal basis of H of eigen-
vectors of (), the covariance operator associated with the Wiener process,
W (t), with corresponding eigenvalues {);}. The existence of these eigenvalues
and eigenvectors follows from the definition of an H-valued Wiener process,
Falb[37], Curtain and Falb[26, 27] and Sawaragi, Soeda and Omatu[85], where
the covariance operator, (), is assumed to be compact.

A Corollary that will be more useful is:

Corollary: Suppose that in addition to the hypothesis of the theorem that we
let G = R. Then dz(t) can be written as

d=(t) = {altsult)) + (A1), Teglt,u(t))
SO )QUIC (1,)Oug(t, u(0)
O (9) Vg (n u(t), A (1)

where V.¢g and O..g are the gradient and Hessian of g with respect to c.

Versions of these results on Itd’s lemma are found in Curtain and
Falb[26], Bensoussan[14] and Sawaragi, Soeda, Omatu|[85].
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4.2.6 Small o Notation
Let X be a B-space with dual X', then < ¢/, x > is the duality pairing
of y" and z. Let z; € X, y} € X’ and define the mapping

moy : X -5 X
such that
(rroy)r =21 <yj,x> VreX

Theorem: Let X be a B-space and let ¢ be the mapping of X & X’ into
L(X, X) defined by

Y(w,y1) =20y

Then v has the following properties:
e 1) is continuous
e 7 is linear in both z; and ¥}
o (z10y)) =y)oux if X is reflexive
Note: If X = R, then &, o i/, can be identified with the matrix flgﬂ

The small o notation can be used to define the concept of covari-
ance on a Hilbert space H. The inner product (h, X (w))y is a linear random
functional on H'. So, if X (w) € H, then

(Xw)g:H =R
and (h, X (w)y is a real random variable. Hence, E[(hq, X1)y (ha, X2)n| repre-

sents the covariance of X; and X,. Let hy,hy € H' and let X, X, € H, then
by identifying H = H' it follows that

(P, (X0 X)ho) = (I, (X1 0 Xa)ho)
- (hlaXl(XQ;hQ)H)H

— (hflaXl)H(h'QaXQ)H

Since (X, o X,)hy € H, by taking expectations it follows that

E[(h1, X1) 5 (ha, Xo) ] = (b1, BI(X1 0 X3)hs))

H
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Assuming for the moment that E[X;] = E[X,] = 0 and that the mapping

S H xH — R

=(hi, ho) = E[(h1, 21) i (he, xo) ] = (b, Covlwi, 22]he) y

Then, by the Riesz Representation theory, there is a unique Riesz map A €
L(H', H) such that

E(hla h’?) — (hla Ah’?)H

where A is called the covariance operator, and since A is unique, A = E[X;0X,).
In the case that the expected values of X; and X, are not zero, the covariance
operator of X, and X, is defined as, Falb[37],

Cov[X1, Xo] = Cov[ Xy, X,] = E[X; 0 X,] — E[X}] 0 E[X}]

4.2.7 Hilbert Space Structures
Kadison[55] gives the following definitions for a Direct Sum Of Hilbert
Spaces and for a Direct Sum Of Operators:

Let Hy, Ha, - - -, H,, be Hilbert spaces and I be the set of all n-tuples {x1, x5, -, z,}
with x; € H;. Then there is a Hilbert space structure on K with the following
definitions:

Algebraic Operations:

a{zy, - xnt +0{ys, - ynt = {axy + by - ayn + byn}
Inner Product:
<A{ar, @b v unt >= (@) + o 4 (T, Yn)
Norm:
How o madl = [l + - + )2

The resulting Hilbert space K is called a Hilbert direct sum of Hy,---,H, and
is denoted
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Hi®---DH, =D DH;
i=1
Let H; and K; be Hilbert spaces and T; € B(#H;,K;),i = 1,---,n, then the
equation

T{xla"'axn}:{Tlxla"';Tnxn} X GHI;"'an eHn

defines a linear operator 1" such that

T:> &M — > &k

i=1 i=1

where

The following notation will be used:

{xla"'axn}EZEBxi

i=1

The direct sum of operators has the following properties:

3
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Frechet Derivatives

In order to derive the first moment equation, let
g(tal/):(h’ay)H hEH’

So that
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g:[0,T|xH—R
And, for a fixed t,

g:H—->R

If the Frechet derivative exists, then the (Gateaux derivative exists and the two
are equal. Denote the Frechet derivative by the symbol

dg

— € L(H,*R

5, € LUH.R)
By the Riesz Representation theorem, the Frechet derivative can be represented
by the inner product on H. So, for a fixed h, the Frechet derivative is defined
as

dg (89 ) — lim (h,v+an)y — (h,v)y

%n: %77] H e—0 «

From this definition it follows that
dg dg
(87/ ) 77) . ( ) n)H 61/ ( ) )

Since h and 7 are fixed, (h,n)y is a constant. So, the second Frechet derivative
of g is zero.

To derive the second moment equation, let

g(t,v) = (h1,v)g(ho, )y

<@=T7> = lim (h1, v+ en)(ha, v + en) — (h1,v)(ha, V)
ov H e—0

€

i U en) (e, )+ () () + (), )

e—0 €

= (b1, n)(he,v) + (1, v)(h2, n)

Or, in operator notation if we let
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T1 = (hl, )h,g and TQ = (h,g, )]’Ll
Then,

T=T,¢T,- HOH - Ho H

and, using the definitions for the inner products we have,

)
< (h1,v)he & (ha,v)ha,n @& >= (h1,n)(he,v) + (h1,v)(h2, ) = (a_z 77)
H

So, we can make the identification

0
a—z = (hl, l/)hg (&) (hQ,V)hl

For the second derivative, we can write

2
% € L(H,L(H,R)) = L(H® H,R)

where = represents an isometry. Again, by the Riesz Representation theorem,
the second derivative is given by

0%g 0%g
w((m) = (wCGB C.néd 77) o

(7, v + €Q) (ha,n) + (ha, v + €C) (b1, m)] = [(hn, v) (2, 1) + (ha, v) (R, )]

= lim
i L0, €O, 1) = (B, 0) )] + (B, v + Q) 1) = (), )

= (h1,Q)(h2,m) + (h2,{)(P1,m) ¢, neH

And, if we identify H with its dual H' we can write this operator in terms of
the small o notation, so that

(h1,C)hy = (hy o hy)(

With this notation we can write
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329(4,77) = (h1,Q)(ha,n) + (hy, ) (h1,n)

ov?
= < (hgohi)® (hohy)(®(ndn>
Hence,
82
a—lg:hloha@ihohl

4.2.8 Moment Equation Derivation

In this section, equations for which the forcing term has a GGaussian
white noise component are discussed, References for this section are Astrém][7],
Bensoussan[14], Chow[22] and Serrano, Unny, Lennox[90].

In the finite dimensional case, Astrom|7] shows that the linear stochas-
tic differential equation

do = —Axdt + f + dv

where dv is a white noise process, has moment equations

dM;
=AM
o 1+ f
and
aM, t t
dt :*(AMQ"‘MZA )+fM1+M1f + Ry (4.14)

where E[v(t)v(t)] = Rit. A result similar to this will be derived for the infinite
dimensional case.

Consider the equation

du
2T A
- u+ f+(

where v is a function of (¢,z,w) and belongs to a Hilbert space H; A is a
spatially elliptic operator; f is deterministic; and ( is a Gaussian white noise
process.

In integral form, this equation is
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u(t) = u(0) + ./Ut(Au + f)ds + /Ot ((s)ds

Then, W (t) = [{ ((s)ds is an H-valued Wiener process and the original equa-
tion can be written as

du(t)

(—Au+ f)dt + dW (1)

For more generality, introduce the stochastic operator 7 (¢) such that ? () €
L(H, H) and

t
L2 @)y ds < o0
So that we have
du(t) = (—Au+ f)dt + 7 (t)dW (t)

Using [t0’s lemma,

dg(t,u(t)) = {a—i(t,u(t)) + (Au + f, %(t, u(t)))

(4.15)

1 0%qg dg
S 47 2% 99
- St QU): 8u2}dt+<au,.dw>

And, Q(t) € £L>(0,T; L(H, H)) and is called the covariance operator.

Allowing ¢(0,u(0)) = 0, Equation| 4.15] can be interpreted in the
stochastic differential equation sense as

ottt = [ {5t + (s £ 5o ute)

0%g

1 : (9
+St7QU)? W} ds +/0 (a(s,u(s)), ?dW(s))
where dW (s) is to be interpreted as a Gaussian white noise.

Now, if g = (h,u(t))y, h € H', we have from the Frechet derivative
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9 _,
ou ou?

Furthermore, since g depends on ¢ only through wu,

dg

= -9
ot

Taking expectations and using the result that E[(h, u) 4] = (h, E[u]) 4, it follows
that

(h,E[u])H:/UtE[(Au—i-f, h) ] ds—l-/OtE[(h,?dW(s))H]

To evaluate the last integral,

[ Bl 2awW ()] = () Jim 3B [(h g @IV (110) — W(t1)

= 0

since g;' (w) and W (t;;1) W (t;) are independent which follows from the nonan-
ticipativeness of the operator g7 (w) with respect to W(t;41) — W(t;). So, if
M, = E[u], then assuming that A is deterministic

(h, %) — (b, AM) + (b, f) (4.16)

Or, in this weak sense, the first moment equation is

dM,
dt

= —AM, + f
To obtain the moment equation for the second moment, let

g = (hi,u)g(ho,u)y

From the Frechet derivatives we have

0
8_:3 = (h‘lﬂ 'U/)h/Q @ (h‘Qﬂ u’)hl

And,
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82
—g:hQth@h,th,Q
ou

Hence, it follows from It6’s lemma

%(hl,u)(hQ,u) = < (b wha ® (b, u)hy, Au @ Au >
+ < (hy,u)hy @ (ho,u)hy, f B f >

+ %tr[?*(hQ o hy) @ (hy © ha)? Q(1)]

+ < (hy,u)ho & (ho,u)hy,?dW @ 7dW >

Expanding this equation we get

g(hl,u)(hQ,u) = —[(h1,u)(he, Au) + (ho, u)(hy, Au)]

it
+  (hy,u)(he, f) + (he,u)(hy, f) (4.17)
b tr[2 (s o 1) @ (s 0 1)? Q(1)]
+ (he, (B, ? W) + (o, w) (b, ? dW)

Taking expectations and using the following definition of the correlation oper-
ator,

E[(hy, X (w)(h2, Y (w)] = (h1, Rxyhs)

where Rxy = My, if X =Y it follows that for M; = M, and A deterministic,

E[(hy,u)(hy, Au)] = E[(hi,u)(A hy,u)] = (hy, MyA*hy)
E[(ha, u)(hy, Au)] E[(ha, u)(A*hy,u)] = (ho, MyA*hy) = (hy, AM3hs)
E[(h1,u)(h2, f)] = (h1, Rusha) = (b1, My fhs)

And,
%(hh Myhy) = —[(h1, MyA*hs) + (hy, AMshs)]
+ (b1, Mifha) + (ha, My fhy) (4.18)
+ % E [tr?*(hg o hy) & (hy 0 hy)? Q(t)]
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Interchanging the roles of h; and hy, we get

%(h@, Mghl) - —[(hQ, MQA*hl) + (hQ, AMghl)]
+  (ha, Myfhy) + (ho, My fhy) (4.19)
b SB[ (o ha) @ (o 1)? Q(1)

Adding these Equations | 4.18] and [ 4.19] together and using the definition of
the inner product on a direct sum of Hilbert spaces,

dM. d M.
<h1®h2,—2@ 2

o o hQ@h> = (hy @ hy, —(AM, & MyA*)hy @ hy)

+ (b @ ho, (Myf & (Myf)")ho @ hy)
% [tr7* (ha 0 hy) @ (hy 0 ha)? Q(2)]
+ % E [tr?*(hy o hy) & (ha o h1)? Q(t)]

where, as before, the last term of Equation| 4.17] vanishes on taking expecta-
tions.

Even though this equation has a weak sense formulation, it has a
form similar to the simpler case Equation| 4.14], page 155, above. Using
Equation[ 4.13], page 149, and the fact that Qe; = \;e;, the trace term can be
put into a more usable form by expanding and using Parseval’s relation and
the definition of the small o notation

7 () 1) = 55 i [1e el
i(hloih) h20h1 {\/762, \/762]
{hl,v\f - (hay 7 /) (hay 7 ) (hl,,ﬁei)]

[(? *hl, )\262)(7 *hQ, 62') + (7 *hg, )\162)(7 *hl, 61)]

(NN
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arseva 1 % % k *
Parse 15[@? hi,?*hs) + (Q?*ha, 7 )]

= (h1,?Q?*hy) (4.20)

This theory will be demonstrated in the next two examples. The
first example will use the theory to derive the mean concentration equation,
Equation| 4.4], page 132, the velocity-concentration equation, Equation| 4.7],
page 133, and the concentration-covariance equation, Equation|[ 4.10], page
135. Consider the transport equation

dc
ot
Suppose that the tensor D has been specified in a deterministic manner such
as specified in Chapter 2, and the velocity and concentration are expressed as

+ V- (V)= V- (DVe) =0

— — -

V(Z,w) =E[V(@)]+ V() ; E[V/(#)]=0

c(Z,t) = Ele(Z,t)] + ¢ (Z,t) ; E[](Z,t)]=0

In terms of Equation| 4.12], page 138,

—

AFtw) = V- (()EV(Fw)] +V/(#w)) V- (DV())

g(@, t,w) = 0

From now on, w will not be specifically stated. Then, from Equation| 4.16]
page 157,

oc
<h,a> = —(h,Ac)

= — (hV-[(El]+)EV]+ V)] - V- (DV(E[] +)))

= — (h. V- [(BIJE[V] + E[c]V' + (E[V] + V'] - V- (DV(E[d] + ¢)))

Taking expectations, and using E[¢'] = E[V'] = 0,

(h, 326]) = (h.V - [(BIE[V) + BV - V- (DV(E[)))
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So that in the weak sense,

OE|[c|
ot

which agrees with Equation| 4.4], page 132. For the second moment equations,
let 7 and z' be two different coordinate systems, then from Equation| 4.17],
page 158, with hy, hy € H',

+V - (E[JE[V]) = V- (DVE[d]) + V-E[¢V] =0

2(hl,c(f, 1)) (hg, c(z', 1)) = — [(hl,c(:f, £))(ha, Asc(x' 1))

ot
+(ha, (@, 1)) (hy, Aze(E,1)]
(4.21)

= (hy, ¢(Z.1)) <h2, 80({;2’”) + (ha, e, 1)) (’“’ 80(5? t)>

as would be expected since the Wiener process is excluded from playing a
role in this example. Expanding the left hand side of Equation| 4.21], tak-
ing expectations, using E[¢(Z,t)] = B[¢'(«',1)] = 0 and letting C,.(Z, 2/, ) =
E[/ (7, t)c’(:f’,t)]

E P(hl, c(7,1)) (ha, c(f’,t))] —E P(m, E[c(7,1)] + ¢ (7,1)])

x (ha, Ble(a!, )] + ¢ (a, 1))

t
= O (s Ble(@ OJBLe( 1)) + (hr, Coel 1))
— (hl, 6E[%(;E, t)]E[c(g:')t)]ih) I (hl, 8E[ca(t/,t)]E[C(i t)]h2>
0 .

o (, Ceol @, 1) o)

Setting this equal to the expected value of the right hand side of Equation| 4.21]

9 (M1, Ceel@, a7, t)hy) + (hl,E [

OE[c(Z,1)] , - OE[c(z',1)]
o el 70(36,75)] h2>

5 c(x't) +
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_ (hl,E [%Z’t)c(f, t)] h,2> 4 (hl,E [a‘jg’ t)c(.ff,t)] h,2>

so that on rearranging terms,

%(hl,ccc(:f,f’,t)hQ) - —<h1,E[c(f,t)Afc(:i’,t)+Mc(:5’,t)] h2>

- (hl,E lc(f, D Age(al, 1) + ==, t)] h,2>

From the first moment equation,

aE[;(f ) (Blo(F, OBV (7)) + Vs (DVE[e(7, 1)) Vo EI (7, )V ()
and,
3E[Ca(fat)] = V. - (Ele(,)|E[V()]) + V. - (DVE[c(2,1)])
— V.- E[¢(@, )V ()]
Since

Az(+) = Vi ()EV(#)] + V!(F)) = Vi - (DV())

it follows from the first term on the right hand side of Equation| 4.22] and by
letting ¢(Z,t) = E[e(Z,t)] + (7, t) that

— <h1, E [C(:f’,t)Afc(f, t) + Wc(f’,t)] h2>
= — (h, Ele(@, 1) [Vz - (Ble(@ 0]V'(&) + ¢ (&, ) E[V (2)]

+ @ NV(E)) -~ Va- (DVad (#1) — Vi B¢ (@ )V(D)]]] he)

—

letting ¢(a7, t) = Ele(a’, )] + ¢ (', t) and expanding the previous result,
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taking expectations, cancelling terms and using E[¢] = E[V'] =0
= — (h1, |[Vi - Ele(@ 1)]C, (7,2, 1) + Vi - B[V (£)]Coc (7, 27, 1)

+ Ve E[ (@)@ OVI@)] ~ Vi (DVCoo( a7, 1))] o)

Also, from the second term on the right hand side of Equation| 4.22] an equation
exactly like this one can be derived in the same way only with the vectors &
and z’ interchanged.

Ll
l
1

— (M, [V - Ble@, 0]C.p (e, &) + V5 - B[V ()]Coo(a?, 7, 1)

- = -

+ V- BC@ 0@ OV (@) = Vi - (DV i Corl, 7,1))] o)

Equations| 4.22], [ 4.23] and [ 4.24] give the result for the concentration covari-
ance equation as

0 = 72 2ol (7 2ol
a(hla Ccc(mamlat)hﬂ) = (h'la [Vi ’ E[C(Tat)]CcV(Ta at) + Vg - E[V(T)]Ccc(TaT at)

+ Vi Bl (2, 1)¢ (7, )V(F)] — Vi - (DVClo(#, 7, 1)) o)
= (. [V - Ble(a, 0]C,p(, 2,1) + V3 - B[V (#)]Coa( 7.1)

+ [V Bl (@ 0 (@ )VI()] = Vg - (DY 3ol 7.1))| )

Comparing this with Equation| 4.10], page 135, it is seen that this equation
is the vector form of Equation[ 4.10].
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Finally, returning to Equation| 4.16], page 157, and multiplying both sides by
(h, Vi(«'), where V;(27) is the ¢ compoment of the vector V(27), we have

O (1)) (o, Vi) = — [(, Asel®, 1) (o, V()

Next, write

%(hl, (1)) (hs, Vii(a') = %(hl, c(7.1) — Ele(#, 1)) (ha, Vi(z") — E[V;(2")])
B % [, (2, 1)) (e, Vi(a)) = (ha, e(Z,1)) (hey B[Vi(a"))

— (b1, Ele(@. D)) (hy, V(@) + (b1, B[e(&, )]) (b, BIVi ()]

Taking expectations and differentiating,

8 - 7 5 = iy 3
o7 (11 Cop (#.47, )hy) = = Bl(hy, e, ) (ha, V()]

9 (. Co @, 101 = (. [B] {9

8
20
s
~
S—
=
i
—
!
Pt
_|_
E
—
3

— Vi (DVc(Z, 1)} Vi)
+{Va - (Ble(Z,t)|E[V(Z)]) — Vs - (DVE[c(Z, 1))

+ Vi E[E(@ OV} E[Vi(@)]] he)

Let ¢(Z,t) = E[e(7,t)] + (7, t) and expand
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So, by taking expectations, cancelling terms and using the conditions E[V”} =
E[¢| = 0, the final equation for the velocity-concentration equation is
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~ Vi (DViC,p (& a7, 1))ha)

which agrees with the previously obtained velocity-concentration Equation[ 4.7],
page 133.

The second example involves measurement uncertainty. This example
will shows how the trace term in Equation| 4.17] can be used. Consider

Jc ~
5+ V-(cV)—-V-(DVe)=0 (4.25)

Suppose that there is measurement uncertainty in the laboratory experiment,
and that this uncertainty is random. Then, in the laboratory, the experimenters
will record the results ¢, and the variables u and ¢ will be related by

(T, t,w) = c(Z,t) + e(t,w) (4.26)
Using Equation| 4.26] in Equation| 4.25],

O(E(7,t, w) — e(t,w))
ot

The derivatives in Equation| 4.27] have to be interpreted in the mean-square
sense, ie, if z(¢,w) is a random function, then

+ V- (e, t,w)V) = V- (DVEZ t,w) =0 (4.27)

z(t+ h,w) — z(t,w)

i(tw) = (m2),11ig[1] -
t+how) —a(t 2
= limE{x( + ) x(’w)—jﬁ(t,w) -I
h—0 [ J
z(t+ h.w) — z(t 2
=g [ PRI 2G0) g
h—0.JQ h
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And, from the inequality

1F+gl” <22(IfP + |9

it follows that

d d d
E(f+g)—af+%g

Using this, Equation| 4.27] can be written as

oc(2,t, . - . de(t,
0T 9) L G (o7t w)T) = V - (DVe(F 1, w) = )
ot dt
where % is a stochastic process. Hence, the introduction of measurement

uncertainty is equivalent to applying a stochastic forcing term to the equation.

The situation can be characterized by the following diagram similar to one
found in Gelb[43]:

System Measurement
Uncertainty Uncertainty A Priori
Sources Sources Information
l System l Observation l System
State State
u(t) a(t) EstAlmate
System » Measurement o Model |— O(t)

In this diagram, the System Uncertainty Sources are represented by any un-
certainty that may exist in the specification of D and V', the Measurement
Uncertainty Sources are represented by e.

The random forcing term is assumed to be a Gaussian white noise
process. This is equivalent to assuming that the process, €(t,w), is a Wiener
process which can be defined as the limit of a random walk, or as the integral
of a Gaussian white noise process with zero mean.

Wt = [ ls)ds

168



The following is a block diagram representation of this equation:

¢(?) 40

Y
~

E[C(#)C(r)] = a(t)o(t —7)

A second feature of the Boulder experiments that must be modeled
is the pulsed input feature of the experiment. This means that in the tracer
experiment, the tracer, benzene, is injected at a rate of 5 ml/min for a period
of 4 hours and then the injection pump is turned off. However, samples are
taken for a period of 8 hours. This means that at a specified measuring point,
the sampling device will see the concentrations of benzene first increase, then
level off, and finally decrease to zero.

In the finite element model, this allowed for by imposing a non-zero
boundary condition at the origin for a specified number of time steps, and then
imposing a zero boundary condition at the origin for the remainder of the time
steps of the simulation. The following is a segment of code that performs this
task:

[ Kk ok ok ok skok ok ok sk ok ok o ok ok ok o ok sk ok ok o ok sk ok ok o K ok ok ok o KK ok ok o Kok ok ok o Kok ok ok ok K Kok ok ok Kok ok ok /
/* Impose The Left Hand Boundary Condition x/
[ Kok ok ko skok ok ok sk ok ok o ok ok ok o ok sk ok ok o ok sk ok ok o ok ok ok ok o Kk ok ok ok Kk ok ok ok Kok ok ok ok K Kok ok ok Kok ok K/
if (nt <= bctimesteps)
impose_bndy_cond () ;
else {
lbdy = 0.0;
impose_bndy_cond () ;
}

Here, the variable [bdy is originally input to the program with a non-zero value.
Once the specified number of timesteps for injection of the tracer, bctimesteps,
has passed, Ibdy is set to zero and the boundary condition function imposes a
zero boundary condition on each succeeding time step.

The two graphs on the next page illustrate the output from the finite
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element program with a pulsed input. The surface shown in Figure 19 is a
space-time representation of the concentration. Figure 20 shows a time-slice of
this surface. This curve has the same shape as the actual measurements when
they are plotted.

Figure 21 entitled Comparison Time Profile shows the Pulsed Input
Time Profile with and without the effects of a random forcing term (mea-
surement uncertainty). The dotted line represents the time profile without
measurement uncertainty, and the solid line shows the time profile with mea-
surement uncertainty taken into consideration.

Returning to the equation

de(t, w)
dt

0c(Z,t,w)

o Vel t,w)V) = V- (DVe(i, t,w) =

For the sake of simplicity, assume that the parameters D and V are deter-
ministic. This means that there will be no need of a velocity-concentration
covariance equation as in the previous example. The equation for the expected
value of the concentration takes the form

OE[¢(7, 1)]

5 + V- (Ele(z, t)]V(f)) — V- (DVE[¢(7,t)]) =0

For the equation of the concentration covariance, let & and z’ be two different
coordinate systems, then from Equation[ 4.17], page 158,

%(hlac(fa t))(hQ’E("Elat)) = - [(h‘laé(fa t))(hQ’AgE'E(';’at))

T+ (el ) (o, Ase(#,1)]

+ %tr [(hg o hy) & (hq o hy)Q(1)]

where 7 = I. And, by proceeding as in the previous example,

0 Lo o R
a(hlacéé(xaxlat)hﬂ) = *(h'la [VEE[V(T)]CEE(I"TI’t)

-

— Vi (DViCu(Z, 27, 1) + V5 - BV (2 Coc(a, T, 1)
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Figure 21 - Conmparison Tinme Profile
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- V- (DVgCaa(fL?’;fa t))] hQ)

+ %tr [(hg o hy) & (hq 0 hy)Q(1)]

Finally, substituting for the ¢r term from Equation| 4.13], page 149, it follows
that

I, Coo@, a7, )hy) = — (ha, [V - B[V (#)]Cea(, a7, 1)
— Vi (DViCu(7, @, t)+ V- E[V(I_;)Céé(a?, Z,t)]

— Vi (DV;C(,7.1) — Q| ha)

4.3 Summary

Chapter 4 actually starts the second part of the thesis. The previous
sections have investigated the components of the equations and the forms of
the equations. However, only the expected or mean value of the concentration
is predicted. Because of the uncertainties involved in specifying the physical
characteristics of the porous medium, the concentration of a solute at a given
point in time is a random variable, and over a period of time it is a stochastic
process. Consequently, in order to more accurately characterize the distribu-
tion of the solute concentration, higher order statistical moments such as the
variance need to be estimated also. In theory, the more moments that can be
predicted, the better this characterization will be. But, in practice, it is usually
a difficult problem just to obtain information on the variance or covariance of
variables in the system. A much referenced paper in this area is the Graham
and McGlaughlin[48] paper which specifies a set of three equations that are
to be solved for the mean concentration, the velocity-concentration covariance
and the concentration covariance. These equations were presented in Section
4.1 for the purpose of comparison with mean and covariance equations derived
from other methods.

Randomness can enter the boundary value problem in many different
ways. Equation| 4.12], page 138, is a statement of the stochastic boundary
value problem, and the discussion following that equation specifies the various
ways in which randomness can enter the picture. Existence theory for the
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stochastic boundary value problem was covered in Section 4.2.3 and found to
be not unlike the nonstochastic case.

Stochastic integration is again addressed in Section 4.2.4, this time
from the more general perspective of a martingale. The 1t6 integral then follows
from this more general definition as a special case. The use of the It6 integral
requires that the rules of calculus have to be modified. The most important
new rule is that of Itd’s lemma. It is a change of variable formula. The
reason the change of variable formula has to be modified is due to changes in
differential relationships that were covered in Section 1.1. The It6 formula is
a stochastic calculus chain-rule. It can also be extended to martingale type
processes, Karatzas[57]. Curtain and Falb[26] have extended It6’s lemma to
infinite dimensional Hilbert, spaces. It is this form that is used to derive weak
forms of the moment equations in Section 4.2.8. For the purpose of illustrating
this theory, the key equation is Equation| 4.17], page 158, which is applied to
two examples. The first example uses this theory to derive mean and covariance
equations that in the weak form are identical to those used by Graham and
McLaughlin[48]. The second example is cast in terms of accounting for the
effects of measurement error that is assumed to enter the experiment as a
random perturbation that takes the form of a Wiener process.
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5. Stochastic Evolution Equations

5.1 General Theoretical Foundations

As was observed in Chapter 2, the dispersion tensor can be considered
a time stochastic process. That result along with the stochastic nature of the
velocity field allows the transport equation to be written in a form that allows
the separation of the deterministic components from the stochastic compo-
nents. That is, the stochastic PDE that represents the transport equation can
be separated into a sum of a deterministic operator and a stochastic operator
as the following 1-D example shows:

ou 0*u ou , 0*u . ou
5 EDW5 +EVe- = Dtw)as —Viwg
u(z,0) = ug u(oo,t) =0

The left hand side of this equation is the standard form of the transport equa-
tion, while the random components associated with dispersion and velocity
have been moved to the right hand side in the form of a random operator.
It is well known that there is a correspondence between the Cauchy problem
and the abstract boundary value problem similar to the left hand side of the
equation stated above. The Cauchy problem can be stated as:

Let H be a Hilbert space, D(A) a subspace of H and let the operator
A an unbounded, linear operator from D(A) to H. Then let

u'(t) + Au(t) = f(?)
(5.1)
u(0) = g

and the Cauchy problem is to find a function u(t) such that for ¢t > 0, u(t) €
D(A) and satisfies Equation[ 5.1], so that u(¢) is an H-valued function.

Hence, there must exist a correspondence between the H-valued func-
tion u(¢) and the solution, u(Z,t) to the boundary value problem. And, a cor-
responding relationship between the derivative u'(¢) and the partial derivative
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%u(f, t). Also, the operator A must be related to the boundary value problem.

Following Showalter[91], let I = [a,b] be a closed, bounded interval
in R and let Q be a bounded, measurable subset of ®". Let u(t) € C[I, L*(Q2)].
Let a=ty <ty <---<t, =0bbea uniform partition of I such that

wn(7.4) = uo (T, ) by <t<ty+1, k=0,1,---,n—1
n uo(Z, b) t=t,

Here u(t;) = uo(Z,t;) € D(A) is a representation of u(¢). Then
Un(Z,t) : QA x I — R

Since each uy(Z, ty) € L*(2), for ¢ € I, the t-section of the function wu, (Z,t) is
given by

ut (%) = u, (7, 1) 7€)

And, since the t-section u! (Z) € L?(), it is measurable. And if 7 € Q is fixed
we get a step function. So, the t-section defines the following mapping:

ulk (7)) [tpotegr) X Q — R
If € R, then the set
P—{(#,1) : u!*(7) > o}
is either empty or of the form
B X [t tri)

where F is a measurable subset of (2. In either case, P is a measurable subset
of Q% I. And, since u,,(Z,t) is a finite sum of these functions, it is a measurable
function on the product measure space €2 x I.

Since the partition of I is uniform and since u(t) is uniformly contin-
uous on I, then for e > 0 3 6, > 0 such that if the partition n is large enough,
then

|tk—tk+1|<(5€ kzO,l,---,n—l

Hence, if ¢ € I, then 3 k such that t € [tg, ;1) and so
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it —t,| < |tk — thta] <O

= ua(@,t) —u@®)|on = lluo(Z, tk) — u(t)]fon <€
This means that
Tim a7 8) — u(t)o.0 = 0

uniformly on /. Hence, using Fubini’s theorem,

i (1) — ) 2y = Jim, [ un(7.1) — ) 3ot = 0
Clarkson’s inequality states that if f, g € L*(€2), then

f_

f+g g 1 1
5.0+ ||T||g,ﬂ < §||f||§,g + §||9||§,Q

I~
Using this, it follows that
ot (7, ) — 1 (F. D)5 0 < 2 ([t (F, 1) — w5 0 + [ (F, 1) — u(B)]50)

And, since this limit is uniform on 7, it follows that

i [ (@)~ (Ol gt = Tim (7, 2) — a7 ) [y = O

So, the sequence {u,(Z,t)} is a Cauchy sequence in L?(Q x I'), and since L?(£2x
I) is complete, 3 u(Z,t) € L*(Q x I) such that

nhargo ||UTL(J‘_:= t) - U(Jl_", t)H%Q(QxI) =0
Hence, for e > 0,
[u(Z, 1) = u()l| 2wy < [uls 1) = un(Z 1) 1201y + [un (T, 1) = w(t) | 22(0x1)
for n large enough. This implies then that
[u(Z,t) = u(t) || 20xr) = 0

Hence, u(Z#,t) = u(t) a.e. on I. And by changing u(t) to ug(Z,t) on a set of
measure zero, the correspondence between wu(t) and u(Z,t) is established.
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To show the relationship between u/(t) and 2u(7, 1), let ¢ € C$°[I, L*(€)] and
let ®(Z,t) € C°[Q2 x I] be a representation of ¢(t). Also. let u € C[I, L*(2)]
and let v(Z, t) be a representation of u'(¢) for almost all t € I. Then, integrating
by parts,

/I/Qu(t)ﬁ(t)d(ldt _ / / ()t )dQ/Qu’(t)¢(t)dQ} it

- —// £)d2dt

Then, using the representations, it follows that

// £)dddt = // (&, 1)B(, t) At

And, this means that in the weak or distributional sense that

u'(t) = v(Z,t) = %U(T t)

In order to show the relationship of the operator A to the boundary
value problem, suppose that V, H, and B are Hilbert spaces, that ~ is a linear
surjection of V onto B with kernel V;, that V, = H, that 7 is a continuous
injection of Vg into H, that H is a pivot space, and that H is identified with
its dual, H = H’, then the following diagram can be established

Vo —— H
Zv, T 1 Zn
Vy «— H'

This means that the following embeddings exist:
Vo H=H' <V,
Similarly, suppose that V' = H, that i is a continuous injection of V into H,

that H is a pivot space, and that H is identified with its dual, H = H’, then
the following diagram can be established
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vV % H
ZzZv v 1 Zn
v

This means that the following embeddings exist:

Ve H=H <V

Hahn-Banach Theorem: Let X be a normed linear spece, M a linear sub-
space of X and f; a continuous linear functional on M. Then there exists a
continuous linear functional f defined on X such that

i filu)=f(u) YueM
i (Al =17l O

If v eV and v' € V', then
v'(v) =< v v >y

and since V' is a linear subspace of H, there is an A’ € H' such that A’ is an
extension of v'. Hence, the duality pairing on V' x V can be identified with
the duality pairing on H. By the Riesz Representation Theorem, 3 v, € H
such that

< hl,h >py= (Uhl,h)H

Hence, the duality pairing on V' x V' can be identified with the inner product
on H.

The trace operator v maps the space V onto the Hilbert space B. For
example, we might have

H=I1*Q); V=H(Q): Vy=H(Q: B=HQ)
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Suppose there is a continuous bilinear form a; : V. xV — R. If (v;,v9) € VXV
and vy is considered fixed and vy € Vj, then a;(vy,v9) is a continuous linear
operator on V. So, for each v; € V we can write

ai(vy,v9) = Ay, (v2) ve € V)

The linear functional A,, depends linearly and continuously on v;. This de-
pendence is given formally by

Avy = Ay,
Hence,
ai(vy,v9) =< Avy,vg >y vy €V
And, the operator A is a continuous linear operator from V to V;, ie,
A€ LIV V]
Let
Vi={vyeV:AneH} (H=H <1V,

Note: The reason that V4 is required can be seen by the following example:
Let V = H'(Q), then by the trace theorem the operator v, can be extended by
continuity to a mapping of H'(Q) onto H=(d(€2)), but it says nothing about
the mapping v;. In fact, 7, cannot be extended to all of H'(Q). A smaller
space is required, and V4 is that space.

Since
AvleH:H“—)VUl for v; € Vu
we can write
ar(vy,v9) =< Avy,ve >y= (Avy,v9)y  Yuy € V)
Now, let vo € V and define the operator
(Gav1,v9) = a1 (v1,v9) — (Avy, v9)m v1 € V4, 12 €V

If vy € Vj, it follows that
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(GAvl, UQ)H =0
and this means that

GAZVA—>‘/07CVH

The trace operator 7y is a continuous linear operator that maps the
space V onto the boundary value space B. At this point the following theorem
can be applied:

Theorem: Let X, Y be B-spaces, and let 7' € £(X,Y), and T" € L(YV', X")
its transpose, then the following hold:

i N(T) =R(T)"
ii R(T) is dense in YV iff 7" is 11
iii R(T) is closed in Y iff R(T") is norm — closed in X’

!

iv If R(T) is closed, then R(T") =N(T)" O

By letting X =V, Y =B, T=~,T =+,and v:V onto B it follows from
part (iii) of the Theorem that since B is closed the transpose 7’ maps B’ onto
R(y'). Furthermore, by part (ii) of the Theorem, since R(y) = B, v is 1-1.
Hence, 7 is an isomorphism of B" onto R(v'). Since the N'(vy) = V; and since
R(7) is closed, part (iv) of the theorem gives

This means that
Define the function

Then,

G v = (7') (7’)71 G v = 7167)1 Vv, € V4
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Hence, if G qv; € H <V, then

(Gavy, )y = (7161)1,7)2)11 = (dv1,yv9)m

= < 0vy,YUy >3

since dv; € B' and yv, € B.
So, for vy € V, it follows that from the definition of (G 4v;, v9) g that

al(vl, U2) = (AUI;UI)H+ < (57)1,’)’7)2 >p (52)

This equation has the general form of a Green’s formula. Also, by specifying
the bilinear form a; (v, vy) the operator A can be derived.

For example, given the equation

ou .
E + A(.r)u = 0
where
2 8 8 2
N o0 b (7 -
AG) == 3 G+ Db+l

2
0
ai(vy,v9) = /Q {”2_1 a;; (%) =— o, 7)18 f 7)17)2 + (% )?)17)2} dQQ
Then a;(v1,v9) can be written as, with A = a”(T:) aw(@ ,
(121(’1') 199 (I‘)

ai(vy,vg) = /A YWoy - V?)QdQ—I-/?)Qb YV udS2

+ / c(Z) v v2dS2
0

And, if the first term on the right-hand side is integrated by parts it follows
that
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ar(vi,vy) = /Q (—V (A(F)Voy) + b(Z) - Yoy + c(f)vl) V9dS)

+ Vo A (Z)Vuy - fido
o0
By comparing this equation to Equation| 5.2], and by making the following
associations,

dv; = A(Z)Vuy - 1y VU2 = Vg|sq
Avy = (=V - (A(&)Voy) + b(&) - Vor + (@) vy
So, that
A=A

It is known that if the operator A generates a strongly continuous
semigroup, 7;, then the mild solution of the Cauchy problem is given by

u(t) = Trug + /Ot T o f(s)ds (5.3)

Pazy|74] defines a strong solution as a function u which is differentiable a.e.
on [0, 7] such that v’ € L'(0,T : H), u(0) = ug and u'(t) = Au(t) + f(¢) a.e.
on [0,T]. Furthermore, Pazy[74] Corollary 2.10 and Corollary 2.11, since H is
reflexive | if f is Lipshitz continuous on [0, 7], then the Cauchy problem has a
unique strong solution given by Equation] 5.3].

In the above discussion, the operator A does not depend on the time
variable ¢. In our case, the situation is more complicated because the operator
A not only depends on ¢, e.g. is temporally inhomogeneous, but also has a
random component w.

As far as the temporally inhomogeneous case is concerned, the funda-
mental solution, as characterized in Tanabe[94], is an evolution operator U (t, s)
which has the following properties:
(1) U(t,s) is a strongly continuous function, defined on 0 < s <t < T,
and is bounded
(2) U(t,r)U(r,s) =U(t,s) for 0 < s <r<t<T
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(3) U(s,s) =1 for each s € [0,T]
) (t.5) = AU (L, 5)
(5) 5U(t,s) = =U(t,5)A(t)
And, the solution to the initial value problem

WO sy u+ ) 0<t<T
at
u(0) = wug

can be written as
t
u@:U@mm+/U@@ﬂwm
0

In Curtain and Falb[27], the authors extend this result to evolution equations
of the form

du + A(t)u(t)dt = SAW (1)

u(0) = wuyg

where for a separable Hilbert space H and a Hilbert space K, A(t) is a closed,
possibly unbounded linear operator on K, ®(-,-) € uy(H, K) where

T
pe(H, K) = {S(t,w) : S(t,w) € L(H,K) and / ||S(t,w||%(HK)dt <00 Wp 1}
J0 ’

W (t) is an H-valued Wiener process and ug is a K-valued random variable.
Theorem 3.6 of Curtain and Falb[27] gives the solution as

u@:U@mw+ﬂU@$MmM%)

where U(t, s) is an evolution operator generated by —A(t). Letting ®(s) = I,
the identity operator,

u(t) = U(t,0)ug + /Ut U(t, s)dW (s)

From the definition of the stochastic integral,

Eu%mﬁmwwﬂ:o
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Consequently, E[u(t)] = U(t,0)E[ug], because U(t,0) is deterministic and ug
is a random variable. From Section 4.2.6,

Covlu(t), u(t)] = E[u(t) o u'(t)] — E[u(t)] o E[u'(t)]

and, in the weak sense,

(hy, Covu(t),u(t)|he) = (hy, E[u(t) o u(t)]hs)
(5.4)
— (h1,E[u(t)] o Elu(t)]hs)

Expanding the first term in the right hand side of Equation| 5.4],
(hy, Elu(t) ou(t)]hy) = (h1, E[u(t)]) (he, Elu(t)])
= (hy,U(t,0)E[ug]) (he, U(t, 0)E[uy])
= E[(h, U(t,0)E[uo]) (U (¢, 0)h2, uo)]

= (h1,U(t,0)E[ug]|E[ug]u*(t,0)hs)

Assuming nonanticipativeness of ug with W (s) for s > 0, the second term on
the right hand side of Equation| 5.4] is

(he, E[u(t) o u(t)]hy) — EKhl,U(t,O)uo+/OtU(t,s)dW(s)>
< (m, Ut 0)u0+/0tU(t, v () )]

— E[(hy, U(, 0)uo) (ha, U(t, 0)up)
+ <h1,/otU(t, s)dW(s)) (hg,/OtU(t, s)dW(s)ﬂ

— (b, U(t, 0)Efuous]U* (£, 0)hy)
+ (hl,E MU(t, $)dIV () o /OtU(t, s)dW(s)} h2>

But, from Sawaragi[85], Lemma 2.3,
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E VotU(t, §) AWV (s) o/otU(t, AW (s)] = /OtU(t, QU (1, 5)ds

where () is the covariance operator associated with the Wiener process W (t).
Hence, in the weak sense of Equation| 5.4]

(hy, Cov{u(t), u(t)])hsy) = |
(. [t 0)Covlun, wlU” (1.0) + [ Ut 9)Q(OU" (. 5)ds] o)

which is in agreement with results from the finite dimensional case, Astrom][8].
It should be noted that in these cases, the operator A(t), although allowed to
depend on ¢, is not allowed to have random components. Hence, this theory
would apply to the situation where the boundary value problem is allowed to
have a random forcing term.

5.2 Application To Transport And Scale-Up

As presented in Section 1.7, the spectral methods used to treat scale-
up resulted in analytical expressions of a scaled-up dispersivity tensor. And,
as commented on in Section 1.8, these scaled-up dispersivity tensors were all
subject to the constraint that the medium involved was assumed to be only
mildly heterogeneous. Another way of saying this is that the variance of the
log-hydraulic conductivities, Y, is subject to the condition 0% < 1. This
assumption allowed linearization techniques to be used in the development of
the scaled-up dispersivity tensors.

The approach that makes the most sense in describing dispersion
is the Lagrangian framework used by Dagan[29, 30, 31, 32, 33, 33]. In this
approach, transport is developed in terms of indivisible solute particles which
are convected by the fluid. The second spatial moment about the centroid
of the plume, S;;, characterizes how the solute plume is dispersed about the
centroid. The actual dispersivity coefficients are defined as half the time rate
of change of the second spatial moment about the centroid,

1
Sij(t) = M/Q”(% — R)(z; — R;)C(Z, t)dZ 4,5 =1,2,3
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The validity of this definition was verified for a special case in Chapter 2. There
are two sources of uncertainty in the expression for S;;, the exact position of
the centroid of the plume, ﬁ(t), and the exact level of solute concentration,
C(Z,t). Since the concentration has a random component to it, the second
spatial moment about the centroid is a stochastic process in time. Because
of this, Dagan, Section 2.3.5, defines effective dispersivity coefficients as the
expected values of the D;;’s.

Figure 22 conceptualizes this idea of dispersivity. As the plume
spreads out, a new average dispersivity tensor applies at each time step. But
in the types of models that are considered in this section, Monte Carlo meth-
ods will be used to include both the dispersivity and the velocity as random
components of a random differential operator.

4 )
4 )
4 N

AR
N

N /
N /
N /

Figure 22 - Conceptual Dispersivity

1
Sij = 57 [ nlei = R)(a; = R)C@E. 047 i.j =1,2,3
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_ 1dE[S;;]
Y2 dt

In the following sections, the time dependent dispersivity coefficient
will be incorporated into the stochastic partial differential equation model. In
keeping with the basic notion of dispersion being a stochastic quantity, both
the dispersion coefficients and the velocity will be allowed to have random
components. The approach used is to treat the stochastic partial differential
equation as a stochastic evolution equation. The solution of which requires
an iterative process. References for this section are Adams[1], Adomian[3],
Butzer and Berens[18], Serrano[88, 89|, Tanabe[94], Tang and Pinder[95] and
Yosida[99].

5.3 Stochastic Parameters

In Section 4.2.1, the stochastic partial differential equation was in-
troduced, Equation| 4.12], page 138. And, in Section 4.2.2, one of the many
problems that can be treated using the stochastic partial differential equation
was identified as the stochastic operator equation. The operator A is stochastic
if one or more of its components is a stochastic process.

Consider the equation

88—1;(36, t,w)+ Az, t,w)u = g(z, t,w)

ulpa =0 u(z,0) = ug(x)

Let
Az, tw)u = (B[V]+V'(t,w))Vu— V- (E[D(#)] + D'(t,w))Vu)

= E[V]Vu— V- (E[D)]Vu)+ V'(t,w)Vu—V - (D'(t,w)Vu)

So, we can write

g_jf +E[V]Vu — V- (E[D(#)]Vu) =g — Ru

ulog =0 u(z,0) = ug
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where
R=V'(t,w)V(:) = V- (D'(t,w)V())

Notice that in order to simplify matters, the velocity is assumed to be strictly
homogeneous (strictly stationary). Since the solution u appears on both sides
of this equation, it cannot be represented explicitly. The solution can, however,
be formally represented using an iterative process. The next section applies
this series approach to represent the solution.

5.4 Formal Solution
In this section we formally develop a series representation for the
inverse of the partial differential operator. Consider the equation

Lizu=g
where
Et,z = Lt,x + Rt,x

and L, is a deterministic partial differential operator and R, , is a zero mean
stochastic partial differential operator.

If C{% and L{j exist, then

Liyu = g_Rt,xu

= uw = L9 L Rgu (5.5)
Hence,
u="L,9="L,9— L, Ri.Ll,g
So, the operator equation is
Ly, =1, iaBialiy
Parametrizing with A we get
£;1 L, AL, 1Rt$£;;

Substituting
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OO .
Ly, =Y NH,
i=0
we have that
T

> NH;=1L,, — AL, R, Y NH,
=0 1=0

Equating powers of )\, it follows that

HO - L;;
Hy = —L R Hy=—L, Ri,L;,
H, = —L;;Rt,lez(L;’;Rm)QL;i

So, H; can be expressed in terms of H; 1, and since
oo
-1 _ i
L=y N,
i=0

it follows with A = 1 that

Lrr=>(-1)(LsRis) Ly,
1=0
Hence,
uw="> (=1L Ria)' L9
7=0

Since L, , is the deterministic part of the equation, we can write its inverse in
terms of the evolution operator as

L} = Ut 0)uo + /Ot Ut 5)(-)ds

then from Equation| 5.5], the solution can be written as
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¢ ¢
u=U(t,0)uy + / U(t,s)g(s)ds — / Ult, s)Rs u(s)ds
0 0
and parametrizing with A\ as
t t
u= U0+ [ Ults)g(s)ds = A [ U(t,) Ry qus)ds
0 0

The two integrals in this expression are stochastic since the integrands are
stochastic processes. By selecting sample paths of the random components,
the integrals become ordinary integrals.

Letting
u= Z)\iHig = E;;g
i=0

then, in operator notation it follows that

Z)\i]_]i(.) = U(t,0)ug + /Ut Ult,s)(-)ds — )\/Ut Ult,s)Rs4 i N H,(+)ds

= Ul(t, O)uo—l-/otU(t, s)(-)ds/UtU(t, S)Rsymi)\i“Hi(-)ds

1=0

Equating powers of A,

i—0 = Hy() = Ul 0)u0+/0tU(t, $)(-)ds

i=1 = H()=— [ Ut 3Ry, Hy(-)ds

t

i=2 = Hy()=— [ Ut s)R,,H(-)ds

J
J

. t
i=n = Hn(-):—/ U(t, $)Ry o Hy 1 ()ds
0

Expanding H,(-),
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t

() = — U(t,s)RM{ 90ug+/ df} ds

/0

t t s
- —/ U, s)RMU(s,O)ugds—/ / U(t, 5)Ry o U(s, €)(-)deds
JO JO JO

Expanding Hy(+),

t
Hy() = — [U(ts)RosHi()ds

t

- Ut { /0 U(s, €) ReU (€, 0)ugdé

0
- // &) Re U (S,C)(-)dCdfl ds
= /Ot/[:U(t’S)RS"’”U(S’@Rf,wU(faU)Uodfds

t S 13
+ /0/0/0U(taS)Rs,zU(Saf)Rg,zU(f,C)(-)d(dfds

Hence, in this way all of the terms of the series can be expanded. The procedure
is demonstrated in the following example:

Example - Transport Equation

Consider the 1-D problem in which the parameters E[D] and E[V] are con-
stants.

ou 0*u , ou

i (E[D] + D'(t, w))ax2 + (E[V]+V (t,w))a =0
—oo <z <00 t>0

u(z,0) = uy, u(—oo,t) =0, wu(oo,t) =0

This equation can be rewritten as
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Before proceeding, the next two definitions are required.

Definition: Let X be a B-space. If 7; is an operator such that
T - R — B(X)

and satisfies
(1) Tas =TT, t>0, s>0
(2) To=1
(3) limyo || Tsx — z||[x =0 Vze X
then 7; is called a strongly continuous semigroup.

Definition: The infinitesimal generator of a semigroup T; is defined by
1
— lim =(Tz —
Az t—lg}F t (Tew =)
D(A) is the set x € X for which the limit exists.

In order to illustrate the meaning of this definition, the following
Theorem and Proposition from Rudin[83] regarding bounded or unbounded
self-adjoint operators are helpful:

Theorem: To every self-adjoint operator A in H there corresponds a unique
resolution E of the identity, on the Borel sets of the real line, such that

(Az,y) = /o:o AE,,()) = /O:O M(Eye,y) (¢ € D(A),y € H)

Also, E' is concentrated on o(A) C (—oc,00) in the sense that
E(c(A)) =1 O
Proposition: Let A be self-adjoint. (Az,z) < 0ifand only if o(A) C (—o0,0].

From the Theorem, it is clear that A = [ AdE), and from the
symbolic calculus for operators, Rudin[83], Friedman[39], if E is a spectral
decomposition of the operator A and the spectrum of A is such that
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0(A) C (—00,0]
then e’ can be represented as

T, =4 = e dFy,

Then, from the definition of the integral it follows that if # = 0, then € = T
and

lim Je T —x L o €ENE — fo) AP

t—0+ t t—0+ t

tA

—1

— lim / (e )dEA.r

t—0+ Jo(A) t
d

= / —et dE\x

a(A) dt =0

_ / A Esa
a(A)

= Az

Therefore, (ﬁ)l‘t,o = A, and in this sense, the operator A is the infinitesimal
generator of the semigroup 7;.

Since E[D] is a constant, the solution can be expressed in terms of a
semigroup as

¢
u = Tug + / Ti—sRs yu(z, s)ds
Jo

So, if we let

the solution can be written as

t
(e, t) = 7;u0+/0 T . (D'(s,w)

0x?
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The semigroup 7; is the one generated by the operator

0 0?

To find the semigroup, start from the problem

@ N ou EID 0%u

Fr [ ]wzo (5.6)

And,
u(—oo,t) =0 wu(oo,t) =0 wu(z,0) = ug

In Section 2.3, it was shown that the solution to this problem was
given, with the change of variables X = z — E[V]t and T = ¢, by

v(X,T) = [~ K(X ~ & EID|T)us(€)dg

where

K(X - f,E[D]T) - —‘efw

Substituting for X and T yields

_ (@—E[V]t-&? E ]t 62

V(X T) /OO 2,/7E[D

And, the candidate for the semigroup operator becomes

_ (e—E[V]t—¢)?2
0 e AE[D]t

Ti(-) = /ﬂO W(')df

The following verify the semigroup properties: Let ug(z) € LP(—oc, 00)

Property 1: 7o =1
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(z—E[V]i—£&)?

Truo(z / = \/W;i wo () dé

Let

¢ =z —E[V]t+2/E[D]t s

Then,

Tug(x “ug(x — E[V]t + 2\/E[D]t s)ds

-l
And, it follows that as ¢t — 0,
Tiug () — L /Oo e ug(z)ds = uo(x)
L
Hence,
To=1

Property 2: 7,7, =T;.s t>0, s>0

% ¢~ (o-BIVI=p) IBIDE [ oo o~(p-BIV]s—€)*/4B[Ds
TTuw(e) = [ [ [

1
ug(&)dé T d
J oo 2\/7?\/E[D]t Jooo o /m[EBID]s () |

- [ mne 4nE[D \F e l 43?}1;[)) ]
X exp [(p 43?}2 6)2] dp up(§)d

Let g = p — E[V]s — £, then the inner integral becomes

A7E[D \/_/ empl TE[VL(;;)‘;OQ)Q] «p [413[3;]5] dp

Then using the following property of the Gaussian distribution

(v~ e | e [
—ecap exp exp u
A7ty + ty) Aty + t2) dm/tits . 4ty 4ty
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it follows that

1 = —(z —E[V](t+s) - &) —g) —g°
17 E[D[Vis n/@f“p[ AE[D]t ]emp[4Euﬂs]dp
_ 1 exp((mE[V](t—l—s)f)Q)
2\/7E[D](t + s) AE[D](t + s

Hence,

*(I E[V](t+s)—€)2

— AE[D](t+s)
T Touo ( / . €)de = Trsyuo(x)

\/7E[D t-l-f;

Property 3: lim; ¢ ||T;z — zl[x =0 Vzxe X

Starting from the definition

_ (e—E[V]t—§)?2
o e AE[D]t

Tiug(z) = /700 W“O(f)df

If we let s = 2 — E[V]t and

(s—6)2
ef 4E[D]t
Gt,s — &) = ———
2,/mE[D]t
Then it follows that
Touo(z) = [ G(t,s — E)uo(€)de

From Adams[1] we have the following Theorem 4.30 due to Young:

Theorem: Let 1 < p < oo and let u € L'(R") and v € LP(R"). Then the
convolution products

uxv(x) = / u(r — y)v(y)dy, vxu(x) = / v(x —y)u(y)dy
are well defined and equal for almost all z € R". Moreover, uxv € LP(R") and

[lu s vl < flullsl[ll, =
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Applying this to our case, it follows that

[ Truo ()| Lo (- c0.00) S (|Gt s = )l £2(—o0,00) |40 () | Lo (-~ 00,00)
But,

_ (z-E[V]t-¢)?
AE[D]t

> e
IG5 = Ol omon = [T e =1

\/7E[D]t

Hence, ||7;7L0(',I")||LP(700,00) < ||u0||LP(foo,oo) = ||7;|| < 1’ so that each 7; is
continuous.

7(I*E[‘[/]t]f£)2
4E[D]t
Clearly, ug(z) = [ ¢

% 9\/7E[D]t

ugp(z)d€, so that

(s—

1 0o (s-g)?
= e = et

| Tiuo(x) = uo(x)]

s—& _ z—E[V]t-¢
2\/E[Dlt  2\/E[D]t ’ then

¢ =z —E[V]|t — 24/E[D]ty

Letting y =

And,
1 00 —y?
(Tiug(x) — ug(x)| = NG ‘/OO e ¥V (up(z — E[V]t — 24/E[D]ty) — ug(x))dy

Letting p be the conjugate exponent of p, ie, * + i =1, then

'p
1 oo -2 =
(Trug(x) — ug(x)] < NG [ e er |uy(z—E[V]t—2\/E[D]ty) — ug(x)|dy
Applying Holder’s inequality to the right hand side integral

1

1 (o = oo\
() ~m(e)] < (/7 ¢ luole ~ BIVIt - 2y/EDJty) — uo(w)|7dy)

 ([eva)

- K (/Z ¢ lug(z — B[Vt — 2y/B[D]ty) — uU(x)|”dy>

IN

1
D
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So that,

Teug(x) — up(x)|? < KP /OO e \ug(z — E[V]t — 24/E[D|ty) — ug(x)|"dy

Integrating with respect to x and using Fubini’s theorem,

||7;U0(.’IJ) - uU(:I")H?P(foo,oo) S

k[T e Jus(z — BV — 2B [Dty) — uo(x)[Pdyd

- & T e / " Jug( — B[V]t — 2\/E[Dty) — uy(a)Pdady

J =00

Then, using Fatou’s lemma,

lim;)up [ Teuo(z) — o (@) |70 w000y <
t

/ e T (lim sup lug(z — E[V]t — 2¢/E[D]ty) — uo(:r)”d:r> dy
—00 tl0 —00
But,

limsup [ |uo(z — B[Vt — 2(/E[Dty) — uo(z)Pda = 0

t10 —o0

since this is true for continuous functions with compact support and the inte-

grand can be arbitrarily closely approximated by such functions. So,
lim [ Teuo () = w0 (@) 17 oc,00) = 0

Hence, 7; is a strongly continuous semigroup. The above argument is based on
similar arguments given in Tanabe[94] and Yosida[99]. This argument can be

extended to R”. Next, a uniqueness argument can be used to show that 7; is
g

a semigroup generated by the operator A. To do this we need the following

Theorem: Let 7; be a strongly continuous semigroup on a B-space X with

infinitesimal generator A. If x5 € D(A), then
(1) Tizo € D(A) V>0
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If G, is a strongly continuous semigroup generated by A, then by the theorem

d
%Qt-fo = AGxg

then by forming the product G, ;7;xq and differentiating

d d d
p (Gs—iTywy) = gsfta('];lh) + 7 (Gs—1) Tixo

= Gy 1 ATiry — AG,  Tyrg
Since G; is the semigroup generated by A, the theorem gives that
AG, i Tixg = Gy 1 ATixg
so that
d
E (gsftﬁl‘O) =G ATixg — G5t ATiwg =0

Hence, G, T,z is constant with respect to t. Letting t = 0 and s = ¢ it follows
that

G Toxy = Gsxg = Go T = T

Therefore, for all s > 0 and xy € D(A) the following holds:

Gsxo = Ty

Since D(A) = X, if z € X and {z,}:>, C D(A) such that z,, — z, then

|Gse — Tsxl|x = [|Gsx — Gsxn + Tsxn — Tsx||x
S ||gs$ - gsanX + ||7;xn - 7;:E||X
< Gl 1z — znllx + | Tl| (|20 — 2||x

— 0

as x, — x since G,, Ty € B(X). This means that G,z = Tz, Vo € X so that
the semigroups are equal. Hence A is the infinitesimal generator of 7;.

200



Using the expression for the solution

u = Z Hg
i=0
where for g = 0,
Ho(o) = Tiuo
t
H,(0) = — / T s RT,ugds
Jo

t s
Hy(0) = / / Ti o RT, , RT;uedrds
JO JO

And, the solution is given by

t 62 00
u(z,t) = 7;u0+/0 'Es( (s, w)ﬂ—v (t,w) )ZHZ

=0
with

—(z E[V]t—¢)?

— 4B[D]t
/ o 24 /7rE

And, for the infinite interval, the solution to the problem [ 5.6] page 194, is
given by

—(z-E[V]i-£)

/ooz\/ﬁ

Also, if this operator is restricted to the functions u(z) for which

TU[]

u(—x) = —u(r) for x >0

then by a change of variables and rearranging terms, it follows that

GRS\ GIRR (t 5)-8)* _ (z—E[V](t-s)-¢§)* _ (e-E[V](t—s)+&)*
T 4AED|(t-s) o | e IE[D](t—s) —e IE[D](t—s)
[ -/ u(€)de
/=00 2\ /TE[D](t — s) 70 2,/7E[D]|(t — s)
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So, on this restricted domain, the operator

_ (e-E[V](t-5)-§)* _ (e—E[V](t—s)+&)*
i  —e TE[D](i—s)

o |e IE[D
U(t,s) =Tis() = /0 2\/TE[D](t — s)

is our original semigroup. Restricting the domain should not effect us, since
we are only interested in the non-negative x axis.

(+)dg

The solution for a semi-infinite interval is then given by Guenther and
Lee[51] as

_(a-E[V]i-¢)? _ (e—E[V]i+&)2

o | e = 4EDLE  — ¢ AE[D]t
Grug = /0 uo(&)dE

2,/7E[D]|t

which is the solution for the problem

v 0*v

ot | ]6502 0
v(z,0) = wug T >0
v(0,1) = 0 t>0

where 7 = © = E[V]t, t = t and v(3,f) = u(x,t). Li[62] uses a Laplace
transform to show that the solution is also given by

g z— E[V]t E[V]x x— E[V]t
a(z,t) = —Serfc | ———= | + exp | === | erfc | —— (5.8)
2 { ( 2,/E[D]t E[D] 2,/E[D]t
One numerical routine that makes this formulation of the solution easy to work
with is a routine for calculating the error function , erf(z), which is computed
by an algorithm due to Hastings[52] which is given by

erf(z) ~ 1 — (art + at® + ast® + agt’ + ast®)e ™

where
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1
t= , ay = 0.254829592, ay = —0.284496736
1+ 0.3275911x

ag = 1.421413741, a4 = —1.453152027, a5 = 1.061405429

According to Greenberg[50] it is supposed to be uniformly accurate over 0 <
x < oo to within +£1.5 x 1077.

The function u(zx,t), which is given by

2

t 0 0
wet) = Guo+ [, (D'<s,w)@—v%t,w>87) (e, $)ds

is then the solution of the problem of a long uniform channel which is initially
uncontaminated, and at £ = 0, a contaminant is introduced whose concentra-
tion at = 0 is maintained at uy.

Taking this equation and parameterizing it with A,

2

' : 0 : 0
u(z,t) = Guug+ )\/0 Gi—s (D (s,w)% -V (t,w)%> u(z, s)ds (5.9)

Clearly, as long as Gyuy # 0, the operator

2

t 9] 9]
Grug + )\/0 G s (D'(s,w)@ — V'(t,w)%> (\)ds

is not linear. So. by writing

o

u(z,t) = Z: N Hy(g(x,1))

where g(x,t) is the forcing term, on substituting, it follows that

2

3] i . t , 0 , 0 [e§] -
;)\ Hi(g) = gtUo-l-)\/O Gi s (D (S,w)@—‘/(t,w)%>§)\ H;(g)ds

Equating powers of A,
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: N
=1 = ) = [ G (D) = Vi) S ) o)
: N RN
i=2 = Hy(g)={ G (D (e,w)—a%2 -V (t,w)%> Hi(g)ds (5.10)
. ! i 62 ! 8
== i) = [ (D) = Vi) 5 ) Hea

Hy(g) has already been determined. Since it is assumed that the solute injec-
tion at the left hand boundary is held constant at ug, the formula Equation] 5.8]
will be used as a representation of Hy(g). In order to have a specific realization
for H;(g), it is necessary to fix w. This will make V'(¢,w) and D'(s,w) sample
paths.

Additional questions that have to be answered before the feasibility
of this type of approach can be addressed clearly involve the convergence of
the series. Some type of convergence analysis has to be made to determine the
number of terms that are needed to be retained for a desired accuracy. Also,
the additional complexity of extending this approach to 2 and 3 dimensions
has to be considered. And, numerical implementations need to be worked out.

5.5 Convergence

This section will consider convergence questions surrounding the in-
finite series solutions developed above. As discussed earlier, recall that the
solution to the problem is given as an infinite series in the form

u(e.t) = 3 Hilg)

=0

where the H;(g) terms are given by Equations| 5.10]. In particular, Hy(g) is
given as

Hy(g) = a(x,1)

First off, define the operators
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t
Ll = /OTH(-)ds

_ (e-E[V](t—s)-§)* _ (e—E[V](t-s)+6)*

B /t/oo e IE[D](I—s) —e IE[D|(I—s) (.)dé“ds
— Jo o 2./TE[D|(t — s)

And,

So that

(z—B[V](t—s)—£)* _ (@—E[V](t—s)+£)? }

t o e AE[D](t—s) — e AE[D](t—s)
—1 - - -
cire) - [ [

2,/TE[D](t — s)
0? 9]
X (D'(S,w)a—62 — V'(t,w)a—£> (-)d€ds
Fix X and T so that

(,1) € [0, X] x [0, 7]

Then, using Equations| 5.10] as a reference, the H;(g)’s can be written in the
following way:

Hylg(a,t)) = ale,)
Hi(g(e,1)) = L RyeHo(g(E 5))

= E;gEle,ﬁa(ga S)

Hence,

wa,t) = Hylg(e,t) + Hi(g(r,1))

= a(x,t)+ L, Rl al€, s)
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And, continuing in this way, we can write

Hy(g(w,1) = L, RoeHi(g(&, 9))

= [E;;Rs,§]2a(£a 5)

So that,

ug(x,t) = Ho(g(x,t)) + Hi(g(x, 1) + Ha(g(x,1))

= a(wz,t)+ [ﬁ;%Rs,g]la(f, s) + [E;iRs,g]Qa(f, s)

In general, the n'* approximation can be written as

Hy(g(@,t) = [£; , Rag]"al€, 5)

n

u = éHmuﬁhw@ﬂ+;M£&JW&$

The solution is given by the limit

n

u(z, t) = Jim U (z,t) = a(x, t) + nll_)n(;loz {E;;Rs,g]i a(&, s)
i=1

Consider the difference for n > m

ntl n+1
|1 — un|| = | (a(:r,t) + 3 [E;;Rs’g} + a(§,5)>

i=1

= I[L R ales)]

IN

1L Raellll [Cid Rag] " al, 9)]

= L Reellllin — nnall
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So, if we let o = || £, ; Rs¢|| then

[tns1 — unl| < flun — up
< 0P|y — uno|
< olur — o]
More generally,
[tn — tm|l = |[(un = un-1) + (Un-1 — tn—2)
ot (g — )|
< Jun = wna || + llun—1 — un—2|]

+ o g — U]

IN
—
e

i
+
e

i
+

st a™) [lug = uol|

1=m

But,

E 1 1—a™ a™

o = — =

= 1« 1« 1«

So, it follows that
m
ot — ] <~y — w
11—«

Now, if a < 1, ie £;§RS/§ is a contraction, then given ¢ > 0, 4 N, suxh that if
n >m > N, then

o 11—«

< —€
||U1 —U0||

and,
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m

[tn = umll < 7= lju1 — uol| < €

—
The sequence {u, } is a Cauchy sequence and by the completeness of the Hilbert
space converges to a unique limit, namely, u(z,t).

Referring to Equation| 5.9] on page 202, and as shown on that page, Equa-
tion[ 5.9] is parametrized with A to obtain

2

! / 0 : 0
u(z,t) = Guug+ )\/0 G s | D (s,w)T -V (t,w)% u(z, s)ds(5.12)

This equation has the form of a Volterra integral equation of the second kind.
Recalling that

(z—B[V](t—s)—£)* _ (@—E[V](t—s)+£)?

£;iR57£(.) _ /t /oo e AE[D](t—s) — e AE[D](t—s)
’ 0 Jo 2\/7E[D](t — s)
0? 0

(D050 g = V') 5 ) e

X

Equation[ 5.12] can be put in the form
u(z,t) = a(a,t) + ALy, Ry eu(€, s)ds
Therefore, the equation to solve is given by
Tu=u
with
T =a(z,t) + AE;iRs,g

If fy is some initial estimate of the solution, then

Tfh = a+ )\,C;;Rs,gfo
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T?fo = Tla+ My, Rygfol
= Ta+ AL Ryela+ AL, Ry ¢ fo]

= a+ A Roca+ N[L 1R fo

In general,

Tnf[] - a4+ )\»C;,;;Rs,fa + AQ[,C;;RS,g]Q(L

and if [,;%Rs,g is a contraction then the solution is given by

n—0C
o . .
= a-+ Z )\’[ﬁ;fRS,g]’a,
i=1

with A = 1 then « becomes

m

u(, t) = a(e, t) + lim SO[L; Ry eJ'a(€, s)

i=1

which is the same as Equation| 5.11], page 205. So, the convergence theory is
the same as that for the Volterra integral equation of the second kind.

Following methods similar to the one illustrated in Figure 12, Section
3.2.10, Monte Carlo methods can be used to construct concentration profiles
from which concentration means and variances can be constructed.

As a test problem, consider the 1-D example of a long channel of
uniform sand which has an established flow through it. The channel is initially
uncontaminated and at £ = 0 a contaminant or tracer is introduced whose
concentration at x = 0 is maintained at uy. The physical parameters used in
the model are as follows:
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Distance From Origin 1, 2, 5, 10 Meters
Time 10 Days

Velocity 0.3 m/day
Dispersion 0.1 m?/Day
Concentration At x = 0 | 1.0 mgrm/liter
At 0.05

Ax 0.05

The following tables give some results of applying this iterative method
to this problem. The numbers in the columns labeled Concentration and In-
crement are interpreted as follows: In row 7, add the number in the Increment
column to the number in the Concentration column. This will produce the
number in the Concentration column in row 7 + 1.
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Example 1:

Time = 10.0 Days
Distance From Origin

Meters Iteration | Concentration Increment
1.0 1 0.968878174061 | 0.000018964773
2 0.968897138835 | 0.000000847497
3 0.968897986332 | 0.000000338709
4 0.968898325040 | 0.000000002449
5 0.968898327489 | -0.000000004363

6 0.968898323127
2.0 1 0.843295693603 | -0.000014472127
2 0.843281221477 | -0.000002613105
3 0.843278608371 | 0.000000035747
4 0.843278644118 | 0.000000044050
5) 0.843278688168 | 0.000000002064

6 0.843278690232
5.0 1 0.101972946853 | -0.000002073268
2 0.101970873586 | 0.000000148862
3 0.101971022447 | -0.000000034350
4 0.101970988097 | 0.000000005056
5 0.101970993154 | 0.000000000575

6 0.101970993728
10.0 1 0.000000211885 | -0.000000141955
2 0.000000197690 | 0.000000000034
3 0.000000197724 | 0.000000000000
4 0.000000197724 | 0.000000000000
5 0.000000197724 | 0.000000000000

6 0.000000197724

In this example, the dispersion is allowed to have a random component and
the velocity is not. The sample path of the stochastic process D'(t,w) was
generated from a Gaussian distribution with a mean of zero and a standard
deviation of 0.03.
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Example 2:

Time = 10.0 Days
Distance From Origin

Meters Iteration | Concentration Increment
1.0 1 0.971451709277 | 0.000027765168
2 0.971479474446 | -0.000000288321
3 0.971479186125 | 0.000000008773
4 0.971479194898 | -0.000000000252
5 0.971479194646 | 0.000000000007

6 0.971479194653
2.0 1 0.835760450146 | -0.000031500611
2 0.835728949535 | 0.000001117351
3 0.835730066886 | -0.000000023517
4 0.835730043368 | 0.000000000398
5) 0.835730043767 | -0.000000000004

6 0.835730043762
5.0 1 0.101035253556 | 0.000023792755
2 0.101059046311 | 0.000000049911
3 0.101059096222 | -0.000000007834
4 0.101059088388 | 0.000000000358
5 0.101059088746 | -0.000000000013

6 0.101059088733
10.0 1 0.000000249522 | -0.000000007750
2 0.000000241772 | -0.000000003842
3 0.000000237930 | -0.000000000018
4 0.000000237912 | 0.000000000000
5 0.000000237912 | 0.000000000000
6 0.000000237912 | 0.000000000000

In this example, the velocity is allowed to have a random component and
the dispersion is not. The sample path of the stochastic process V' (¢, w) was
generated from a Gaussian distribution with a mean of zero and a standard
deviation of 0.03.
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Example 3:

Time = 10.0 Days
Distance From Origin

Meters Iteration Concentration Increment
1.0 1 0.972000869383 | 0.000001256451
2 0.972002125834 | -0.000002943310
3 0.971999182524 | -0.000000029912
4 0.971999152612 | 0.000000008036
5 0.971999160648 | 0.000000000603

6 0.971999161252
2.0 1 0.836701222644 | -0.000060724077
2 0.836640498567 | 0.000001026103
3 0.836641524670 | -0.000000493583
4 0.836641031086 | -0.000000062218
5) 0.836640968868 | 0.000000005893

6 0.836640974761
5.0 1 0.099088557472 | 0.000025447894
2 0.099114005366 | 0.000001381694
3 0.099115387060 | -0.000000291936
4 0.099115095124 | 0.000000027379
5 0.099115122503 | 0.000000005205

6 0.099115127708
10.0 1 0.000000089299 | -0.000000236624
2 -0.000000147325 | 0.000000001784
3 -0.000000145541 | -0.000000000044
4 -0.000000145585 | -0.000000000001
5 -0.000000145585 | 0.000000000000

6 -0.000000145585

In this example, both the velocity and the dispersion are allowed to have ran-
dom components. The sample paths of the stochastic processes V’(t,w) and
D'(t,w) were generated from a Gaussian distribution with a mean of zero and
a standard deviation of 0.03. At the 10.0 meter mark, the process has the
pathological behavior of converging to a negative concentration.

213



In Section 2.3.3, the transport equation was solved using the Fourier
transform. As part of that process, a first order equation, Equation[ 2.21], page
66, was obtained. Since the dispersion tensor contained constant coefficients,
the autonomous first order equation had an easy solution in terms of the Fourier
transform,

P, T) = f(w)e P

However, the situation changes considerably if the dispersion tensor is allowed
to depend on time. The first order equation, Equation| 2.21] is now a nonau-
tonomous equation because the dispersion term D depends on time. In order
to solve this equation, we need to know the analytical form of D. Referring
to Equation| 1.13], page 37, it can be seen that in the case of steady state
or ergodic flow, the dispersion is esentially constant and so can be handled by
the semigroup approach presented earlier. In the case of non-ergodic flow, the
problem becomes much more difficult since the dispersion tensor is now time
dependent. The equation that needs to be solved for the fundamental solution
is now a nonautonomous equation and has the form

where A(t) = —E[V]2 + E[D(t)]-2.

ot

This case can be reduced to the autonomous case by creating the system

du(t) _ A(r) u(t) u(0) = ug

dt

& =1 7(0) =0
Solving this system yields the solution

,(I E[V]ti—£)?

T AR
Tiug(z / U[]
< 2\/TE[D
If the operator U(t,0) is defined as

—(a—E[V]t-£)?
T AE[D(H)]t

UU&NJE/@2¢H?___

Then this integral operator can be used to study the case of the expected
dispersion being time dependent.

214



5.6 Summary

Chapter 5 investigated the application of the theory of stochastic evo-
lution equations to the problems of flow and transport. Section 5.1 reviewed
the connections between the boundary value problem and the abstract evo-
lution equation for both the autonomous and nonautonomous cases. Curtain
and Falb[27] extend these results to the case where the forcing term of the
abstract evolution equation contains an H-valued Wiener process. From the
Curtain and Falb result, weak forms of the mean and covariance equations
are found. Section 5.2 considered the time dependent forms of the dispersion
tensor and Section 5.3 gave the form of the stochastic PDE in terms of a sum
of deterministic and stochastic operators.

Section 5.4 represented the solution of the stochastic PDE as an in-
tegral equation involving an evolution operator that derived from treating the
deterministic part of the stochastic PDE as an abstract differential equation.
An iterative approach to solving this integral equation was presented and the
convergence property of the series solution was given in Section 5.5. A test
problem was also solved in order to investigate the speed of convergence of the
series.
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6. Future Research

6.1 General

The Neumann expansion procedure outlined in Sections 5.4 and 5.5
can be extended using the Karhunen-Loeve expansion for a stochastic pro-
cess and the Galerkin method, thus turning it into a stochastic finite element
method, Ghanem and Spanos[46]. However, the method continues to be subject
to the convergence criterion

£, 0Rsell <1

In order to avoid this restriction, a method using the Homogeneous Chaoses
of Wiener is outlined next. The Karhunen-Loeve expansion is a Fourier-type
expansion of the form

£(7,0) = SO0 ()0 (7)

The {\} is a sequence of constants, the {¢,(Z)} is a sequence of orthonormal
deterministic functions and the {&(w)} is a sequence of random variables given

by

(NI

&W%ﬂMY.Aﬂim@@Mf

The details of the existence of the constants {A;} and the orthonormal se-
quence {¢x(Z)} is covered in Loeve[63]. Basically, the covariance function of
the process £(Z,w) can be written as

ClFn ) = 3 Mbu(T0) bu(2)
k=0

And, since the ¢;’s form an orthonormal sequence, it follows that

| C@1. 7)o@z = \on(7)
so that the constants {\;} and the functions {¢x(Z)} are solutions of this

Fredholm type two integral equation. And, the random variables & (w) are
determined by these solutions.
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In Section 5.4, the formal solution of the equation
Et,zu =g

was developed by first splitting the operator £, , into a deterministic part and
a zero mean stochastic part, i.e.,

['t,:n = Lt,z + Rt,z

For example, the stochastic transport equation can be written as

ou 0 Pu O(uV (z,w))
% o [E[V(z)]u] — D(t) o2 T 5 =0
or,
ou ou Pu O(uV'(z,w)) 0
o E[V(:r)]g — D(t) o2 T 5 = %E[V(x)]u

Since ZE[V(z)] can be computed and u(t,z,w) can be estimated from the

previous time step, t — At, by letting

f(ta,w) =2

%E[V(x)]u(t,:r,w)

the following holds approximately,

ou ou u  O(uV' (z,w))
i E[V(T)]a — D(1) o2 T 5

~ f

where f = ZE[V(z)]u(t — At,2,w). In this example, it is assumed that the
dispersion tensor, D, has been dealt with as explained in Section 2.4. This
leaves as the only random coefficient the random velocity term, V' (2, w) which
does not depend on ¢. By the Karhunen-Loeve expansion, V’(m,w) can be
expanded as

V' (2, w) & i()\k)%fk(w)%(x)

k=1

where the sum has been truncated after m terms, the {&(w)} are random
variables and {¢x(z)} are deterministic functions of z. Then, it follows that

Losut 3 ()6 () Rludy(2)) ~

k=1
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or,

Ligu+ Y (M) &k(w)gn(x)Ru~ f — > (M) &lw)uRey(z) = f

where
L) = 20+ BV () - D)2 ()
R() = ()

6.2 Homogeneous Chaos

Clearly, the Karhunen-Loeve expansion requires a knowledge of the
covariance function. This is can be done for the random coefficients in the
operator equation, but not for the solution process since its covariance function
is not known. What is needed is a way of representing the solution process that
does not require knowledge of its covariance function. In order to circumvent
this problem, the Homogeneous Chaoses first introduced by Wiener in 1938
can be used. First, the following results are provided for convenience.

Definition: Let D be a subset of R". Let X denote the complete inner product
space of functions defined on D. A function of two variables ¥; and Z5 in d,
K (%, 75) is called a Reproducing Kernel Function for the space X if
e for each fized 7y € D, K(7,73) considered as a function of 7 is in X
e for each function f(#;) € X and every point Zy € D, the reproducing

property

f@1) = (f(21), K(Zy, 2)) x

where (-, ) x is the inner product on X and Zs is held constant.
The following results due to Aronszajn provide existence and uniqueness:

Theorem: A necessary and sufficient condition that X have a reproducing
kernel function is that for each fixed Z, € D, the linear functional

is bounded

LA < cllf]] VieX
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Theorem: If X possesses a reproducing kernel, it is unique.

Let £(#,w), © € D be a real Gaussian process defined on a probability space
(9, B, P). Define the o-algebra B¢ to be the completion with respect to the
measure P of

o{&(¥): ¥ € D}

where 0{{(Z) : Z € D} denotes the smallest o-algebra with respect to which
the £(Z) are measurable.

Assume that
and

Then, H(C) is the Hilbert space determined by the kernel C(#, 7). H(C)
is called the Reproducing Kernel Hilbert Space (RKHS) of C(#, %) or of the
process &(Z). For each # € D, C(-,23) € H(C) and

(£, CC72)) ey = f(32) vfeH(C)

The following notation for tensor products is required for what follows. Let
H;;» = 1,---,p be Hilbert spaces, then the tensor product Hilbert space is
given by H; ® --- ® H,, or the shorthand

H®  --@H,="H it Hj=H, i=1,---,p

Let {e;}3°, be a complete orthonormal sequence in H(C). Also, let L;(£)
be the closed linear subspace of Ly(€2, B¢, P) spanned by all finite, real linear
combinations

Z pzf(Fz)

then it can be shown, Kallianpur[56], that there is an isometric isomorphism
between L;(§) and H(C). Clearly, e;, ®---®e;, as i, - - - i), range independently
from 1 to oo form a complete orthonormal system for @ H(C'). And, if h; ®
---® h, € ®H, then the tensor
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o @ ®@hy) == hey @+ @ ha,

where 7 = (my,---,m,) is a permutation of the integers (1,---,p), is a com-
pletely symmetric tensor.

The Hilbert space o (®”H) is then taken to be the closed linear sub-
space of @ H generated by elements of the form

icka(h’f(@---@h'g)
k=1

Let H = H(C) be the RKHS of the Gaussian process £(#,w), ¥ € D. Further-
more, let {£}%°, be a sequence of random variables over (Q, B¢, P) such that &
is the element in L; (&) which corresponds to e; in H(C') by the isometry above.
Then, from Kallianpur[56, Lemma 6.5.1], a complete orthonormal system de-
noted {ey)""\"} exists for the space o (®”H(C)) where A, ---, A, are distinct
integers in the sequence 7, - -, 4, with \; occurring n; times and >;_; n; = p.

~ Next, define the following linear subspaces of Ly(Q, B¢, P). First,
define 7, to be the space of all polynomials in {fi(w)};ﬁlef degree not exceeding
p. Then let 7, to be the set of all polynomials in 7, orthogonal to 7, 4,

sometimes written 7, = (?p S, (?p,l. Finally, let ?_p be the space spanned by 7.
The subspace 7, of Ly(Q, B¢, P) is called the p" Homogeneous Chaos. The set
?, is called the Polynomial Chaos of Order p.

It can then be shown, Kallianpur[56, Lemma 6.6.1], that the following
representation of elements of 7, holds:

Lemma: A random variable v belongs to 7, (p > 1) iff it is of the form

V(w) = Z Ay o Py [0 ()] =+ P, [, (w)]

for some choice of distinct integers Ay, ---,\,. The summation is over m; > 0
and A, ---, A\, are fixed, h,(z) is the n'" normalized Hermite polynomial and
the coefficients satisfy

T
Wy ey, =01 > my #p
i—1
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The desired homogeneous chaos decomposition of the Ly-space of a Gaussian
process is given in the following theorem from Kallianpur[56, Theorem 6.6.1]:

Theorem:

Ly(Q,B5,P)=> @7

p>0

For any u € Ly(Q, B¢, P), the expansion

u=3 X X (BllN) helen @) b 6 ()] (6.0)

p>0 nit-Anp=p A <<y

holds where F, € o (®*H(C)).

Polynomial chaoses of any order p consist of all orthogonal polyno-
mials of order p involving any combination of the random variables {&;(w)};.
Ghanem and Spanos[47, 46] rewrite the previous expression for u(w) € Ly(S, B¢, P)
as

u(w) = G- 0+ Z all 521

11=1

+ Z Z iriy? 2(&ir (W), &y (w))

i1 792

+ Z Z Z 0112223 3 611 )agiz(w)aflé(w)) +

11=112=1143=1

Each polynomial chaos is a function of the countably infinite set {£;(w)} and is
therefore an infinite dimensional polynomial. For practical purposes, this must
be reduced to a finite dimensional subspace. The n-dimensional polynomial
chaos of order p is the subset of the polynomial chaos of order p which involves
only n of the uncorrelated random variables &;(w). The convergence properties
will then depend on n and the choice of the subset {&,, }1 ;.

In Ghanem and Spanos[47, 46] the polynomial chaoses for orders 0 to
3 are found to be
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(&) = &
72(52'1:52'2) - gilgiQ _62'12'2

7580 &inr &Gis) = &in&in&is = &inOinis — &inOinis — &igOinia

where 0;; is the Kronecker delta.

6.3 Stochastic Finite Elements
Starting from the equation

Lo+ S () () s () Ru ~ f (6.2

k=1

with boundary conditions of the form
Y(z)u(t,z,w) =0 x € 0D

assume that for a fixed t, u(¢, x,w) is a second order random variable, hence
its Karhunen-Loéve expansion can be expressed as

I
u(t, z,w) =Y ei(t)x;(t,w)b;(t, x) (6.3)
7=1
where
1
X;(t,w) = m/j)u(t,x,w)bj(t,x)d:r

Since at time ¢ the covariance function is not known, Equation| 6.3] is of little
use in this form. However, using the polynomial chaoses, the random variable
X(t,w) can be expressed as

X](taw) = + Z 21 521

11=1

+ Z Z anm 5217522)

11=112=1
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where agf)zp(t) are deterministic constants and ? ,(&,,--,&;,) is the p” order

polynomial chaos. Truncating after the P polynomial gives

Xi(t:w) = 3o ()W [{6 )] (6.4)

where

o (1) = a) (1) o (1) =0l 2 (1) = al, 1)

21122

and

Vol{& = "70;  Wil{&H =70(8);  Val{& 3 = 72(Gi &in);

Substituting Equation[ 6.4] into Equation[ 6.3] and letting ¢; (¢, ) = €,(t)b;(t, z)
yields

1P
ult.m,w) = 35 o) (O et )
j=1i=0
(6.5)
P
= D di(t,2)¥[{& )]
i=0
where
l .
di(t,w) = Y (t)e;(t, )
j=1
Then, substituting Equation| 6.5] into Equation| 6.2] gives
L, + Z (Ak) fk Zd (t,2)W[{& ) ~ f (6.6)

k=1

Next, expanding d;(t, z) in the space C? as

~ 300 (©.7)

and substituting it into Equation| 6.6] results in
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n

S S N Ladis (D, @)+ S A @) W{E )] S dis(t) Ry (1) () =~ f

i=0 j=1 i=0 k=1 j=1
The terms can be rearranged to form the following

33" (W6 s (0] + d50) SO PN WE N oy o) 00)]| = 1
=0 75=1 k=1

Multiplying both sides by ¢;(z) and integrating over D gives the system of
equations

P& od.; (t m

35 [wlleH {29010 + 401 |+ ) SO0 ] ~ 1
=0 j=1 k=1

where [ = 1,---,n and

Ly = [ g@a()ds

Lg‘?) = /DlE[V(r)] 8.r' — D(?) 8.%2' ]gl(.r)d.r
R = [ Rloi(e))gi(a)on(a)ds

fi = fa(z)dy
D

In this system of equations, ¢ spans the number of polynomial chaoses and
J spans the number of basis functions from C?. In order to find the vector
of entries {d;;(¢)} at time ¢, the polynomial chaoses have to be replaced with
numbers. This is done by multiplying by ¥,,[{&,}], taking expected values and
using the orthonormal relationships

and the computable quantities

E [ (@)W [{& W [{6 1]

This yields an nP x nP system. Once this system is solved for the vector
{d;;(t)}, the d;(t,x) coefficients can be calculated from Equation[ 6.7], and
u(t, z,w) can then be subsequently represented by Equation[ 6.5].
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6.4 The Covariance Function

The success of the procedure outlined above depends in large part in
describing the covariance function and obtaining its eigenvalues and eigenfunc-
tions. The problems of flow and transport as presented in this thesis assume a
knowledge of the porous medium that is very difficult to obtain in actual prac-
tice. For that reason, special assumptions regarding the stochastic properties
of the hydraulic conductivities are often made. In particular, Equation| 1.21],
page 43, relates the spectrum of the velocity to the spectrum of the log-
hydraulic conductivity. By taking Fourier transforms, a relationship between
the covariance of the velocity and the covariance of the log-hydraulic conduc-
tivity can then be established. The problem is then in choosing a spectrum
that can be representative of the log-hydraulic conductivity. In order to illus-
trate the procedure, one choice that has been used is the Whittle spectrum for
two-dimensional spatial processes. This spectrum has the form, Mizell[67],

o?a?

7 (k? + k3 —i—aQ)2 ’

™

S(k) = = o%

Iz == (kla k?)T ; «

where A is the integral scale and o? the variance of the process. Graham and
McLaughlin[48] use a slightly modified form of this spectrum called Spectrum
A by Mizell[67] which has the form

20%a” (k3 + k3)

S(E): 2 2 23
7 (k7 + k3 + a?)

Substituting this for Syly/(E) in Equation| 1.21], page 43, gives an expression
for the velocity spectrum of

20202 (k2 + k2)
7 (k2 4 k3 + a2)’

Saa (k) ~ (T— k| 2Kk Elg Q)" (T ||k|2kE")

aq

In order to obtain the velocity covariance matrix, the Fourier transform of this
expression must be taken, which yields for this two dimensional example

—

0(51,372) - Rq*fq”f( )

20%0° (k% + k%) eiéE

—! ekl
7 (k7 + k3 + o?)

~ [ (U= FI2RR) BlE (- 1))

where as described in Section 1.6, the vector gis the separation vector extending
from 77 to Zy. This particular 2 x 2 symmetric velocity covariance matrix
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is evaluated in Graham and McLaughlin[48]. As noted in Section 1.6, this
relationship is the result of the first order approximation Equation| 1.19], page
42. However, higher order estimates have been calculated, one of the more
recent studies in this area is given in Deng and Cushman[35]. Also, instead of
analytical representations of the velocity covariance, numerical estimates can
be established by Monte Carlo methods.

In order to obtain estimates of the eigenvalues and eigenfunctions for
the problem

a Galerkin approach is used. Let {h;(Z)} be a complete set of functions in the
space of square integrable functions on D. Each eigenfunction of the kernel
C(Z,79) can be approximated by the finite sum

N
o) = 37 hy(2)
1=1

On substituting this finite sum into the preceding equation produces an error.
The error, €y, is then assumed to be orthogonal to the approximating subspace,
or equivalently,

(ENahj(f))Z/DeNh]-(.f)df:O j=1,---,N

which yields the following system of equations:

0=3 A UD /I)C(:i’l,fg)hz(:ié)d@} hi(@)di — )\ch)/Dhl(:i’l)h](fl)dfl
=1
J = ]-7 21 ) aN
Letting
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yields the system
(C—AB)D =0
which is a generalized eigenvalue-eigenfunction problem. If the {h;(Z)} is an

orthonormal sequence, then an ordinary eigenvalue-eigenfunction problem is
the result.
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