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Barth, Teri L. (Ph.D., Applied Mathematics)Implementation Of The Conjugate GradientMethod Using Short Multiple RecursionsThesis directed by Professor Thomas A. Manteu�elABSTRACTIterative methods are important mechanisms for solving linear systems ofequations of the form, Ax = b, when A is a large sparse nonsingular matrix. Whenan e�cient implementation exists, the conjugate gradient (CG) method is a popu-lar technique of this type. This method is implemented via the construction of anorthogonal basis for the underlying Krylov subspace. When this basis can be con-structed using recursions that involve only a few terms at each step, then a practicalCG algorithm exists. The current theory from Faber and Manteu�el regarding theeconomical implementation of the conjugate gradient method does not take into ac-count all possible forms of short recurrences. By considering a more general form ofrecursion, we will extend the class of matrices for which a practical CG algorithm isknown to exist.This study begins with a review of the conjugate gradient method, and theexisting theory regarding its economical implementation. An overview of previouswork concerning unitary and shifted unitary matrices will be presented since thismotivates our de�nition of a more general form of short multiple recursion. Su�cientand partial necessary conditions on the matrix A will be determined in order that a
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CG method can be implemented using this type of recursion. One su�cient conditionis for the matrix A to be B-normal(`; m). These are normal matrices whose adjointcan be expressed as the ratio of two polynomials in A. Another su�cient conditionis for A to be a low rank perturbation of a B-normal(`; m) matrix. An importantexample of this type is a matrix that is self-adjoint plus low rank. These results willbe illustrated with a few numerical examples. In addition to extending the class ofmatrices for which a practical CG algorithm exists, this research opens the door tothe possibility that other forms of short recurrences may exist that would admit ane�cient CG algorithm for even a wider class of matrices.This abstract accurately represents the content of the candidate's thesis. I recom-mend its publication. Signed Thomas A. Manteu�el
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1. Introduction1.1 Motivation And OrganizationA conjugate gradient method for the solution of an N �N linear system ofequations Ax = b;is de�ned with respect to an inner product matrix B, and the matrix A. It is aKrylov subspace method in which the B-norm of the error is minimized at each step(see Section 2.2). A conjugate gradient method is implemented via the constructionof a B-orthogonal basis fpigji=0 for Kj+1(r0; A), whereKj+1(r0; A) = spfr0; Ar0; :::; Ajr0g;is the Krylov subspace of dimension j + 1 generated by the initial residual r0 andthe matrix A. The pi's are called direction vectors. There are many algorithmsfor implementing the method, for example: Orthodir, Orthomin, Orthores, andGMRES.If a B-orthogonal basis can be constructed with some form of a short recur-sion, then the work and storage requirements to implement the method are minimal,and we say an economical conjugate gradient algorithm exists. In 1984, Faber andManteu�el [5] proved that the class of matrices for which a conjugate gradient methodcan be implemented via a single short (s+ 2)-term recursion of the formpj+1 = Apj � jXi=j�s�i;jpi;for the direction vectors, is limited to matrices that are B-normal(s) or to matrices1



with only a small number of distinct eigenvalues (see Section 2.4). It became appar-ent in the work done by Gragg [10] that this form of recursion is not general enoughto account for all possible short recurrences. The unitary matrix is an example of amatrix for which an orthonormal basis cannot be constructed with a short (s+ 2)-term recursion, however, Gragg demonstrated that this basis can be constructedusing a pair of recurrence formulas. Shifted unitary matrices have the formA = �U + �I;where U is unitary, I is the identity matrix, and � and � are complex scalars.Jagels and Reichel ([16],[17]) observed that for matrices of this form, Kj+1(r0; A) =Kj+1(r0; U), and thus, the same double recursion as for the unitary case, can beused to construct an orthonormal basis. They continued, showing how to derivean e�cient minimal residual algorithm. This motivates the work in this thesis con-cerning alternate forms of short recurrences. By considering a more general formof recursion, we will show that the class of matrices for which a practical conjugategradient algorithm is known to exist, can be extended.In Chapter 2, the conjugate gradient method is de�ned. We then discusshow the method is implemented. An overview of previous work concerning econom-ical conjugate gradient algorithms is given. Chapter 3 summarizes the work done byGragg, Jagels and Reichel on unitary and shifted unitary matrices.The double recursion for unitary and shifted unitary matrices can be rewrit-ten as a single (s; t)-recursion of the formpj+1 = Apj + j�1Xi=j�t�i;jApi � jXi=j�s�i;jpi:If A is unitary, t = 1 and s = 0; if A is shifted unitary, t = 1 and s = 1. Wenotice that if A is unitary, its adjoint, A� = �AT , can be written as the ratio of two2



polynomials, A� = A�1 = p0(A)q1(A) ;where p0(A) = I, and q1(A) = A. The degrees of these polynomials correspond tothe number of terms needed in the single (s; t)-recursion to construct an orthogonalbasis. In Chapter 4, we will de�ne and characterize a more general class of normalmatrices, called B-normal(`; m) matrices. The B-adjoint of these matrices, Ay, (seeSection 2.4), can be expressed as the ratio of two polynomials,Ay = p`(A)qm(A) ;of degrees ` and m respectively. In the absence of a condition we call breakdown,if A is B-normal(`; m), then a B-orthogonal basis can be obtained using a single(s; t)-recursion, with (s; t) = (`; m). This result can be extended to more generalmatrices, which include low rank perturbations of B-normal(`; m) matrices. Animportant example of this type is a matrix that is self-adjoint plus low rank.Since breakdown is possible using the single (s; t)-recursion, we will showhow the problem can be reformulated as a multiple recursion that avoids the possi-bility of breakdown. Su�cient conditions on the matrix A are then stated in orderthat a B-orthogonal basis can be constructed using this form of multiple recursion.In Chapter 5, we will discuss the details on how to implement the methodusing this form of recursion. Numerical examples are given comparing the results tothose using a full conjugate gradient algorithm.To determine if there are any other matrices for which a B-orthogonalbasis can be constructed using this form of multiple recursion, we must answer thequestion of whether the su�cient conditions are also necessary. This is a much moredi�cult problem which we will answer in Chapter 6 for only a restricted subset of3



the multiple recursions derived earlier. A brief summary is given in Chapter 7.1.2 NotationThe notation will be explained when it is �rst introduced. For convenience,we summarize this below.Rn; Cn � Vector spaces of real and complex n� tuples:Rn�m; Cn�m � Vector spaces of real and complex n�m matrices:K; V; : : : � Other calligraphic letters denote subspaces of Rn or Cn:A;B; : : : � Upper case Roman (Greek) letters denote matrices:x; p; : : : � Underlined lower case Roman (Greek) letters denote vectors:�; �; : : : � Lower case Roman (Greek) letters denote scalars:h�; �i; k � k � Euclidean inner product on Cn and induced norm:hB�; �i; k � kB � B�inner product on Cn and induced B�norm:?B � Represents orthogonality in the B � inner product:A� � Euclidean adjoint of A; A� = �AT :Ay � B�adjoint of A; Ay = B�1A�B:spfxjg � The linear span of the vectors xj :�(A) � Spectrum of A:K`(r0; A) � spfr0; Ar0; :::; A`�1r0g: Krylov subspace of dimension `:d(r0; A) � Degree of the minimal annihilating polynomial of r0:d(A) � Degree of the minimal polynomial of A:
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2. The Conjugate Gradient Method2.1 IntroductionConsider the linear system of equationsAx = b; (2.1)where A is a general N �N nonsingular matrix, and x and b 2 CN . This chapter isconcerned with the solution of (2.1) using a conjugate gradient method.After some background on polynomial iterative methods, a general de�-nition of the conjugate gradient method will be given. Next, we describe how themethod is implemented. Of particular interest will be the conditions under which aconjugate gradient method can be implemented with some form of a short recursion,thus requiring only minimal amounts of computation and storage. An overview ofprevious results on this topic is given. We conclude this chapter by noting thatthe current theory on economical implementation of the conjugate gradient methoddoes not take into account all possible forms of short recursions. This motivatesthe further study of conjugate gradient algorithms using alternate forms of shortrecursions.2.2 Derivation Of The Conjugate Gradient MethodGiven an initial guess x0 to (2.1), an iterative method produces a sequenceof approximations fx0; x1; :::g to the exact solution x = A�1b. Iterative methodsare important techniques for obtaining a solution when A is large and sparse.Consider an iterative method where for j = 0; 1; :::, the new iterate is
5



de�ned by, xj+1 = x0 + jXi=0 �i;jri; (2.2)where, ri = b�Axi = A(x� xi) = Aei; (2.3)is the residual at step i, and ei denotes the error at step i. Each new iterate isupdated with some linear combination of previous residuals. By subtracting bothsides of (2.2) from the exact solution x, and using (2.3), we obtain an expression forthe error at step j + 1, ej+1 = e0 � jXi=0 �i;jAei:Let IN denote the N �N identity matrix, and note thate0 = INe0 = p0(A)e0;where p0(0) = 1. Suppose that for i = 0; :::; j, ei = pi(A)e0, and pi(0) = 1. Byinduction, we obtain ej+1 = e0 � jPi=0�i;jA pi(A)e0= [IN �A~pj(A)] e0= pj+1(A)e0; (2.4)for some polynomial, pj+1(�) = [1 � � ~pj(�)], of degree � j + 1. Furthermore, wesee that pj+1(0) = 1. Notice that the residual at step j + 1 can be written asrj+1 = A pj+1(A)e0 = pj+1(A)r0:The polynomials pj+1(�) are known as residual polynomials. Since the error at eachstep can be written as a polynomial in A times the initial error, iterative methodsof this form are called polynomial methods.
6



De�ne the (j +1)'st Krylov subspace generated by r0 and the matrix A asKj+1(r0; A) = spfr0; Ar0; :::; Ajr0g: (2.5)The vectors fAir0gji=0 are called Krylov vectors.Denote d(A) as the degree of the minimal polynomial of A, that is,d(A) = minp: p monicfdeg p : p(A) = 0g:De�ne d = d(z;A) to be the maximum dimension of the Krylov subspace generatedby z and the matrix A. This is the degree of the minimal annihilating polynomialof z, d = d(z;A) = minp: p monicfdeg p : p(A)z = 0g:Since the Krylov subspaces are nested, and for every i, ri = pi(A)r0 2Ki+1(r0; A), it follows that (2.2) can be rewritten as,xj+1 = x0 + pj(A)r0= x0 + ẑj; where ẑj 2 Kj+1(r0; A);or equivalently, xj+1 = xj + zj ;for some zj 2 Kj+1(r0; A). We make the following de�nition:DEFINITION 2.1 A Krylov subspace method is an iterative methodwhose iterates are de�ned by:xj+1 = xj + zj ; zj 2 Kj+1(r0; A);ej+1 = pj+1(A)e0; pj(0) = 1:There are many Krylov subspace methods. What distinguishes a methodis the way in which the vector zj is chosen from Kj+1(r0; A). Since our goal is to�nd a solution to (2.1), a logical strategy would be to choose zj 2 Kj+1(r0; A) so7



that the error is as small as possible. However, we would also like to accomplish thiswith a relatively small amount of work. As we will see later, these two goals are notalways compatible.Since kej+1k = kpj+1(A)e0k � kpj+1(A)k ke0k, we di�erentiate two basicstrategies for making the error small:(1) Make kpj+1(A)k small,(2) make kpj+1(A)e0k small.Methods that employ the �rst strategy involving matrix norms, are often referred toas Chebychev-like methods. They require some knowledge of the spectrum of A toimplement. Methods that utilize the second strategy are called conjugate gradient-like methods. They are based upon optimization in an inner product norm, or onsome orthogonalization property. No knowledge of the spectrum is required for theirimplementation.As the name suggests, conjugate gradient methods utilize the second strat-egy. They are Krylov subspace methods in which the error is minimized at every stepin an inner product norm. We will de�ne this method with respect to a Hermitianpositive de�nite inner product matrix B, and the system matrix A, and denote it asCG(B;A).DEFINITION 2.2 A conjugate gradient method, CG(B;A), is a Krylovsubspace method whose iterates are de�ned uniquely as follows:xj+1 = xj + zj ; zj 2 Kj+1(r0; A);kej+1kB is minimized over Kj+1(r0; A): (2.6)The second condition is equivalent to requiringej+1 ?B z; 8z 2 Kj+1(r0; A):There are many conjugate gradient methods. Consider for example, if Ais symmetric positive de�nite, hA�; �i de�nes an inner product, and we could take8



B = A. CG(B;A) minimizes the A norm of the error, which results in the origi-nal conjugate gradient method of Hestenes and Stiefel [14]. Another example of aconjugate gradient method is given by taking B = A�A. Notice that since we areassuming that A is nonsingular, A�A is Hermitian positive de�nite. In this case,CG(B;A) minimizeskej+1kA�A = hA�Aej+1; ej+1i 12 = hrj+1; rj+1i 12 ;yielding a minimal residual method. A detailed taxonomy of conjugate gradientmethods can be found in [1].2.3 ImplementationA conjugate gradient method is implemented via the construction of a B-orthogonal basis for the Krylov subspace. This follows directly from the de�nitionof the method. To see this, �rst, we obtain an expression for the error at each stepin terms of the error at the previous step by subtracting the �rst equation in (2.6)from the exact solution yielding ej+1 = ej � zj: (2.7)According to De�nition 2.2, at each step j + 1, we must choose zj 2 Kj+1(r0; A) sothat ej+1 ?B z; 8z 2 Kj+1(r0; A):Since Kj(r0; A) � Kj+1(r0; A), it follows that for every z 2 Kj(r0; A),0 = hBej+1; zi= hBej; zi � hBzj; zi;where the second equality results from substituting in (2.7). From the de�nition,it follows that for every z 2 Kj(r0; A); hBej ; zi = 0, which implies hBzj; zi = 0.9



Therefore, we obtain two conditions:zj 2 Kj+1(r0; A); andhBzj ; zi = 0; 8z 2 Kj(r0; A):These conditions say at each step, we must choose zj 2 Kj+1(r0; A) such that zj isB-orthogonal to everything in Kj(r0; A). This means a conjugate gradient methodcan be implemented by constructing a B-orthogonal basis fpigji=0 for Kj+1(r0; A).Here, pi 2 Ki+1(r0; A), and pi ?B Ki(r0; A), for i = 0; :::; j. The pi's are known asdirection vectors. Given an initial vector, p0 = r0, a B-orthogonal basis is uniqueup to scale, or the length of the vectors. At step j + 1, letzj = �jpj;where �j is known as the step length.To determine the step length, notice that pj 2 Kj+1(r0; A). It follows fromthe de�nition that 0 = hBej+1; pji = hBej; pji � �jhBpj ; pji:SinceB is Hermitian positive de�nite, hBpj ; pji 6= 0, and we can solve for �j yielding,�j = hBej ; pjihBpj ; pji :Summarizing the above, to implement CG(B;A), given p0, at each step, compute:1) pj 2 Kj+1(p0; A) such that pj ?B Kj(p0; A);2) xj+1 = xj + �jpj; �j = hBej ; pjihBpj ; pji :Since the computation of �j involves the unknown quantity of the error,the inner product matrix B must be chosen so that �j is computable. For example,if A is Hermitian positive de�nite, we could choose B = A, and�j = hrj ; pjihApj ; pji :10



By choosing B = A�A, we obtain�j = hrj; ApjihApj ; Apji :From the above, we see that the work involved in implementing a con-jugate gradient method is in the construction of a B-orthogonal basis fpigji=0 forKj+1(p0; A). There may be many di�erent ways of writing the recursion for con-structing such a basis. However, since this basis is unique up to scale, as long asthe vectors are scaled the same, the recursions can always be rewritten in terms ofa Gram-Schmidt process,p0 = r0;p1 = Ap0 � �0;0p0; �0;0 = hBAp0; p0ihBp0; p0i ;...pj+1 = Apj � jPi=0�i;jpi; �i;j = hBApj ; piihBpi; pii : (2.8)
Suppose that d(p0; A) = N , where N is the dimension of A. The matrix form of thisrecursion at step N is given by:

A hp0 p1 � � � pN�1i = hp0 p1 � � � pN�1i2666666666664
�0;0 �0;1 � � � � � � �0;N�11 �1;1 ...1 . . . .... . . ...1 �N�1;N�1

3777777777775 ; (2.9)
which we denote as, APN = PNHN :In general, HN is a full upper Hessenberg matrix. By equating the columns in thematrix equation, we obtain the individual formulas for the direction vectors givenin (2.8). Note that at any given step k, after computing pk, the recursions can bewritten in matrix form as APk = Pk+1Hk+1;k; (2.10)11



where Pk is the matrix containing the �rst k columns of PN , and Hk+1;k is the upperleft (k + 1)� k corner of HN .The various ways of writing the recursions for the direction vectors willyield di�erent algorithms for implementing a given conjugate gradient method. Welist the Orthodir algorithm below. It is an example where the direction vectors areobtained using a full Gram-Schmidt process generalized to the B-inner product.Table 2.1: Orthodir Algorithmr0 = b�Ax0;p0 = r0;...xj+1 = xj + �jpj ; �j = hBej ; pjihBpj ; pji ;rj+1 = rj � �jApj;pj+1 = Apj � jPi=0�i;jpi; �i;j = hBApj ; piihBpi; piiNotice that in the Orthodir algorithm, the recursion for the direction vectorpj+1 utilizes the term Apj 2 Kj+2(r0; A), to bring the recursion up to the next higherdimension Krylov subspace. When BA is de�nite, the residuals span the Krylovsubspace [1],Kj+2(r0; A) = spfp0; p1; :::; pj+1g = spfr0; r1; :::; rj+1g:Instead of using the term Apj to bring us up to Kj+2(r0; A), we can use rj+1. Anexample of an algorithm that uses this approach is the Orthomin algorithm, givenin Table 2.2.Both of these algorithms utilize all the previous direction vectors to con-struct pj+1. In the next section, we will see that for certain kinds of matrices A, aB-orthogonal basis can be constructed with a short recursion that uses only a fewprevious direction vectors. 12



Table 2.2: Orthomin Algorithmr0 = b�Ax0;p0 = r0;...xj+1 = xj + �jpj; �j = hBej ; pjihBpj ; pji ;rj+1 = rj � �jApj;pj+1 = rj+1 � jPi=0 �i;jpi; �i;j = hBrj+1; piihBpi; pii2.4 Economical Conjugate Gradient AlgorithmsBefore discussing when a conjugate gradient method can be implementedwith a short recursion for the direction vectors, we review some terminology onnormal matrices.First, the concept of an adjoint of a matrix A is generalized to the B-innerproduct. The B-adjoint of A is the unique matrix Ay satisfying,hBAx; yi = hBx; Ayyi; 8x; y 2 CN :This yields, Ay = B�1A�B.The following conditions are generalizations of those for normal matrices.A matrix A is B-normal if it satis�es the following equivalent conditions:(1) AAy = AyA,(2) A and Ay have the same complete set of B-orthogonal eigenvectors,(3) Ay can be written as a polynomial of some degree in the matrix A.We say that A is B-normal(s), if it is B-normal, and s is the degree of thepolynomial, ps(A), of smallest degree for which Ay = ps(A). For example, if A isB-normal(1), then Ay can be written as a �rst degree polynomial in A.Recall the matrix equation in (2.9) for the construction of a B-orthogonal13



basis. The entries of the Hessenberg matrix HN are given by,hi;j = 8>>>>><>>>>>: �i;j = hBApj ; piihBpi; pii = hBpj ; AypiihBpi; pii ; if j � i1 if j = i� 10 if j < i� 1If A is B-normal(1), Ay = p1(A), and thusAypi 2 Ki+2(p0; A) = spfp0; :::; pi+1g:It follows that if j > i+ 1, pj ?B Ki+2(p0; A);which means �i;j = 0, yielding a tridiagonal matrix HN . The recursion in (2.8)naturally truncates to the 3-term recursion,pj+1 = Apj � jXi=j�1�i;jpi:A special case of B-normal(1) matrices are B-self-adjoint matrices. Theysatisfy: Ay = A; orBA = (BA)� = A�B:Consider an (s+ 2)-term recursion of the form:pj+1 = Apj � jXi=j�s�i;jpi; �i;j = hBApj; piihBpi; pii : (2.11)DEFINITION 2.3 The matrix A is in the class CG(s) if for every r0, asingle (s+ 2)-term recursion of the form given in (2.11) can be used to construct aB-orthogonal basis for Kd(r0; A).THEOREM 2.1 A 2 CG(s) if and only ifd(A) � s+ 2 or A is B�normal(s):14



Proof: The proof is a result from Faber and Manteu�el [5]. 2This result was extended in 1988 by Joubert and Young [18], who showedthat the recursions for the direction vectors in the Orthomin implementation ofCG(B;A) also naturally truncate for B-normal(s) matrices.In their 1984 paper, Faber and Manteu�el characterized B-normal(s) ma-trices. These results are given in the following lemma.LEMMA 2.2 If A is B-normal(s);1). if s > 1, then d(A) � s2,2). if s = 1, then either d(A) = 1; A = Ay, orA = ei� �i r2I +G� ;where i = p�1, r � 0 is a real number, 0 � � � 2�, and G = Gy.Proof: The proof is given in [5]. 2Summarizing, if A is B-normal(s), and s > 1, then A has at most s2distinct eigenvalues. If s = 1 and A has more than 1 distinct eigenvalue, then allthe eigenvalues of A lie on some straight line in the complex plane. Note that inthe case that A is B-self adjoint, all the eigenvalues of A are real. Otherwise, theeigenvalues of A can be obtained by shifting and then rotating the eigenvalues of aB-self adjoint matrix G, yielding collinear eigenvalues.These results say that an economical recursion for the direction vectors, ofthe form given by (2.11), can only be applied to a very small class of matrices. InTables 2.3 and 2.4 we list two algorithms that are applicable when A is B-normal(1).The Omin algorithm carries the further restriction that BA be de�nite.We might ask if there are other forms of short recursions that can't be15



Table 2.3: Odir Algorithmr0 = b�Ax0;p0 = r0;...xj+1 = xj + �jpj; �j = hBej ; pjihBpj ; pji ;rj+1 = rj � �jApj ;pj+1 = Apj � �j�1;jpj�1 � �j;jpj; �j�1;j = hBApj ; pj�1ihBpj�1; pj�1i ; �j;j = hBApj ; pjihBpj ; pjiwritten as a short (s + 2)-term recursion of the form given in (2.11). Instead ofcomputing one recursion at each step for the new direction vector, consider themultiple recursion: pj+11 = tPi=1�(1)i;j Apji � tPi=1 �(1)i;j pji;pj+12 = tPi=1�(2)i;j Apji � tPi=1 �(2)i;j pji;...pj+1t = tPi=1�(t)i;jApji � tPi=1�(t)i;j pji ; (2.12)
where pj+11 denotes the new direction vector at this step, and pj+1i , for i = 2; :::; tdenotes t�1 auxiliary vectors. Each recursion involves the vectors fpjigti=1 from theprevious step, and their products with A, fApjigti=1. By denoting the matrixQj = hpj1 ; pj2 ; � � � ; pjti ;the recursions at each step j + 1 can be written as,Qj+1 = AQjR�QjS; (2.13)where R and S are t � t matrices containing the recursion coe�cients. Faber andManteu�el conjectured that any such recursion can be rewritten in the form (2.11),for some s � t. However, we will show below that there are short multiple recursions16



Table 2.4: Omin Algorithmr0 = b�Ax0;p0 = r0;...xj+1 = xj + �jpj ; �j = hBej ; pjihBpj ; pji ;rj+1 = rj � �jApj;pj+1 = rj+1 � �jpj ; �j = hBrj+1; pjihBpj ; pjiof the form (2.13) that can't be rewritten as a single short (s + 2)-term recursionof the form (2.11). More importantly, we will show that the class of matrices forwhich these recursions admit a conjugate gradient method, is wider than the classdescribed by Faber and Manteu�el [5].For any matrix A, the direction vectors can be computed using a full Gram-Schmidt process. After N steps, this may result in a dense upper Hessenberg matrixHN . We note here, that given p0, that HN is unique. If HN can be factored asHN = TNBN ;where BN is nonsingular, B�1N is banded upper triangular, and TN is banded upperHessenberg, then the matrix equations (2.9) can be rewritten in the form,APNB�1N = PNTN ;or, APN 2666666664 � � � � �. . . . . .. . . �. . . ...�
3777777775 = PN 2666666664 � � � � �� . . . . . .. . . . . . �. . . . . . ...� �

3777777775 ;where the �'s denote possible nonzero entries. By equating the columns in the above
17



matrix equation, we obtain an equation at each step, of the form,�j+1 pj+1 = jXi=j�t�i;jApi � jXi=j�s�i;jpi: (2.14)In the next chapter, we will see that the unitary matrix is an example of amatrix whose direction vectors can be computed using either a short multiple recur-sion of the form (2.12), or a short single recursion of the form (2.14). The multiplerecursion for unitary matrices is a result from Gragg, who showed the process forconstructing an orthonormal basis simpli�es for isometric operators, yielding a shortdouble recursion for the direction vectors. Jagels and Reichel extended these results.By using Gragg's algorithm, they showed how to construct an e�cient minimal resid-ual algorithm for unitary and shifted unitary matrices (see Section 3.3). Althoughthe unitary matrix is normal, it is not normal(s) for some small degree s, and thus,no short recursion of the form (2.11) exists. By considering other recursions, we willto extend the class of matrices for which we know a practical conjugate gradientalgorithm exists.
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3. Unitary And Shifted Unitary Matrices3.1 IntroductionIn the previous chapter, we saw that a practical implementation of a con-jugate gradient method depended on the construction of a B-orthogonal basis forthe Krylov subspace. If this basis can be computed with a short recursion of someform, then an economical conjugate gradient algorithm exists.In 1984, Faber and Manteu�el [5] determined the class of matrices for whicha B-orthogonal basis fpjgd�1j=0 for Kd(r0; A) could be constructed with a single (s+2)-term recursion of the form pj+1 = Apj � jXi=j�s�i;jpi:This class of matrices is limited to matrices that are B-normal(s), or to matriceswith only a small number of distinct eigenvalues.That the above recursion is not general enough to account for all possibleshort recursions, became apparent in the work done by Gragg [10] on unitary ma-trices. Gragg showed that if U is unitary, then an orthonormal basis for the Krylovsubspace can be constructed using two short recursions at each step. Jagels and Re-ichel ([16],[17]) extended this work to obtain an economical minimal residual methodfor unitary and shifted unitary matrices.A shifted unitary matrix has the form�U + �I; (3.1)where U is a unitary matrix, I is the identity matrix, and � and � are complex scalers.It is easy to verify that these matrices are normal by noting that AA� = A�A. If19



�̂j is an eigenvalue of U , then ��̂j + � is an eigenvalue of A. This means that theeigenvalues of shifted unitary matrices lie on a circle in the complex plane. Althoughunitary and shifted unitary matrices are normal matrices, they are not normal(s)for some small degree s, and thus, a short (s+ 2)-term recursion of the form (2.11)cannot be used to construct an orthonormal basis.The results from Gragg, Jagels and Reichel, will be extended to matricesthat are unitary with respect to any inner product, hB�; �i. We conclude this chapterby presenting another algorithm for a minimal residual method for shifted unitarymatrices.3.2 A Short Double Recursion For Unitary MatricesSuppose that U is an N �N unitary matrix, and d = d(r0; U) = N . It wasshown by Gragg [10] that an orthonormal basis for KN (r0; U) can be constructedwith two short recursions. To see this, we �rst consider a Gram-Schmidt process toconstruct an orthonormal basis fpigN�1i=0 for KN (r0; U). Note that this is the sameprocess as given in (2.8) with B = I, except the vectors are normalized to havelength 1. The recursions for the pj's may be written in matrix notation asUPN = PNHN ; (3.2)where HN is the N �N upper Hessenberg matrix.Since U is unitary, and by construction PN is unitary, it follows from (3.2)that PNHN is unitary and(PNHN)�PNHN = H�NHN = IN ;where IN is the N�N identity matrix. Therefore, HN is a unitary, upper Hessenbergmatrix. A QR factorization of HN yieldsHN = QNRN ;20



where QN is N�N unitary, and RN is N�N upper triangular. Since RN = Q�NHN ,it follows that RN is also unitary. RN being unitary and upper triangular impliesthat RN = diag(� � � ei�j � � �);for some �j; j = 1; : : : ; N .The upper Hessenberg structure of HN allows for the QR factorization tobe computed e�ciently using elementary unitary, or Givens matrices,HN = G1G2 � � �GN�1RN ; (3.3)where, Gj = 26664 Ij�1 �
j �j�j �
j IN�j�1 37775 ;and 
j 2 C; j
j j � 1, and �j = (1� j
j j2)1=2. Since each Gj is a rank 2 correction ofthe identity matrix, it follows that the information content of HN is of order N . Bysubstituting (3.3) into (3.2) and equating columns, we obtain:Up0 = �
1p0 + �1p1;
1 = �hUp0; p0i;�1 = (1� j
1j2)1=2;Up1 = �
2(�1p0 + �
1p1) + �2p2;
2 = �hUp1; �1p0 + �
1p1i;�2 = (1� j
2j2)1=2;...Rearranging yields the Gragg algorithm for constructing an orthonormal basis forunitary matrices. This algorithm is given in Table 3.1.See ([10],[16],[17]) for a more complete presentation. Another derivation of thisdouble recursion for unitary matrices is given by Watkins [24].21



Table 3.1: The Gragg Algorithm for unitary matricesp0 = ~p0 = r0kr0k ;
1 = �hUp0; ~p0i;�1 = (1� j
1j2) 12 ;�1p1 = Up0 + 
1~p0;~p1 = �1~p0 + �
1p1;... 
j+1 = �hUpj ; ~pji;�j+1 = (1� j
j+1j2)1=2;�j+1pj+1 = Upj + 
j+1~pj ;~pj+1 = �j+1~pj + �
j+1pj+1:3.3 A Minimal Residual Algorithm For Shifted Unitary MatricesJagels and Reichel ([16],[17]) use the Gragg algorithm to construct an e�-cient minimal residual algorithm for the solution of the linear system, Ax = b, whereA is a shifted unitary matrix (3.1). They observe that KN (r0; A) = KN (r0; U). Thus,the Gragg algorithm can be used to construct an orthonormal basis for KN (r0; A).This basis is then used to construct a minimal residual algorithm as follows:At step k in the construction of the orthonormal basis using the Graggalgorithm, the recursions for the basis vectors, fpigki=0, can be written in matrixform as UPk = Pk+1H(U)k+1;k; (3.4)where H(U)k+1;k is the (k + 1)� k upper Hessenberg matrix,H(U)k+1;k = G1G2 � � �Gk�1 ~Gk;where for i = 1; :::; k � 1,Gi = 26664 Ii�1 �
i �i�i �
i Ik�i�1 37775 ; and ~Gk = 264 Ik�1 
k�k 375 :22



Using (3.1) and (3.4) we see thatAPk = (�U + �I)Pk = Pk+1(�H(U)k+1;k + �Îk) = Pk+1H(A)k+1;k;where, Îk = " Ik0T # 2 C(k+1)�k:We remark here, that instead of deriving H(A)k+1;k from H(U)k+1;k, one could obtainH(A)k+1;k directly by substituting U = 1�(A � �I) into the Gragg algorithm. Now,the standard argument for constructing a GMRES algorithm (c.f.[23]) is employed.Since kr0kp0 = r0, we have for some yk 2 Ckrk = r0 �APkyk = Pk+1 hkr0k�1 �H(A)k+1;k yki ;where �1 = [1; 0; :::; 0]T . The objective is to choose yk to minimize krkk. SincePk+1 has orthonormal columns, this may be accomplished by solving the (k + 1)� kleast squares problem kr0k�1 � H(A)k+1;k yk:Since (�H(U)k+1;k + �Îk) = H(A)k+1;k is upper Hessenberg, a QR factorization of H(A)k+1;kis accomplished by Givens matrices. The relationship between H(A)k+1;k and H(U)k+1;kallows the least squares problem to be solved using an algorithm that involves �veshort recursions. The algorithm is given in Table 3.2. We note here, that the vj 's inthis algorithm are the same as our pj's. See ([16],[17]) for details.
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Table 3.2: Minimal Residual Algorithm: A = �U + �I (Jagels and Reichel)Input: x0; r0 = b�Ax0; �;�0 = kr0k; '̂1 = 1=�0; �̂1 = �0=�; w�1 = p�1 = v0 = 0;'0 = s0 = �0 = r0;�1 = 0; r0;0 = 
0 = �0 = c0 = 1;v1 = ~v1 = r0=�0;for m = 1; 2; ::: until j�̂m+1j � �;u = Uvm;
m = �~v�mu; �m = ((1 � j
mj)(1 + j
mj))1=2;�m = �
m�m�1;rm�1;m = �m'm�1 + sm�1 �=�; r̂m;m = �m'̂m + �cm�1 �=�;�cm = r̂m;m=(jr̂m;mj2 + j�mj2)1=2; sm = ��m=(jr̂m;mj2 + j�mj2)1=2;rm;m = �cmr̂m;m + sm�m;�m = �cm�̂m; �̂m+1 = sm�̂m;�m = �m=rm;m; �m�1 = rm�1;m=rm�1;m�1;wm�1 = �mpm�2 � (wm�2 � vm�1)�m�1;pm�1 = pm�2 � (wm�2 � vm�1)�m�1;xm = xm�1 � (wm�1 � vm)�m;if �m = 0 then x = xm; exit.�m = �m�1�m; 'm = �cm'̂m + sm�
m=�m; �m = 'm=rm;m;'̂m+1 = sm'̂m + �cm�
m=�m;vm+1 = ��1m (u+ 
m~vm);~vm+1 = �m~vm + �
mvm+1;x = xm. 24



3.4 Conjugate Gradient Algorithms For GeneralB-Unitary And Shifted Shifted B-Unitary MatricesA matrix UB is B-unitary, or isometric with respect to the inner product,hB�; �i, if hBUBx; UByi = hBx; yi; 8x; y 2 CN : (3.5)Gragg [10] gave a more general result than what we presented in Section 3.2. Thisresult says that if a matrix UB is isometric with respect to any inner product, hB�; �i,then a B-orthonormal basis for KN (r0; UB) can be constructed with a short doublerecursion of the form given in Table 3.1. The derivation of this recursion is similarto that for the unitary case.After step N of a Gram-Schmidt process which constructs a B-orthonormalbasis fpigN�1i=0 for KN (r0; UB) we haveUBPN = PNHN ; (3.6)where HN is an N � N upper Hessenberg matrix. Multiplying through on the leftby P �NU�BB yields, P �NU�BBUBPN = P �NU�BBPNHN : (3.7)Since UB is B-unitary, U�BBUB = B. Using (3.6) it follows that P �NU�B = H�NP �N .Substituting these quantities into (3.7) yieldsP �NBPN = H�NP �NBPNHN :Since P �NBPN = IN by construction, it follows that HN is I-unitary. Therefore,HN can be written as a product of elementary unitary matrices. Analogous to theunitary case in Section 3.2, the substitution of this factorization for HN into (3.6),and equating the columns, yields the recursion formulas for the pi's. The iterationto produce a B-orthonormal basis is exactly like the Gragg algorithm except thestandard inner product h�; �i is replaced by hB�; �i. The algorithm is given in Table 3.3.25



Table 3.3: The Gragg algorithm for isometric operatorsp0 = ~p0 = r0=kr0kB ;
1 = �hBUBp0; ~p0i;�1 = (1� j
1j2) 12 ;�1p1 = UBp0 + 
1~p0;~p1 = �1~p0 + �
1p1;... 
j+1 = �hBUBpj; ~pji;�j+1 = (1� j
j+1j2) 12 ;�j+1pj+1 = UBpj + 
j+1~pj ;~pj+1 = �j+1~pj + �
j+1pj+1:
From Chapter 2, we know that an algorithm for CG(B;UB), can be obtainedas follows: Construct a B-orthonormal basis for KN (r0; UB) using the the algorithmgiven in Table 3.3. At each step, perform the additional recursions,xj+1 = xj + �jpj ; �j = hBej ; pjihBpj ; pji = hBej ; pji;rj+1 = rj � �jApj:Notice that since the computation of the �j 's involves the unknown quantitiy of theerror, B must be chosen so that �j is computable.A shifted B-unitary matrix has the formA = �UB + �I:Since KN (r0; A) = KN (r0; UB), the same B-orthonormal basis for KN (r0; UB) can26



be used for KN (r0; A). Thus a conjugate gradient method for shifted B-unitarymatrices can also be implemented with short recursions.3.5 A New Minimal Residual Algorithm For Shifted Unitary MatricesIn this section, we present an alternative minimal residual algorithm forshifted unitary matrices. This reformulation will motivate the development in Chap-ter 4. First, let us restate the minimal residual method for the solution of the linearsystem, Ax = b, as a conjugate gradient method CG(B;A), with B = A�A. Theiterates produced by this method are uniquely de�ned by:xj+1 = xj + �jpj; pj 2 Kj+1(r0; A);ej+1 ?A�A Kj+1(r0; A):In this context, it is clear that the direction vectors, pj 's, must satisfypj 2 Kj+1(r0; A);pj ?A�A Kj(r0; A):Suppose that d(r0; A) = N . We seek a basis, fp0; p1; :::; pN�1g, for KN (r0; A), suchthat hA�Apj; pii = 8><>: 0 i 6= j;1 i = j:Now, suppose that A is shifted unitary. Note that in this case Kj+1(r0; A) =Kj+1(r0; U). Thus, it is su�cient to �nd an A�A orthogonal basis for Kj+1(r0; U).Next, note that if U is unitary with respect to I, and A = �U + �I, thenA�AU = UA�A: (3.8)It follows that U is A�A-unitary. In other words, U is isometric with respect to theinner product hA�A�; �i, that is,hA�AUx; Uyi = hUA�Ax; Uyi = hA�Ax; yi; 8x; y 2 CN :27



From Section 3.4 it follows that the algorithm given in Table 3.3, with B = A�A andUB = U , can be used to construct an A�A-orthonormal basis. Given x0, the basisthus computed can be used to solve the linear system, Ax = b, by adding at eachstep the recursions,xj+1 = xj + �jpj; �j = hA�Aej ; pjihA�Apj ; pji = hrj ; Apji;rj+1 = rj � �jApj :Note that the algorithm above requires multiplications by both U and A.To rearrange the algorithm to one requiring only multiplication by U , de�ne thequantities qj = Apj and ~qj = A~pj :Notice that for A = �U + �I, A and U commute. By multiplying the equations forpj, and ~pj given in Table 3.3 by A, we obtain�jqj = Uqj�1 + 
j ~qj�1; and ~qj = (�j ~qj�1 + �
jqj):Also, since Apj = �Upj + �pj, we can writeUpj = 1�(qj � �pj):Using this information we rewrite the above minimal residual algorithm for shiftedunitary matrices.ALGORITHM 3.1 A Minimal Residual Algorithmfor Shifted Unitary Matrices:p0 = ~p0 = r0=kr0kA�A;q0 = ~q0 = Ap0;x1 = x0 + �0p0; �0 = hr0; q0i;28



r1 = r0 � �0q0;... 
j = �hUqj�1; ~qj�1i;�j = (1� j
j j2)1=2;qj = 1�j (Uqj�1 + 
j ~qj�1);pj = 1��j (qj�1 � �pj�1) + 
j�j ~pj�1;~qj = �j ~qj�1 + �
jqj;~pj = �j ~pj�1 + �
jpj ;xj+1 = xj + �jpj; �j = hrj ; qji;rj+1 = rj � �jqj:
This algorithm requires the storage of 7 vectors:xj ; rj; pj�1; ~pj�1; qj�1; ~qj�1; Uqj�1:The approximate cost per iteration is:(1) 1 Matrix vector multiplication: Uqj�1;(2) 2 inner products: hrj; qji; hUqj�1; ~qj�1i;(3) 7 SAXPY.The computational and storage requirements are comparable to the Jagels and Re-ichel algorithm (Table 3.2), which requires approximately 1 matrix vector multipli-cation, 1 inner product, 6 SAXPY, and the storage of 6 vectors.
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Computationaly, there is no advantage over the Jagels and Reichel algo-rithm. However, put in this context, it is clear that the direction vectors are A�A-orthonormal. Thus, unitary, and shifted unitary matrices are examples of matri-ces that are not A�A-normal(s), for some small degree s, but for which an A�A-orthonormal basis can be constructed using a short multiple recursion. Therefore,the class of matrices for which an economical conjugate gradient algorithm existsis wider than that given by Faber and Manteu�el [5]. This motivates the study ofalternate forms of recursions for constructing a B-orthogonal basis.
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4. Multiple Recursion Formulation4.1 IntroductionIn Chapter 3, we saw that if a matrix A is either of the formA = �UB + �I; or A = UB ;where UB is B-unitary, then a double recursion,�jpj = UBpj�1 + 
j ~pj�1;~pj = �j ~pj�1 + �
jpj; (4.1)can be used to construct a B-orthonormal basis for Kd(r0; A). It was noted that ashort (s+2)-term recursion of the form given in (2.11) could not be used to constructthis basis since these matrices are not B-normal(s) for some small degree s. Thatis, the B-adjoint of A cannot be written asAy = ps(A); for s small:However, notice that if A is B-unitary, Ay = A�1. If �j is an eigenvalue of A, then1�j is an eigenvalue of Ay, and we obtain,Ay = p0(A)q1(A) = IA; ��j = p0(�j)q1(�j) ;where p0(�) = 1 and q1(�) = �. This motivates the exploration of a more generalclass of normal matrices, whose B-adjoint can be written as a ratio of two polynomi-als. We call this class B-normal(`; m) matrices. They are de�ned and characterizedin Section 4.2.Consider the recursions in (4.1) for constructing a B-orthonormal basis. Atstep j + 1, form �j+1pj+1 = UBpj + 
j+1~pj :31



For ~pj, substitute the second equation in (4.1) to obtain�j+1pj+1 = UBpj + 
j+1(�j ~pj�1 + �
jpj):Solving the �rst equation in (4.1) for ~pj�1, and making this substitution into theabove yields the recursion,pj+1 = 1�j+1UBpj � 
j+1�j
j�j+1UBpj�1 +  
j+1�2j
j�j+1 + 
j+1�
j�j+1 ! pj : (4.2)Recall from Section 3.2, that the �'s are nonzero normalization constants. For B-unitary and shiftedB-unitary matrices, the recursions in (4.1) can be rewritten as theabove single recursion as long as the 
's are nonzero. When A = �UB + �I, anotherway of writing the single recursion follows from substituting UB = 1�(A � �I), into(4.2) yielding,pj+1 = 1��j+1Apj � 
j+1�j�
j�j+1Apj�1+  
j+1�2j
j�j+1 � ���j+1 + 
j+1�
j�j+1 ! pj + 
j+1�j��
j�j+1 pj�1: (4.3)In Section 4.3, we begin by considering general recursions of the form,pj+1 = jXi=j�t�i;jApi � jXi=j�s�i;jpi;where s and t can be any integers � 0. We will refer to this type of a recursionas a single (s; t)-recursion. The recursions given in (4.2) and (4.3) for B-unitaryand shifted B-unitary matrices are of this type. By taking t = 0, we notice thatthe (s + 2)-term recursion in (2.11) for B-normal(s) matrices is also of this form.We can view the single (s; t)-recursion as a more general form of short recursion,since it includes the short recurrences for B-normal(s) matrices, as well as those forB-unitary and shifted B-unitary matrices.32



In the absence of a condition we call breakdown, which is analogous tothe 
's being zero in (4.2) and (4.3), this section demonstrates that a single (s; t)-recursion can be used to construct a B-orthogonal basis for Kd(r0; A) when A is B-normal(`; m). This result is then extended to more general matrices which includeslow rank perturbations of B-normal(`; m) matrices. Since breakdown is possible inthe single (s; t)-recursion, which is illustrated by an example given in Section 4.5,we show how the computations can be reorganized as a set of multiple recursionsthat avoids the problem of breakdown. Su�cient conditions on the system matrixA are then given in order for a B-orthogonal basis to be constructed using this formof multiple recursion.We conclude this chapter with a brief summary, along with a few wordsabout the likelihood of a breakdown occuring in the single (s; t)-recursion.4.2 B-Normal(`; m) MatricesThe unitary matrix was given as an example in Section 4.1 as a normalmatrix whose adjoint can be expressed as the ratio of two polynomials,A� = p0(A)q1(A) = IA:This section considers a general class of normal matrices of this type, called B-normal(`; m) matrices.DEFINITION 4.1 A is B-normal(`;m) if A is B-normal and there existspolynomials p`(�) and qm(�), of degree ` and m respectively, such thatAyqm(A) = p`(A): (4.4)Since Ay = p`(A)qm(A) , we say A is B-normal with rational degree `=m.Notice that if m = 0, (4.4) becomesAy = p̂`(A);33



and A is B-normal(`).Next we characterize B-normal(`; m) matrices. B-normal(`;m) matricessatisfy Ay = p`(A)qm(A) = a`A` + � � �+ a1A+ a0IbmAm + � � � + b1A+ b0I ; (4.5)for some polynomials,p`(�) = a`�` + � � �+ a1�+ a0 and qm(�) = bm�m + � � �+ b1 + b0;of degree ` and m respectively. In the following Theorem, which characterizes B-normal(`;m) matrices, we will assume that ` and m are the smallest degrees forwhich (4.5) holds. This means that a`; bm 6= 0, and that p`(�) and qm(�) have nocommon roots, since otherwise, (4.5) would hold for some smaller degrees `0 and m0.THEOREM 4.1 Let A be B-normal(`;m), where ` and m are the small-est degrees for which Ay = p`(A)qm(A) :Let d(A) be the degree of the minimal polynomial of A. Then,(1) If ` > m+ 1, then d(A) � `2,(2) if ` = m+ 1, then d(A) � `2 or A is B-normal(1; 0),(3) if ` < m, and b0 6= 0, then d(A) � m2 + 1,(4) if ` < m� 1 and b0 = 0, then d(A) � m2,(5) if ` = m� 1 and b0 = 0, then d(A) � m2, or A is B-normal(0; 1),(6) if ` = m, then d(A) � m2 + 1, or A is B-normal(1; 1).Proof: From (4.5) it follows that the eigenvalues of a B-normal(`;m) matrix can bewritten as: ��i = p`(�i)qm(�i) ; 8�i 2 �(A): (4.6)34



We assume that p`(�i) 6= 0; 8�i 2 �(A), since otherwise, (4.6) would imply that�i = 0 and A is singular. We further assume that qm(�i) 6= 0; 8�i 2 �(A), sinceqm(�i) = 0 and p`(�i) 6= 0 for some �i 2 �(A) would imply that �i = 1. Takingconjugates in (4.6) yields�i = �p`(��i)�qm(��i) = �p` � p`(�i)qm(�i)��qm � p`(�i)qm(�i)� ; 8�i 2 �(A):This can be expanded into�i = �a`� p`(�i)qm(�i)�`+�a`�1� p`(�i)qm(�i)�`�1+���+�a0�bm� p`(�i)qm(�i)�m+�bm�1� p`(�i)qm(�i)�m�1+���+�b0= (qm(�i))m(qm(�i))` �a`(p`(�i))`+�a`�1(p`(�i))`�1qm(�i)+���+�a0(qm(�i))`�bm(p`(�i))m+�bm�1(p`(�i))m�1qm(�i)+���+�b0(qm(�i))m ;8�i 2 �(A). Cross multiplication and collection of terms on one side yields�i(qm(�i))` ��bm(p`(�i))m +�bm�1(p`(�i))m�1qm(�i) + � � �+�b0(qm(�i))m��(qm(�i))m ��a`(p`(�i))` + �a`�1(p`(�i))`�1qm(�i) + � � �+ �a0(qm(�i))`� = 0; (4.7)8�i 2 �(A).First, consider the case when A is B-normal(`;m) with ` > m. Sinceqm(�i) 6= 0; 8�i 2 �(A), we can divide (4.7) by (qm(�i))m. It follows that thepolynomial�(qm(�))`�m ��bm(p`(�))m +�bm�1(p`(�))m�1qm(�) + � � �+�b0(qm(�))m���a`(p`(�))` � �a`�1(p`(�))`�1qm(�)� � � � � �a0(qm(�))` = 0; (4.8)whenever � = �i, and �i 2 �(A).Proof of 1): If ` > m + 1 and m = 0, A is B-normal(`). In [5] it was shownthat these matrices have less that or equal to `2 distinct eigenvalues. Therefore,d(A) � `2. 35



If ` > m+1 and m > 0, the highest degree term of the polynomial in (4.8)is ��a`(a`�`)`;with degree `2. By hypothesis, a` 6= 0, which implies (4.8) has at most `2 distinctroots. Thus, d(A) � `2.Proof of 2): If ` = m + 1 and m = 0, A is B-normal(1). It was shown in [5] thatthe eigenvalues of these matrices are collinear, that is, they lie on a straight line inthe complex plane.If ` = m+1 and m > 0, the highest degree term of the polynomial in (4.8)is �(bm�m)�bm(a`�`)m � �a`(a`�`)`;with degree `2. Either the polynomial has at most `2 distinct roots, or (4.8) holdsfor all �. In particular, (4.8) holds for the roots of qm(�), say �j, for j = 1; :::;m.Plugging �j into (4.8) yields�a`(p`(�j))` = 0; for j = 1; :::;m:This means that either a` = 0 or p`(�j) = 0, for j = 1; :::;m, or both are zero. Byhypothesis, a` 6= 0 and p`(�) and qm(�) have no common roots, so it follows that(4.8) cannot hold for all �, thus d(A) � `2.Next, consider the case when A is B-normal(`;m), with ` � m. Sinceqm(�i) 6= 0; 8�i 2 �(A), we can divide (4.7) by (qm(�i))`. We obtain the polynomial� ��bm(p`(�))m +�bm�1(p`(�))m�1qm(�) + � � � +�b0(qm(�))m��(qm(�))m�` h�a`(p`(�))` + �a`�1(p`(�))`�1qm(�) + � � �+ �a0(qm(�))`i = 0; (4.9)whenever � = �i, and �i 2 �(A). Since p`(�) and qm(�) are polynomials of degree` and m respectively, a` and bm are nonzero. However, it is possible that any of theother coe�cients, a0; :::; a`�1 and b0; :::; bm�1, could be zero.36



Proof of 3): If ` < m and b0 6= 0, the highest degree term of the polynomial in (4.9)is �b0�(bm�m)m;with degree m2 + 1. By hypothesis, b0; bm 6= 0, and it follows that d(A) � m2 + 1.Proof of 4): Suppose that ` < m � 1 and b0 = 0. We assume that a0 6= 0, forotherwise we could could factor � out of both p`(�) and qm(�), showing that A isreally B-normal(`� 1;m� 1). The highest degree term of the polynomial in (4.9) is�a0(bm�m)m�`(bm�m)` = �a0(bm�m)m;with degree m2. By hypothesis, a0; bm 6= 0, and it follows that (4.9) cannot be zerofor all �, thus, d(A) � m2.Proof of 5): Suppose that ` = m � 1 and b0 = 0. We assume that a0 6= 0, sinceotherwise this would imply that A is B-normal(`�1;m�1). There are 2 possibilitiesto consider, ` > 0 and ` = 0.If ` > 0, then m > 1 and it is possible for b1 to be zero. If b1 = 0, thehighest degree term of the polynomial in (4.9) is�a0(bm�m)m�`(bm�m)` = �a0(bm�m)m;with degree m2. Since a0 and bm are nonzero by hypothesis, it follows that thepolynomial has at most m2 distinct roots, thus d(A) � m2. If b1 6= 0, the highestdegree term of the polynomial in (4.9) is�b1�(bm�m)m�1(a`�`)� �a0(bm�m)m;with degree m2. Again, either d(A) � m2, or (4.9) holds for all �. In particular, itmust hold for the roots of p`(�), say �j , for j = 1; :::; `. Plugging �j, for j = 1; :::; `into (4.9) yields �a0(qm(�j))m = 0; j = 1; :::; `:37



To satisfy (4.9) for all �, requires that either a0 = 0, or qm(�j) = 0, for j = 1; :::; `, orboth are zero. By hypothesis, a0 6= 0, and p`(�) and qm(�) have no common roots,thus, d(A) � m2.If ` = 0, then m = 1, and it follows by hypothesis that bm = b1 6= 0; a` =a0 6= 0, and b0 = 0. These matrices are B-normal(0; 1), where in addition, b0 = 0.Therefore, p0(�) = a0 and qm(�) = b1�, and it follows that (4.6) becomes��i = a0b1�i ; 8�i 2 �(A);or, ��i�i = a0b1 ; 8�i 2 �(A):Therefore, a0b1 must be positive and real. Matrices that are B-normal(0; 1), withb0 = 0, have eigenvalues that lie on a circle of radius qa0b1 . That is, they are scaledunitary matrices.Proof of 6): When A is B-normal(`;m) with ` = m, (4.5) becomesAy = pm(A)qm(A) = ambm + ~pm�1(A)qm(A) ;where the second equality follows upon division of pm(A) by qm(A). Denoting Â =(A� �I), where � = �am�bm , the above can be rearranged yieldingÂy = ~pm�1(A)qm(A) = p̂m�1(Â)q̂m(Â) :This shows that if A is B-normal(m;m), then there exists a constant �, suchthat A � �I is B-normal(m � 1;m). We apply the results from the ` < m case tothe matrix Â. It follows that if A is B-normal(m;m), the only cases that yield morethat m2 + 1 distinct eigenvalues are B-normal(1; 1) matrices whose eigenvalues canbe obtained by shifting the eigenvalues of a scaled unitary matrix by some constant�. These are the shifted unitary matrices described in Section 2. 238



The above Theorem shows that if A is B-normal(`; m) and either ` or mare greater than one, then A has a relatively small number of distinct eigenvalues.Furthermore, from the proof, we see that if `; m � 1, the only matrices that havemore than 2 distinct eigenvalues are B-normal(1), B-unitary, and shifted B-unitarymatrices.4.3 A Multiple Recursion For B-Normal(`; m) MatricesIn this section, we will begin by considering general recursions of the form,pj+1 = jXk=j�t�k;jApk � jXi=j�s�i;jpi;where s and t can be any integers � 0. We refer to this as a single (s; t)-recursion.Related work involving alternate forms of short recursions can be found in([3], [4], [11], and [13]). The work in ([3] and [4]) is based upon a generalized Krylovsubspace. The vectors that span this subspace involve powers of both A and A�. Themethods studied in [13] di�er from the work in this thesis in that these methods arenot conjugate gradient-like methods (see Chapter 2). The work in [11] relates to thework in this thesis because conjugate gradient methods can be viewed as operatorcoe�cient methods.At each step in the (s; t)-iteration, the term �j;jApj brings the recursionup to the next higher dimension Krylov subspace yielding pj+1 2 Kj+2(r0; A). Inorder for the above recursion to yield a B-orthogonal basis, �j;j 6= 0 for every j.Since �j;j is usually a normalization constant, for simplicity of this presentation, wewill assume �j;j = 1 for every j, and denote the single (s; t)-recursion as,pj+1 = Apj + j�1Xk=j�t�k;jApk � jXi=j�s�i;jpi; (4.10)where s and t can be any integers � 0. Notice that, pj+1 can always be computed
39



by a recursion of the formpj+1 = Apj + j�1Xk=j�t�k;jApk � jXi=0 �i;jpi;because, given any f�k;jgj�1k=j�t, pj+1 can be constructed so it is B-orthogonal tospfp0; :::; pjg by choosing�i;j = hApj + j�1Pk=j�t�k;jApk; piiBhpi; piiB ; i = 0; :::; j:However, we are interested in determining when a B-orthogonal basis for Kd(r0; A)can be constructed using a short recursion of the form (4.10), that is, with both sand t small. Notice that in order for this to be the case, at each step, j+1, �i;j = 0,for i = 0; :::; j � s� 1.To be more precise, we say that a B-orthogonal basis for Kd(r0; A) can beconstructed using the single (s; t)-recursion (4.10) if for every p0 and every 0 � j �d(p0; A)� 2, there exists coe�cients f�k;jgj�1k=j�t, such that�i;j = hApj + j�1Pk=j�t�k;jApk; piiBhpi; piiB = 0; for i = 0; :::; j � s� 1;or equivalently,hpj + j�1Xk=j�t�k;jpk; AypiiB = 0; for i = 0; :::; j � s� 1: (4.11)Suppose A is B-normal(`; m). According to De�nition 4.1, there existspolynomials p`(�) and qm(�), of degrees ` and m respectively, such thatAy = p`(A)qm(A) :Since for every i, pi 2 Ki+1(p0; A), pi can be written as  i(A)p0, for some polynomial i of exact degree i. There exists polynomials, ~ i�m, and r(i)m�1 such thatpi =  i(A)p0 = qm(A) ~ i�m(A)p0 + r(i)m�1(A)p0;40



where the second equality follows upon division of  i(�) by qm(�), resulting in aquotient term, ~ i�m(A), and a remainder term, r(i)m�1(A). Since by hypothesis,Ayqm(A) = p`(A), it follows thatAypi = Ayqm(A) ~ i�m(A)p0 +Ayr(i)m�1(A)p0= p`(A) ~ i�m(A)p0 +Ayr(i)m�1(A)p0: (4.12)Recall that in order for an (s; t)-recursion of the form (4.10) to yield a B-orthogonalbasis, at each step j + 1, there must exist coe�cients f�k;jgj�1k=j�t satisfying (4.11).By letting (s; t) = (`; m) in (4.11), and then substituting in the expression for Aypigiven in (4.12), it follows that for i = 0; :::; j � `� 1, we must satisfyhpj + j�1Xk=j�m�k;jpk; p`(A) ~ i�m(A)p0 +Ayr(i)m�1(A)p0iB = 0:Since r(i)m�1(A) is a polynomial of degree � m� 1,r(i)m�1(A)p0 2 spfp0; Ap0; :::; Am�1p0g = spfp0; :::; pm�1g;and thus, Ayr(i)m�1(A)p0 2 spfAyp0; Ayp1; :::; Aypm�1g:For i = 0; :::; j � `� 1,p`(A) ~ i�m(A)p0 2 spfp0; p1; :::; pj�m�1g:By orthogonality, spfp0; p1; :::; pj�m�1g is B-orthogonal to spfpj�m; :::; pjg, and itfollows that we only need to choose f�k;jgj�1k=j�m so thathpj + j�1Xk=j�m�k;jpk; Ayr(i)m�1(A)p0iB = 0; for i = 0; :::; j � `� 1:This can be accomplished by choosing f�k;jgj�1k=j�m to satisfy26666664 hpj�m; Ayp0iB � � � hpj�1; Ayp0iB hpj ; Ayp0iBhpj�m; Ayp1iB � � � hpj�1; Ayp1iB hpj ; Ayp1iB... ... ...hpj�m; Aypm�1iB � � � hpj�1; Aypm�1iB hpi�m; Aypm�1iB
377777750BBBBBB@ �j�m;j...�j�1;j1

1CCCCCCA = 0BBBBBB@ 0...00
1CCCCCCA ;
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or equivalently, to satisfy26666664 hpj�m; Ayp0iB � � � hpj�1; Ayp0iBhpj�m; Ayp1iB � � � hpj�1; Ayp1iB... ...hpj�m; Aypm�1iB � � � hpj�1; Aypm�1iB
377777750BBB@ �j�m;j...�j�1;j 1CCCA = �0BBBBBB@ hpj ; Ayp0iBhpj ; Ayp1iB...hpj ; Aypm�1iB

1CCCCCCA : (4.13)If the above system is consistent at every step, then an (s; t)-recursion, with (s; t) =(`; m) can be used to construct a B-orthogonal basis for B-normal(`; m) matrices.We say that a breakdown occurs in the single (s; t)-recursion if the abovesystem becomes inconsistent at some step in the iteration. If this happens, thematrix in (4.13) is singular. Recall the matrix equation (2.10) obtained after a givenstep in the iteration using a full Gram-Schmidt process to construct a B-orthogonalbasis. After constructing pj, this is given by,APj = Pj+1Hj+1;j:Notice that the matrix in (4.13) corresponds to the upper right m�m corner of theHessenberg matrix Hj+1;j. We can correlate breakdown in the single (s; t)-recursionto the singularity of a minor of the Hessenberg matrix. We will discuss the likelihoodof these matrices being singular in Chapter 6, since this will become important laterin our analysis.For now, we note that in the absence of breakdown, an (s; t)- recursion,with (s; t) = (`; m), can be applied to any B-normal(`; m) matrix. However, inorder for this construction to be economical, ` and m must not be too large.Next, we will show how to reformulate this iteration in terms of multiplerecursions to avoid the problem of breakdown. Suppose d(p0; A) = N , and recall thatfor any matrix A, a B-orthogonal basis can always be computed with a full recursiongiven by (2.8). After N steps we obtain the corresponding matrix equation (2.9),42



where HN is an upper Hessenberg matrix, with entries:hi;j = 8>>>>><>>>>>: �i;j = hpj ; AypiiBhpi; piiB ; if j � i1; if j = i� 10; if j < i� 1 : (4.14)Consider the upper triangular part of HN . Substituting the expression for Aypi givenin (4.12) into �i;j yields�i;j = hpj ; p`(A) ~ i�m(A)p0 +Ayr(i)m�1(A)p0iBhpi; piiB ; for j � i:Note thatp`(A) ~ i�m(A)p0 2 spfp0; Ap0; :::; Ai�m+`p0g = spfp0; p1; :::; pi�m+`g;so that for j > i�m+ `, pj ?B p`(A) ~ i�m(A)p0, and�i;j = hpj; Ayr(i)m�1(A)p0iBhpi; piiB = hApj ; r(i)m�1(A)p0iBhpi; piiB :Since r(i)m�1(A)p0 2 spfp0; p1; :::; pm�1g, we can writer(i)m�1(A)p0 = (�i)m�1 pm�1 + � � �+ (�i)0 p0;for some vector of coe�cients,�i = [(�i)0; :::; (�i)m�1]T 2 Cm: (4.15)Denote �j = [hApj ; p0iB ; hApj; p1iB ; :::; hApj; pm�1iB ]T 2 Cm; (4.16)and note thathApj ; r(i)m�1(A)p0iB = (��i)m�1hApj; pm�1iB + � � �+ (��i)0hApj ; p0iB= h�j; �ii: 43



It follows that the entries of HN simplify, yielding:
hi;j = 8>>>>>>>>><>>>>>>>>>:

h�j ; �iihpi; piiB j > maxfi� 1; i�m+ `ghApj ; piiBhpi; piiB j = i; :::; i �m+ ` (if ` � m)1 j = i� 10 j < i� 1 :
Consider the following decomposition of the Hessenberg matrix HN :HN = T + U;where U is an N �N upper triangular matrix whose entries are given by:ui;j = 8><>: h�j ; �iihpi; piiB j � i0 j < i ;and T is N �N upper Hessenberg with entries given by:

ti;j = 8>>>>>>>>><>>>>>>>>>:
0 j > maxfi� 1; i�m+ `ghApj ; piiB�h�j ; �iihpi; piiB j = i; :::; i �m+ ` (if ` � m)1 j = i� 10 j < i� 1 :

Notice that T has an upper bandwidth of maxf0; ` �m + 1g, so that if m > `, Thas only a nonzero subdiagonal consisting of all ones. This way of decomposing HNyields a banded Hessenberg matrix T , and an upper triangular matrix U , that canbe factored as follows:
U = 26666666664

h�0; �0ihp0; p0iB h�1; �0ihp0; p0iB � � � h�N�1; �0ihp0; p0iBh�1; �1ihp1; p1iB � � � h�N�1; �1ihp1; p1iB. . . ...h�N�1; �N�1ihpN�1; pN�1iB
37777777775
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= 26666666664
��T0hp0; p0iB ��T0hp0; p0iB � � � ��T0hp0; p0iB��T1hp1; p1iB � � � ��T1hp1; p1iB. . . ...��TN�1hpN�1; pN�1iB

37777777775
26666666664 �0 �1 . . . �N�1

37777777775
= 26666664 ��T0hp0; p0iB . . . ��TN�1hpN�1; pN�1iB

37777775 2666664 Im � � � Im. . . ...Im
3777775 2666664 �0 . . . �N�1

3777775= M E D:The dimensions of the above matrices are given by:M is N � (N �m);E is (N �m)� (N �m); andD is (N �m)�N:The matrix E consists of the blocks Im, on and above the diagonal, where each Imis an m�m identity matrix. Combining this information, we obtainAPN = PNHN= PNT + PNU= PNT + PNMED: (4.17)De�ne Q = PNME: (4.18)Notice that Q is an N � (N �m) matrix. In particular, we denoteQ = 264 j j j j j jq00 � � � q0m-1 q10 � � � q1m-1 � � � qN�10 � � � qN�1m-1j j j j j j 375 :Substituting Q into (4.17) yields,APN = PNT +QD:45



Notice that the matrix E, being upper triangular with all 1's on the diag-onal, is nonsingular. It is easily veri�ed that the inverse of E is given by the uppertriangular, banded matrix,
E�1 = 266666666664

1 �11 . . .. . . �1. . . 1 1
377777777775 =

26666664 Im �ImIm �Im. . . . . .Im �ImIm
37777775 ; (4.19)

with 1's on the diagonal, and �1's on the m+ 1'st superdiagonal.By multiplying (4.18) on the right by E�1, we obtainQE�1 = PNM:When A is B-normal(`;m), the equationsAPN = PNT +QD;QE�1 = PNM; (4.20)de�ne the matrix form of a set of multiple recursions to construct a B-orthogonalbasis. By equating the columns in the two equations in (4.20), we obtain the formulasfor the recursions at each step of the iteration. These are given by:pj+1 = Apj � jPi=j�(`�m) ti;j pi � hqj0 qj1 � � � qjm-1i �j;qj+1i = (��j+1)ihpj+1;pj+1iB pj+1 + qji; for i = 0; :::;m � 1; (4.21)where �j and �j are speci�ed in (4.16) and (4.15), and the ti;j's denote elements of theHessenberg matrix T . Notice that these quantities may be zero, but stay bounded.Therefore, the problem with breakdown in the corresponding single (s; t)-recursionis avoided. More will be said in the next chapter about the computation of thesequantities. 46



The following Theorem summarizes these results.THEOREM 4.2 IfA isB-normal(`; m), then for every r0, a B-orthogonalbasis for Kd(r0; A) can be constructed using the multiple recursion given in (4.21).Proof: See above discussion. 2Recall that if breakdown in the single (s; t)-recursion occurs at step j + 1,the matrix given in (4.13) is singular. Using (4.16), this matrix can be rewritten as:264 j j�j�m � � � �j�1j j 375 : (4.22)4.4 A Multiple Recursion For GeneralizationsOf B-Normal(`; m) MatricesNext, we will see that a short single (s; t)-recursion and a similar set ofmultiple recursions can actually be applied to more general matrices. When A isB-normal(`; m), there exists polynomials p`(�) and qm(�) satisfyingAyqm(A)� p`(A) = 0:Suppose instead that these polynomials satisfyAyqm(A)� p`(A) = QB(A); where; Rank(QB(A)) = �: (4.23)We refer to a matrix that satis�es this relationship as a generalization of a B-normal(`; m) matrix.We �rst consider the construction of a B-orthogonal basis using a single(s; t)-recursion (4.10) for matrices satisfying (4.23). Recall that if a B-orthogonalbasis can be constructed using a single (s; t)-recursion, then (4.11) must be satis-�ed at each step. Analogous to the B-normal(`; m) case, there exits polynomials, i; ~ i�m, and r(i)m�1 such thatpi =  i(A)p0 = qm(A) ~ i�m(A)p0 + r(i)m�1(A)p0;47



where the second equality follows from dividing the polynomial  i(A) by qm(A).Multiplying through by Ay and then adding and subtracting p`(A) ~ i�m(A)p0 yieldsAypi = [Ayqm(A)� p`(A)] ~ i�m(A)p0 + p`(A) ~ i�m(A)p0 +Ayr(i)m�1(A)p0= QB(A) ~ i�m(A)p0 + p`(A) ~ i�m(A)p0 +Ayr(i)m�1(A)p0: (4.24)For an (s; t)-recursion to exist, at every step, there must exist coe�cientsf�k;jgj�1k=j�t satisfying (4.11). By substituting (4.24) into (4.11), it follows that fori = 0; :::; j � s� 1, the �'s must satisfyhpj + j�1Xk=j�t�k;jpk; QB(A) ~ i�m(A)p0 + p`(A) ~ i�m(A)p0 +Ayr(i)m�1(A)p0iB = 0:Recall that Ayr(i)m�1(A)p0 2 spfAyp0; :::; Aypm�1g, and let f�0; �1; :::; ���1g be abasis for the range of QB(A). It follows thatQB(A) ~ i�m(A)p0 = (� i)��1 ���1 + � � �+ (� i)0 �0;for some vector of coe�cients, � i = [(� i)0; :::; (� i)��1]T 2 C�:By choosing s and t to satisfys� ` � t�m � �; (4.25)we have for i = 0; :::; j � s� 1 thati�m+ ` � (j � s� 1)�m+ ` = j � 1�m� (s� `)� j � 1�m� (t�m) = j � 1� t;and thus, p`(A) ~ i�m(A)p0 2 spfp0; :::; pi�m+`g � spfp0; p1; :::; pj�t�1g:Therefore, p`(A) ~ i�m(A)p0 ?B 0@pj + j�1Xk=j�t�k;jpk1A ;
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and it follows that we only need to choose the �k;j's so that for i = 0; :::; j � s� 1,hpj + j�1Xk=j�t�k;jpk; Ayr(i)m�1(A)p0 +QB(A) ~ i�m(A)p0iB = 0:This can be accomplished by choosing f�k;jgj�1k=j�t to satisfy266666666666664
hpj�t; Ayp0iB � � � hpj�1; Ayp0iB hpj ; Ayp0iB... ... ...hpj�t; Aypm�1iB � � � hpj�1; Aypm�1iB hpj ; Aypm�1iBhpj�t; �0iB � � � hpj�1; �0iB hpj ; �0iB... ... ...hpj�t; ���1iB � � � hpj�1; ���1iB hpj ; ���1iB

377777777777775
0BBBBBB@ �j�t;j...�j�1;t1

1CCCCCCA =0BBBBBB@ 0...00
1CCCCCCA ;

or equivalently,266666666666664
hpj�t; Ayp0iB � � � hpj�1; Ayp0iB... ...hpj�t; Aypm�1iB � � � hpj�1; Aypm�1iBhpj�t; �0iB � � � hpj�1; �0iB... ...hpj�t; ���1iB � � � hpj�1; ���1iB

377777777777775
0BBB@ �j�t;j...�j�1;j 1CCCA = �0BBBBBBBBBBBBB@

hpj ; Ayp0iB...hpj ; Aypm�1iBhpj ; �0iB...hpj ; ���1iB
1CCCCCCCCCCCCCA : (4.26)

This system has m + � equations in t unknowns. From (4.25) we see that t waschosen so that � � t � m, which means the system has t � (m + �) degreees offreedom. Up to this point, we have only speci�ed that s and t must satisfy (4.25).There is some 
exibility in choosing s and t. To make s and t as small as possible,yielding the most economical (s; t)-recursion, we would chooset = �+m; and s = �+ `;so the system in (4.26) is (m + �) � (m + �). If this system is nonsingular forevery step, then an (s; t)-recursion will yield a B-orthogonal basis. Notice that thenumber of terms s and t depends on the rank of QB(A), as well as the degrees ofthe polynomials p`, and qm. 49



Analogous to the B-normal(`; m) case, we say that breakdown occurs inthe single (s; t)-recursion if the above system becomes inconsistent at some step inthe iteration. If this happens, the matrix in (4.26) is singular.A derivation similar to that used in the B-normal(`; m) case, yields anotherway of constructing a B-orthogonal basis for matrices of this form. This formula-tion also involves several short recursions at each step, and avoids the possibility ofbreakdown.Suppose d(p0; A) = N . Recall that a B-orthogonal basis could be computedusing a Gram-Schmidt process (2.8) which yields at step N the corresponding matrixequation (2.9). The Hessenberg matrix HN has entries given by:hi;j = 8>>>>><>>>>>: �i;j = hpj ; AypiiBhpi; piiB ; if j � i1; if j = i� 10; if j < i� 1 : (4.27)Consider the upper triangular part of HN . Substituting in the expression for Aypigiven in (4.24) yields,�i;j = hpj; QB(A) ~ i�m(A)p0 + p`(A) ~ i�m(A)p0 +Ayr(i)m�1(A)p0iBhpi; piiB :Since p`(A) ~ i�m(A)p0 2 spfp0; p1; :::; pi�m+`g, for j > i�m+ `,pj ?B p`(A) ~ i�m(A)p0;and, �i;j = hpj ; QB(A) ~ i�m(A)p0 +Ayr(i)m�1(A)p0iBhpi; piiB :Since r(i)m�1(A)p0 2 spfp0; p1; :::; pm�1g, we can write,r(i)m�1(A)p0 = (�i)m�1 pm�1 + � � �+ (�i)0 p0;50



for some vector of coe�cients,�i = [(�i)0; :::; (�i)m�1]T 2 Cm: (4.28)Next, by denoting�j = [hApj ; p0iB ; hApj; p1iB ; :::; hApj; pm�1iB ]T 2 Cm; (4.29)we obtainhpj ; Ayr(i)m�1(A)p0iB = hApj ; r(i)m�1(A)p0iB= (��i)m�1hApj; pm�1iB + � � � + (��i)0hApj ; p0iB= h�j; �ii:Let f�0; �1; :::; ���1g be a basis for the range of QB(A). It follows thatQB(A) ~ i�m(A)p0 = (� i)0 �0 + � � �+ (� i)��1 ���1;for some vector � i = [(� i)0; :::; (� i)��1]T 2 C�: (4.30)Denote �j = [hpj; �0iB ; hpj ; �1iB ; :::; hpj; ���1iB ]T 2 C�: (4.31)It follows that we can writehpj ; QB(A) ~ i�m(A)p0i = h�j; � ii:Therefore, the entries of HN simplify as:
hi;j = 8>>>>>>>>><>>>>>>>>>:

h�j ; �ii+h�j ; � iihpi; piiB j > maxfi� 1; i �m+ `ghApj ; piiBhpi; piiB j = i; :::; i �m+ ` (if ` � m)1 j = i� 10 j < i� 1 :
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Let wj = 0B@ �j�j 1CA ; and vi = 1hpi; piiB 0B@ �i� i 1CA ; (4.32)be vectors of length m+ �, and notice thath�j ; �ii+ h�j ; � iihpi; piiB = hwj; vii:Consider the following decomposition of the Hessenberg matrix HN :HN = T + U;where, U = 2666664 hw0; v0i � � � hwN�1; v0i. . . ...hwN�1; vN�1i
3777775 ; (4.33)and T is upper Hessenberg with entries,

ti;j = 8>>>>>>>>><>>>>>>>>>:
0 j > maxfi� 1; i �m+ `ghApj ; piiB�h�j ; �ii�h�j ; � iihpi; piiB j = i; :::; i �m+ ` (if ` � m)1 j = i� 10 j < i� 1 :

Notice that T has an upper bandwidth of maxf0; ` �m + 1g, so that if m > `, Thas only a nonzero subdiagonal consisting of all ones. The matrix U can be furtherdecomposed as U = U1 + U2;where,U1 = 26666664 h�0; �0ihp0; p0iB � � � h�N�1; �0ihp0; p0iB. . . ...h�N�1; �N�1ihpN�1; pN�1iB
37777775 ; U2 = 26666664 h�0; �0ihp0; p0iB � � � h�N�1; �0ihp0; p0iB. . . ...h�N�1; �N�1ihpN�1; pN�1iB

37777775 :
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Analogous to the B-normal(`; m) case, the matrices U1 and U2 can befactored as follows:U1 = 26666664 ��T0hp0; p0iB . . . ��TN�1hpN�1; pN�1iB
37777775 2666664 Im � � � Im. . . ...Im

3777775 2666664 �0 . . . �N�1
3777775= M E D;andU2 = 26666664 ��T0hp0; p0iB . . . ��TN�1hpN�1; pN�1iB

37777775 2666664 I� � � � I�. . . ...I�
3777775 2666664 �0 . . . �N�1

3777775= cM bE bD:The dimensions of the matrices in the factorizations are as follows:M is N � (N �m); cM is N � (N � �);E is (N �m)� (N �m); bE is (N � �)� (N � �);D is (N �m)�N; bD is (N � �)�N:The matrices E ( bE), consist of the blocks Im (I�), on and above the diagonal. Eachblock Im (I�) is and m�m (� � �) identity matrix. Notice that E and bE are bothnonsingular. Except for the size, the structure of E�1 and bE�1, are the same asthat given for the B-normal(`; m) case in (4.19). They both have 1's on the maindiagonal, but E�1 has �1's on the m + 1'st superdiagonal, whereas bE�1 has �1'son the �+ 1'st superdiagonal.Using the above factorizations for U1 and U2, we obtain the matrix equation:APN = PNHN= PNT + PNU1 + PNU2= PNT + PNMED + PN cM bE bD:53



Next, we de�ne two matrices of auxiliary vectors:Q = PNME; andbQ = PN cM bE:Making these substitutions into the above matrix equation, yields,APN = PNT +QD + bQ bD:Notice that the dimensions of Q and bQ are N�(N�m) and N�(N��), respectively.In particular, we will denoteQ = 264 j j j j j jq00 � � � q0m-1 q10 � � � q1m-1 � � � qN�10 � � � qN�1m-1j j j j j j 375 ;bQ = 264 j j j j j jq̂00 � � � q̂0��1 q̂10 � � � q̂1��1 � � � q̂N�10 � � � q̂N�1��1j j j j j j 375 :Multiplying the matrix equations for Q and bQ through by E�1 and bE�1,respectively, we obtain QE�1 = PNM; andbQ bE�1 = PN cM:It follows that the equations,APN = PNT +QD + bQ bD;QE�1 = PNM;bQ bE�1 = PN cM; (4.34)de�ne the matrix form of a set of multiple recursions that can be used to constructa B-orthogonal basis for KN (p0; A). Equating the columns in the three matrixequations yields the formulas for the recursions at each step of the iteration. These
54



are given by:pj+1 = Apj � jPi=j�(`�m) ti;j pi � hqj0 � � � qjm-1i �j � hq̂j0 � � � q̂j��1i �j ;qj+1i = (��j+1)ihpj+1; pj+1iB pj+1 + qji ; for i = 0; :::;m� 1;q̂j+1i = (��j+1)ihpj+1; pj+1iB pj+1 + q̂ji ; for i = 0; :::; �� 1; (4.35)
where, �j ; �j ; �j , and � j are speci�ed in (4.28-4.31), and the ti;j's are the elementsof the Hessenberg matrix T . As in the B-normal(`; m) case, these quantities staybounded, thus, the problem of breakdown in the corresponding single (s; t)-recursionis avoided. More will be said about the actual computation of these quantities inthe next chapter.At each step, m + � + 1 recursions are needed. The recursion for thedirection vector pj+1 involves one matrix vector multiplication with the previousdirection vector, and m+� terms involving auxiliary vectors from the previous step.In addition, if ` � m, it requires ` +m + 1 previous direction vectors. The m + �recursions for the auxiliary vectors each involve only two terms. The work involvedwith this implementation is dependent on the degree of the polynomials p`, and qm,as well as the rank of QB(A).This result is summarized in the following Theorem:THEOREM 4.3 If there exists polynomials, p`(�) and qm(�), of degree` and m respectively, such thatQB(A) = Ayqm(A)� p`(A); and Rank(QB(A)) = �; (4.36)then, for every r0, a B-orthogonal basis for Kd(r0; A) can be constructed using themultiple recursions given in (4.35). 55



Proof: See above discussion. 2Recall that if breakdown in the single (s; t)-recursion (4.10) occurs at stepj + 1, the matrix given in (4.26) is singular. Notice from (4.29) and (4.31) that thismatrix is equivalent to 266666666664
j j�j�t � � � �j�1j jj j�j�t � � � �j�1j j

377777777775 : (4.37)
What type of matrices satisfy (4.36)? Suppose the matrix A has the form:A = bA+ Zr;where bA is B-normal(`; m) and Zr is a rank r matrix, that is, A is a rank r pertur-bation of a B-normal (`; m) matrix. It follows from De�nition 4.1, thatbAyqm( bA)� p`( bA) = 0:Notice thatqm(A) = qm( bA+ Zr) = am( bA+ Zr)m + � � �+ a1( bA+ Zr) + a0I:By expanding each of these terms, we see thatqm(A) = qm( bA) + Zrm;where Zrm is an accumulation of all terms involving Zr. It is easy to show thatRange(Zmr) � [ m�1Xj=0 Range( bAj Zr):Each of the terms involving Zr has rank at most r. Since there are m of these terms,the rank of Zrm � rm. 56



Similarly, p`(A) = p`( bA+ Zr) = p`( bA) + Zr`;where the rank of Zr` � r`. Using this information, we obtainQB(A) = Ayqm(A)� p`(A)= ( bAy + Zyr)[qm( bA) + Zrm]� [p`( bA) + Zr`]= [ bAyqm( bA)� p`( bA)] + bAyZrm + Zyr [qm( bA) + Zrm]� Zr`= bAyZrm + Zyr [qm( bA) + Zrm]� Zr`;which yields Rank(QB(A)) � (`+m+ 1)r:To summarize, if A is a rank r perturbation of a B-normal(`; m) matrix,there exists polynomials, p`(�) and qm(�), of degree ` and m respectively, such thatAyqm(A)� p`(A) = QB(A), and,Rank(QB(A)) � (`+m+ 1)r:COROLLARY 4.4 If A = bA+Zr, where bA isB-normal(`; m), and Zr hasrank r, then a B-orthogonal basis can be constructed using the multiple recursionsgiven in (4.35), where � � (`+m+ 1)r.Proof: The proof follows from Theorem 4.3 and the above discussion. 2The recursions given by (4.35) could be applied to any low rank perturba-tion of a B-normal(`; m) matrix. SinceRank(QB(A)) = � � (`+m+ 1)r;when r is large, � can be large, and the number of recursions, and the number ofterms needed to compute the basis increases. This means the practical application57



of this form of recursion is limited to low rank perturbations of B-normal(`; m)matrices.From the previous section, we know that only certain B-normal(`; m) ma-trices have more than a few distinct eigenvalues. Suppose A = bA + Zr, where bA isB-normal(`; m) with d( bA) = k, and Zr has low rank r. There exists a polynomialpk of degree k, such that pk( bA) = 0. Notice thatpk( bA+ Zr) = pk( bA) + Zkr;where the rank(Zkr) � kr. It follows that there exists a polynomial qkr+1 of degreeat most (kr + 1), such that q(kr+1)(Zkr) = 0. By combining this information, weobtain q(kr+1)(pk( bA+ Zr)) = 0;which implies that d( bA+Zr) � k2r+k. This means that any low rank perturbation ofa matrix with only a few distinct eigenvalues, still has only a few distinct eigenvalues.Therefore, only a few cases will be of interest. These are the matrices of the formA = bA+ Zr;where bA is either B-normal(1), B-unitary, or shifted B-unitary, and Zr has low rank.4.5 Breakdown In The Single (s; t)-RecursionThe next example illustrates that breakdown can occur during the (s; t)-iteration for B-normal(`; m) matrices. Recall that breakdown occurs in the (s; t)-recursion for some p0, if the system (4.13) is inconsistent at some step in the iteration.Consider the unitary matrixU = 26666664 0 0 1p2 0 � 1p21 0 0 0 00 1 0 0 00 0 1p2 0 1p20 0 0 1 0
37777775 :
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Since U is unitary with respect to the standard Euclidean inner product,B = I, and we have U y = U� = IU = p0(U)q1(U) :By De�nition 4.1, U is I-normal(0; 1). In the absence of breakdown, Section 4.3shows an I-orthogonal basis fpjg4j=0 for K5(p0; U) can be computed with the single(0; 1)-recursion,pj+1 = Upj + �j�1;jUpj�1 � �j;jpj; for j = 0; :::; 3:We set ��1;0 = 0. If j � 1, �j�1;j is chosen to satisfyhUpj�1; p0i�j�1;j = �hUpj; p0i;and then �j;j is computed by:�j;j = hUpj + �j�1;jUpj�1; pjihpj ; pji :Since an I-orthogonal basis is unique up to scale, the same basis can be obtainedusing any other recursion that constructs an I-orthogonal basis. For example, thefull Gram-Schmidt process given by (2.8).Let p0 = [1; 0; 0; 0; 0]T . By computing fpjg4j=0 using (2.8), we obtain:8><>: j j j j jp0; p1; p2; p3; p4j j j j j 9>=>; (4.38)= 8>>>>><>>>>>:0BBBBB@ 10000
1CCCCCA ;0BBBBB@ 01000

1CCCCCA ;0BBBBB@ 00100
1CCCCCA ;0BBBBB@ 0001=p20

1CCCCCA ;0BBBBB@ 00001=p2
1CCCCCA9>>>>>=>>>>>; :
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The computation of p1 is identical using the (0; 1)-recursion. To computep2, we must choose �0;1 to satisfyhUp0; p0i�0;1 = �hUp1; p0i:Since hUp0; p0i = hUp1; p0i = 0, �0;1 can be chosen arbitrarily. Any choice of �0;1will yield p2 = [0; 0; 1; 0; 0]T . Similarly, to compute p3, we choose �1;2 to satisfyhUp1; p0i�1;2 = �hUp2; p0i;Since hUp1; p0i = 0, and hUp2; p0i = 1p2 , this is impossible, and breakdown occursat this step. Recall from Section 4.3, that the multiple recursion given in (4.21) willalso yield the basis vectors given by (4.38), without breakdown.4.6 Concluding RemarksThis chapter considered general (s; t)-recursions of the form (4.10). In theabsence of a condition called breakdown, a B-orthogonal basis can be constructedusing this form of recursion when the matrix A is either B-normal(`; m), or whenthere exists polynomials p` and qm satisfying (4.36). Low rank perturbations ofB-normal(`; m) matrices are an example of the latter case.Since breakdown is possible using the single (s; t)-recursion in exact arith-metic, and near breakdown can also pose numerical problems, a multiple recur-sion was developed that avoids the problem of breakdown. Su�cient conditionson the matrix A were given in Theorem 4.2 and Theorem 4.3 to guarantee that aB-orthogonal basis can be constructed using a multiple recursion for every p0.Breakdown corresponds to the inconsistency of the systems given in (4.13)and (4.26). In Chapter 6, we will show that these systems can be singular either forevery p0, or only for a set of initial vectors p0 of measure zero. If A is B-normal(`; m),with `; m � 1, breakdown can be limited to a set of p0 of measure zero. This will60



become important in establishing necessary conditions on the matrix A under whicha multiple recursion will yield a B-orthogonal basis for every p0.
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5. Implementation And Numerical Results5.1 IntroductionIn Theorem 4.2 and Theorem 4.3, su�cient conditions on the matrix Awere given in order that a B-orthogonal basis can be constructed using the multiplerecursions given in (4.21) and (4.35), respectively. This chapter is concerned with theimplementation of the conjugate gradient method using the above multiple recur-sions. Numerical examples are given that compare this implementation using shortmultiple recurssions to that using a full conjugate gradient iteration, (Orthodir) (seeTable 2.1).5.2 B-Normal(`; m) MatricesWe will �rst consider the construction of a B-orthogonal basis fpjgd�1j=0 forB-normal(`; m) matrices using the multiple recursion given by:pj+1 = Apj � jPi=j�(`�m) ti;j pi � hqj0 qj1 � � � qjm-1i �j;qj+1i = (��j+1)ihpj+1;pj+1iB pj+1 + qji; for i = 0; :::;m � 1: (5.1)Recall from Section 4.3, that for any k,�k = [hApk; p0iB ; hApk; p1iB ; :::; hApk; pm�1iB ]T 2 Cm; (5.2)and, �k = [(�k)0; :::; (�k)m�1]T 2 Cm; (5.3)
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is the vector of coe�cients of the remainder term, r(k)m�1(A)p0, that results fromdividing, pk =  k(A)p0, by the polynomialqm(A) = bmAm + � � � + b1A+ b0I: (5.4)If m � `, the coe�cients, ti;j, are given byti;j = hApj; piiB � h�j; �iihpi; piiB ; for i = j � (`�m); :::; j: (5.5)In this section, we will specify how these quantities can be computed.The �k's are obtained directly by computing the vector of inner products.If ` � m, we must compute ti;j, for i = j� (`�m); :::; j. This could be done directlyas speci�ed by (5.5), but that would require storing �i, for i = j � (`�m); :::; j, andthe computation of additional inner products. Instead, at each step, we computeyj+1 = Apj � [qj0 � � � qjm-1 ] �j;pj+1 = yj+1 � jPi=j�(`�m) ti;j pi;qj+1i = (��j+1)ihpj+1;pj+1iB pj+1 + qji ; for i = 0; :::;m � 1: (5.6)
It is clear that the ti;j's must enforce B-orthogonality of pj+1 to spfpj�(`�m); :::; pjg.This is accomplished more e�ciently by computing,ti;j = hyj+1; piiBhpi; piiB ; for i = j � (`�m); :::; j: (5.7)The �k's, whose components (�k)i are used in the recursions for the auxiliaryvectors, qki , for i = 0; :::;m� 1, are computed recursively. We will assume that A isB-normal(`; m), with m 6= 0, since if m = 0, there is no remainder resulting upondivision of pk =  k(A)p0 by the constant polynomial q0(A). The vectors �k = 0; 8k,and the multiple recursion simpli�es to the single recursion,pj+1 = Apj � jXi=j�` ti;jpi; where ti;j = hApj ; piiBhpi; piiB ;63



for B-normal(`) matrices [5].Given an initial vector p0, recall that p0 and each subsequent directionvector, pj+1, for j = 0; 1; :::; can be written aspj+1 =  j+1(A)p0;for some polynomial  j+1 of exact degree j + 1. Each auxiliary vector, being thesum of the current direction vector and a previous auxiliary vector, can also beexpressed as a polynomial in A times p0. Given any vector z that can be written as,z = �(A)p0, its remainder upon division by qm(A) is a polynomial in A, with degreeat most m � 1, times p0, which means it can be expressed as a linear combinationof the pj's, for j = 0; :::;m � 1. We will denote this as,rem(z) = �0p0 + � � � + �m�1pm�1;and the corresponding vector of coe�cients as,rz = [�0; �1; :::; �m�1]T 2 Cm:If z is expressed as a sum of polynomials in A times p0,z = �(A)p0 = [�1 �1(A) + � � � + �s �s(A)]p0;for some polynomials �1; :::; �s, then the remainder could be obtained by dividingthe individual polynomials by qm(A) and then adding the corresponding remainderterms. Notice that each of the recursions in (5.6) involves a sum of polynomials inA times p0. This yields the following formulas for obtaining the remainder terms:rem(yj+1) = rem(Apj)� mPi=1(�j)i rem(qji�1);rem(pj+1) = rem(yj+1)� jPi=j�(`�m) ti;j rem(pi);rem(qj+1i) = (��j+1)ihpj+1;pj+1iB rem(pj+1) + rem(qji); for i = 0; :::;m � 1;64



and the recursions for the corresponding vectors of coe�cients,ryj+1 = rApj � mPi=1 (�j)i rqji�1 ;rpj+1 = ryj+1 � jPi=j�(`�m) ti;j rpi;rqj+1i = (��j+1)ihpj+1;pj+1iB rpj+1 + rqji; for i = 0; :::;m � 1: (5.8)We note here that �k = rpk; 8k:Some startup information is required to begin the recursive computationfor the �k's. This information can be obtained by computing the �rstm+1 directionvectors fp0; p1; :::; pmg using a full Gram-Schmidt process (2.8), or some modi�edversion of it. This yields the corresponding matrix equation,APm = Pm+1Hm+1;m: (5.9)The Hessenberg matrix Hm+1;m is formed and stored for later use in the recursiveupdate of the �k's. In addition to computing the direction vectors, the qki 's and theremainder terms (5.8) will also need to be updated during these steps for later usein the iteration.No computation is necessary to obtain, �0; :::; �m�1. First, p0 = r0 = 0(A)p0. Notice that the remainder of p0 upon division by qm(A) is itself, rem(p0) =1 p0, which yields, rp0 = �0 = [1 0 � � � 0]T 2 Cm:The auxiliary vectors and the corresponding remainder terms are computed as:q0i = (�0)ihp0; p0iB p0; rq0i = (�0)ihp0; p0iB �0; for i = 0; :::;m � 1:Similarly, for j = 0; :::;m � 2 rem(pj+1) = pj+1, which yields,rpj+1 = �j+1 = [0 � � � 0 1 0 � � � 0]T 2 Cm;65



which is a vector of all zeros, except for a 1 in the j + 1'st position. The auxiliaryvectors and their corresponding remainder terms can be computed using (5.6) and(5.8). The computation of �m is more complicated. To facilitate this, we write thepolynomial qm(A) given in (5.4) as a linear combination of the  k's, for k = 0; :::;m,qm(A) = 
m m(A) + � � � + 
1 1(A) + 
0 0(A)= bmAm + � � � + b0I: (5.10)This requires that we accumulate the polynomials,  0; :::;  m, during the iteration,where, pj+1 =  j+1(A)p0 = [�j+1Aj+1 + �jAj + � � �+ �1A+ �0I]p0:The coe�cients of  j+1(�) are stored in the vector of length m+ 1,cpj+1 = [�0; �1; :::; �j; �j+1; 0; :::; 0]T :Since A j+1(A)p0 = [�j+1Aj+2 + �jAj+1 + � � �+ �1A2 + �0A]p0;the corresponding vector of coe�cients is obtained by shifting the vector cpj+1 tothe right one place, i.e.,cApj+1 = [0; �0; �1; :::; �j ; �j+1; 0; :::; 0]Tm+1:Starting with p0 =  0(A)p0 = 1p0, we obtaincp0 = [1 0 � � � 0]Tm+1:Using (2.8), we see that a recursion for the vector of coe�cients for the polynomials, j+1, for j = 0; :::;m � 1, is given by,cpj+1 = cApj � jXi=0 �i;j cpi:66



The vectors, cp0; :::; cpm, are stored in the matrix K, which has the following form:
K = 264 j j jcp0 cp1 � � � cpmj j j 375 = 2666666664 1 � � � � � � � �0 1 . . . ...... 0 . . . . . . ...... . . . . . . �0 � � � � � � 0 1

3777777775 ;where the �'s denote possible nonzero entries. Finally, the 
's in (5.10) can beobtained by solving the system,K 0BBBBB@ 
0...
m
1CCCCCA = 0BBBBB@ b0...bm

1CCCCCA ;using backsubstitution.Using this form for qm(A), it is easy to see that the remainder of pm upondivision by qm(A) is given by,rem(pm) = �
m�1
m pm�1 � � � � � 
1
m p1 � 
0
m p0;and thus, �m = �� 
0
m ; � 
1
m ; :::;�
m�1
m �T : (5.11)Once �m is computed, qmi , and rqmi , for i = 0; :::;m�1, can be computed accordingto (5.6) and (5.8).When j = m, we can begin the recursive update of rpj+1 = �j+1 using(5.8). First, notice thatrem(Apj) = rem(A j(A)p0)= rem �A h ~ j�m(A)qm(A)p0 + r(j)m�1(A)p0i�= rem (A rem(pj)):
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Since rem(pj) = (�j)0p0 + � � � + (�j)m�1pm�1, the matrix equation in (5.9) can beused to write,A rem(pj) = A[p0; :::; pm�1] �j = [p0 � � � pm]Hm+1;m �j= c0p0 + c1p1 + � � � cmpm;where, cj = [c0; c1; :::; cm]T = Hm+1;m �j :Therefore,rem(Apj) = rem(A rem(pj))= c0 rem(p0) + c1 rem(p1) + � � �+ cm rem(pm)= c0p0 + c1p1 + � � � + cm h�
m�1
m pm�1 � � � � � 
0
m p0i ;which yields rApj = c0�0 + c1�1 + � � � + cm�m:When j � m, we can compute pj+1 and the auxiliary vectors using (5.6),and the remainder terms can be updated recursively using (5.8).This process describes the construction of a B-orthogonal basis for B-normal(`; m) matrices. To obtain a conjugate gradient algorithm for CG(B;A), ateach step, we compute the additional recursions:xj+1 = xj + �jpj; �j = hBej ; pjihBpj ; pji ;rj+1 = rj � �jApj: (5.12)For clarity of the order of computations, we outline the algorithm below.ALGORITHM 5.1 CG algorithm for B-normal(`; m) matrices:Imput: A; x0; r0 = b�Ax0, coe�cients of qm(A) = � = [bm; :::; b0]T .p0 = r0,cp0 = [1 0 � � � 0]Tm+1, �0 = [1 0 � � � 0]Tm,68



q0i = (��0)ihBp0; p0i p0, rq0i = (��0)ihBp0; p0i �0, i = 0; :::;m � 1,for j = 0; :::;m � 1xj+1 = xj + �jpj , rj+1 = rj � �jApj , �j = hBej ; pjihBpj ; pji ,pj+1 = Apj � jPi=0 �i;j pi, �i;j = hBApj ; piihBpi; pii ,cpj+1 = cApj � jPi=0�i;j cpi,if j < m� 1�j+1 = [0 � � � 0 1 0 � � � 0]Tm,if j = m� 1
 = Kn�,�j+1 = h� 
0
m ; :::;�
m�1
m iTm ;qj+1i = (��j+1)ihBpj+1; pj+1i pj+1 + qji, i = 0; :::;m � 1,rqj+1i = (��j+1)ihBpj+1; pj+1i �j+1 + rqji , i = 0; :::;m � 1,for j = m; :::xj+1 = xj + �jpj , rj+1 = rj � �jApj , �j = hBej ; pjihBpj ; pji ,yj+1 = Apj � mPi=1(�j)i qji�1 , �j = [hApj; p0iB ; :::; hApj; pm�1iB ]Tm,pj+1 = yj+1 � jPi=j�(`�m) ti;j pi, ti;j = hByj+1; piihBpi; pii ,cj = Hm+1;m �j, rApj = c0�0 + � � � + cm�m,ryj+1 = rApj � mPi=1(�j)i rqji�1 , �j+1 = ryj+1 � jPi=j�(`�m) ti;j �i,qj+1i = (��j+1)ihBpj+1; pj+1i pj+1 + qji, i = 0; :::;m � 1,rqj+1i = (��j+1)ihBpj+1; pj+1i �j+1 + rqji , i = 0; :::;m � 1.
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Recall from Section 4.2 that if A is B-normal(`; m), and either ` or m isgreater than 1, then A has a relatively small number (maxf`2; m2g+ 1) of distincteigenvalues. For this reason, we are mainly interested in the cases when (`; m) �(1; 1). Although there are already economical conjugate gradient algorithms forthese cases, we will illustrate the algorithm with an example.First, if A is I-normal(`; m), A�A = AA�, andA�qm(A)� p`(A) = 0;for some polynomials p` and qm of degrees ` and m, respectively. Notice that ifB = A�A, Ay = B�1A�B = A�;and it follows that Ayqm(A)� p`(A) = 0;and A is B-normal(`; m), with B = A�A.Example 1: Consider the shifted unitary matrix given by,A = 10 U + (8 + 8i) I:This matrix is I-normal(1; 1). From the above, A is also B-normal(1; 1), for B =A�A. Thus, a minimal residual method, CG(A�A;A), can be implemented usingAlgorithm 5.1. The eigenvalues of A are plotted in Figure 5.1. In Figure 5.2, wecompare the convergence measured in the relative residual norm of Algorithm 5.1to that obtained by using a full conjugate gradient iteration, Orthodir, given inTable 2.1. The curves lay exactly on top of each other, as our theory predicts.
70



−20 −15 −10 −5 0 5 10 15 20
−20

−15

−10

−5

0

5

10

15

20

Figure 5.1: Spectrum of problem given in Example 1.5.3 Generalizations Of B-Normal(`; m) MatricesIn Section 4.4 it was demonstrated that if polynomials, p` and qm, of degrees` and m respectively exist so thatQB(A) = Ayqm(A)� p`(A);and, Rank(QB(A)) = �;then a B-orthogonal basis could be constructed using the multiple recursion:pj+1 = Apj � jPi=j�(`�m) ti;j pi � hqj0 � � � qjm-1i �j � hq̂j0 � � � q̂j��1i �j ;qj+1i = (��j+1)ihpj+1; pj+1iB pj+1 + qji ; for i = 0; :::;m� 1;q̂j+1i = (��j+1)ihpj+1; pj+1iB pj+1 + q̂ji ; for i = 0; :::; �� 1: (5.13)
For any k, �k = [hApk; p0iB ; :::; hApk; pm�1iB ]T 2 Cm;�k = [hpk; �0iB ; :::; hpk; ���1iB ]T 2 C�; (5.14)
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Figure 5.2. Convergence of Orthodir (solid line), Algorithm 5.1 (dashed line, plottedon top of solid line), on Example 1.
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where the vectors f�0; :::; ���1g form a basis for the range of QB(A). If m � `, thecoe�cients ti;j are given by,ti;j = hApj ; piiB � h�j ; �ii � h�j ; � iihpi; piiB ; for i = j � (`�m); :::; j: (5.15)The vector �k = [(�k)0; :::; (�k)m�1]T 2 Cm;is the vector of coe�cients of the remainder term, r(k)m�1(A)p0, that results fromdividing pk by qm(A), and QB(A) ~ k�m(A)p0 = (�k)0�0 + � � � + (�k)��1���1, forsome vector of coe�cients,�k = [(�k)0; :::; (�k)��1]T 2 C�:In this section, we will be concerned with computing a basis for the range of QB(A),as well as computing the ti;j's, and the quantities: �k; �k; �k, and �k. The orderof the computations will become important as the information needed to computethem may not be available until some later step in the iteration.Recall that Ay = B�1A�B, so thatQB(A) = (B�1A�B) qm(A)� p`(A):A basis for the range of QB(A) could be obtained by �rst computing QB(A), then,since QB(A) is rank de�cient, a basis for its range can be obtained using a QRdecomposition routine with column pivoting (see [9], pp. 233-236). The computationof QB(A) and a basis for its range may be very simple in some cases. For example,if A = bA+ Zr;where bA is I-self-adjoint, and Zr is a rank r matrix that can be written as an outerproduct, Zr =WrV �r ;73



for some N � r matrices Vr and Wr of rank r. Since bA is I-self-adjoint,bA� = p`( bA)qm( bA) = bA:This yields qm( bA) = I, and p`( bA) = bA. Let B = A�A. Notice thatAy = B�1A�B = (A�A)�1A�A�A = A�1A�A;and QA�A(A) = Ayqm(A)� p`(A) = Ay �A= A�1A�A�A = A�1(A� �A)A= A�1(VrW �r �WrV �r )A:Denote fv̂igni=1 as the linearly independent columns from the matrices Vr and Wr.Now, Range (QA�A(A)) = spfA�1v̂igni=1 = spf�0; :::; ���1g: (5.16)The algorithm will only require that we compute the vectors�k = hhpk; �0iB ; :::; hpk; ���1iBiT ; wherehpk; �iiB = hA�Apk; �ii = hApk; A(A�1v̂i)i = hApk; v̂ii: (5.17)The quantities �k and �k are computed as speci�ed by (5.14). Analogous tothe B-normal(`; m) case, the �k's can be computed recursively after the informationneeded to start the recursion is available.At any step k + 1, the recursion for the direction vector in (5.13) involvesboth sets of auxiliary vectors, qki 's and q̂ki 's. Before we can compute the q̂ki 's, wemust know the vector �k. The method we will describe for computing this vector isnot possible at step k + 1, and will actually be done at a later step in the iteration.This means that the multiple recursion (5.13) must be modi�ed in a way that allowsthe computation of the auxiliary vectors to be delayed. After describing how tocompute �k, we will show how this can be done. An outline of the algorithm willthen be given to clarify the order of the computations.74



Recall from the development in Section 4.4 that led to the multiple recur-sions in (5.13), that the entries in the Hessenberg matrix HN simplify yielding,hk;j = hApj; pkiBhpk; pkiB = h�j ; �ki+ h�j; �kihpk; pkiB ; if j > maxfk � 1; k �m+ `g: (5.18)Denote # = 8><>: 1 if m > `m� ` if m � ` :Notice that if j > k � #, we can compute,h�j ; �ki = hApj; pkiB � h�j ; �ki:All the entries to the right of column (k�#) in the k'th row of HN involve the samevector �k. By moving to the right � places, we can obtain � equations involving �k.At step j + 1 = k � #+ �+ 1, we obtain the system,2666664 � �j �...� �j��+1 � 3777775 ��k = 0BBBBB@ hApj ; pkiB � h�j; �ki...hApj��+1; pkiB � h�j��+1; �ki
1CCCCCA (5.19)for ��k. For generalizations of B-normal(`; m) matrices, theory guarantees that (5.18)holds. Thus, if we have chosen f�0; :::; ���1g properly, that is, if they form a basisfor the range of QB(A), it follows that the above system is consistent.From the above, we see that when j = � � #, we can compute ��0 using(5.19), and when j = �� #+ 1, we can compute ��1, and so forth. Denote� = �� #;and notice that whenever j � �, �� j�� is computable using (5.19). The auxiliaryvectors can then be computed as:qj��i = (��j��)ihpj�� ; pj��iB pj�� + qj��i; for i = 0; :::;m � 1;q̂j��i = (�� j��)ihpj�� ; pj��iB pj�� + q̂j��i; for i = 0; :::; � � 1: (5.20)

75



However, at this step, the multiple recursion in (5.13) requires us to computepj+1 = Apj � jXi=j�(`�m) ti;j pi � hqj0 � � � qjm�1i �j � hq̂j0 � � � q̂j��1i �j :Unless � = 0, �� j can't be computed using (5.19). Substituting in the quantities,qji = (��j)ihpj ; pjiB pj + qj�1i ; for i = 0; :::;m � 1; andq̂ji = (�� j)ihpj ; pjiB pj + q̂j�1i ; for i = 0; :::; � � 1;from the previous step yields,pj+1 = Apj � jXi=j�(`�m) ti;j pi� �j pj � �qj�10 � � � qj�1m�1� �j � �q̂j�10 � � � q̂j�1��1��j ;for some constant �j which will be determined later. This process of substituting inauxiliary vectors from previous steps can be repeated until we obtain:pj+1 = Apj � jXi=j�(`�m) ti;j pi � �j pj � � � � � �j��+1 pj��+1 (5.21)� �qj��0 � � � qj��m�1� �j � �q̂j��0 � � � q̂j����1��j ;where, �� j�� can be computed using (5.19), and the, qj��i's and q̂j��i's, can becomputed using (5.20). The ti;j's are given by (5.15), and�n =  m�1Xi=0 (��n)ihpn; pniB (�j)i + ��1Xi=0 (��n)ihpn; pniB (�j)i! ; for n = j � � + 1; :::; j:At �rst glance, it looks like the information needed to compute the �n's and theti;j's is not available. Let' = 8><>: j � � + 1 if m > `minfj � (`�m); j � � + 1g if m � ` : (5.22)Instead of calculating the �n's and ti;j's as speci�ed, we rewrite (5.21) as,yj+1 = Apj � hqj��0 � � � qj��m�1i �j � hq̂j��0 � � � q̂j����1i�j;pj+1 = yj+1 � jPi=' t̂i;j pi; (5.23)
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where the t̂i;j's must enforce B-orthogonality of pj+1 to spfp'; :::; pjg, which yields,t̂i;j = hyj+1; piiBhpi; piiB : (5.24)The computation of the �'s is the same as in the B-normal(`; m) case whenj < m. If m � j < �, the vector �j+1 can be updated using,�j+1 = rApj � jXi=0 �i;j �i;where the quantity rApj is computed the same as in the B-normal(`; m) case. Whenj � maxfm; �g, we can begin the recursive computation of all the remainder terms.This process di�ers from that in the B-normal (`; m) case in that additional recur-sions are needed to compute the remainder terms associated with the q̂'s. Theserecursions are given by:ryj+1 = rApj � mPi=1(�j)i rqj��i�1 � �Pi=1(�j)i rq̂j��i�1�j+1 = ryj+1 � jPi=' t̂i;j �irqj��i = (��j��)ihpj�� ;pj��iB �j�� + rqj���1i; for i = 0; :::;m � 1;rq̂j��i = (�� j��)ihpj�� ; pj��iB �j�� + rq̂j���1i; for i = 0; :::; � � 1:
(5.25)

An algorithm is given below to clarify the order of the computations.
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ALGORITHM 5.2 CG algorithm for generalizations ofB-normal(`; m) matrices:Input: A; x0; r0; �; f�0; :::; ���1g; �; '.p0 = r0,cp0 = [1 0 � � � 0]Tm+1; �0 = [1 0 � � � 0]Tm,for j = 0; :::; � � 1,xj+1 = xj + �jpj ; rj+1 = rj � �jApj , �j = hBej ; pjihBpj ; pji ,pj+1 = Apj � jPi=0 �i;j pi; �i;j = hBApj ; piihBpi; pii ,if j < mcpj+1 = cApj � jPi=0�i;j cpj ,if j < m� 1�j+1 = [0 � � � 0 1 0 � � � 0]Tm,if j = m� 1
 = Kn�,�j+1 = h� 
0
m ; :::;�
m�1
m iTm ;if j � mcj = Hm+1;m �j ; rApj = c0�0 + � � �+ cm�m,�j+1 = rApj � jPi=0�i;j �i,After computing p�Solve (5.19) for ��0,q0i = (��0)ihp0; p0iB p0; i = 0; :::;m � 1,q̂0i = (�� 0)ihp0; p0iB p0; i = 0; :::; � � 1,for j = �; :::xj+1 = xj + �jpj ; rj+1 = rj � �jApj , �j = hBej ; pjihBpj ; pji ,if j < mpj+1 = Apj � jPi=0�i;j pj ; �i;j = hBApj ; piihBpi; pii ,cpj+1 = cApj � jPi�0�i;j cpj ,if j < m� 1�j+1 = [0 � � � 0 1 0 � � � 0]Tm, 78



if j = m� 1
 = Kn�,�j+1 = h� 
0
m ; :::;�
m�1
m iTm ;if j � myj+1 = Apj � hqj��0 � � � qj��m�1i �j � hq̂j��0 � � � q̂j����1i�j,�j = [hApj; p0iB ; :::; hApj ; pm�1iB ]Tm,�j = [hpj ; �0iB ; :::; hpj; ���1iB ]T� ,pj+1 = yj+1 � jPi=' t̂i;j pi; t̂i;j = hByj+1; piihBpi; pii ,cj = Hm+1;m �j ; rApj = c0�0 + � � �+ cm�m,ryj+1 = rApj � mPi=1(�j)i rqj��i�1 � �Pi=1(�j)i rq̂j��i�1 ,�j+1 = ryj+1 � jPi=' t̂i;j �i,Solve (5.19) for �� j��+1,qj��+1i = (��j��+1)ihpj��+1; pj��+1iB pj��+1 + qj��+1i i = 0; :::;m � 1,q̂j��+1i = (�� j��+1)ihpj��+1; pj��+1iB pj��+1 + q̂j��+1i; i = 0; :::; � � 1,rqj��+1i = (��j��+1)ihpj��+1; pj��+1iB �j��+1 + rqj��+1i; i = 0; :::;m � 1,rq̂j��+1i = (�� j��+1)ihpj��+1; pj��+1iB �j��+1 + rq̂j��+1i; i = 0; :::; � � 1.
Suppose A = bA+ Zr;where bA is I-normal(`; m), and Zr is a rank r matrix. It follows from Corollary 4.4that there exists polynomials p` and qm, of degrees ` and m, respectively, such thatA�qm(A)� p`(A) = QI(A); where;Rank(QI(A)) � (`+m+ 1)r:Let B = A�A, and notice thatAy = B�1A�B = A�1A�A;79



and QA�A(A) = Ayqm(A)� p`(A)= A�1 [A�qm(A)� p`(A)]A= A�1QI(A)A;and thus Rank(QA�A(A)) = Rank(QI(A)) � (`+m+ 1)r:It follows from Theorem 4.3 that a minimal residual method, CG(A�A;A), can beimplemented using the Algorithm 5.2.We note here, if bA is I-self-adjoint, and B = A�A, thenQA�A(A) = A�1[A�I �A]A= A�1[Z�r � Zr]A;which is A�A skew adjoint.One useful application of Algorithm 5.2 is on matrices that result from adiscretization of a partial di�erential equation that is formally self-adjoint, wherenonstandard boundary conditions are applied to a portion of the boundary. Thenext example is of this type.Example 2: Suppose A = bA+ Zr;where bA is the symmetric pentadiagonal matrix that results from discretizing Pois-son's equation on the unit square with homogeneous Dirchlet boundary conditions,��u = f; on (0; 1) � (0; 1);u = 0; on @
;using a 5-point di�erence scheme with a uniform mesh size, hx = hy = 111 . Thematrix Zr is a nonsymmetric, rank 8 matrix that was chosen to correspond to per-turbing the boundary conditions at a few points in the 4 corners of the domain 
.80



Note that the matrix A is I-normal(1) (self-adjoint) plus rank 8. The spectrumis plotted in Figure 5.3. Notice that the matrix is slightly inde�nite, with a feweigenvalues o� the real line.
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Figure 5.3: Spectrum of matrix given in Example 2.From Corollary 4.4, we know that there exists polynomials, p1(A) = A andq0(A) = I, such thatA�q0(A)� p1(A) = A� �A = Z�r � Zr = QI(A); where Rank(QI(A)) � 2r:Algorithm 5.2 could be run on the problem using B = I, however, we note that thiswould not yield a computable algorithm, since at each step we must compute,�j = hBej ; pjihBpj ; pji ;where ej denotes the error at step j (see Section 2.3). To obtain a computablealgorithm, let B = A�A. From the discussion before Example 2, it follows thatQA�A(A) = A�1QI(A)A; whereRank(QA�A(A)) � 2r:
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Since bA is I-self-adjoint, a basis for the range of QA�A(A) could be obtained us-ing (5.16). However, all that is necessary in the computations are the quanti-ties, hpk; �iiB , which are computed using (5.17). A minimal residual method,CG(A�A;A), is implemented using Algorithm 5.2. Figure 5.4 compares the con-vergence measured in the relative residual norm using Algorithm 5.2 to that usinga full conjugate gradient iteration (Orthodir). As theory predicts, these two curvesare identical. In addition, we plot the convergence using the Odir algorithm givenin Table 2.3.Recall that the Odir algorithm will yield the same iterates in exact arith-metic as Orthodir, if the matrix A is B-normal(1). This would be the case if we didnot add the low rank matrix Rr, and A = bA.We might consider how Algorithm 5.2 compares to other iterative methodsfor nonsymmetric matrices. The quasi-minimal residual (QMR) method of Freudand Nachtigal [7] is a method of this type. In contrast to the conjugate gradientmethod, CG(B; A) with B = A�A, which minimizes the 2 norm of the residual,QMR is based upon a quasi-minimization of the residual norm. QMR can be viewedas a \variable metric" conjugate gradient method [2]. This is a conjugate gradientmethod where the inner product matrix B is dependent upon the initial residual.Regardless of how we view this method, for nonsymmetric matrices, QMR is not atrue minimal residual method. Thus, when convergence is measured in the residualnorm, QMR cannot do any better than CG(A�A; A).Figure 5.5 compares the convergence of CG(A�A; A) implemented usingAlgorithm 5.2 to the QMR method, on Example 2. For this problem, the number ofQMR iterations is comparable to the number of iterations used by Algorithm 5.2.If we consider the main work involved in these two implementations, tobe the number of matrix vector multiplications, then Algorithm 5.2 produces quite82
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Figure 5.4. Convergence of Orthodir (solid line), Algorithm 5.2 (dashed line, plottedon top of solid line), and Odir (dashed-dotted line), on Example 2.
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a savings over the QMR iteration. QMR is implemented via the nonsymmetricLanczos method, often, using a \look-ahead" stategy [8]. This process generates twosequences of vectors, fvigNi=1 and fwigNi=1, such thatspfv1; :::; vNg = KN (v1; A); andspfw1; :::; wNg = KN (w1; A�):This involves 2 matrix vector multiplications at each step. The computations inAlgorithm 5.2 can be arranged so that only 1 matrix vector multiplication is re-quired at each step. In Figure 5.6, we compare the main work (measured in thenumber of matrix vector multiplications) involved between the QMR iteration andAlgorithm 5.2, on Example 2.
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Figure 5.5. Convergence of Algorithm 5.2 (solid line), and QMR (dashed line), onExample 2.
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Figure 5.6. Work in matrix vector multiplications for Algorithm 5.2 (solid line), andQMR (dashed line), on Example 2.
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Example 3: The next example is the matrixA = bA+ Zr;where bA is the shifted unitary matrix in Example 1, and Zr is a rank 2 matrix.Figure 5.7 plots the eigenvalues of this matrix.
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Figure 5.7: Spectrum of problem given in Example 3.Again, we will take B = A�A, and run Algorithm 5.2. We compare theconvergence of Algorithm 5.2 to the Orthodir algorithm and the QMR iteration inFigure 5.8. Note that the convergence curves of Orthodir and Algorithm 5.2 are plot-ted on top of one another, as expected. In Figure 5.9, we compare the main work(measured in the number of matrix vector multiplications) between Algorithm 5.2and the QMR iteration, on the problem given in Example 3. Notice that the workinvolved using the QMR iteration is more than double the amount used by Algo-rithm 5.2.
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Figure 5.8. Convergence of Orthodir (solid line), Algorithm 5.2 (dashed line, plottedon top of solid line), and QMR (dashed-dotted line), on Example 3.
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Figure 5.9. Work in matrix vector multiplications of Algorithm 5.2 (solid line), andQMR (dashed line), on Example 3.
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5.4 Concluding RemarksIn this chapter, we presented general algorithms for implementing the con-jugate gradient method using the multiple recursions given in (4.21) and (4.35). Wenote here, that in certain special cases, these algorithms simplify. For example, if Ais self-adjoint plus low rank, the polynomial qm is a constant polynomial. Since noremainder results upon division by a constant polynomial, the vector �k is the zerovector. The multiple recursion involves only one set of auxiliary vectors, the q̂ki's.Only small numerical examples have been run to validate the theory. Noattempt has been made to analyze the e�ect of numerical round o� on the iteration.It may be possible in some cases, for example, if A is self-adjoint plus low rank, toextend the analysis done by Greenbaum ([12]).
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6. Necessary Conditions6.1 IntroductionIn this chapter, we will be concerned with determining necessary conditionson the matrix A required for multiple recursions of the form introduced in Chapter 4,to yield a B-orthogonal basis for Kd(r0; A), for every r0. This is a di�cult problem,and we will con�ne our analysis to a few special cases of recursions of this form.Su�cient conditions on the matrix A have already been established formultiple recursions of the forms given in (4.21) and (4.35). These conditions are forA to be either B-normal(`; m), or a generalization of a B-normal(`; m) matrix (seeSection 4.4). We recall that for these matrices, in the absence of breakdown, a single(s; t)-recursion could also be used to construct this basis.Since the tools we will use in this analysis are based upon the single (s; t)-recursion, we will begin the next section with some results pertaining to the likelihoodof a breakdown occuring at some step in the (s; t)-iteration.Based upon the formulation of the multiple recursions in Chapter 4, forB-normal(`; m) and generalizations of B-normal(`; m) matrices, we will de�ne ageneral form of multiple recursion. The relationship between breakdown in thesingle (s; t)-recursion and the corresponding multiple recursion will be discussed.In particular, it will be shown that for a restricted subset of multiple recursions ofthis form, breakdown in the corresponding single (s; t)-recursion can be limited to aset of initial vectors p0 of measure zero in CN . These are the multiple recursions thatwill be analyzed in this chapter. After developing some tools to use in this analysis,the remainder of the chapter will contain the main proof establishing necessary
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conditions.6.2 PreliminariesWe begin with some preliminary material that will be used throughout thischapter. LEMMA 6.1 If p is a complex nonzero multivariate polynomial, thenp(x1; :::; xN ) 6= 0 for almost every x = [x1; :::; xN ]T 2 CN .Proof: The proof can be found in [20]. 2In other words, this lemma says that if a polynomial is not the zero polynomial, thenthe set of x 2 CN for which the polynomial can be zero, is a set of measure zero inCN . Consider the multivariate rational functionf(x1; :::; xN ) = p(x1; :::; xN )q(x1; :::; xN ) :Notice that if f is �nite anywhere, then q cannot be the zero polynomial, and itfollows that f is �nite almost everywhere. Further, if f is �nite, it can either be zeroon a set of vectors x 2 CN of measure zero, or it can be identically zero.Given an initial vector p0, recall that an ascending B-orthogonal basisfpjgd�1j=0 for Kd(p0; A) is unique up to scale. In some cases, this basis may be com-puted with some form of a short recursion. The same basis can always be computedusing a full Gram-Schmidt process generalized to the B-inner product (2.8).In [5], Faber and Manteu�el proved that for i � d(A), that pi is a continuousfunction of p0, and that kpik � kAk kpi�1k:
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A similar line of proof can be used to show each component of pi is a boundedrational function of the components of p0.LEMMA 6.2 Suppose pi is computed as in (2.8). Let p0 = [z1; :::; zN ]T ,where zj 2 C. Then for all i � d(A), each component, (pi)j of pi is a boundedrational function of (z1; :::; zN ).Proof: Each component of p0, being a linear function of it's real and imaginaryparts, is rational. Next, consider the computation for p1,p1 = Ap0 � hAp0; p0iBhp0; p0iB p0:Denoting the (j; k)'th element of the matrix A as (a + bi)j;k, we see that the j'thcomponent of Ap0 is given by(Ap0)j = NXk=1(a+ bi)j;k zk:This is a �rst degree polynomial in the components of p0. It follows that the innerproducts, hAp0; p0iB and hp0; p0iB , are each the sum of terms involving the productsof two �rst degree polynomials, yielding second degree polynomials in (z1; :::; zN ). Bycombining this information it follows that the j'th component of p1 can be writtenas, (p1)j = m(j)3 (z1; :::; zN )q(j)2 (z1; :::; zN ) ;for some polynomials m(j)3 and q(j)2 of degrees three and two, respectively. From theproof in [5], we know that (p1)j is �nite.Suppose that for i < d(A), and that, for ` � i, p` 6= 0 andp(j)` = m(j)t` (z1; :::; zN )q(j)s` (z1; :::; zN ) <1;for some polynomials m(j)t` and q(j)s` of degrees t` and s`, respectively. Considerpi+1 = Api � iX̀=0 �`;i p`:93



The j'th component of Api is given by,(Api)j = NXk=1(a+ bi)j;k (pi)k= NXk=1(a+ bi)j;k m(k)ti (z1; :::; zN )q(k)si (z1; :::; zN ) :Since this is a sum of bounded rational functions, it is also bounded and rational.Notice that inner products of the form hApi; p`iB and hp`; p`iB are bounded andrational since they involve sums and products of bounded rational functions. Theterms �`;i = hApi; p`iBhp`; p`iB , for ` = 0; :::; i, are quotients of rational functions, thus ratio-nal. Since p` 6= 0, and B is Hermitian positive de�nite, hp`; p`iB 6= 0, and it followsthat the terms �`;i are also bounded. Therefore, the j'th component of pi+1,(pi+1)j = (Api)j � iX̀=0�`;i (p`)j ;involves sums and products of bounded rational functions, yielding a bounded ratio-nal function. 2Suppose that A is B-normal(`; m), or a generalization of a B-normal(`; m)matrix (see Sections 4.3 and 4.4). In Chapter 4, we saw that a single (s; t)-recursioncould be used to construct a B-orthogonal basis for Kd(r0; A), if the correspondingsystems given in (4.13) and (4.26) were consistent at each step. We note here, thatthe elements of the system matrices in (4.13) and (4.26) are of the form,ht1(p0); t2(p0)i;where t1 and t2 are bounded rational functions of p0. Since these inner productsinvolve sums and products of bounded rational functions, they are bounded andrational. The determinant of a matrix involves sums and products its elements.Thus, the determinants of the matrices in (4.13) and (4.26) are bounded rationalfunctions of the components of p0. From the discussion following Lemma 6.1 we see94



that these determinants can either be zero for every p0, or only for a set of p0 ofmeasure zero. This means that, for B-normal(`; m) matrices, and generalizations ofB-normal(`; m) matrices, breakdown in the single (s; t)-recursion occurs either forevery p0, or only for a measure zero set of initial vectors p0. It would be desirableto rule out the possibility of breakdown for every p0. If this could be done, then wecould say the likelihood of a breakdown occuring at any step in the (s; t)-recursionin exact arithmetic is rare.Suppose d(r0; A) = N , and recall that for any matrix A, a B-orthogonalbasis for Kd(r0; A) can be constructed using a full Gram-Schmidt process (2.8), whichyields the matrix equation APN = PNHN :If A is B-normal(`; m), the Hessenberg matrix HN can be decomposed as,HN = T + U;where T is a banded upper Hessenberg matrix with 1's on the subdiagonal, and anupper bandwidth of maxf0; ` � m + 1g, and U is an upper triangular, factorablematrix, with components: ui;j = 8><>: h�j ; �iihpi; piiB j � i0 j < i ;where �j and �i have length m. From Section 4.3, notice that the elements of bothT and U are bounded rational functions of p0. This decomposition of HN results ina multiple recursion (4.21) that involves m auxiliary vectors at each step.If A is a generalization of a B-normal(`; m) matrix (see Section 4.4), theHessenberg matrix can be written as:HN = T + U;U = U1 + U2;95



where T is banded upper Hessenberg, with 1's on the subdiagonal, and an upperbandwidth of maxf0; `�m+ 1g. The elements of U1 and U2 are given by:u(1)i;j = 8><>: h�j ; �iihpi; piiB j � i0 j < i ; u(2)i;j = 8><>: h�j ; � iihpi; piiB j � i0 j < i ;respectively. Again, the components of T , U1, and U2 are bounded rational functionsof p0. By denoting the combined vectors,wj = 0B@ �j�j 1CA ; and vi = 1hpi; piiB 0B@ �i� i 1CA ;of length m+ �, where � is the rank of QB(A), the entries of the matrix U can thenbe written as, ui;j = 8><>: hwj ; vii j � i0 j < i :This decomposition of HN led to a multiple recursion (4.35) involvingm+� auxiliaryvectors at each step.Based on these recursions for B-normal(`; m) and generalizations of B-normal(`; m) matrices, we de�ne a general form of recursion. Suppose A is suchthat the elements of the Hessenberg matrix HN , resulting from a full Gram-Schmidtprocess, simplify above some upper bandwidth b:
HN =

266666666666666664
hAp0; p0iBhp0; p0iB � � � hApb�1; p0iBhp0; p0iB hwb; v0i � � � hwN�1; v0i1 hAp1; p1iBp1; p1iB hApb; p1iBhp1; p1iB . . . .... . . . . . . . . hwN�1; vN�b�1i. . . . . . hApN�1; pN�biBhpN�b; pN�biB. . . . . . ...1 hApN�1; pN�1iBhpN�1; pN�1iB

377777777777777775 : (6.1)
The matrix HN can be written as: HN = T + U;96



where the matrix T is a banded upper Hessenberg matrix, with upper bandwidthof b, and a subdiagonal consisting of all 1's. The matrix U is upper triangular andfactorable, with elements of the form,ui;j = 8><>: hwj; vii; j � i;0; j < i; : (6.2)The vectors wj and vi have length t and are each bounded rational functions of p0.The matrix U could be further decomposed as,U = U1 + � � �+ Un;where wj and vi could be written in terms of the combined vectors from the individualmatrices Uk, wj = 0BBBBB@ w1j...wnj
1CCCCCA ; and vi = 0BBBBB@ v1i...vni

1CCCCCA : (6.3)Notice that the elements of T and U are all bounded rational functions of p0. Anal-ogous to the recursions derived for the B-normal(`; m) case, and the generalizationsof the B-normal(`; m) case, this decomposition yields a set of multiple recursionsthat involves t auxiliary vectors:pj+1 = Apj + jPi=j�(b�1) ti;jpi � hqj0 � � � qjt�1iwj;qj+1i = (�vj+1)i pj+1 + qji; for i = 0; :::; t � 1: (6.4)We denote a multiple recursion of this form as MR(b; t), where b is the upperbandwidth of the Hessenberg matrix T , and t denotes the length of the vectors wjand vi given in (6.3).This form of multiple recursion includes the recursions for both the B-normal(`; m) case, and the generalizations of the B-normal(`; m) case. Notice that97



in both cases, b = maxf0; `�m+1g. In the B-normal(`; m) case, t = m, which is thelength of the vectors, �j (4.16), whereas, for the generalizations of B-normal(`; m)matrices, t = m+ �, which is the length of the combined vectors, �j�j ! ;given in (4.29) and (4.31).DEFINITION 6.1 A matrix A is in the class CGMR(b; t) if for every r0,a B-orthogonal basis can be constructed using a multiple recursion of the formMR(b; t) given in (6.4).The su�cient conditions given in Chapter 4 can be restated in terms of thisde�nition. We state these in the following Theorem.THEOREM 6.3 Su�cient Conditions for A 2 CGMR(b; t):(1) If A is B-normal(`; m), then A 2 CGMR(b; t), where b = maxf0; `�m+1g, andt = m.(2) If there exists polynomials p` and qm of degrees ` andm, respectively, satisfyingAyqm(A)� p`(A) = QB(A); whereRank(QB(A)) = �;then A 2 CGMR(b; t), with b = maxf0; `�m+ 1g, and t = m+ �.Proof: See Theorems 4.2 and 4.3 in Chapter 4. 2To determine if there are any other matrices in the class CGMR(b; t), wemust establish whether or not the su�cient conditions are also necessary. The proofestablishing necessary conditions for A 2 CGMR(b; t), will be based upon tools de-veloped for analyzing a corresponding single (s; t)-recursion. If A 2 CGMR(b; t),98



a B-orthogonal basis for Kd(r0; A) can be constructed using a multiple recursionMR(b; t). We will de�ne a corresponding single (s; t)-recursion, and show whatconditions must be satis�ed in order for this basis to be constructed using this (s; t)-recursion.Recall that in order for a single (s, t)-recursion ,pj+1 = Apj + j�1Xk=j�t�k;jApk � jXi=j�s�i;jpi; (6.5)to yield a B-orthogonal basis for Kd(r0; A), for every 0 � j � d(p0; A) � 2, thereexists f�k;jgj�1k=j�t such that,�i;j = hApj + j�1Pk=j�t�k;jApk; piiBhpi; piiB = 0; for i = 0; :::; j � s� 1:This condition can be rewritten as:2666666666664
hApj�t; p0iBhp0; p0iB � � � hApj�1; p0iBhp0; p0iB... ...hApj�t; pt�1iBhpt�1; pt�1iB � � � hApj�1 ; pt�1iBhpt�1; pt�1iB... ...hApj�t; pj�s�1iBhpj�s�1; pj�s�1iB � � � hApj�1 ; pj�s�1iBhpj�s�1; pj�s�1iB

37777777777750BBB@ �j�t;j...�j�1;j 1CCCA = �0BBBBBBBBBBB@
hApj ; p0iBhp0; p0iB...hApj ; pt�1iBhpt�1; pt�1iB...hApj ; pj�s�1iBhpj�s�1; pj�s�1iB

1CCCCCCCCCCCA : (6.6)
If A 2 CGMR(b; t), the matrix HN simpli�es as in (6.1). So when j � i+ b,the elements of HN , hApj ; piiBhpi; piiB = hwj; vii, where the vectors wj, and vi are of lengtht. Recall the matrix equation after constructing pj+1 using (2.8),APj+1 = Pj+2Hj+2;j+1:When j = b+ t, the upper right 1� (t+ 1) corner of Hj+2;j+1 can be written as:" hApj�t; p0iBhp0; p0iB � � � hApj�1; p0iBhp0; p0iB hApj; p0iBhp0; p0iB #
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= hhwj�t; v0i � � � hwj�1; v0i hwj ; v0ii :At each additional step, another row in the upper right corner of Hj+2;j+1 simpli�es.When j = 2t+ b� 1, the upper right t� (t+ 1) corner of Hj+2;j+1 is given by:26666664 hApj�t; p0iBhp0; p0iB � � � hApj�1; p0iBhp0; p0iB hApj ; p0iBhp0; p0iB... ... ...hApj�t; pt�1iBhpt�1; pt�1iB � � � hApj�1; pt�1iBhpt�1; pt�1iB hApj ; pt�1iBhpt�1; pt�1iB
37777775

= 2666664 hwj�t; v0i � � � hwj�1; v0i hwj; v0i... ... ...hwj�t; vt�1i � � � hwj�1; vt�1i hwj; vt�1i
3777775 :In general, if j � b+ t, we have,266666666666664

hApj�t; p0iBhp0; p0iB � � � hApj�1; p0iBhp0; p0iB hApj ; p0iBhp0; p0iB... ... ...hApj�t; pt�1iBhpt�1; pt�1iB � � � hApj�1; pt�1iBhpt�1; pt�1iB hApj ; pt�1iBhpt�1; pt�1iB... ... ...hApj�t; pj�s�1iBhpj�s�1; pj�s�1iB � � � hApj�1; pj�s�1iBhpj�s�1; pj�s�1iB hApj ; pj�s�1iBhpj�s�1; pj�s�1iB
377777777777775 (6.7)

= 266666666666664
hwj�t; v0i � � � hwj�1; v0i hwj ; v0i... ... ...hwj�t; vt�1i � � � hwj�1; vt�1i hwj ; vt�1i... ... ...hwj�t; vj�s�1i � � � hwj�1; vj�s�1i hwj; vj�s�1i

377777777777775 ;where, s = b+ t� 1:Notice that if 100



264 j jwj�t � � � wj�1j j 375 2 Ct�t (6.8)is nonsingular, then there always exists f�k;jgj�1k=j�t such that264 j jwj�t � � � wj�1j j 3750B@ �j�t;j...�j�1;j 1CA = �0B@ jwjj 1CA :By multiplying both sides on the left by266666664 � �v0 �...� �vt�1 �...� �vj�s�1 �
377777775 ;and using (6.7), we obtain,266666666666664

hApj�t; p0iBhp0; p0iB � � � hApj�1; p0iBhp0; p0iB... ...hApj�t; pt�1iBhpt�1; pt�1iB � � � hApj�1; pt�1iBhpt�1; pt�1iB... ...hApj�t; pj�s�1iBhpj�s�1; pj�s�1iB � � � hApj�1; pj�s�1iBhpj�s�1; pj�s�1iB
377777777777775
0BBBBB@ �j�t;j...�j�1;j

1CCCCCA = �0BBBBBBBBBBBBB@
hApj ; p0iBhp0; p0iB...hApj ; pt�1iBhpt�1; pt�1iB...hApj ; pj�s�1iBhpj�s�1; pj�s�1iB

1CCCCCCCCCCCCCA :This is the condition that must be satis�ed in order that an (s; t)-recursion will yielda B-orthogonal basis. Notice from (6.5), that until j = b+ t = s+ 1, breakdown isnot possible in the (s; t)-recursion. Therefore, it follows that if A 2 CGMR(b; t), andif (6.8) is nonsingular for every j � b+ t, then an (s; t)-recursion, with s = b+ t� 1,can also be used to construct a B-orthogonal basis.LEMMA 6.4 Suppose A 2 CGMR(b; t). The Hessenberg matrix HN thatresults after N steps of a full Gram-Schmidt process can be written as in (6.1). HNcan be decomposed as HN = T + U;101



where T is upper Hessenberg with upper bandwidth b, and U is upper triangularwith elements given by (6.2). If2666664 j jwj�t � � � wj�1j j 3777775 2 Ct�t (6.9)is nonsigular for every j � b+t, then a single (s; t)-recursion (6.5), with s = b+t�1,can also be used to construct a B-orthogonal basis for Kd(r0; A).Proof: See above discussion. 2Since wj�t(p0); :::; wj�1(p0), are each bounded rational functions of p0,it follows that the determinant of the matrix in (6.9) is also a bounded rationalfunction of p0. Recall that this can either be zero for every p0, or for a set of p0 ofmeasure zero. This means that if A 2 CGMR(b; t), breakdown in the correspondingsingle (s; t)-recursion, with s = b+ t� 1, either happens for every p0, or only for atmost a set of p0 of measure zero. We will show that if A 2 CGMR(b; t), with t � 1,breakdown can be limited to a set of initial vectors p0 of measure zero.Consider the class CGMR(b; t), with t � 1. If t = 0, the multiple recursionMR(b; t) given in (6.4) becomes a single recursion. If b = 0, MR(0; 0) is given by,pj+1 = Apj :Notice that in order for this recursion to yield a B-orthogonal basis,hAp0; p0iB = 0; for every p0:By choosing p0 to be any eigenvector of A, it follows that the only way this conditioncan be met, is if all the eigenvalues of A are zero. This is impossible for nonsingular
102



A. If b > 0, MR(b; 0) is given by,pj+1 = Apj + jXi=j�(b�1) ti;j pi:Notice that this is an (s; t)-recursion with s = b � 1 and t = 0. Breakdown is notpossible here, in fact, this recursion is the same as the (s+ 2)-term recursion (2.11)with s = b� 1, studied by Faber and Manteu�el in [5]. They showed that the onlymatrices for which an orthogonal basis could be constructed with this recursion areB-normal(b� 1) matrices, or matrices with d(A) � b+ 1 (see Theorem 2.1).The next theorem shows that if A 2 CGMR(b; t), with t = 1, then breakdownin the corresponding single (s; t)-recursion, with t = 1 and s = b, is only possiblefor at most a set of p0 of measure zero. In this case, if breakdown occurs for some j,wj�1(p0) = 0. We show that it is not possible for wj�1(p0) = 0 for every p0.THEOREM 6.5 Suppose A 2 CGMR(b; 1). The Hessenberg matrix HN ,with entries, fhi;jgN�1i;j=0, that results after N steps of a full Gram-Schmidt process,can be written as in (6.1). HN can be decomposed asHN = T + U;where T is upper Hessenberg with upper bandwidth b, and U is upper triangularwith elements given by (6.2). The vectors, wj(p0) and vi(p0), are of length 1, thus,are just complex scalars.If there exists j � b + 1 where breakdown occurs in the single (b; 1)-recursion forevery p0, that is, wj�1(p0) = 0 for every p0, then A is B-normal(b� 1) or d(A) � j.Proof: First, suppose b = 0 and that for some j; h0;j�1 = hwj�1; v0i = 0,for every p0. Since this must hold for every p0, it must hold for every p0 such thatd(p0; A) = j. This means fp0; � � � ; pj�1g span an invariant subspace of A, andAPj = PjHj;103



where, Hj = 26666666664 hw0; v0i hw1; v0i � � � hwj�1; v0i1 hw1; v1i .... . . . . . ...1 hwj�1; vj�1i
37777777775 :Since wj�1(p0) = 0, it follows that the entire j'th column of Hj is zero. Let �j =[0 � � � 0 1]T 2 Cj . It follows thatAPj�j = PjHj�j = 0:Since the j'th column of Pj is pj�1, Apj�1 = 0;where, pj�1 6= 0. This implies A is singular, which is a contradiction.Suppose b > 0, and for some j, h0;j�1 = hwj�1; vii = 0, for every p0. Fromthe main theorem in [5], if h0;j�1 = 0; 8p0, then A is B-normal(j � 2), or d(A) � j.If d(A) � j, pj = 0. Breakdown is not a problem because the iteration hasalready converged. If j = b+ 1, A is B-normal(b� 1).Suppose that j > b + 1 and consider the matrix Hj+1;j that results aftercomputing pj using (2.8):

Hj+1;j =
26666666666666666664

hAp0; p0iBhp0; p0iB � � � hApb�1; p0iBhp0; p0iB hwb; v0i � � � hwj�1; v0i1 hAp1; p1iBp1; p1iB hApb; p1iBhp1; p1iB . . . .... . . . . . . . . hwj�1; vj�b�1i. . . . . . hApj�1 ; pj�biBhpj�b ; pj�biB. . . . . . ...1 hApj�1 ; pj�1iBhpj�1 ; pj�1iB1
37777777777777777775 : (6.10)
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Since wj�1(p0) = 0, it follows that hi;j�1 = hwj�1; vii = 0, for i = 0; :::; j�b� 1. Notice that for j > b+ 1, this implies that bothhApj�1; p0iB = hpj�1; Ayp0iB = 0; andhApj�1; p1iB = hpj�1; Ayp1i = 0: (6.11)This must hold for every p0 such that d(p0; A) = j. LetV = spfp0; Ap0; :::; Aj�1p0g = spfp0; p1; :::; pj�1g:Since A is B-normal(j � 2), we know thatAy = pj�2(A);for some polynomial pj�2, and thus,Ayp0 2 spfp0; Ap0; :::; Aj�2p0g = spfp0; :::; pj�2g: (6.12)Now, Ayp1 = Ay(Ap0 � �0;0p0), and by using (6.11) we obtain,hpj�1; Ayp1iB = hpj�1; AyAp0iB = hpj�1; AAyp0iB = 0:Notice thatAAyp0 = A (pj�2(A)p0) 2 spfp0; Ap0; :::; Aj�1p0g = spfp0; p1; :::; pj�1g:Since AAyp0 ?B pj�1, it follows thatAAyp0 2 spfp0; Ap0; :::; Aj�2p0g:Using (6.12), we see that the only way this can hold is ifAyp0 2 spfp0; Ap0; :::; Aj�3p0g; 8p0 such that d(p0; A) = j:From Lemma 2 in [5], it follows that AjV is B-normal(j� 3), where AjV denotes therestriction of A to V. Since this holds for every p0 with d(p0; A) = j, it follows fromthe main proof in [5], that A is B-normal(j � 3), which impliesh0;j�2 = hwj�2; v0i = 0; 8p0:105



This means that breakdown must occur at the previous step, and wj�2(p0) = 0; 8p0.If j = b+ 2, A is B-normal(b� 1), and we are done. If j > b+2, the argument canbe repeated showing that A is really B-normal(j�4). This process can be continueduntil we obtain that A is B-normal(b� 1). 2From Theorem 6.5, we see that if A 2 CGMR(b; t), with t = 1, then eitherA is B-normal(b � 1) and a single (s; t)-recursion with (s; t) = (b � 1; 0) yields aB-orthogonal basis, or a single (s; t)-recursion, with (s; t) = (b; 1), will yield thisbasis for all except possibly a measure zero set of p0.DEFINITION 6.2 A 2 CGSR(s; t) if for almost every p0 and every 0 �j � d(p0; A)� 2, there exists coe�cients f�k;jgj�1k=j�t such that�i;j = hpj + j�1Pk=j�t�k;jpk; AypiiBhpi; piiB = 0; for i = 0; :::; j � s� 1:In other words, A 2 CGSR(s; t), if for almost every p0, an (s; t)-recursion (6.5) canbe used to construct a B-orthogonal basis for Kd(r0; A).COROLLARY 6.6 If A 2 CGMR(b; t), with t � 1, then either d(A) �b+1, A 2 CGSR(s; t) with (s; t) = (b; 1), or A 2 CGSR(s; t) with (s; t) = (b� 1; 0).Proof: If t = 0, the discussion before Theorem 6.5 shows that d(A) � b+1,or A is B-normal(b � 1). If A is B-normal(b � 1), then A 2 CGSR(b � 1; 0), ord(A) � b+ 1.If t = 1, Therorem 6.5 says that if wj�1(p0) = 0, for every p0, then d(A) �b+1, or A is B-normal(b� 1), which implies A 2 CGSR(s; t), with (s; t) = (b� 1; 0).Otherwise, wj�1(p0) = 0 on at most a set of p0 of measure zero, thus, A 2 CGSR(s; t),with (s; t) = (b; 1). 2
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Next, we review some basic concepts from linear algebra. These conceptswill be used to develop a tool that will be used in the analysis of the class CGSR(s; t).Given a set of s vectors of length N , fv1; v2; :::; vsg, recall that the wedgeproduct ([21], pp. 553-560)F(v1; v2; :::; vs) = v1 ^ v2 ^ � � � ^ vs;(where ^ denotes the wedge product), is a multilinear function from CN�s to C(Ns ). Fmaps the set of vectors fv1; :::; vsg written as the N�s matrix, VN;s = [v1 v2 � � � vs],onto a single vector v of length �Ns �. Each component of v is the result of taking thedeterminant of an s � s matrix formed by choosing s of the N rows of VN;s. Sincethere are �Ns � possible ways of doing this, v has length �Ns �. If s = N , F(v1; :::; vs)is just the determinant of the N �N matrix VN . SinceF(v1; :::; vs) � 0() fv1; v2; :::; vsg are linearly dependent;the wedge product can be used to determine the linear independence (dependence)of a set of vectors.A list of properties of determinants that will be used throughout the mainproofs in this chapter is given in Appendix A. In the following discussion, we willdenote jAj; as the determinant of the matrix A:A less well known result is stated below.Denote ai;j(t) to be the entries of a p�p matrix A(t). Then, (@=@t)jA(t)j is the sumof the p determinants,����������� a01;1(t) a1;2(t) � � � a1;p(t)... ... ...a0p;1(t) ap;2(t) � � � ap;p(t)
�����������+ � � �+ ����������� a1;1(t) � � � a1;p�1(t) a01;p(t)... ... ...ap;1(t) � � � ap;p�1(t) a0p;p(t)

����������� : (6.13)
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In the following Lemma, a useful tool for analyzing the class CGSR(s; t) isderived. LEMMA 6.7 If A 2 CGSR(s; t), then for every p0 2 CN such that d(p0) =s+ t+ 2, the wedge product,F(p0; ~A) = p0 ^ ~Ap0 ^ � � � ^ ~Asp0 ^ ~Ayp0;^ ~Ay ~Ap0 ^ � � � ^ ~Ay ~Atp0 = 0; (6.14)where ~A denotes the restriction of A to the subspace,Vs+t+2 = spfp0; Ap0; :::; As+t+1g: (6.15)Proof: Suppose A 2 CGSR(s; t). From De�nition 6.2 it follows that for almost everyp0, an (s; t)-recursion yields a B-orthogonal basis for Kd(p0; A). Since almost everyvector in CN has degree d = d(A) (see [19], pp. 62), and d(A) > s+ t+ 2, it followsthat for almost every p0 with d(p0) > s+ t+ 2, an (s; t)-recursion (6.5) yields a B-orthogonal basis. For any p0 that satis�es this condition, the (s; t)-recursion yieldsps+t+2 6= 0. By substituting j + 1 = s+ t+ 2 in (6.5) we obtain,ps+t+2 = Aps+t+1 + s+tXk=s+1�k;(s+t+1)Apk � s+t+1Xi=t+1 �i;(s+t+1)pi: (6.16)There exists coe�cients, f�k;s+t+1gs+tk=s+1, such that�i;(s+t+1) = hAps+t+1 +Ps+tk=s+1 �k;(s+t+1)Apk; piiBhpi; piiB = 0; for i < t+ 1:Equivalently, we denoteWi(p0) = hps+t+1 + s+tXk=s+1�k;(s+t+1)pk; AypiiB = 0; for i < t+ 1: (6.17)For i = 0; :::; t; Wi(p0) can be written as the system of equations:2666664 hps+t+1; Ayp0iB � � � hps+1; Ayp0iB... ...hps+t+1; AyptiB � � � hps+1; AyptiB
37777750BBBBBBBBB@ 1�s+t;s+t+1� � ��s+1;s+t+1

1CCCCCCCCCA = 0:
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Notice that this is a (t+ 1)� (t+ 1) system, with a nontrivial nullspace.Summarizing the above, we see that if A 2 CGSR(s; t), then for almost everyp0 with d(p0) > s+ t + 2, Wi(p0) = 0, for i = 0; :::; t. In [5] it was proven that forevery j; pj is a continuous function of p0. Since the inner product is also continuous,it follows that for i = 0; :::; t, Wi(p0) is a continuous function of p0. The set forwhich d(p0) � s + t + 2 is closed and of smaller dimension than the set for whichd(p0) > s + t + 2. Therefore, the set of p0 such that d(p0) � s + t + 2 is a set ofmeasure zero in CN . For i = 0; :::; t, we know that Wi must be zero on all but a setof initial vectors, p0, of measure zero. Since Wi is a continuous function of p0, Wimust be zero everywhere. Therefore, Wi(p0) = 0; 8p0 such that d(p0) � s+ t+ 2.Suppose d(p0) = s+ t+ 2, and letVs+t+2 = spfp0; Ap0; :::; As+t+1p0g = spfp0; p1; :::; ps; ps+1; :::; ps+t+1g:Vs+t+2 is an A invariant subspace of CN . DenoteV = 2666664 j j jp0 p1 � � � ps+t+1j j j 3777775 ;as the matrix whose columns are the B-orthogonal basis vectors for Vs+t+2, and letU = V (V �BV )�1V �B;be the B-orthogonal projector onto Vs+t+2 ([15], pp. 8-10). It follows that for everyv 2 CN , Uv 2 Vs+t+2, and furthermore, if v 2 Vs+t+2, then Uv = v.Let ~A be the restriction of A to Vs+t+2. We can write,~A = AU:Notice that~Ay = U yAy; and U y = B�1U�B = B�1[V (V �BV )�1V �B]�B = U;109



so it follows that ~Ay = UAy:Therefore, Vs+t+2 is an invariant subspace of both ~A and ~Ay. For every p0 such thatd(p0) = s+ t+ 2, and for i = 0; :::; t,Wi(p0) = hAps+t+1 + s+tXk=s+1�k;(s+t+1)Apk; piiB= h ~Aps+t+1 + s+tXk=s+1�k;(s+t+1) ~Apk; piiB= hps+t+1 + s+tXk=s+1�k;(s+t+1)pk; ~AypiiB = 0:This means that spf ~Ayp0; ~Ayp1; :::; ~Ayptg is B-orthogonal to the vector,p̂0 = ps+t+1 + s+tXk=s+1�k;(s+t+1)pk 2 spfps+1; ps+2; :::; ps+t+1g:Furthermore, since Vs+t+2 is an invariant subspace of ~Ay,spf ~Ayp0; ~Ayp1; :::; ~Ayptg � Vs+t+2:Notice that p̂0 is also B-orthogonal to spfp0; p1; :::; psg. Starting with p̂0, take theset, fp̂0; ps+1; :::; ps+t+1g, of t+ 2 vectors and use a Gram-Schmidt process to con-struct a set of t+1 vectors that form a B-orthogonal basis for spfp̂0; ps+1; :::; ps+t+1g.Call this set V̂t+1 = spfp̂0; p̂1; :::; p̂tg:Together, spfp0; p1; :::; psg and spfp̂0; p̂1; :::; p̂tg form a B-orthogonal basis forVs+t+2 = spfp0; p1; :::; ps; p̂0; p̂1; :::; p̂tg:Since f ~Ayp0; ~Ayp1; :::; ~Ayptg are all B-orthogonal to p̂0, we must have bothf ~Ayp0; ~Ayp1; :::; ~Ayptg � spfp0; p1; :::; ps; p̂1; :::; p̂tgandfp0; p1; :::; psg � spfp0; p1; :::; ps; p̂1; :::; p̂tg:110



This means there are s+t+2 vectors, all included in the span of an s+t+1 dimensionalsubspace of Vs+t+2. Therefore, the vectors, fp0; p1; :::; ps; ~Ayp0; ~Ayp1; :::; ~Ayptgmust be linearly dependent. Sincespfp0; p1; :::; ps; ~Ayp0; ~Ayp1; :::; ~Ayptg= spfp0; ~Ap0; :::; ~Asp0; ~Ayp0; ~Ay ~Ap0; :::; ~Ay ~Atp0g;it follows that for every p0 such that d(p0) = s+ t+ 2, the wedge productF(p0; ~A) = p0 ^ ~Ap0 ^ � � � ^ ~Asp0 ^ ~Ayp0 ^ ~Ay ~Ap0 ^ � � � ^ ~Ay ~Atp0 = 0:2 Let T be a linear transformation from a q-dimensional vector space, X , toa p-dimensional vector space, Y. Recall that once we choose ordered bases, fxigqi=1for X , and fyigpi=1 for Y, that isomorphisms are induced from X to Cq, and from Yto Cp, and a matrix representation of the linear transformation, T , given by a p� qmatrix T . ([22], pp. 201, pp. 257-262).In this setting, we can think of ~A as de�ning a linear transformation froman (s+ t+2)-dimensional subspace, Vs+t+2 of CN , to Vs+t+2. Since B is a Hermitianpositive de�nite matrix, (�; �) = hB�; �i;de�nes an inner product on Vs+t+2. It follows from Schur's theorem ([22], pp 326-328), that there is an orthonormal basis for Vs+t+2, with respect to hB�; �i, for whichthe matrix representation of ~A is an (s+ t+2)� (s+ t+2) upper triangular matrix,~R. This means there exists a bijective map ~Q from Cs+t+2 to Vs+t+2, and thus, ~Q�1,for which ~A = ~Q ~R ~Q�1; and ~Q�B ~Q = I 2 C(s+t+2)�(s+t+2): (6.18)111



Recall that ~Ay = B�1 ~A�B. From (6.18), we see that ~Q�B = ~Q�1. Using thisinformation upon substitution of ~A = ~Q ~R ~Q�1 into (6.14), we obtainF(p0; ~A) = p0 ^ ~Q ~R ~Q�1p0 ^ � � � ^ ~Q ~Rs ~Q�1p0 ^ ~Q ~R� ~Q�1p0 ^ � � � ^ ~Q ~R� ~Rt ~Q�1p0 = 0;for every p0 2 CN such that d(p0; A) = s + t + 2. Since every ~w 2 Cs+t+2 can bewritten as, ~w = ~Q�1p0;for some p0, we rewrite the above wedge product as,F(p0; ~A) = ~Q ~w ^ ~Q ~R ~w ^ � � � ^ ~Q ~Rs ~w ^ ~Q ~R� ~w ^ � � � ^ ~Q ~R� ~Rt ~w = 0;for every ~w 2 Cs+t+2. Since ~Q has linearly independent columns, it follows thatF(p0; ~A) = 0, for every p0 2 CN such that d(p0; A) = s+ t+ 2, if and only if,F( ~w; ~R) = ~w ^ ~R ~w ^ � � � ^ ~Rs ~w ^ ~R� ~w ^ ~R� ~R ~w ^ � � � ^ ~R� ~Rt ~w = 0;for every ~w 2 Cs+t+2. This observation allows us to assume A is an (s+ t+2)� (s+t+ 2) upper triangular matrix.6.3 Proof Of Necessary ConditionsWe are now ready to prove the main theoretical result regarding necessaryconditions for A 2 CGMR(b; t). This is a di�cult problem, and in this chapterthe analysis will be limited to a subset of the class CGMR(b; t). In particular, wewill consider the class CGMR(b; t), with (b; t) � (1; 1). We begin by proving aresult concerning the class CGSR(s; t), with (s; t) � (1; 1). In Corollary 6.9, thecorresponding result for the class CGMR(b; t), with (b; t) � (1; 1), is given.THEOREM 6.8 A 2 CGSR(s; t), with (s; t) � (1; 1), if and only if(1) d(A) � 3, or 112



(2) A is B-normal(s; t), with (s; t) � (1; 1).Proof: Su�cient conditions have been partially established in Chapter 4.If d(A) � 3, d(p0; A) � 3 for every p0, and a single (1; 1)-recursion can alwaysbe used to construct a B-orthogonal basis for Kd(r0; A) = spfp0; p1; p2g. FromSection 4.3, we know that if A is B-normal(s; t), a single (s; t)-recursion can beused to construct a B-orthogonal basis if the system given in (4.13) is consistent ateach step. When (s; t) � (1; 1), it follows from the proof of Theorem 6.5 that thematrix in (4.13) can only be singular for a set of p0 of measure zero. Therefore, byDe�nition 6.2, A 2 CGSR(s; t), with (s; t) � (1; 1).Suppose A 2 CGSR(1; 1). Choose any p0 2 CN with d(p0; A) = 4, anddenote ~A as the restriction of A to V4, whereV4 = spfp0; Ap0; A2p0; A3p0g:From Lemma 6.7, it follows that for every p0 2 CN , such that d(p0; A) = 4,F(p0; ~A) = p0 ^ ~Ap0 ^ ~Ayp0 ^ ~Ay ~Ap0 = 0: (6.19)The discussion following Lemma 6.7 shows the wedge product (6.19) holds if andonly if F( ~w; ~R) = ~w ^ ~R ~w ^ ~R� ~w ^ ~R� ~R ~w = 0; (6.20)for every ~w 2 C4, where ~R is the upper triangular, matrix representation of ~A thatresults from applying Schur's Theorem.Notice that ~R is a 4�4 upper triangular matrix. Since ~R is a square matrix,the wedge product reduces to a single determinant,j ~w; ~R ~w; ~R� ~w; ~R� ~R ~wj = 0; 8 ~w 2 C4: (6.21)In order to obtain a more useful form for our analysis, we will perform aseries of operations on (6.21) using the properties of determinants listed in Appendix113



A. The determinant in (6.21) does not change if we add a multiple of onecolumn to another column. Let �j be an eigenvalue of ~R. Multiplying the thirdcolumn in (6.21) by (��j) and adding it to the forth column yields,j ~w; ~R ~w; ~R� ~w; ~R�( ~R� �jI) ~wj = 0; 8 ~w 2 C4:Similarly, multiplying the �rst column in the above determinant by (��j) and addingit to the second column, then multiplying the �rst column by (���j) and adding itto the third column produces,j ~w; ( ~R� �jI) ~w; ( ~R� � ��jI) ~w; ~R�( ~R � �jI) ~wj = 0; 8 ~w 2 C4:Finally, multiplying the second column by (���j) and adding it to the forth columnyields,j ~w; ( ~R� �jI) ~w; ( ~R� � ��jI) ~w; ( ~R� � ��jI)( ~R � �jI) ~wj = 0; 8 ~w 2 C4:To simplify the notation, we denoteGj = ( ~R � �jI); and G�j = ( ~R� � ��jI);and rewrite the above determinant as,j ~w; Gj ~w; G�j ~w; G�jGj ~wj = 0; 8 ~w 2 C4: (6.22)Every ~w 2 C4 can be written as ~w = u + �v for some u; v 2 C4 and forsome � 2 C. DenoteG(�) = ju+ �v; Gj(u+ �v); G�j(u+ �v); G�jGj(u+ �v)j; (6.23)and note that G(�) = 0 for every u; v 2 C4, and every � 2 C. Since the determinant,G(�), can be written as a polynomial in �, and this polynomial is zero everywhere, it114



follows that all derivatives of G(�) must also be zero. Di�erentiating G with respectto � and using (6.13) yields:G0(�) = jv; Gj(u+ �v); G�j(u+ �v); G�jGj(u+ �v)j+ ju+ �v; Gjv; G�j(u+ �v); G�jGj(u+ �v)j+ ju+ �v; Gj(u+ �v); G�jv; G�jGj(u+ �v)j+ ju+ �v; Gj(u+ �v); G�j(u+ �v); G�jGjvj = 0;for every u; v 2 C4, and for every � 2 C. Di�erentiating again with respect to �,and then setting � = 0, produces:G00(�)j�=0 = 2jv; Gjv; G�ju; G�jGjuj+ 2jv; Gju; G�jv; G�jGjuj+ 2jv; Gju; G�ju; G�jGjvj+ 2ju; Gjv; G�jv; G�jGjuj+ 2ju; Gjv; G�ju; G�jGjvj+ 2ju; Gju; G�jv; G�jGjvj = 0;for every u; v 2 C4. For any u 2 C4, these twelve determinants must add up to zerofor every v 2 C4. Choose u = pj , where pj is an eigenvector of ~R with eigenvalue �j ,that is, ~Rpj = �jpj; or Gjpj = 0:By making this substitution for u into into the above, and deleting those determi-nants that are zero, we obtain2 jpj; Gjv; G�jpj ; G�jGjvj = 0; 8v 2 C4:Notice that we can switch the order of the second and third columns, and then divideboth sides by �2 to producejpj; G�jpj; Gjv; G�jGjvj = 0; 8v 2 C4: (6.24)Next, by multiplying the �rst column by ��j and adding it to the second column,then multiplying the third column by ��j and adding it to the forth column yields,jpj ; ~R�pj ; ( ~R� �jI)v; ~R�( ~R� �jI)vj = 0; 8v 2 C4: (6.25)115



The forms given in (6.24) and (6.25) will be useful in the analysis that follows.For clarity of this presentation, we will divide the remainder of the proofinto 2 parts. In Part A, we assume that A is diagonalizable. Part B extends theproof to include general matrices, by showing if A 2 CGSR(1; 1), and d(A) > 3, thenA cannot have any nonlinear elementary divisors.Part A: Suppose that A is diagonalizable.Since A is diagonalizable, it follows that all the eigenvalues of ~A and thusof ~R are simple. Furthermore, since d(p0; A) = 4, ~A has 4 distinct eigenvalues. Webegin by showing ~R is I-normal. To do this, we must show that each eigenvectorof ~R, which we denote as pj with eigenvalue �j, is also an eigenvector of ~R� witheigenvalue ��j . De�ne q1; :::; q4, to be be the eigenvectors of ~R� such thathqi; pji = 0; if i 6= j:Let p1 be an eigenvector of ~R with eigenvalue �1. Recall that (6.25) musthold for pj = p1, and �j = �1, so thatjp1; ~R�p1; ( ~R� �1I)v; ~R�( ~R� �1I)vj = 0; 8v 2 C4: (6.26)Denote R(T ) as the range of T; andN (T ) as the nullspace of T:Since p1 is a simple eigenvector, R( ~R��1I) is the orthogonal compliment of N ( ~R����1I) = spfq1g, and thus, R( ~R��1I) = spfp2; p3; p4g. Every w 2 C4 can be writtenas, w = ( ~R� �1I)v + 
p1;
116



for some v 2 C4 and some 
 2 C. In (6.26), we add 
 times the �rst column to thethird column, and then add 
 times the second column to the forth column to obtainjp1; ~R�p1; w; ~R�wj = 0; 8w 2 C4: (6.27)Further, any w 2 C4 can be written as w = y + �z, for some y; z 2 C4, and some� 2 C. Denote G(�) = jp1; ~R�p1; y + �z; ~R�(y + �z)j;and note that G(�) = 0, for every y; z 2 C4, and every � 2 C. Since G(�) can bewritten as a polynomial in �, and this polynomial is zero everywhere, it follows thatG0(�) must also be zero. Taking the �rst derivative with respect to �, then setting� = 0, yieldsG0(�)j�=0 = jp1; ~R�p1; y; ~R�zj+ jp1; ~R�p1; z; ~R�yj = 0; 8y; z 2 C4: (6.28)Choosing y = q2, where R�q2 = ��2q2, and substituting into (6.28) producesjp1; ~R�p1; q2; ~R�zj+ jp1; ~R�p1; z; ��2q2j = 0; 8z 2 C4:The properties of determinants can be used to rearrange and combine this intojp1; ~R�p1; q2; ( ~R� � ��2I)zj = 0; 8z 2 C4: (6.29)Since q2 is a simple eigenvector of ~R� with eigenvalue ��2, R( ~R�� ��2I) is the orthog-onal compliment of N ( ~R � �2I) = spfp2g. Thus, R( ~R� � ��2I) = spfq1; q3; q4g.By multiplying the third column in (6.29) by 
, and adding it to the forth column,we obtain, jp1; ~R�p1; q2; wj = 0; 8w 2 C4:Next, multiplying the �rst column by ���1, and adding it to the second columnresults in, jp1; ( ~R� � ��1I)p1; q2; wj = 0; 8w 2 C4:117



If the vectors, p1; ( ~R� � ��1I)p1, and q2, were linearly independent, we could alwayschoose w 2 C4 so that jp1; ( ~R� � ��1I)p1; q2; wj 6= 0:Therefore, p1; ( ~R� � ��1I)p1, and q2 must be linearly dependent. This implies that( ~R� � ��1I)p1 2 spfp1; q2g: (6.30)Next, by choosing y = q3 in (6.28), where ~R�q3 = ��3q3, and repeating the aboveargument, we obtain ( ~R� � ��1I)p1 2 spfp1; q3g: (6.31)Since p1 is orthogonal to both q2 and q3, and q2; q3 are linearly independent,( ~R� � ��1I)p1 2 spfp1; q2g \ spfp1; q3g = spfp1g:Thus, ( ~R� � ��1I)p1 = 
p1, for some 
, which implies p1 is an eigenvector of ~R�. Wehave established that p1 is an eigenvector of both ~R and ~R�.If we begin by choosing pj to be one of the other eigenvectors in (6.25), thesame argument can be repeated to show that the other eigenvectors, pj of ~R witheigenvalue �j, are also eigenvectors of ~R� with eigenvalue ��j. Thus, ~R and ~R� havethe same complete set of eigenvectors, and ~R is normal on C4.From (6.18), we see that if pj is an eigenvector of ~R and ~R�,~Rpj = ~Q�1 ~A ~Qpj = �jpj;and thus ~A( ~Qpj) = �j( ~Qpj):Therefore, ~Qpj is an eigenvector of ~A. Using (6.18), we obtain~Ay ~Qpj = B�1( ~Q�1)� ~R� ~Q�B( ~Qpj) = ~Q ~R� ~Q�1( ~Qpj)= ~Q ~R�pj = ��j ~Qpj :118



It follows that ~Qpj is also an eigenvector of ~Ay with eigenvalue ��j . Therefore, ~A and~Ay have the same complete set of eigenvectors. Finally, notice that if ~Qpj and ~Qpkare any two eigenvectors of ~A and ~Ay,hB ~Qpj ; ~Qpki = h ~Q�B ~Qpj ; pki = hpj ; pki = 0;which means ~A and ~Ay have the same complete set of B-orthogonal eigenvectors,thus, ~A is B-normal of V4.Every eigenvector of A can be included in a 4-dimensional invariant sub-space of A, upon which the restriction of A is B-normal. It follows that each eigenvec-tor of A with �j , is also an eigenvector of Ay with ��j. Furthermore, the eigenvectorsare B-orthonormal, thus, A is B-normal.Since A is B-normal, it has a diagonal Schur form ([22], pp. 329), that is,A = QRQ�1; Q�BQ = I 2 CN�N ; (6.32)where R is a diagonal matrix, whose entries are the eigenvalues of A, and Q isB-orthonormal.Consider the wedge product,F(w;R) = w ^Rw ^R�w ^R�Rw;where R = 2666664 �1 . . . . . . �N
3777775 ;and w is any vector in CN . Denote,w = [�1; �2; :::; �N ]T ;
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and let� = [w; Rw; R�w; R�Rw] = 26666666664 �1 �1�1 ��1�1 ��1�1�1�2 �2�2 ��2�2 ��2�2�2... ... ... ...�N �N�N ��N�N ��N�N�N
37777777775 : (6.33)

Recall that F(w;R) is a mapping fromCN�4 �! C(N4 ):F takes the matrix �, and maps it onto a vector f of length �N4 �. Each element of fcorresponds to choosing 4 of the N rows of �, and taking the determinant of it. If all�N4 � determinants are zero, then F(w;R) � 0. It follows from the previous steps, thateach element of f is equivalent to F( ~w; ~R), for some ~w 2 C4. From Lemma 6.7 andthe discussion following it, F( ~w; ~R) was shown to be zero for all ~w 2 C4. Therefore,F(w;R) � 0, for all w in CN . This means there exists constants, �0; �1; �0, and�1, not all zero, satisfying�0w + �1Rw + �0R�w + �1R�Rw = 0: (6.34)Equivalently, using (6.33), we obtain26666666664 �1 �1�1 ��1�1 ��1�1�1�2 �2�2 ��2�2 ��2�2�2... ... ... ...�N �N�N ��N�N ��N�N�N
37777777775
0BBBBBBBBB@ �0�1�0�1

1CCCCCCCCCA = 0: (6.35)
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Next, we show that these constants can be chosen independent of the vectorw. Notice that we can factor w out of (6.35), producing26666666664 �1 �2 . . . �N
37777777775
26666666664 1 �1 ��1 ��1�11 �2 ��2 ��2�2... ... ... ...1 �N ��N ��N�N

37777777775
0BBBBBBBBB@ �0�1�0�1

1CCCCCCCCCA = 0: (6.36)
Since (6.36) must hold for every w, it must hold forw = [�1; �2; :::; �N ]T = [1; 1; � � � ; 1]T :This implies that �0; �1; �0, and �1 can be chosen to satisfy26666666664 1 �1 ��1 ��1�11 �2 ��2 ��2�2... ... ... ...1 �N ��N ��N�N

37777777775
0BBBBBBBBB@ �0�1�0�1

1CCCCCCCCCA = 0: (6.37)
If �0; �1; �0, and �1, are chosen to satisfy (6.37), then they also satisfy (6.36),for any vector w 2 CN . Thus, these constants can be chosen independent of w. Itfollows from (6.34) that for every w,R�[�1R+ �0I]w = �[�1R+ �0I]w;or equivalently, R�q1(R)w = p1(R)w;where p1(�) and q1(�) each have degree at most 1, and can be chosen the same forevery w. This implies that R�q1(R) = p1(R): (6.38)It follows from De�nition 4.1, that R is I-normal(`; m), with (`; m) � (1; 1).121



We will now show that this implies that A is B-normal(`; m) with (`; m) �(1; 1). From (6.32) we obtain,R� = Q�A�(Q�1)�; and Q�B = Q�1:Since Ay = B�1A�B, we can write,A� = BAyB�1:Using this information to expand (6.38) yields,Q�1Ayq1(A)Q = Q�1p1(A)Q;and thus Ayq1(A) = p1(A);for some polynomials, p1 and q1, each of degree at most 1. It follows from Def-inition 4.1, that A is B-normal(`; m), with (`; m) � (1; 1). The proof for thediagonalizable case is complete.Part B: Suppose that A is not diagonalizable.We have separated this case from the main proof due to the fact that thisproof for ruling out nonlinear elementary divisors is a rather lengthy case argument.It is included for completeness. We recommend that only the most ambitious readersneed proceed.We will show that if A 2 CGSR(1; 1), and d(A) > 3, then A cannot haveany nonlinear elementary divisors. This will complete the proof of the necessaryconditions.Suppose A 2 CGSR(1; 1), and d(A) > 3. Choose p0 such that d(p0; A) = 4,and let ~A to be the restriction of A to V4, where,V4 = spfp0; Ap0; A2p0; A3p0g:122



Recall that the relationships given in (6.24) and (6.25) hold, where ~R denotes theupper triangular, matrix representation that results from Schur's Theorem, andGj =( ~R � �jI). We begin by showing the ~R does not have any nonlinear elementarydivisors.Case 1: Suppose the minimal polynomial of ~R is given byp4(�) = (�� �1)4;that is, ~R has a nonlinear elementary divisor of size 4. Let p11 ; (p12 ; p13 ; p14)be the eigenvector and generalized eigenvectors of ~R associated with eigenvalue �1.Similarly, denote q11 ; (q12 ; q13 ; q14), as the eigenvector and generalized eigenvectorsof ~R� associated with eigenvalue ��1. Recall that the eigenvectors and generalizedeigenvectors of ~R and ~R� can be chosen to satisfy the following relationships:( ~R� �1I)p11 = 0 ( ~R� � ��1I)q11 = 0( ~R� �1I)p12 = p11 ( ~R� � ��1I)q12 = q11( ~R� �1I)p13 = p12 ( ~R� � ��1I)q13 = q12( ~R� �1I)p14 = p13 ( ~R� � ��1I)q14 = q13 (6.39)
Notice that p14 is not in the range of G1, and q14 is not in the range of G�1. Recallthat the Jordan decomposition of ~R is given by~R = SJS�1; J = 26666666664 �1 1�1 1�1 1�1

37777777775 ;where the columns of S are the eigenvectors and generalized eigenvectors of ~R. Since,~R� = (S�1)�J�S�;123



it follows that the columns of (S�1)� (conjugates of the rows of S�1) are the eigen-vectors and generalized eigenvectors of ~R�. Notice that the order of the columns of(S�1)� is given by, (S�1)� = hq14 ; q13 ; q12 ; q11i , since (6.39) implies that~R� hq14 ; q13 ; q12 ; q11i = hq14 ; q13 ; q12 ; q11i 26666666664 ��11 ��11 ��11 ��1
37777777775 :Furthermore, we see that the following orthogonality relationships hold:S�1S = 26666666664 q�14q�13q�12q�11

377777777752666664 j j j jp11 p12 p13 p14j j j j 3777775 = I; (6.40)where, I is the 4� 4 identity matrix. We see that p11 is orthogonal to q13 ; q12 , andq11 . In general, each eigenvector (generalized eigenvector), p1j of ~R, given by thej'th column of S, is orthogonal to all but the eigenvector (generalized eigenvector)of ~R�, whose conjugate occupies the j'th row of S�1.From (6.24), with pj = p11 , and �j = �1, it follows thatjp11 ; G�1p11 ; G1v; G�1G1vj = 0; 8v 2 C4: (6.41)The range of G1 is orthogonal to the nullspace of G�1. Using (6.39), we see that G�1has a one dimensional nullspace spanned by q11 . Choose v 2 C4 such thatG1v = q12 + 
q11 ; (6.42)where 
 is chosen such that G1v is orthogonal to q11 , that is, 
 = � hq12 ;q11 ihq11 ;q11 i . Itfollows from (6.39) that, G�1G1v = q11 : (6.43)124



We remark here, that (6.43) makes sense because q11 is in the range of G�1G1. Thisis justi�ed by noting that G1 has a one dimensional nullspace spanned by p11 . Sincethe nullspace of G1 and G�1G1 are equivalent, the nullspace of G�1G1 is spanned byp11 . Furthermore, the nullspace of G�1G1 is orthogonal to the range of (G�1G1)�,which equals the range of G�1G1. Therefore, the range of G�1G1 is the set of vectorsin C4 that are orthogonal to spfp11g. From the above orthogonality relationships,q11 ? p11 , and thus q11 is in the range of G�1G1.Substituting (6.42) and (6.43) into (6.41) yields,jp11 ; G�1p11 ; q12 + 
q11 ; q11 j = 0:Next, by using the properties of determinants to expand and then delete terms withdependent columns, we obtain,jp11 ; G�1p11 ; q12 ; q11 j = 0: (6.44)Since p11 is in the nullspace of G1, it follows that hp11 ; G�1p11i = hG1p11 ; p11i = 0.From (6.40), we see that p11 is also orthogonal to q11 , and q12 . In order to satisfy(6.44), this means that the vectors, G�1p11 ; q11 , and q12 must be linearly dependent,or �G�1p11 + �q11 + 
q12 = 0;for some constants, �; �, and 
, not all zero. If � = 0, this would imply that q11and q12 were linearly dependent, which is a contradiction. Therefore,G�1p11 2 spfq11 ; q12g:If G�1p11 = 0, then p11 would also be an eigenvector of ~R� with eigenvalue ��1. Thisleads to a contradiction since we have assumed that q11 is the only eigenvector of ~R�with eigenvalue ��1, and using (6.40), we see that p11 ? q11 . Suppose that G�1p11 6= 0,125



and notice from (6.40), that p12 is orthogonal to spfq11 ; q12g. It follows that p12must be orthogonal to G�1p11 . This means,0 = hG�1p11 ; p12i = hp11 ; G1p12i = hp11 ; p11i:However, since the inner product is de�nite,hp11 ; p11i = 0() p11 � 0:This is a contradiction to our assumption that p11 is an eigenvector of ~R. Therefore,the minimal polynomial of ~R cannot be given byp4(�) = (�� �1)4:Case 2: Suppose the minimal polynomial of ~R is given byp4(�) = (�� �1)3(�� �2):Denote p11 ; (p12 ; p13) as the eigenvector and generalized eigenvectors of ~R associatedwith eigenvalue �1, and p21 as the eigenvector of ~R with eigenvalue �2. Similarly,denote q11 ; (q12 ; q13) as the eigenvector and generalized eigenvectors of ~R� associatedwith eigenvalue ��1, and q21 as the eigenvector of ~R� with eigenvalue ��2. Recall thefollowing relationships between the eigenvectors and generalized eigenvectors of ~Rand ~R�: ( ~R� �1I)p11 = 0 ( ~R� � ��1I)q11 = 0( ~R� �1I)p12 = p11 ( ~R� � ��1I)q12 = q11( ~R� �1I)p13 = p12 ( ~R� � ��1I)q13 = q12( ~R� �2I)p21 = 0 ( ~R� � ��2I)q21 = 0 (6.45)From the Jordan decompositions of ~R and ~R�,~R = SJS�1; ~R� = (S�1)�J�S�;126



the following orthogonality condition can be derived:S�1S = 26666666664 q�13q�12q�11q�21
377777777752666664 j j j jp11 p12 p13 p21j j j j 3777775 = I: (6.46)Substituting pj = p21 , and �j = �2 into (6.24), shows that the followingcondition must hold:jp21 ; G�2p21 ; G2v; G�2G2vj = 0; 8v 2 C4: (6.47)Since R(G2) is orthogonal to N (G2)� = spfq21g, it follows from (6.46) that R(G2)is spanned by fp11 ; p12 ; p13g. Any vector w 2 C4 can be written as G2v + 
p21 , forsome v 2 C4 and some 
 2 C. By multiplying the �rst column in (6.47) by 
 andadding it to the third column, then multiplying the second column by 
 and addingto the forth column producesjp21 ; G�2p21 ; w; G�2wj; 8w 2 C4:Next, we multiply the third column by (��2 � ��1)I and add it to the forth columnwhich yields jp21 ; G�2p21 ; w; G�1wj = 0; 8w 2 C4: (6.48)Let w = q12 , then using (6.45) we obtain that G�1w = q11 . Substitutingthese into the above results injp21 ; G�2p21 ; q12 ; q11 j = 0:Since the set fp21 ; q12 ; q11g is linearly independent, in order for the above determi-nant to be zero requires that G�2p21 2 spfp21 ; q12 ; q11g. Furthermore, notice thatp21 ? spfG�2p21 ; q12 ; q11g, and it follows thatG�2p21 2 spfq12 ; q11g: (6.49)127



Next, let w = q13 , and use (6.45) to show that G�1w = q12 . Substitutingthese expressions into (6.48) yieldsjp21 ; G�2p21 ; q13 ; q12 j = 0:Since the set fp21 ; q13 ; q12g is linearly independent, and p21 ? spfG�2p21 ; q13 ; q12g,it follows that G�2p21 2 spfq13 ; q12g: (6.50)Together, (6.49) and (6.50) yieldG�2p21 2 spfq12 ; q11g \ spfq13 ; q12g= spfq12g;thus, G�2p21 = �q12 :Suppose that G�2p21 = �q12 for some � 6= 0. Plugging this into (6.48) andusing the properties of determinants to simplify produces�jp21 ; q12 ; w; G�1wj = 0; 8w 2 C4:Next, substituting w = q13+q12 into the above, then using (6.45) and the propertiesof determinants to expand and delete those terms with dependent columns yields�jp21 ; q12 ; q13 ; q11 j = 0:Since the vectors p21 ; q12 ; q13 , and q11 are linearly independent, it follows that� = 0, which means G�2p21 = 0.If G�2p21 = 0, p21 is an eigenvector of R� with eigenvalue ��2, which meansp21 2 spfq21g. From the orthogonality condition given in (6.46), we see that p21 ?spfp11 ; p12 ; p13g. Notice that this means the matrices ~R and G2 have the forms128



~R = 26664 �1 r1;2 r1;3 0�1 r2;3 0�1 0�2 37775 ; G2 = 26664 �1 � �2 r1;2 r1;3 0�1 � �2 r2;3 0�1 � �2 00 37775 :Recall from (6.22) with �j = �2, thatj ~w; G2 ~w; G�2 ~w; G�2G2 ~wj = 0; 8 ~w 2 C4:Next, writing ~w = u+ �v, for some u; v 2 C4 and some � 2 C, the above becomesju+ �v; G2(u+ �v); G�2(u+ �v); G�2G2(u+ �v)j = 0;for every u; v 2 C4 and every � 2 C. By di�erentiating once with respect to �, thensetting � = 0, we obtain:jv; G2u; G�2u; G�2G2uj + ju; G2v; G�2u; G�2G2ujju; G2u; G�2v; G�2G2uj + ju; G2u; G�2u; G�2G2vj = 0;for every u; v 2 C4. Since p21 is an eigenvector of both ~R and ~R�, by letting v = p21in the above, all the determinants vanish except for the �rst one, yieldingjp21 ; G2u; G�2u; G�2G2uj = 0; 8u 2 C4:Notice that p21 ? spfG2u; G�2u; G�2G2ug which means the vectors G2u; G�2u andG�2G2u must be linearly dependent, or equivalently,G2u ^G�2u ^G�2G2u = 0; 8u 2 C4: (6.51)Denote Ĝ2 = 264 �1 � �2 r1;2 r1;3�1 � �2 r2;3�1 � �2 375 R̂ = 264 �1 r1;2 r1;3�1 r2;3�1 375 :Notice that if ~R has a nonlinear elementary divisor of size three associated with �1,so does R̂. Furthermore, it follows that Ĝ2 has a nonlinear elementary divisor of size129



three associated with �1 � �2. Since the matrices G2 and G�2 have all zeros in theirlast row and column, (6.51) holds if and only ifĜ2z ^ Ĝ�2z ^ Ĝ�2Ĝ2z = jĜ2z; Ĝ�2z; Ĝ2Ĝ2zj = 0;for every z 2 C3. Notice that Ĝ2 is a nonsingular upper triangular matrix. Theabove determinant is still zero with any change of basis. Let z = Ĝ�12 w and thenmultiply through on left by (Ĝ�12 )� to obtainj(Ĝ�12 )�w; Ĝ�12 w; wj = 0; 8w 2 C3:By denoting Ĝ = Ĝ�12 and rearranging, we obtainjw; Ĝw; Ĝ�wj = 0; 8w 2 C4: (6.52)Let fp̂11 ; p̂12 ; p̂13g and fq̂11 ; q̂12 ; q̂13g;denote the eigenvectors and generalized eigenvectors of Ĝ and Ĝ� respectively. Next,set w = p̂12 + �p̂11 ;where � is chosen so that hw; p̂11i = 0:Since hĜ�w; p̂11i = hw; Ĝp̂11i = hw; 0i = 0; andhĜ�w; p̂12i = hw; Ĝp̂12i = hw; p̂11i = 0;it follows that Ĝ�w = �q̂11 , for some �. Substituting this information into (6.52)yields, jp̂12 + �p̂11 ; p̂11 ; �q̂11 j = � jp̂12 ; p̂11 ; q̂11 j = 0:
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Since p̂12 ; p̂11 , and q̂11 are linearly independent, it follows that � = 0. This impliesp̂12 +�p̂11 is an eigenvector of R̂� that is orthogonal to q̂11 , which is a contradiction.It follows that ~R cannot have a nonlinear elementary divisor of size three,thus, the minimal polynomial of ~R is not given by,p4(�) = (�� �1)3(�� �2):Case 3: Suppose the minimal polynomial of ~R is given byp4(�) = (�� �1)2(�� �2)2:Denote p11 (p12), as the eigenvector (generalized eigenvector) of ~R associated witheigenvalue �1, and p21 (p22), as the eigenvector (generalized eigenvector) of ~R witheigenvalue �2. Similarly, q11 (q12), denotes the eigenvector (generalized eigenvector)of ~R� with eigenvalue ��1, and q21 (q22), are the eigenvector and generalized eigen-vector with eigenvalue ��2. The following relationships hold between the eigenvectorsand generalized eigenvectors of ~R and ~R�:( ~R� �1I)p11 = 0 ( ~R� � ��1I)q11 = 0( ~R� �1I)p12 = p11 ( ~R� � ��1I)q12 = q11( ~R� �2I)p21 = 0 ( ~R� � ��2I)q21 = 0( ~R� �2I)p22 = p21 ( ~R� � ��2I)q22 = q21 (6.53)
It follows from the Jordan decompositions of ~R, and ~R�, that

S�1S = 26666666664 q�12q�11q�22q�21
377777777752666664 j j j jp11 p12 p21 p22j j j j 3777775 = I: (6.54)
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By Substituting pj = p11 , and �j = �1 into (6.24), we see the followingmust hold: jp11 ; G�1p11 ; G1v; G�1G1vj = 0; 8v 2 C4: (6.55)There exists v 2 C4 such that G1v = q12 + 
q11 ;where 
 is chosen such that G1v ? spfq11g. Using (6.53) we obtain thatG�1G1v = q11 :Substituting these expresions for G1v and G�1G1v into (6.55) and simplifying yieldsjp11 ; G�1p11 ; q12 ; q11 j = 0:This means that there exists constants �1; �2; �3, and �4, not all zero, such that�1p11 + �2G�1p11 + �3q12 + �4q11 = 0: (6.56)If �2 = 0, then p11 ; q12 , and q11 must be linearly dependent. In this case,if �1 is also zero, we would have a contradiction since this would imply that q12 andq11 are dependent. So, we assume that �1 6= 0 and thusp11 = �(�3�1 q12 + �4�1 q11):Notice that both �3 and �4 cannot be zero because this would mean that p11 = 0.We will also assume that �3 6= 0, since p11 ? q11 . Substituting this expresion for p11into (6.55) then using (6.53) and simplifying shows thatjq12 ; q11 ; G1v; G�1G1vj = 0; 8v 2 C4:Since q11 spans the nullspace of G�1, notice that any vector v 2 C4 can be written asw = G1v + 
q11 ;132



for some v 2 C4, and some 
 2 C. Multiplying the second column in the abovedeterminant by 
 and adding it to the third column, then substitutingG�1G1v = G�1(G1v + 
q11)into the above shows that for every w 2 C4,jq12 ; q11 ; w; G�1wj = 0:Next, let w = q22 and notice that G�1q22 = q21 + (��2 � ��1)q22 . Substitution into theabove and simplifying producesjq12 ; q11 ; q22 ; q21 j = 0:However, this is impossible because these vectors are linearly independent. There-fore, we will assume that �2 6= 0 in (6.56), which meansG�1p11 2 spfp11 ; q12 ; q11g (6.57)If we begin by substituting pj = p21 and �j = �2 into (6.24), an analogousargument shows G�2p21 2 spfp21 ; q22 ; q21g: (6.58)Multiplying the third column in (6.55) by (��1 � ��2)I and adding it to theforth column producesjp11 ; G�1p11 ; G1v; G�2G1vj = 0; 8v 2 C4: (6.59)Suppose that either:(1) q22 and q21 are orthogonal to q11 , or(2) q21 is not orthogonal to q11 .
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Let G1v = q22 + �q21 ;where � is chosen so that G1v is orthogonal to q11 . Substituting this expression forG1v into (6.59) and simplifying yieldsjp11 ; G�1p11 ; q22 ; q21 j = 0:Since p11 ? spfG�1p11 ; q22 ; q21g, it follows thatG�1p11 2 spfq22 ; q21g:Notice that p12 ? spfq22 ; q21g which implies that G�1p11 ? p12 , or equivalently,0 = hG�1p11 ; p12i = hp11 ; G1p12i = hp11 ; p11i:This is a contradiction to our assumption that p11 is an eigenvector of ~R. Therefore,it follows that q21 must be orthogonal to q11 , and q22 is not orthogonal to q11 . Froma symmetric argument, we can also conclude that q21 is orthogonal to q11 , and q12is not orthogonal to q21 .Suppose q21 is orthogonal to q11 , but q21 is not orthogonal to q12 , and q22is not orthogonal to q11 . From (6.24), with pj = p21 and �j = �2, it follows thatjp21 ; G�2p21 ; G2v; G�2G2vj = 0; 8v 2 C4:Every v 2 C4 can be written as v = w + �z, for some w; z 2 C4 and some � 2 C.Using this expression for v, the above can be rewritten asG(�) = jp21 ; G�2p21 ; G2(w + �z); G�2G2(w + �z)j = 0; (6.60)for every w; z 2 C4, and for every � 2 C. Di�erentiating once with respect to �,then setting � = 0 producesG0(�)j�=0 = jp21 ; G�2p21 ; G2z; G�2G2wj+ jp21 ; G�2p21 ; G2w; G�2G2zj = 0;134



for every w; z 2 C4. Since q21 ? q11 , it follows that q11 is in the range of G2. Thereexists w 2 C4 such that G2w = q11 . Substituting this into the above yieldsjp21 ; G�2p21 ; G2z; (��1 � ��2)q11 j+ jp21 ; G�2p21 ; q11 ; G�2G2zj = 0;for every z 2 C4. This can be rearranged and combined by using the properties ofdeterminants to givejp21 ; G�2p21 ; q11 ; G�1G2zj = 0; 8z 2 C4:Since q21 is not orthogonal to q12 , we know that there exists z 2 C4 such thatG2z = q12 + 
q21 ;where 
 6= 0, and is chosen so that G2z ? spfq21g. Substituting this into the aboveand simplifying yields jp21 ; G�2p21 ; q11 ; q21 j = 0:Since p21 ; q11 , and q21 are linearly independent, in order for the above vectors to bedependent requires that G�2p21 2 spfp21 ; q11 ; q21g. Together with (6.58) shows thatG�2p21 2 spfq21g: (6.61)A symmetric argument can be used to obtain G�1p11 2 spfp11 ; q11 ; q21g.Together with (6.57) yields G�1p11 2 spfq11g: (6.62)If either G�1p11 � 0, or G�2p21 � 0, we obtain a contradiction to our assumption thatq11 (q21) is the only eigenvector of ~R� with ��1 (��2). Therefore, we assume thatG�2p21 = �q21 ; and G�1p11 = �q11 ; (6.63)for some nonzero constants, � and �. Notice from (6.54) that hp11 ; G�2p21i =hp11 ; �q21i = 0. Since0 = hp11 ; G�2p21i = hG2p11 ; p21i = (��1 � ��2)hp11 ; p21i;135



and �1 6= �2, this implies that p11 ? p21 .From (6.54), we see that p21 ? q11 . Thus, there exists v 2 C4 such thatG1v = p21 : (6.64)Substituting (6.64) and (6.63) into (6.59), and simplifying yieldsjp11 ; q11 ; p21 ; q21 j = 0:This is impossible since the vectors fp11 ; q11 ; p21 ; q21g are an orthogonal set.Therefore, in any case, the minimal polynomial of ~R cannot be given byp4(�) = (�� �1)2(�� �2)2:Case 4: Suppose the minimal polynomial of ~R is given byp4(�) = (�� �1)2(�� �2)(�� �3):Denote p11 (p12) as the eigenvector (generalized eigenvector) of ~R associated witheigenvalue �1, and p21 , and p31 to be the eigenvectors of R with eigenvalues �2,and �3, respectively. Similarly, denote q11 (q12) to be the eigenvector (generalizedeigenvector) of ~R� with eigenvalue ��1, and q21 , and q31 as eigenvectors of ~R� witheigenvalues ��2, and ��3, respectively.Recall the following relationships between the eigenvectors and generalizedeigenvectors of R and R�:( ~R� �1I)p11 = 0 ( ~R� � ��1I)q11 = 0( ~R� �1I)p12 = p11 ( ~R� � ��1I)q12 = q11( ~R� �2I)p21 = 0 ( ~R� � ��2I)q21 = 0( ~R� �3I)p31 = 0 ( ~R� � ��3I)q31 = 0 (6.65)
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Again, the Jordan decompositions of ~R, and ~R�, show that the eigenvectors (gener-alized eigenvectors) of ~R and ~R� satisfy the following orthogonality condition:S�1S = 26666666664 q�12q�11q�21q�31
377777777752666664 j j j jp11 p12 p21 p31j j j j 3777775 = I: (6.66)Substituting pj = p11 , and �j = �1 in (6.24) shows that the following musthold: jp11 ; G�1p11 ; G1v; G�1G1vj = 0; 8v 2 C4: (6.67)Since the range of G1 is orthogonal to the nullspace of G�1, which equals spfq11g, itfollows that there exists v 2 C4 such thatG1v = q12 + 
q11 ;where 
 is chosen so that G1v is orthogonal to q11 . Using (6.65) we obtainG�1G1v = q11 :Substituting these expressions for G1v and G�1G1v into (6.67) and then using theproperties of determinants to simplify yieldsjp11 ; G�1p11 ; q12 ; q11 j = 0:This means that there exists constants �1; �2; �3, and �4, not all zero, such that�1p11 + �2G�1p11 + �3q12 + �4q11 = 0: (6.68)If �2 = 0, it would follow that p11 ; q12 , and q11 are dependent. In this case, if�1 = 0, we would have a contradiction since this would imply that q12 and q11 aredependent. Therefore, we assume that �1 6= 0, andp11 = �(�3�1 q12 + �4�1 q11):137



Notice that both �3 and �4 cannot be zero since this would mean p11 = 0. Also,�3 6= 0, since p11 ? q11 . Substituting this expresion for p11 into (6.67), then using(6.65) and simplifying producesjq12 ; q11 ; G1v; G�1G1vj = 0; 8v 2 C4:Since q11 spans the nullspace of G�1, every w 2 C4 can be written as w = G1v+ 
q11 ,for some v 2 C4 and some 
 2 C. Multiplying the second column in the abovedeterminant by 
 and adding it to the third column, then substitutingG�1G1v = G�1(G1v + 
q11)into the above shows that for every w 2 C4,jq12 ; q11 ; w; G�1wj = 0:By multiplying the third column by �(��2 � ��1)I and adding it to the forth column,we obtain jq12 ; q11 ; w; G�2wj = 0; 8w 2 C4:Substitute w = q21 + q31 into the above, and simplify to producejq12 ; q11 ; q21 ; q31 j = 0;which is a contradiction since the vectors are linearly independent. Therefore, wewill assume that �2 6= 0 in (6.68), which meansG�1p11 2 spfp11 ; q12 ; q11g: (6.69)Suppose that either q21 or q31 is not orthogonal to q11 . Without loss ofgenerality, suppose q21 is not orthogonal to q11 . Notice that this implies that q21 isnot in the range of G1. There exists v 2 C4 such thatG1v = q21 + 
q11 ;138



where 
 6= 0, and is chosen so that G1v is orthogonal to q11 . Since G�1q21 = (��2 ���1)q21 , it follows from (6.65) thatG�1G1v = (��2 � ��1)q21 :Substitution of these expresions into (6.67) and simplifying producesjp11 ; G�1p11 ; q11 ; q21 j = 0:Since fp11 ; q11 ; q21g is a linearly independent set, in order that the above determi-nant be zero requires that G�1p11 2 spfp11 ; q11 ; q21g: (6.70)If q21 is not orthogonal to q11 , then both (6.69) and (6.70) must hold. Therefore, wemust have G�1p11 2 spfp11 ; q12 ; q11g \ spfp11 ; q11 ; q21g= spfp11 ; q11g:Notice that if q21 is orthogonal to q11 but q31 is not orthogonal to q11 , thenthe above argument could be repeated using q31 instead of q21 . Thus, if either q21or q31 is not orthogonal to q11 , we can obtainG�1p11 2 spfp11 ; q11g: (6.71)Since p11 ? spfG�1p11 ; q11g, it follows that G�1p11 = �q11 . If � = 0, p11 is aneigenvector of ~R� with ��1 which is a contradiction. Therefore, we assume � 6= 0, andsubstitute this expression for G�1p11 into (6.67) and then simplify to obtainjp11 ; q11 ; G1v; G�1G1vj = 0; 8v 2 C4:Since q11 spans the nullspace of G�1, it follows that any w 2 C4 can be written asw = G1v + 
q11 ;139



for some v 2 C4 and 
 2 C. Multiplying the second column in the above determinantby 
 and adding it to the third column, then substitutingG�1G1v = G�1(G1v + 
q11)into the above producesjp11 ; q11 ; w; G�1wj = 0; 8w 2 C4:Multiplying the third column in the above by (��1 � ��2)I and adding it to the forthcolumn yields jp11 ; q11 ; w; G�2wj = 0; 8w 2 C4: (6.72)Let w = q21 + q31 in the above to producejp11 ; q11 ; q21 ; q31 j = 0:However, this is impossible since fp11 ; q11 ; q21 ; q31g are linearly independent. There-fore, q11 must be orthogonal to spfq21 ; q31g.Suppose that both q21 and q31 are orthogonal to q11 . Multiplying the thirdcolumn in (6.67) by (��1 � ��2)I and adding it to the forth column producesjp11 ; G�1p11 ; G1v; G�2G1vj = 0; 8v 2 C4: (6.73)Since q21 and q31 are both in the range of G1, there exists v 2 C4 such thatG1v = q21 + q31 :Next, using (6.65), we obtain thatG�2G1v = (��3 � ��2)q31 :Again, substituting these expresions for G1v and G�2G1v into (6.73) and using theproperties of determinants yieldsjp11 ; G�1p11 ; q21 ; q31 j = 0:140



Since p11 ; q21 , and q31 are linearly independent, this implies thatG�1p11 2 spfp11 ; q21 ; q31g: (6.74)Notice that (6.69) also holds. Therefore, we obtainG�1p11 2 spfp11 ; q12 ; q11g \ spfp11 ; q21 ; q31g= spfp11g;which means that G�1p11 = �p11 . This is impossible for � 6= 0 since p11 ? G�1p11 .Therefore, � = 0, and it follows that p11 is an eigenvector of ~R� with ��1. We haveassumed that q11 is the only eigenvector of ~R� with ��1. Since p11 ? q11 , this is acontradiction.In all cases, if ~R has a single nonlinear elementary divisor of size two, wehave obtained a contradiction. Therefore, the minimal polynomial of ~R is not givenby p4(�) = (�� �1)2(�� �2)(�� �3):The above arguments show that ~R cannot have any nonlinear elementarydivisors. Since ~R is the matrix representation of ~A, it follows that ~A cannot haveany nonlinear elementary divisors. Therefore, ~A is diagonalizable.SupposeA has a nonlinear elementary divisor. This means that there exists,zj1 , and zj2 , and some �j for which(A� �jI)zj2 = zj1 ; and(A� �jI)zj1 = 0:The above argument showed that for every p0 such that d(p0; A) = 4, the restrictionof A to V4 = spfp0; Ap0; A2p0; A3p0g;141



is diagonalizable. Denote fp1; p2; p3; p4g as the eigenvectors that span V4. LetV̂4 = spfp1; p2; zj1 ; zj2g;and let ~A be the restriction of A to V̂4. V̂4 is a 4-dimensional invariant subspace ofboth ~A and ~Ay. The above argument can be used to show that ~A has no nonlinearelementary divisors. This is a contradiction to the assumption that A has a nonlinearelementary divisor. Therefore, A has a complete set of eigenvectors, thus, A isdiagonalizable. 2COROLLARY 6.9 A 2 CGMR(b; t), with (b; t) � (1; 1), if and only if(1) d(A) � 3, or(2) A is either B-normal(0; 1) or B-normal(1; 1).Proof: Su�cient conditions follow from Theorem 6.3. From the �rst statement inTheorem 6.3, restricting (b; t) � (1; 1), we obtain B-normal(0; 0), B-normal(0; 1),and B-normal(1; 1) matrices. Notice that if A is B-normal(0; 0), equivalently, B-normal(0), then Ay can be written as a constant polynomial. This implies thatA = �I; for some � 2 C;and thus, A has only 1 distinct eigenvalue. A close look at the second statementin Theorem 6.3 and Corollary 4.4, shows that rank 1 perturbations of B-normal(0)matrices are also contained in the class CGMR(b; t), with (b; t) = (1; 1). Since B-normal(0) matrices have only one distinct eigenvalue, any rank 1 perturbation of aB-normal(0) matrix, can have at most 2 distinct eigenvalues, thus, d(A) � 2.Notice that if d(A) � 3, then for any p0, d = d(p0; A) � 3. This meansKd(p0; A) = spfp0; Ap0; A2p0g = spfp0; p1; p2g;and the recursion MR(1; 1) will yield a B-orthogonal basis for any p0 in 2 or lesssteps. 142



Suppose A 2 CGMR(b; t), with (b; t) � (1; 1). Corollary 6.6 shows thateither d(A) � 3, or A 2 CGSR(s; t), with s = b and t = 1. From Theorem 6.8, itfollows that d(A) � 3, or A is B-normal(b; 1). 2We note here that the classes CGMR(b; t) with (b; t) � (1; 1), and CGSR(s; t)with (s; t) � (1; 1), are not equivalent. B-normal(1) matrices are included inCGSR(s; t) with (s; t) = (1; 0). However, from Corollary 6.9, it follows that B-normal(1) matrices are not in CGMR(b; t) with (b; t) � (1; 1). From Theorem 6.3 wesee that these matrices are included in CGMR(2; 0).
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7. ConclusionThe conjugate gradient method is implemented via the construction of aB-orthogonal basis for the underlying Krylov subspace. In this thesis, we haveconsidered when this construction can be accomplished using some form of a shortrecurrence, yielding an economical conjugate gradient algorithm.The theory from Faber and Manteu�el [5] applies to a special form of re-cursion, called an (s+ 2)-term recursion (2.11). This theory shows that a practicalimplementation of a conjugate gradient method using a single (s+2)-term recursion,is limited to a very small class of matrices, called B-normal(s) matrices [5]. The workdone by Gragg, Jagels and Reichel ([10], [16], [17]) on unitary and shifted unitarymatrices, demonstrated that the single (s+2)-term recursion was not general enoughto include all possible forms of short recurrences. For these matrices, a short doublerecursion can be used to construct an orthogonal basis, whereas, it is not possible todo this with a short (s+2)-term recursion. This work motivated the formulation inthis thesis of a special type of multiple recursion, MR(b; t) (6.4). Using this form,we demonstrated that the class of matrices for which an e�cient conjugate gradientalgorithm is known to exist, can be extended.Su�cient conditions on the system matrix A were determined in orderthat a short multiple recursion MR(b; t) will yield a B-orthogonal basis. Theseconditions are for the matrix A to be either B-normal(`; m), or a generalization ofa B-normal(`; m) matrix (see Sections 4.3, and 4.4). This includes the B-normal(s)matrices characterized in [5], as well as unitary and shifted unitary matrices studiedin ([10], [16], and [17]). In addition, this class includes low rank perturbations of
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B-normal(`; m) matrices. An example of this type is a low rank perturbation of aself-adjoint matrix.To determine if there are any other matrices for which a B-orthogonal basiscan be constructed using a recursion of this type, we must determine if the su�cientconditions are also necessary. This question was answered for only a restrictedsubset of the multiple recursions MR(b; t), in particular, necessary conditions weredetermined only for (b; t) � (1; 1). Further research is needed to complete theanalysis of necessary conditions when b; t > 1.This research opens the door to the possibility that short recurrences existfor even a wider class of matrices. The multiple recursions MR(b; t) studied inthis thesis, involve one recursion for the direction vector pj+1 at each step, and trecursions for auxiliary vectors, qj+1i ; i = 0; :::; t�1. The recursions for the auxiliaryvectors each have only two terms. We might consider recursions for the qj+1i 's thatutilize more terms. An example of such a recursion is given in Chapter 2, (2.12).The recursionsMR(b; t), are actually a special case of this type. Future research onalternate forms of short recursions might begin with the study of this more generalform of short multiple recursion.
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A. Properties Of DeterminantsThe following is a list of properties of determinants that will be usedthroughout the main proofs in this chapter. These properties can be veri�ed bychecking a basic linear algebra text (cf. [22], pp. 158-174).Suppose A is a p� p matrix, and denote, jAj as the determinant of A.(1) If A has a row (column) of zeros, then jAj = 0.(2) If A has two identical rows (columns), then jAj = 0.(3) For any number �, j�Aj = �pjAj.(4) jAj = jAT j.(5) If D is obtained from A by interchanging two rows (columns) of A, thenjDj = (�1)jAj.(6) If D is obtained from A by replacing one row (column) of A by a number �times that row (column), then jDj = �jAj.(7) If D is obtained from A by replacing one row (column) of A by that row(column) plus some multiple of a di�erent row (column), then jDj = jAj.(8) If A and D are equal except for possibly the entries in the j'th row (column),and if C is de�ned as the matrix identical to A and D except that its j'throw (column) is the sum of the j'th rows (columns) of A and D, then jCj =jAj+ jDj.(9) jADj = jAjjDj.
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(10) (@=@t) jA(t)j is the sum of the p determinants:����������� a01;1(t) a1;2(t) � � � a1;p(t)... ... ...a0p;1(t) ap;2(t) � � � ap;p(t)
�����������+ � � �+ ����������� a1;1(t) � � � a1;p�1(t) a01;p(t)... ... ...ap;1(t) � � � ap;p�1(t) a0p;p(t)

����������� :
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