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ABSTRACT

Iterative methods are important mechanisms for solving linear systems of
equations of the form, Az = b, when A is a large sparse nonsingular matrix. When
an efficient implementation exists, the conjugate gradient (CG) method is a popu-
lar technique of this type. This method is implemented via the construction of an
orthogonal basis for the underlying Krylov subspace. When this basis can be con-
structed using recursions that involve only a few terms at each step, then a practical
CG algorithm exists. The current theory from Faber and Manteuffel regarding the
economical implementation of the conjugate gradient method does not take into ac-
count all possible forms of short recurrences. By considering a more general form of
recursion, we will extend the class of matrices for which a practical CG algorithm is
known to exist.

This study begins with a review of the conjugate gradient method, and the
existing theory regarding its economical implementation. An overview of previous
work concerning unitary and shifted unitary matrices will be presented since this
motivates our definition of a more general form of short multiple recursion. Sufficient

and partial necessary conditions on the matrix A will be determined in order that a

iii



CG method can be implemented using this type of recursion. One sufficient condition
is for the matrix A to be B-normal(#, m). These are normal matrices whose adjoint
can be expressed as the ratio of two polynomials in A. Another sufficient condition
is for A to be a low rank perturbation of a B-normal(¢, m) matrix. An important
example of this type is a matrix that is self-adjoint plus low rank. These results will
be illustrated with a few numerical examples. In addition to extending the class of
matrices for which a practical CG algorithm exists, this research opens the door to
the possibility that other forms of short recurrences may exist that would admit an

efficient CG algorithm for even a wider class of matrices.

This abstract accurately represents the content of the candidate’s thesis. I recom-

mend its publication.

Signed

Thomas A. Manteuffel
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1. Introduction

1.1 Motivation And Organization
A conjugate gradient method for the solution of an N x N linear system of

equations

Az = b,

is defined with respect to an inner product matrix B, and the matrix A. It is a
Krylov subspace method in which the B-norm of the error is minimized at each step
(see Section 2.2). A conjugate gradient method is implemented via the construction

of a B-orthogonal basis {]_)i}gzo for ICj41(rg, A), where
Kjt1(ro, A) = sp{ry, Arg, ..., Aro},

is the Krylov subspace of dimension 5 4+ 1 generated by the initial residual r, and
the matrix A. The p.’s are called direction vectors. There are many algorithms
for implementing the method, for example: Orthodir, Orthomin, Orthores, and
GMRES.

If a B-orthogonal basis can be constructed with some form of a short recur-
sion, then the work and storage requirements to implement the method are minimal,
and we say an economical conjugate gradient algorithm exists. In 1984, Faber and
Manteuffel [5] proved that the class of matrices for which a conjugate gradient method
can be implemented via a single short (s + 2)-term recursion of the form

J
P, =Ap; — > 0P,
i=j—s

for the direction vectors, is limited to matrices that are B-normal(s) or to matrices



with only a small number of distinct eigenvalues (see Section 2.4). It became appar-
ent in the work done by Gragg [10] that this form of recursion is not general enough
to account for all possible short recurrences. The unitary matrix is an example of a
matrix for which an orthonormal basis cannot be constructed with a short (s + 2)-
term recursion, however, Gragg demonstrated that this basis can be constructed

using a pair of recurrence formulas. Shifted unitary matrices have the form
A=pU + €&,

where U is unitary, I is the identity matrix, and p and ¢ are complex scalars.
Jagels and Reichel ([16],[17]) observed that for matrices of this form, IC; 1 (ry, A) =
Kj+1(rg,U), and thus, the same double recursion as for the unitary case, can be
used to construct an orthonormal basis. They continued, showing how to derive
an efficient minimal residual algorithm. This motivates the work in this thesis con-
cerning alternate forms of short recurrences. By considering a more general form
of recursion, we will show that the class of matrices for which a practical conjugate
gradient algorithm is known to exist, can be extended.

In Chapter 2, the conjugate gradient method is defined. We then discuss
how the method is implemented. An overview of previous work concerning econom-
ical conjugate gradient algorithms is given. Chapter 3 summarizes the work done by
Gragg, Jagels and Reichel on unitary and shifted unitary matrices.

The double recursion for unitary and shifted unitary matrices can be rewrit-

ten as a single (s, t)-recursion of the form

Jj—1 J
Pi1 = AI_)J' + Z ﬁi,jAI_)i - Z 05D,
i=j—t i=j—s

If A is unitary, £ = 1 and s = 0; if A is shifted unitary, £ = 1 and s = 1. We

notice that if A is unitary, its adjoint, A* = AT, can be written as the ratio of two



polynomials,
po(A)
q1(A)’

where pg(A) = I, and q1(A) = A. The degrees of these polynomials correspond to

A* = A1 =

the number of terms needed in the single (s, t)-recursion to construct an orthogonal
basis.

In Chapter 4, we will define and characterize a more general class of normal
matrices, called B-normal(#, m) matrices. The B-adjoint of these matrices, AT, (see

Section 2.4), can be expressed as the ratio of two polynomials,

of degrees £ and m respectively. In the absence of a condition we call breakdown,
if A is B-normal(¢, m), then a B-orthogonal basis can be obtained using a single
(s, t)-recursion, with (s, t) = (£, m). This result can be extended to more general
matrices, which include low rank perturbations of B-normal(¢, m) matrices. An
important example of this type is a matrix that is self-adjoint plus low rank.

Since breakdown is possible using the single (s, t)-recursion, we will show
how the problem can be reformulated as a multiple recursion that avoids the possi-
bility of breakdown. Sufficient conditions on the matrix A are then stated in order
that a B-orthogonal basis can be constructed using this form of multiple recursion.

In Chapter 5, we will discuss the details on how to implement the method
using this form of recursion. Numerical examples are given comparing the results to
those using a full conjugate gradient algorithm.

To determine if there are any other matrices for which a B-orthogonal
basis can be constructed using this form of multiple recursion, we must answer the
question of whether the sufficient conditions are also necessary. This is a much more

difficult problem which we will answer in Chapter 6 for only a restricted subset of



the multiple recursions derived earlier. A brief summary is given in Chapter 7.

1.2 Notation

The notation will be explained when it is first introduced. For convenience,

we summarize this below.

R™, C"

RnXm C’I’LX’ITL
)

Vector spaces of real and complex n — tuples.

Vector spaces of real and complex n X m matrices.

K, V,... Other calligraphic letters denote subspaces of R™ or C".
A B,... Upper case Roman (Greek) letters denote matrices.
z,p,. Underlined lower case Roman (Greek) letters denote vectors.
a,fB,.. Lower case Roman (Greek) letters denote scalars.

o, -l Euclidean inner product on C" and induced norm.

(B--), || -lls B—inner product on C" and induced B—norm.

—B Represents orthogonality in the B — inner product.

A* Euclidean adjoint of 4, A* = AT.

At B—adjoint of A, A" =B 'A*B.

spiz; } The linear span of the vectors z;.

Y(A) Spectrum of A.

Ke(rg, A) sp{rg, Arg, ..., A" 'ry}.  Krylov subspace of dimension /.
d(ry, A) Degree of the minimal annihilating polynomial of ry.
d(A) Degree of the minimal polynomial of A.



2. The Conjugate Gradient Method

2.1 Introduction

Consider the linear system of equations
Az =b, (2.1)

where A is a general N x N nonsingular matrix, and z and b € CV. This chapter is
concerned with the solution of (2.1) using a conjugate gradient method.

After some background on polynomial iterative methods, a general defi-
nition of the conjugate gradient method will be given. Next, we describe how the
method is implemented. Of particular interest will be the conditions under which a
conjugate gradient method can be implemented with some form of a short recursion,
thus requiring only minimal amounts of computation and storage. An overview of
previous results on this topic is given. We conclude this chapter by noting that
the current theory on economical implementation of the conjugate gradient method
does not take into account all possible forms of short recursions. This motivates
the further study of conjugate gradient algorithms using alternate forms of short

recursions.

2.2 Derivation Of The Conjugate Gradient Method

Given an initial guess z, to (2.1), an iterative method produces a sequence
of approximations {z,, z;, ...} to the exact solution z = A~ 'b. Iterative methods
are important techniques for obtaining a solution when A is large and sparse.

Consider an iterative method where for 5 = 0,1,..., the new iterate is



defined by,

J
Lig =2+ Y aigry, (2.2)
i=0
where,
ri=b-Az; = Az — z;) = Ag;, (2.3)

is the residual at step ¢, and e; denotes the error at step 7. Each new iterate is
updated with some linear combination of previous residuals. By subtracting both
sides of (2.2) from the exact solution z, and using (2.3), we obtain an expression for

the error at step 7 + 1,
J
€jit1 =€y — Zai,jAQi-
i=0

Let I denote the N x N identity matrix, and note that
ey = Iney = po(A)ey,

where pg(0) = 1. Suppose that for i = 0,...,7, ¢; = pi(A)ey, and p;(0) = 1. By

induction, we obtain

g1 = go—é)oai,jA pi(A)eg
= [In — 45;(4)] & (2.4)
= Pj+1(A)§0a
for some polynomial, pji1(p) = [1 — p pj(p)], of degree < j 4 1. Furthermore, we

see that pj;1(0) = 1. Notice that the residual at step j + 1 can be written as

Ty = Apjt1(A)ey = pjv1(A)rg.

The polynomials p;1(p) are known as residual polynomials. Since the error at each
step can be written as a polynomial in A times the initial error, iterative methods

of this form are called polynomial methods.



Define the (5 4+ 1)’st Krylov subspace generated by r; and the matrix A as
Kjt1(rg, A) = sp{rg, Aryg, ..., Ajzo}. (2.5)

The vectors {A'r, }?;o are called Krylov vectors.

Denote d(A) as the degree of the minimal polynomial of A, that is,

d(A) = min {degp: p(4) =0}.

p: p monic
Define d = d(z, A) to be the maximum dimension of the Krylov subspace generated
by z and the matrix A. This is the degree of the minimal annihilating polynomial
of z,

d=d(z,A)= min {degp: p(A)z=0}.

p: p monic
Since the Krylov subspaces are nested, and for every i, r; = p;(A)ry €

Kit1(rg, A), it follows that (2.2) can be rewritten as,

Tj1 = Zo+pi(A)ry
= o+ 2, where 2; € Kj41(ry, A),
or equivalently,
Tj1 = Zj + 24,
for some z; € K;j11(ry, A). We make the following definition:

DEFINITION 2.1 A Krylov subspace method is an iterative method

whose iterates are defined by:

Tiy1 = Tj+2 zj € Kji1(rg, A),
eiv1 = pi+1(Aey,  pi(0) =1
There are many Krylov subspace methods. What distinguishes a method
is the way in which the vector z; is chosen from Kj,1(ry, A). Since our goal is to

find a solution to (2.1), a logical strategy would be to choose z; € Kjy1(ry, A) so



that the error is as small as possible. However, we would also like to accomplish this
with a relatively small amount of work. As we will see later, these two goals are not
always compatible.

Since |leji1ll = [[pjr1(A)eoll < llpj+1(A)] lleoll, we differentiate two basic
strategies for making the error small:

(1) Make [|pj1(A)] small,

(2) make [[p;+1(A)ey | small
Methods that employ the first strategy involving matrix norms, are often referred to
as Chebychev-like methods. They require some knowledge of the spectrum of A to
implement. Methods that utilize the second strategy are called conjugate gradient-
like methods. They are based upon optimization in an inner product norm, or on
some orthogonalization property. No knowledge of the spectrum is required for their
implementation.

As the name suggests, conjugate gradient methods utilize the second strat-
egy. They are Krylov subspace methods in which the error is minimized at every step
in an inner product norm. We will define this method with respect to a Hermitian
positive definite inner product matrix B, and the system matrix A, and denote it as
CG(B, A).

DEFINITION 2.2 A conjugate gradient method, CG(B, A), is a Krylov
subspace method whose iterates are defined uniquely as follows:

Tip1 = Tj+ 24, zj € Kjy1(ry, A),
lej1llm is minimized over ICj11(rg, A).

J

The second condition is equivalent to requiring
€j+1 B Z; Vz € Kjpi(rg, A).

There are many conjugate gradient methods. Consider for example, if A

is symmetric positive definite, (A-,-) defines an inner product, and we could take



B = A. CG(B,A) minimizes the A norm of the error, which results in the origi-
nal conjugate gradient method of Hestenes and Stiefel [14]. Another example of a
conjugate gradient method is given by taking B = A*A. Notice that since we are

assuming that A is nonsingular, A*A is Hermitian positive definite. In this case,

CG(B, A) minimizes

1 1
AxA = <A*A§j+1a §j+1>2 = <£j+1, £j+1>2a

||§j+1|

yielding a minimal residual method. A detailed taxonomy of conjugate gradient

methods can be found in [1].

2.3 Implementation

A conjugate gradient method is implemented via the construction of a B-
orthogonal basis for the Krylov subspace. This follows directly from the definition
of the method. To see this, first, we obtain an expression for the error at each step
in terms of the error at the previous step by subtracting the first equation in (2.6)

from the exact solution yielding

Ej+1 = & — Zj- (2.7)

According to Definition 2.2, at each step j + 1, we must choose z; € K;1(rg, A) so
that

€ij+1 —B 2, Vz € ’Cj+1(£oaA)-
Since K;(rg, A) C Kj41(rg, A), it follows that for every z € K;(rg, A),
0 = (BQ]'+17 &)

where the second equality results from substituting in (2.7). From the definition,

it follows that for every z € K;(rg, A), (Beg,, z) = 0, which implies (Bz;, z) = 0.



Therefore, we obtain two conditions:

zj € Kjii(rg,4), and
(Bzj,z) = 0, VzeKjrgA).

These conditions say at each step, we must choose z; € Kj+1(rg, A) such that z; 18

B-orthogonal to everything in /Cj(ry, A). This means a conjugate gradient method

can be implemented by constructing a B-orthogonal basis {]_)i}gzo for ICj11(rg, A).

Here, p. € Kit1(rg, 4), and p, —p Ki(rg, A), for i = 0,...,j. The p.’s are known as

direction vectors. Given an initial vector, P, = Ty, a B-orthogonal basis is unique

up to scale, or the length of the vectors. At step j + 1, let
é] = aija

where «; is known as the step length.
To determine the step length, notice that p; € Kjt1(rg, A). It follows from

the definition that

0= (Bejs1, p;) = (Bej, p,) — aj(Bp;, p)-

Since B is Hermitian positive definite, (ng, Qj> # 0, and we can solve for o yielding,

<B§j7 £]>

o = .
7 (Bp,,p))

Summarizing the above, to implement CG(B, A), given P, at each step, compute:

1) P, € le+1(;t_)0,A) such that p; =B IC]-(BO,A),
(Bej,p.)
2) oz = Lt 9= m,
=] —=J

Since the computation of a; involves the unknown quantity of the error,
the inner product matrix B must be chosen so that «; is computable. For example,
if A is Hermitian positive definite, we could choose B = A, and

<£j7 I_)]>

A = ————.
T (4p,.p))

10



By choosing B = A* A, we obtain
<Tj7 A£]>
(Ap;; Ap;)

From the above, we see that the work involved in implementing a con-

Oz]':

jugate gradient method is in the construction of a B-orthogonal basis {21}3:0 for
’Cj+1(120aA)- There may be many different ways of writing the recursion for con-
structing such a basis. However, since this basis is unique up to scale, as long as
the vectors are scaled the same, the recursions can always be rewritten in terms of

a Gram-Schmidt process,

]_)U = Iy,
_ _ <BA£0’£0>
P, = Apy —o00p, 70.0 = TBp,.p,) (2.8)
j (BAp_,p.)
P = Ap, z';o TiiPy> 73 = Bpp,)

Suppose that d(;t_)U, A) = N, where N is the dimension of A. The matrix form of this

recursion at step N is given by:

( 00,0 0o, " O0,N—1 W
1 01,1
Alpypy BN—l] - [20 by BNA] Lo - (29)
L 1 on—i,nva |
which we denote as,
APy = PyHy.

In general, Hy is a full upper Hessenberg matrix. By equating the columns in the
matrix equation, we obtain the individual formulas for the direction vectors given
in (2.8). Note that at any given step k, after computing p,. the recursions can be
written in matrix form as

APy = Pyy1Hiy, (2.10)

11



where Py is the matrix containing the first &£ columns of Py, and Hj  is the upper
left (kK + 1) x k corner of Hy.

The various ways of writing the recursions for the direction vectors will
yield different algorithms for implementing a given conjugate gradient method. We
list the Orthodir algorithm below. It is an example where the direction vectors are

obtained using a full Gram-Schmidt process generalized to the B-inner product.

Table 2.1: Orthodir Algorithm

rg = b— A&oa
EO = Iy,
B _ (Bejip))
Ljv1 = Zj+ogp;, Y= ey
Ljp1 = rj—oidp,
j (BAp_,p.)
‘ — Ay — O D O = =i =il
P b, E:U 1y i (Bp,p,)

Notice that in the Orthodir algorithm, the recursion for the direction vector
P utilizes the term A;_)J. € KCj12(rg, A), to bring the recursion up to the next higher
dimension Krylov subspace. When BA is definite, the residuals span the Krylov

subspace [1],

Kjt2(ro, A) = sp{py, pys - Py b =sP{ro, m15 ooy 10}

Instead of using the term A}_)J. to bring us up to K; 2(rg, 4), we can use ;. An
example of an algorithm that uses this approach is the Orthomin algorithm, given
in Table 2.2.

Both of these algorithms utilize all the previous direction vectors to con-
struct Py In the next section, we will see that for certain kinds of matrices A, a
B-orthogonal basis can be constructed with a short recursion that uses only a few

previous direction vectors.

12



Table 2.2: Orthomin Algorithm

rga = Q_Az[]a
BO = Iy,
_ _ (Beyip))
L+t = LT apy %= Bp,p,)
Ljiy1 = rj—oAp;,
J (Br; 1:p,)
— . _ . R —j+1 5
Dipi = Lt 20l % = (Hp )

2.4 Economical Conjugate Gradient Algorithms

Before discussing when a conjugate gradient method can be implemented
with a short recursion for the direction vectors, we review some terminology on
normal matrices.

First, the concept of an adjoint of a matrix A is generalized to the B-inner

product. The B-adjoint of A is the unique matrix A" satisfying,
(BAz, y) = (Buz, ATQ), Vz, y € cN.

This yields, A" = B~14*B.
The following conditions are generalizations of those for normal matrices.
A matrix A is B-normal if it satisfies the following equivalent conditions:
(1) AAT = ATA,
(2) A and A" have the same complete set of B-orthogonal eigenvectors,

(3) A" can be written as a polynomial of some degree in the matrix A.

We say that A is B-normal(s), if it is B-normal, and s is the degree of the
polynomial, p,(A), of smallest degree for which AT = p,(A4). For example, if A is
B-normal(1), then AT can be written as a first degree polynomial in A.

Recall the matrix equation in (2.9) for the construction of a B-orthogonal

13



basis. The entries of the Hessenberg matrix Hy are given by,

t
(BAp..p,)  (Bp,,A'p))

940 = (Bp.p,)  (Bp.p,) ity =1
hij =19 1 if j=i—1
0 if j<i—1

If A is B-normal(1), A" = p;(A), and thus

A'p, € Kita(py, A) = sp{pys -+ 2, }-

It follows that if j > ¢+ 1,
p; —B Kit2(p,, A),

which means o0;; = 0, yielding a tridiagonal matrix Hy. The recursion in (2.8)

naturally truncates to the 3-term recursion,
j
Piy1 = AI_)j - Z 05D,
i=j—1
A special case of B-normal(1) matrices are B-self-adjoint matrices. They
satisfy:
At = A, or
BA = (BA)* = A*B.

Consider an (s + 2)-term recursion of the form:

. J _ (BAp;, p))
i=j—s L R )

DEFINITION 2.3 The matrix A is in the class CG(s) if for every ry, a
single (s + 2)-term recursion of the form given in (2.11) can be used to construct a

B-orthogonal basis for Kg4(rg, A).

THEOREM 2.1 A € CG(s) if and only if

d(A) <s+2or Ais B—normal(s).

14



Proof: The proof is a result from Faber and Manteuffel [5]. O

This result was extended in 1988 by Joubert and Young [18], who showed
that the recursions for the direction vectors in the Orthomin implementation of
CG(B, A) also naturally truncate for B-normal(s) matrices.

In their 1984 paper, Faber and Manteuffel characterized B-normal(s) ma-

trices. These results are given in the following lemma.

LEMMA 2.2 If A is B-normal(s);
1). if s> 1, then d(4) < s,
2). if s = 1, then either d(A) =1, A = Af or

A= <igI+G> :

where i =+/—1, > 0 is a real number, 0 < § < 27, and G = G'.

Proof: The proof is given in [5]. O

Summarizing, if A is B-normal(s), and s > 1, then A has at most s
distinct eigenvalues. If s = 1 and A has more than 1 distinct eigenvalue, then all
the eigenvalues of A lie on some straight line in the complex plane. Note that in
the case that A is B-self adjoint, all the eigenvalues of A are real. Otherwise, the
eigenvalues of A can be obtained by shifting and then rotating the eigenvalues of a
B-self adjoint matrix GG, yielding collinear eigenvalues.

These results say that an economical recursion for the direction vectors, of
the form given by (2.11), can only be applied to a very small class of matrices. In
Tables 2.3 and 2.4 we list two algorithms that are applicable when A is B-normal(1).
The Omin algorithm carries the further restriction that BA be definite.

We might ask if there are other forms of short recursions that can’t be

15



Table 2.3: Odir Algorithm

ry = b - AZ[],
BO = Iy,
_ _ (Bejip))
Tjpp = Z;+ AP Qa; = Bp,.p,)’
Lipn = 1j—odp;,
_ 4 _ (BAp.p. ) _ (BAp.p)
Pjpn = A= 5=l — 5Ly 9510 T By~ p ) %30 T Bp,.p,)

written as a short (s + 2)-term recursion of the form given in (2.11). Instead of
computing one recursion at each step for the new direction vector, consider the

multiple recursion:

— Y allap — 3y g0
Bivn = % T8 & P B
t t
_ (2) B (2)
Pip, = ¢§1 i Aﬂji z; Pis By (2.12)
— ya4p — 3 Y
Bive = Z %8 T & Pl

where Pin denotes the new direction vector at this step, and Piirs for i =2,...,¢
= 1 — i
denotes ¢t — 1 auxiliary vectors. Each recursion involves the vectors {]_)j_}le from the

previous step, and their products with A, {A]_)j_}le. By denoting the matrix
Q] = [lea sz’ ) BJJ ’
the recursions at each step j + 1 can be written as,
Qj+1 = AQ;R — Q;, (2.13)

where R and S are ¢ X ¢ matrices containing the recursion coefficients. Faber and
Manteuffel conjectured that any such recursion can be rewritten in the form (2.11),

for some s > t. However, we will show below that there are short multiple recursions

16



Table 2.4: Omin Algorithm

rg = b - Az[]a
BO = Iy,

_ _ (Bejip))
it = Zj TP, = By,
Ly = Lj— a;Ap,

(Br;y1:p.)
. = 1.1 —Bp, = T
Pi Livr = Bipy, B By, )

of the form (2.13) that can’t be rewritten as a single short (s + 2)-term recursion
of the form (2.11). More importantly, we will show that the class of matrices for
which these recursions admit a conjugate gradient method, is wider than the class
described by Faber and Manteuffel [5].

For any matrix A, the direction vectors can be computed using a full Gram-
Schmidt process. After N steps, this may result in a dense upper Hessenberg matrix

Hpy. We note here, that given Py that Hpy is unique. If Hy can be factored as
Hy =TnBn,

where By is nonsingular, B;,l is banded upper triangular, and T is banded upper

Hessenberg, then the matrix equations (2.9) can be rewritten in the form,

APy By' = PyTy,

R N

or,

| i s

where the *’s denote possible nonzero entries. By equating the columns in the above
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matrix equation, we obtain an equation at each step, of the form,

J J
5j+1 I—)j+1 = E ﬁZ’JAEz - E Ui,jﬂi' (214)
1=j—t 1=j—s8

In the next chapter, we will see that the unitary matrix is an example of a
matrix whose direction vectors can be computed using either a short multiple recur-
sion of the form (2.12), or a short single recursion of the form (2.14). The multiple
recursion for unitary matrices is a result from Gragg, who showed the process for
constructing an orthonormal basis simplifies for isometric operators, yielding a short
double recursion for the direction vectors. Jagels and Reichel extended these results.
By using Gragg’s algorithm, they showed how to construct an efficient minimal resid-
ual algorithm for unitary and shifted unitary matrices (see Section 3.3). Although
the unitary matrix is normal, it is not normal(s) for some small degree s, and thus,
no short recursion of the form (2.11) exists. By considering other recursions, we will
to extend the class of matrices for which we know a practical conjugate gradient

algorithm exists.
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3. Unitary And Shifted Unitary Matrices

3.1 Introduction

In the previous chapter, we saw that a practical implementation of a con-
jugate gradient method depended on the construction of a B-orthogonal basis for
the Krylov subspace. If this basis can be computed with a short recursion of some
form, then an economical conjugate gradient algorithm exists.

In 1984, Faber and Manteuffel [5] determined the class of matrices for which
a B-orthogonal basis {]_)j }?;é for IC4(ry, A) could be constructed with a single (s+2)-
term recursion of the form

J
Pign = AB]‘ - Z Ti,5P;-
i=j—s
This class of matrices is limited to matrices that are B-normal(s), or to matrices
with only a small number of distinct eigenvalues.

That the above recursion is not general enough to account for all possible
short recursions, became apparent in the work done by Gragg [10] on unitary ma-
trices. Gragg showed that if U is unitary, then an orthonormal basis for the Krylov
subspace can be constructed using two short recursions at each step. Jagels and Re-
ichel ([16],[17]) extended this work to obtain an economical minimal residual method
for unitary and shifted unitary matrices.

A shifted unitary matrix has the form
pU + &1, (3.1)

where U is a unitary matrix, I is the identity matrix, and p and £ are complex scalers.

It is easy to verify that these matrices are normal by noting that AA* = A*A. If
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Aj is an eigenvalue of U, then ,05\]- + £ is an eigenvalue of A. This means that the
eigenvalues of shifted unitary matrices lie on a circle in the complex plane. Although
unitary and shifted unitary matrices are normal matrices, they are not normal(s)
for some small degree s, and thus, a short (s + 2)-term recursion of the form (2.11)
cannot be used to construct an orthonormal basis.

The results from Gragg, Jagels and Reichel, will be extended to matrices
that are unitary with respect to any inner product, (B-,-). We conclude this chapter
by presenting another algorithm for a minimal residual method for shifted unitary

matrices.

3.2 A Short Double Recursion For Unitary Matrices

Suppose that U is an N x N unitary matrix, and d = d(ry,U) = N. It was
shown by Gragg [10] that an orthonormal basis for Ky (ry,U) can be constructed
with two short recursions. To see this, we first consider a Gram-Schmidt process to
construct an orthonormal basis {Bi}z‘]\!ol for Kn(ry,U). Note that this is the same
process as given in (2.8) with B = I, except the vectors are normalized to have

length 1. The recursions for the Qj’s may be written in matrix notation as
UPy = PyHy, (3.2)

where Hy is the N x N upper Hessenberg matrix.
Since U is unitary, and by construction Py is unitary, it follows from (3.2)

that Py Hpy is unitary and
(PNHN)*PyHy = HyHy = Iy,

where Iy is the N x N identity matrix. Therefore, Hy is a unitary, upper Hessenberg

matrix. A QR factorization of Hy yields

Hy = QnRy,
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where @ is N x N unitary, and Ry is N x N upper triangular. Since Ry = QyHy,
it follows that Ry is also unitary. Ry being unitary and upper triangular implies
that
Ry = diag(- - i ),
for some 6, j=1,..., N.
The upper Hessenberg structure of Hy allows for the QR factorization to

be computed efficiently using elementary unitary, or Givens matrices,

Hy =G1Gy---Gny-_1RN, (3.3)
where,
I
G, = % ,
gj
In_j 1

and y; € C, |v;] <1, and o; = (1 — |7;|?)!/2. Since each G is a rank 2 correction of
the identity matrix, it follows that the information content of Hy is of order N. By

substituting (3.3) into (3.2) and equating columns, we obtain:

Upy, = —mp,+oip;;
7 =—(Upy: By)-
o1 = (1—|m)Y2,

Up, = —mlowp, +71p,) + o2p,,
Y2 = —(Up,, o1p, + 1P, )

oy = (1= |yH)V2,

Rearranging yields the Gragg algorithm for constructing an orthonormal basis for
unitary matrices. This algorithm is given in Table 3.1.
See ([10],[16],[17]) for a more complete presentation. Another derivation of this

double recursion for unitary matrices is given by Watkins [24].

21



Table 3.1: The Gragg Algorithm for unitary matrices

gj .
]+1£]+1

Piq

Py = Tr

1= —(Up,: By):
o1 = (1 |ml*)z,
Upy +mpy,
01D, + NPy

N =

Yi+1 = _<UI_7]" éj)v
ojt1 = (1= |y4l?)
UQj +Yj+1P;
0j+11_5j +V+1P; -

1/2
)

3.3 A Minimal Residual Algorithm For Shifted Unitary Matrices

Jagels and Reichel ([16],[17]) use the Gragg algorithm to construct an effi-
cient minimal residual algorithm for the solution of the linear system, Az = b, where
A is a shifted unitary matrix (3.1). They observe that Ky (rg, A) = Ky (rg,U). Thus,
the Gragg algorithm can be used to construct an orthonormal basis for Ky (rg, 4).
This basis is then used to construct a minimal residual algorithm as follows:

At step k in the construction of the orthonormal basis using the Gragg
algorithm, the recursions for the basis vectors, {Qi}f:[], can be written in matrix
form as

UPy = Pyt HD, (3.4)

where HI£4U-)1 i 1s the (k + 1) x k upper Hessenberg matrix,

H,Ez)lk = GGy GGy,

where for 1 =1,....;0k — 1
I

Gi = T ~ 3
O; Y

)

o)
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Using (3.1) and (3.4) we see that

AP, = (pU + &) Py = Pk+1(PH;£JUr)1,k +¢Iy) = Pk+1H,§i"1,k,

where,
i, = l I ] e clk+1)xk.

We remark here, that instead of deriving H,gf,:)l p from H, Ig)l w» one could obtain
H,gjl_)l i directly by substituting U = %(A — ¢I) into the Gragg algorithm. Now,
the standard argument for constructing a GMRES algorithm (c.f.[23]) is employed.

Since [|rgllp, = o, we have for some y, € ck

A
ry =19 — APpy, = Pry1 [||£0||§1 - ng+)1,k Ek] ;

where ¢, = [1, 0, ..., 0]7. The objective is to choose Yy, to minimize [r;]|. Since
Py11 has orthonormal columns, this may be accomplished by solving the (k+ 1) x k

least squares problem

A
Irgller = HY, 4 v,

Since (,oH,g)1 e+ {fk) = H,ii)l ¢ is upper Hessenberg, a QR factorization of H,g’j:)l K

is accomplished by Givens matrices. The relationship between H ,gjl_)l i and H ;5?1 &
allows the least squares problem to be solved using an algorithm that involves five
short recursions. The algorithm is given in Table 3.2. We note here, that the v;’s in

this algorithm are the same as our ;1_)j’s. See ([16],[17]) for details.

23



Table 3.2: Minimal Residual Algorithm: A = pU + (I (Jagels and Reichel)
Input: zy, rg = b — Az, €
do = llrolls 1 =1/d0; Tt =do/p; wy =p | =1 =0

wo=380 =X =r0-1=0; o0 =v=0
vy = 0y = ry/o;

o
I
Qb—‘
o
I

for m = 1,2, ... until |7,,,11| <€,
u=Uuvy;

Ym = =Tt om = (1= Pyml) (1 + [y )%
Ay = *’Ymémfl;

Tm—1m = OmPm—1 T Sm—1 C/,O, fm,m = amPm + Cm—1 C/P;

m = P/ ([Fmm|” + [om )% sm = —0m/([Fm.m|” + [om|*)'/?;
"'m,m = _Cm'fm,m + SmOm;
Tm = —CmTm; Tm+1 = SmTm;

Nim = Tm/"”m,m? Rm—1 = 'rmfl,m/rmfl,mfl;

W1 = mp, 5 — (Wy—g — Uy 1) Km—1;

P =P, 5 Wyo— Uy 1)Am-1;

Ly = ZLyy—1 — (wmfl *Qm)nm;

if 0,, = 0 then z = z,,; exit.

6m = 6m710'm; Pm = _cmgam + Sm:)/m/(sm; >\m = Som/'rm,mQ
¢m+1 = SmPm + Emf)’m/émQ

Umt1 = 07711 (U + Yl );

Um41 = OmUm + VmUm41i

I8
I
|53
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3.4 Conjugate Gradient Algorithms For General
B-Unitary And Shifted Shifted B-Unitary Matrices

A matrix Up is B-unitary, or isometric with respect to the inner product,
(B'u '>7 if
(BUpz, Upy) = (Bz, y), Yz, yeC™. (3.5)

Gragg [10] gave a more general result than what we presented in Section 3.2. This
result says that if a matrix Up is isometric with respect to any inner product, (B-,-),
then a B-orthonormal basis for Ky (ry, Up) can be constructed with a short double
recursion of the form given in Table 3.1. The derivation of this recursion is similar
to that for the unitary case.

After step N of a Gram-Schmidt process which constructs a B-orthonormal

basis {]_72.}?51 for Kn(rg, Ug) we have
UpPy = PyHy, (3.6)

where Hpy is an N x N upper Hessenberg matrix. Multiplying through on the left
by PyUgB yields,

PLULBURPy = PLULBPyHY. (3.7)

Since Up is B-unitary, U;BUp = B. Using (3.6) it follows that Py U} = Hx Py

Substituting these quantities into (3.7) yields
Py BPy = HyPyBPyHy.

Since Py BPn = Iy by construction, it follows that Hpy is I-unitary. Therefore,
Hpy can be written as a product of elementary unitary matrices. Analogous to the
unitary case in Section 3.2, the substitution of this factorization for Hy into (3.6),
and equating the columns, yields the recursion formulas for the p ’s. The iteration
to produce a B-orthonormal basis is exactly like the Gragg algorithm except the

standard inner product (-, -) is replaced by (B-, -). The algorithmn is given in Table 3.3.
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Table 3.3: The Gragg algorithm for isometric operators

Py = Py =ro/llrollB;
71 = —(BUgp,: Py)
1
o1 = (]' - ‘71‘2)27
P, = o1p,tNpys

Yi+1 = _<BU31_73‘7 ﬁj)a
2,1
o1 = (1= |y4+119)2,
oj+1P; = Usp; +7%j+1D,

From Chapter 2, we know that an algorithm for CG (B, Ug), can be obtained
as follows: Construct a B-orthonormal basis for I (ry, Up) using the the algorithm
given in Table 3.3. At each step, perform the additional recursions,

(Bej,p.)

£j+1 = ﬁj +(}{j£j, Q; = <ng’gj> = <B§j7]_)j>v

Ljv1 = 1j—jdp,.
Notice that since the computation of the ;’s involves the unknown quantitiy of the
error, B must be chosen so that «; is computable.

A shifted B-unitary matrix has the form
A=pUp+£&IL

Since Ky (ry, A) = Kn(rg,Up), the same B-orthonormal basis for Ky (ry, Ug) can
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be used for Ky(rg, A). Thus a conjugate gradient method for shifted B-unitary

matrices can also be implemented with short recursions.

3.5 A New Minimal Residual Algorithm For Shifted Unitary Matrices
In this section, we present an alternative minimal residual algorithm for
shifted unitary matrices. This reformulation will motivate the development in Chap-
ter 4. First, let us restate the minimal residual method for the solution of the linear
system, Az = b, as a conjugate gradient method CG(B, A), with B = A*A. The

iterates produced by this method are uniquely defined by:
Lji1 = Zj + aij’ 1_)]' € K:j+1(£[]= A)7
€jt1 —ara Kjia(rg, A).

In this context, it is clear that the direction vectors, ]_)j’s, must satisfy

E] € ’Cj-l-l(f[]aA)a
p;  ara Kz, A).
Suppose that d(ry, A) = N. We seek a basis, {]_)U, Do s BNA}’ for Ky (rg, A), such
that
0 i F J,
(A"Ap;, p;) =
1 =7

Now, suppose that A is shifted unitary. Note that in this case K;i1(rg, A) =
Kjt1(rg,U). Thus, it is sufficient to find an A*A orthogonal basis for K 1(rg, U).

Next, note that if U is unitary with respect to I, and A = pU + £1, then
AYAU = UA* A. (3.8)

It follows that U is A* A-unitary. In other words, U is isometric with respect to the

inner product (A*A-,-), that is,

(A*AUz, Uy) = (UA* Az, Uy) = (A" Az, y), vz, y € CV.
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From Section 3.4 it follows that the algorithm given in Table 3.3, with B = A*A and
Up = U, can be used to construct an A*A-orthonormal basis. Given z, the basis
thus computed can be used to solve the linear system, Az = b, by adding at each
step the recursions,

<A*A§j:£j> A
Zjy1 = Zitoyp, o= (A Ap.p) — (), Bj)?

L1 = rj—oAp,.
Note that the algorithm above requires multiplications by both U and A.
To rearrange the algorithm to one requiring only multiplication by U, define the
quantities

4; = A]_)j and 4; = A]_)j.

Notice that for A = pU + &I, A and U commute. By multiplying the equations for

P and 1_3]. given in Table 3.3 by A, we obtain
0jq; = Ugrl + ’YJ'ijl’ and ¢. = (ojgjf1 + ’7jgj).

Also, since AQj = pU]_)j + f;gj, we can write

1

UI_)J' = ;(Qj - 57_7]‘)'

Using this information we rewrite the above minimal residual algorithm for shifted

unitary matrices.

ALGORITHM 3.1 A Minimal Residual Algorithm

for Shifted Unitary Matrices:

]_7[] = éo :£0/||£0|A*A7
4 = go = AB[]’
)= Zy + aopy @0 =(rg, q,)
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= Ty — @09y

Vi = _<Ugj,17 Qj,1>7

o5 = (1~ |y,

1 -
g] = O-_J(Ugjfl +’Y]g],1)a
1 i~
B] — p—o_](g],1 o 58],1) + O._j]_)jfl’

- U]gjfl + :YJQJ”

p; = 93P, 4 + :Yﬂ_?f
Tjp1= Zj +oyp, o= (T, Qj>a
Livn= L — @4,
This algorithm requires the storage of 7 vectors:
Ljs Tjs Pi_q» Pi_y0 450 45> Ugj—l'

The approximate cost per iteration is:
(1) 1 Matrix vector multiplication: Ugjil,
(2) 2 inner products:  (r;, gj.), (Ugjil, g]?l)’
(3) 7 SAXPY.
The computational and storage requirements are comparable to the Jagels and Re-

ichel algorithm (Table 3.2), which requires approximately 1 matrix vector multipli-

cation, 1 inner product, 6 SAXPY, and the storage of 6 vectors.
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Computationaly, there is no advantage over the Jagels and Reichel algo-
rithm. However, put in this context, it is clear that the direction vectors are A*A-
orthonormal. Thus, unitary, and shifted unitary matrices are examples of matri-
ces that are not A*A-normal(s), for some small degree s, but for which an A*A-
orthonormal basis can be constructed using a short multiple recursion. Therefore,
the class of matrices for which an economical conjugate gradient algorithm exists
is wider than that given by Faber and Manteuffel [5]. This motivates the study of

alternate forms of recursions for constructing a B-orthogonal basis.

30



4. Multiple Recursion Formulation

4.1 Introduction

In Chapter 3, we saw that if a matrix A is either of the form
A=pUp+¢&I, or A=Up,
where Ug is B-unitary, then a double recursion,

9;P; UB]_)jfl + ’YJEJ;U

(4.1)

|3

j 9iP; 4 + :yﬂ_?f
can be used to construct a B-orthonormal basis for K4(ry, A). It was noted that a
short (s+2)-term recursion of the form given in (2.11) could not be used to construct

this basis since these matrices are not B-normal(s) for some small degree s. That

is, the B-adjoint of A cannot be written as
Al =p,(A), for s small.

However, notice that if A is B-unitary, AT = A=1. If Aj is an eigenvalue of A, then

% is an eigenvalue of Af, and we obtain,
J

at (4 1 5. - Poy)

@A) A T ()

where po(p) = 1 and ¢1(u) = . This motivates the exploration of a more general

class of normal matrices, whose B-adjoint can be written as a ratio of two polynomi-
als. We call this class B-normal(¢, m) matrices. They are defined and characterized
in Section 4.2.

Consider the recursions in (4.1) for constructing a B-orthonormal basis. At

step 7 + 1, form

j+1Pj 1y = UBQ]' + 7j+17_3j‘
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For éj’ substitute the second equation in (4.1) to obtain

Oj+1P = UBQ]. + 'Yj+1(0j1_3j71 + ’7]-;2].).

Solving the first equation in (4.1) for éj and making this substitution into the

-1?

above yields the recursion,

1 Vj+10;j 'Yj+1032‘ Yi+17Yj
p. . =—-Up. ——=Ugp. .+ + P.. 4.2
L T T Ty N R I 2

Recall from Section 3.2, that the o’s are nonzero normalization constants. For B-
unitary and shifted B-unitary matrices, the recursions in (4.1) can be rewritten as the
above single recursion as long as the ¢’s are nonzero. When A = pUp + £1, another
way of writing the single recursion follows from substituting Up = %(A — &I), into

(4.2) yielding,

S ! Y19y
AR pojy1 I pyjojer AT
2 _
o2 A O
L (e £ L 17 p‘+7g+1a]£ - (4.3)
Yi0j+1 PO+ O )T pYi0ipn T

In Section 4.3, we begin by considering general recursions of the form,
J J
Piy = Z BijAp; — Z Ti,jP;>
i=j—t i=j—s
where s and ¢ can be any integers > 0. We will refer to this type of a recursion
as a single (s, t)-recursion. The recursions given in (4.2) and (4.3) for B-unitary
and shifted B-unitary matrices are of this type. By taking ¢ = 0, we notice that
the (s + 2)-term recursion in (2.11) for B-normal(s) matrices is also of this form.
We can view the single (s, t)-recursion as a more general form of short recursion,
since it includes the short recurrences for B-normal(s) matrices, as well as those for

B-unitary and shifted B-unitary matrices.

32



In the absence of a condition we call breakdown, which is analogous to
the 4’s being zero in (4.2) and (4.3), this section demonstrates that a single (s, t)-
recursion can be used to construct a B-orthogonal basis for ICj(ry, A) when A is B-
normal (¢, m). This result is then extended to more general matrices which includes
low rank perturbations of B-normal(¢, m) matrices. Since breakdown is possible in
the single (s, t)-recursion, which is illustrated by an example given in Section 4.5,
we show how the computations can be reorganized as a set of multiple recursions
that avoids the problem of breakdown. Sufficient conditions on the system matrix
A are then given in order for a B-orthogonal basis to be constructed using this form
of multiple recursion.

We conclude this chapter with a brief summary, along with a few words

about the likelihood of a breakdown occuring in the single (s, t)-recursion.

4.2 B-Normal(/, m) Matrices

The unitary matrix was given as an example in Section 4.1 as a normal

matrix whose adjoint can be expressed as the ratio of two polynomials,

This section considers a general class of normal matrices of this type, called B-
normal(¢, m) matrices.
DEFINITION 4.1 A is B-normal(¢,m) if A is B-normal and there exists

polynomials py(\) and ¢, (), of degree £ and m respectively, such that

Algn(A) = py(A). (4.4)

Since At = ;i((ljl))’ we say A is B-normal with rational degree ¢/m.

Notice that if m = 0, (4.4) becomes

AT = p(A),
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and A is B-normal(¥).
Next we characterize B-normal(¢, m) matrices. B-normal(¢,m) matrices

satisfy
pe(A)  agAL -+ a1 A+ agl

Al = - 4.
qm(A)  bpA™ 4+ b A+ byl (4.5)

for some polynomials,
pe(p) = ag’ + -+ aip+ag and g (p) = bpp™ + - 4 by + by,

of degree £ and m respectively. In the following Theorem, which characterizes B-
normal(4,m) matrices, we will assume that ¢ and m are the smallest degrees for
which (4.5) holds. This means that ag, by # 0, and that py(n) and g, (@) have no

common roots, since otherwise, (4.5) would hold for some smaller degrees £/ and m'.

THEOREM 4.1 Let A be B-normal(¢, m), where ¢ and m are the small-

est degrees for which

Let d(A) be the degree of the minimal polynomial of A. Then,

1) If £ > m + 1, then d(A) < £2,
2) if £ =m + 1, then d(A) < £? or A is B-normal(1,0),
3) if £ < m, and by # 0, then d(A) < m? + 1,

5

(1)

(2)

(3)

(4) if £ <m — 1 and by = 0, then d(A) < m?,

(5) if £=m — 1 and by = 0, then d(A) < m?, or A is B-normal(0, 1),
(6)

6) if £ = m, then d(A) <m?+ 1, or A is B-normal(1,1).

Proof: From (4.5) it follows that the eigenvalues of a B-normal(¢, m) matrix can be

written as:

\i = ‘ V) € B(A). (4.6)
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We assume that pg(A;) # 0, VA; € £(A), since otherwise, (4.6) would imply that
Ai = 0 and A is singular. We further assume that ¢, (\;) # 0, YA, € £(A), since
gm(Ni) = 0 and py(A;) # 0 for some \; € ¥(A) would imply that A\; = co. Taking

conjugates in (4.6) yields

- = pe(Ni)
D ; Dbe -
m\A\i am (qm(/\i))

Ai

(gm A )™  ae(pe(Ni)) +ae 1 (Pe(Xi)" ™ gm (Ni)+--+a0(gm (Xi))"
(@m (Xi))E b (pe(Xi))™ 4D 1 (pe(Xi) ™ L qm (Ni) +--+bo (gm (Xi)) ™

Vi € 3(A). Cross multiplication and collection of terms on one side yields

i (@m (X)) [ (PeXi)™ + b1 (pe (X)) ™ L gm (X)) + - 4 bo(gm (Xi))™]
~(gm A))™ [ae(pe(Xi))" + ar—1(peNi)) gm(Ni) + -+ - + ao(gm(Xi))'] = 0,

(4.7)

Vi € X(A).
First, consider the case when A is B-normal(¢,m) with ¢ > m. Since
gm(Ni) # 0, VA; € X(A), we can divide (4.7) by (gm(A;))™. It follows that the

polynomial

11(qm (1)) ™ (b (e ()™ + b1 (Pe(12))™ L i (1) + <+ - + bo (G (12))™] (48)
—ag(pe(p)* — a1 (pe(p)) g (1) — -+ — ao(gm ()" =0,

whenever u = A;, and \; € X(A).

Proof of 1):  If £ > m+ 1 and m = 0, A is B-normal(¢). In [5] it was shown

that these matrices have less that or equal to ¢2 distinct eigenvalues. Therefore,

d(A) < 2.

35



If £ > m+1 and m > 0, the highest degree term of the polynomial in (4.8)
is
—ag(arp’)",
with degree #2. By hypothesis, a; # 0, which implies (4.8) has at most ¢ distinct

roots. Thus, d(A4) < /2.

Proof of 2): If £ =m +1 and m = 0, A is B-normal(1). It was shown in [5] that
the eigenvalues of these matrices are collinear, that is, they lie on a straight line in
the complex plane.

If =m+1 and m > 0, the highest degree term of the polynomial in (4.8)
is

p(bm ™ b (agu)™ — ag(agu’)",

with degree /2. Either the polynomial has at most ¢ distinct roots, or (4.8) holds
for all . In particular, (4.8) holds for the roots of g, (u), say pj, for j = 1,...,m.

Plugging p; into (4.8) yields
ap(pe(pi))t =0, for j=1,..,m.

This means that either ap = 0 or py(p;) = 0, for j = 1,...,m, or both are zero. By
hypothesis, ay # 0 and py(u) and g, (x) have no common roots, so it follows that

(4.8) cannot hold for all y, thus d(A) < £2.

Next, consider the case when A is B-normal(¢,m), with £ < m. Since

gm(Ni) # 0, V\; € 2(A), we can divide (4.7) by (g ()i))¢. We obtain the polynomial

14 [br (e (11))™ + b1 (Pe(10))™ " @ (1) + - -+ + b0 (gm (12))™] (49)

~(am ()™ [ar(pe () + a1 () g (1) + -+ + G0 (am (1))’ =0,

whenever y = \;, and \; € X(A). Since py(\) and g,,(A\) are polynomials of degree
¢ and m respectively, a; and b, are nonzero. However, it is possible that any of the

other coefficients, ag, ...,ay_1 and by, ..., b, 1, could be zero.
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Proof of 3): If £ < m and by # 0, the highest degree term of the polynomial in (4.9)
is
bopt(bynp™)™,

with degree m? + 1. By hypothesis, by, by, # 0, and it follows that d(A4) < m? + 1.

Proof of 4):  Suppose that £ < m — 1 and by = 0. We assume that ag # 0, for
otherwise we could could factor p out of both ps(u) and ¢, (i), showing that A is

really B-normal(¢ — 1,m — 1). The highest degree term of the polynomial in (4.9) is
o (b p™)™ (brup™)" = o (bmpu™)™,

with degree m?. By hypothesis, ag, b,, # 0, and it follows that (4.9) cannot be zero

for all p, thus, d(A) < m?.

Proof of 5):  Suppose that £ = m — 1 and by = 0. We assume that ag # 0, since
otherwise this would imply that A is B-normal(£—1,m —1). There are 2 possibilities
to consider, £ > 0 and ¢ = 0.

If /> 0, then m > 1 and it is possible for b; to be zero. If by = 0, the

highest degree term of the polynomial in (4.9) is

aO(mem)mil(bmﬂm)e = ag(bmp™)™,

with degree m?. Since ag and b, are nonzero by hypothesis, it follows that the

polynomial has at most m? distinct roots, thus d(A4) < m?. If by # 0, the highest

degree term of the polynomial in (4.9) is

b1 (br™)™ " (aep®) = o (bup™)™,

with degree m?. Again, either d(A) < m?, or (4.9) holds for all 4. In particular, it
must hold for the roots of py(u), say pj, for j = 1,...,£. Plugging p;, for j =1,...,¢

into (4.9) yields
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To satisfy (4.9) for all i, requires that either ag = 0, or ¢ (p;) =0, for j = 1,..., 4, or
both are zero. By hypothesis, ag # 0, and py(p) and g, (1) have no common roots,
thus, d(A) < m?.

If £ =0, then m = 1, and it follows by hypothesis that b, = by # 0, ay =
ag # 0, and by = 0. These matrices are B-normal(0, 1), where in addition, by = 0.

Therefore, po(p) = ag and ¢, (1) = b1, and it follows that (4.6) becomes

_ agp
N = Vi € B(A),
= € X(4)
or,
XiAi—Z—U, VA € B(A).
1

Therefore, ‘g—? must be positive and real. Matrices that are B-normal(0, 1), with
by = 0, have eigenvalues that lie on a circle of radius , /‘;—?. That is, they are scaled

unitary matrices.

Proof of 6):  When A is B-normal(4,m) with £ = m, (4.5) becomes

mA 'm ~mffél
4t Pl _an | fnoa(4)

Qm(A) E Qm(A) ’

where the second equality follows upon division of py,(A) by ¢m(A). Denoting A =

(A —(I), where ( = %—m, the above can be rearranged yielding

it = Bm1(A) _ pmoa(A)
qm(A) Qm(A) ‘

This shows that if A is B-normal(m,m), then there exists a constant ¢, such
that A — (I is B-normal(m — 1,m). We apply the results from the ¢/ < m case to
the matrix A. It follows that if A is B-normal(mn, m), the only cases that yield more
that m? + 1 distinct eigenvalues are B-normal(1,1) matrices whose eigenvalues can
be obtained by shifting the eigenvalues of a scaled unitary matrix by some constant

(. These are the shifted unitary matrices described in Section 2. O
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The above Theorem shows that if A is B-normal(4, m) and either £ or m
are greater than one, then A has a relatively small number of distinct eigenvalues.
Furthermore, from the proof, we see that if £, mm < 1, the only matrices that have
more than 2 distinct eigenvalues are B-normal(1), B-unitary, and shifted B-unitary

matrices.

4.3 A Multiple Recursion For B-Normal(/, m) Matrices
In this section, we will begin by considering general recursions of the form,
J J
Piy = Z Bk APy, — Z 9i,jP;>
k=j—t i=j—s
where s and ¢ can be any integers > 0. We refer to this as a single (s, t)-recursion.

Related work involving alternate forms of short recursions can be found in
(3], [4], [11], and [13]). The work in ([3] and [4]) is based upon a generalized Krylov
subspace. The vectors that span this subspace involve powers of both A and A*. The
methods studied in [13] differ from the work in this thesis in that these methods are
not conjugate gradient-like methods (see Chapter 2). The work in [11] relates to the
work in this thesis because conjugate gradient methods can be viewed as operator
coefficient methods.

At each step in the (s, t)-iteration, the term ﬁj,jA]_)j brings the recursion
up to the next higher dimension Krylov subspace yielding Pi € Kjt2(rg, A4). In
order for the above recursion to yield a B-orthogonal basis, 8;; # 0 for every j.
Since 3; ; is usually a normalization constant, for simplicity of this presentation, we

will assume §; ; = 1 for every j, and denote the single (s, t)-recursion as,

Jj—1 J
Py =Ap; + > Br.iAp), — > TijP;s (4.10)
k=j—t i=j—s

where s and ¢ can be any integers > 0. Notice that, P, can always be computed
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by a recursion of the form

Jj—1 J
Py =4Ap;+ > Bridp, D 0isp,
k=j—t i=0

because, given any {ﬂk,j}i;;ﬂsv P, can be constructed so it is B-orthogonal to

sp{]_)[], e Bj} by choosing

j—1
(Ap. + > BrjAp,, p,)B
j eyt k’ i

. i=0,..7.

O—i’j =

{p;» p)
However, we are interested in determining when a B-orthogonal basis for KCy(rg, A)
can be constructed using a short recursion of the form (4.10), that is, with both s
and ¢ small. Notice that in order for this to be the case, at each step, j+1, 0; ; = 0,
fors =0,...,5 —s—1.

To be more precise, we say that a B-orthogonal basis for ICy(ry, A) can be
constructed using the single (s, t)-recursion (4.10) if for every p, and every 0 < j <

d(;_?o, A) — 2, there exists coefficients {ﬂk,j}i;;,ta such that

j—1

i = =0, fori =0,...,5 —s—1,
" (p,» p,)B J
or equivalently,
j—1
(1_7j+k2 Bripy Alp)p =0,  fori=0,..,j—s—1 (4.11)
:]715

Suppose A is B-normal(¢, m). According to Definition 4.1, there exists

polynomials py(p) and g, (1), of degrees £ and m respectively, such that

Since for every i, p, € Kit1(p,, 4), p, can be written as 1;(A)p,, for some polynomial
; of exact degree i. There exists polynomials, ~Z~,m, and 7  such that
g y 1

m—

p, = $i(A)py = dn(A)Pim(A)p, + 151 (A)p,,
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where the second equality follows upon division of ;(u) by ¢m (@), resulting in a
quotient term, t;_,,(A), and a remainder term, rld) (A). Since by hypothesis,

m—1

Atg,(A) = pg(A), it follows that

Alp, = Algu (A m(A)p, + Alrl) (A)p,
= P A)Vim(A)p, + Alrl) | (A)p,.

Recall that in order for an (s, ¢)-recursion of the form (4.10) to yield a B-orthogonal

(4.12)

basis, at each step j 4+ 1, there must exist coefficients {ﬁk,j}i;;% satisfying (4.11).
By letting (s, t) = (¢, m) in (4.11), and then substituting in the expression for ATEz’

given in (4.12), it follows that for i = 0,...,5 — £ — 1, we must satisfy

j—1

(0, + Y. Bripy Pl m(A)py + ATl (A)pg)s = 0.
k=j—m
Since 7“7(7?71(14) is a polynomial of degree < m — 1,
Tgril)fl(A)BU € Sp{j_)[p Af_)[]a ey Amilj_)[]} = Sp{Bou ST _m,1}7
and thus,

ATrv(vi)—1(A)1_70 € sp{AT;_?U, ATg_ol, s ATBm,l}-

Fori=0,...7 —¢—1,

pe(A)Yim(A)p, € spipg, pys 2 4}

} is B-orthogonal to sp{p

_jfm’

By orthogonality, sp{p,, p,: - P,

i m1 ey Bj}’ and it

follows that we only need to choose {gy_; }?c;;—m so that

i1 .
(0, + D Bripy A (A)p)p =0,  fori=0,..5—¢—1.
k=j—m

This can be accomplished by choosing {ﬁk,j}i;;em

to satisfy
Alpds o (p,_ ATp)s (p, A'p,)s Bi—m.j 0
_]7m’AT£1>B <Ej71’ATE1>B <£j’AT£1>B

Bi—1.j 0
t

Alp s - (pj—l,AJeril)B (b, A'p B 1 0

—i—m
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or equivalently, to satisfy

B, Ap)s o (p,_ATp)s . (p, A'p,)s
t t s t
;. A'p0B ;- A'p,)s : - . A'p,)p . (4.13)
i i Pi-vi i
<Bj7m7Agm71>B (Bj*I’ABm—1>B <EJ"ABm*1>B

If the above system is consistent at every step, then an (s, t)-recursion, with (s, t) =
(¢, m) can be used to construct a B-orthogonal basis for B-normal(¢, m) matrices.

We say that a breakdown occurs in the single (s, #)-recursion if the above
system becomes inconsistent at some step in the iteration. If this happens, the
matrix in (4.13) is singular. Recall the matrix equation (2.10) obtained after a given
step in the iteration using a full Gram-Schmidt process to construct a B-orthogonal

basis. After constructing P this is given by,
APj = Pji1Hjs .

Notice that the matrix in (4.13) corresponds to the upper right m x m corner of the
Hessenberg matrix Hj;1 ;. We can correlate breakdown in the single (s, t)-recursion
to the singularity of a minor of the Hessenberg matrix. We will discuss the likelihood
of these matrices being singular in Chapter 6, since this will become important later
in our analysis.

For now, we note that in the absence of breakdown, an (s, ¢)- recursion,
with (s, t) = (¢, m), can be applied to any B-normal(¢, m) matrix. However, in

order for this construction to be economical, £ and m must not be too large.

Next, we will show how to reformulate this iteration in terms of multiple
recursions to avoid the problem of breakdown. Suppose d(]_)o, A) = N, and recall that
for any matrix A, a B-orthogonal basis can always be computed with a full recursion

given by (2.8). After N steps we obtain the corresponding matrix equation (2.9),
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where Hy is an upper Hessenberg matrix, with entries:

(p,,ATp,)B e
%ij = Tpmn if j >
hij =4 1, ifj=i-1 - (4.14)
0, if j<i—1

Consider the upper triangular part of Hy. Substituting the expression for ATBZ' given
in (4.12) into o, ; yields

(p: Pe(A)i m (A)p, + Al (A)py) s
<1_)¢7 1_)2')3

Oij = , for j >1.

Note that

pf(A)z;;lfm(A)f_)o € Sp{Bo? AB07 sty Aiim+££0} = Sp{j_)[p ]_717 EE) Bifm—kf}’

so that for j > i —m+ ¢, p; B pf(A)UJi—m(A)QO, and

(b, Al (Ap)s (Ap, 1l (A)py) s

Ui:j = -

(P p;)B (P p;)B

1

Since ng)fl(A)I_)o € sp{;_oo, Do ]_)mil}, we can write

(4)

1 (A)py = ()m—1 2, + -+ (2,)o pys

for some vector of coefficients,

p, = 1(p,)o: - (p,)m—]" €C™. (4.15)
Denote
n; = [{Ap;. p)as (Apy p)as o (Apyp, )alT €CT (4.16)
and note that
(Ap,, ) (Apg)s = (B)m 1(Ap,p, B+ + (B)0(Ap, ) s
= <ﬂj= 31')'
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It follows that the entries of Hy simplify, yielding:

( (n..p,) _ . .
B i 16 m )
(Ap..p)B . . ‘
hi - = W .7—2,...,Z—m+g (lfgzm)
l7] -
1 j=i—1
0 j<i—1

Consider the following decomposition of the Hessenberg matrix Hy:

HN:T+U,

where U is an N x N upper triangular matrix whose entries are given by:

n.,p) . _ .
(p_.fpf;B Jz

“i,j = -t =t s
0 j<i

and 71" is N x N upper Hessenberg with entries given by:

(

0 j > max{i — 1,7 —m + ¢}
(Ap.p)s—(n.,p) . ' .
L) T d =i mt (i 62 m)
Z’]_
1 j=i-1
0 j<i—1

Notice that T has an upper bandwidth of max{0, £ — m + 1}, so that if m > ¢, T
has only a nonzero subdiagonal consisting of all ones. This way of decomposing Hy
yields a banded Hessenberg matrix 7', and an upper triangular matrix U, that can

be factored as follows:

<ﬂo’£0> <ﬂl’£0> L. <ﬂN—1’BO> i
Py pg)B (g Py)B Py py)B
<ﬂl’£1> .. <ﬂN—l’Bl>
U = TRV CRVRE
<ﬂN—1’BN—1>
L Py_1 Py 1B
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2y B . [} ] ( ]
ypy)B  (Py:Py)B {pyop,)B Ny
=T T
8 )
_ b, 0B {p,.p)B A
=T
Py
L Py_1'Py_11B | L On-1 |
L
() Py B Im I, Mgy
=T
ENfl
L Py 1Py 1) J L Oy
= MZED.

The dimensions of the above matrices are given by:

M is N x (N xm),
E is (N xm)x (N xm), and
D is (N xm)xN.

The matrix E consists of the blocks I,;,, on and above the diagonal, where each I,

is an m x m identity matrix. Combining this information, we obtain

APy = PyHy
= PyNT + PyU (4.17)
= PNT + PvMED.
Define
Q =PyME. (4.18)

Notice that () is an N x (N x m) matrix. In particular, we denote

| I | | |
Q — QUO - gomil glo - glmil - gN710 - gN?lmil

Substituting @ into (4.17) yields,

APy = PNT + QD.
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Notice that the matrix F, being upper triangular with all 1’s on the diag-
onal, is nonsingular. It is easily verified that the inverse of E is given by the upper

triangular, banded matrix,

Bl . . (@19)

| L o

with 1’s on the diagonal, and —1’s on the m + 1’st superdiagonal.

By multiplying (4.18) on the right by £ !, we obtain
QE ! = PyM.

When A is B-normal(4,m), the equations

APy = PNT+QD,
(4.20)
QE™' = PyM,
define the matrix form of a set of multiple recursions to construct a B-orthogonal

basis. By equating the columns in the two equations in (4.20), we obtain the formulas

for the recursions at each step of the iteration. These are given by:

J
]_)j_l—l - AB] B i:j*%*m) tz,:} ]_)Z B |:g]0 gjl o gjmflj| ﬂ]’
(4.21)
(P, )i
_ —j+1 ) — _
Yo, = Tpp0s Ba Ty fort=0..,m—1,

where n; and p; are specified in (4.16) and (4.15), and the t; ;’s denote elements of the
Hessenberg matrix T. Notice that these quantities may be zero, but stay bounded.
Therefore, the problem with breakdown in the corresponding single (s, t)-recursion
is avoided. More will be said in the next chapter about the computation of these

quantities.
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The following Theorem summarizes these results.

THEOREM 4.2 If A is B-normal(¢, m), then for every r(, a B-orthogonal

basis for K4(ry, A) can be constructed using the multiple recursion given in (4.21).
Proof: See above discussion. O

Recall that if breakdown in the single (s, ¢)-recursion occurs at step j + 1,

the matrix given in (4.13) is singular. Using (4.16), this matrix can be rewritten as:
Djom 7 Mjq |- (4.22)
4.4 A Multiple Recursion For Generalizations
Of B-Normal(/, m) Matrices
Next, we will see that a short single (s, t)-recursion and a similar set of

multiple recursions can actually be applied to more general matrices. When A is

B-normal(#, m), there exists polynomials py(u) and ¢, (p) satisfying
Algm(A) —pe(A) = 0.
Suppose instead that these polynomials satisfy
Alg(A) —pi(A) = Qp(A), where, Rank(Qp(A)) = k. (4.23)

We refer to a matrix that satisfies this relationship as a generalization of a B-
normal(¥, m) matrix.

We first consider the construction of a B-orthogonal basis using a single
(s, t)-recursion (4.10) for matrices satisfying (4.23). Recall that if a B-orthogonal
basis can be constructed using a single (s, t)-recursion, then (4.11) must be satis-
fied at each step. Analogous to the B-normal(¢, m) case, there exits polynomials,

i, Q,ZNJZ;m, and %) such that

m—1

p, = $i(A)py = dmn(A)Pim(A)p, + 151 (A)p,,
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where the second equality follows from dividing the polynomial );(A) by ¢n(A).
Multiplying through by Af and then adding and subtracting pg(A)Q/;i,m(A)QO yields

Alp, = [ATgn(A) = pe(APiom(A)p, + pe(A)im(A)p, + ATrl) (A)p, )
= QB(A)i_m(A)p, + Pe(A)him(A)p, + ATrl)  (A)p,.

For an (s, t)-recursion to exist, at every step, there must exist coefficients
{ﬂk,j}i;;‘,t satisfying (4.11). By substituting (4.24) into (4.11), it follows that for
1=20,....,7 —s— 1, the #’s must satisfy

J—1 ~ ~ )

(B, + > Brpy Qu(A)i m(A)py + ()i m(A)py + ATrS) (A)p)s = 0.
k=7t

Recall that ATTS'Z)?I(A)]_)U € sp{A‘LQO, vees ATmel}’ and let {QU, s s 95—1} be a

basis for the range of Qp(A). It follows that

Qu(A) i m(A)p, = (1)1 ¢+ + ()0 b,

for some vector of coefficients, 7, = [(7;)0, ..., (7;)x_1]" € C".

By choosing s and t to satisfy
s—0>t—m >k, (4.25)

we have for ¢+ = 0,...,5 —s — 1 that

t—m+4L (j—s—=1)—m+L=j—1—m—(s—1¥)

<
< j—-1l-m—-(t—m)=j5—-1-1,

and thus,

pZ(A)z/)me(A)BU € Sp{]_)ou ) Bi7m+g} g Sp{Bou I_)la sty ijtfl}'
Therefore,

~ ]71
pe(A)him(A)p, — B (Bj + > ﬁk,j;l_?k) ,

k=j—t
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and it follows that we only need to choose the g ;’s so that for 1 =0,...,5 — s — 1,

Jj—1 ' i
(0, + 3 Brpy AN (A)py + Qu(A)i m(A)py)s = 0.
k=j—t

This can be accomplished by choosing {ﬁk,j}i;;et to satisfy

( (I_)jfta ATBO)B (ijl, ATB[])B (Bj’ ATBO)B
: Bj—t.j 0
(p] t ATEm71>B <Ej—1’ ATEm71>B <£j’ ATEm71>B : _
(ijt’ )8 o <Ej—1’ b0 <Bj’ b,)B Bi-1.t 0
. ) . . .
L (ijﬁénfl)B <Ej—1’?n71>B <Bj’f,€,1)3 ]
or equivalently,
A A | (B, A'p,)s
: : Bi—t.j .
AP, s - (p_, AP, B ; _ (v, A'p, )n e
<Ej—t’ ?O)B Y <Ej71’ £O>B <£j’ ?0>B
. . Bi-1. .
\‘ <Bj7t7ém—1)B <B]-717én71>B J (Bj’?N,1>B

This system has m + k equations in ¢ unknowns. From (4.25) we see that ¢ was
chosen so that k < ¢t — m, which means the system has ¢ — (m + k) degreees of
freedom. Up to this point, we have only specified that s and ¢ must satisfy (4.25).
There is some flexibility in choosing s and ¢. To make s and ¢ as small as possible,

yielding the most economical (s, t)-recursion, we would choose
t=k+m, and s=k+1/,

so the system in (4.26) is (m + k) X (m + k). If this system is nonsingular for
every step, then an (s, t)-recursion will yield a B-orthogonal basis. Notice that the
number of terms s and ¢ depends on the rank of @p(A), as well as the degrees of

the polynomials py, and q,,.
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Analogous to the B-normal(¢, m) case, we say that breakdown occurs in
the single (s, t)-recursion if the above system becomes inconsistent at some step in

the iteration. If this happens, the matrix in (4.26) is singular.

A derivation similar to that used in the B-normal(¢, m) case, yields another
way of constructing a B-orthogonal basis for matrices of this form. This formula-
tion also involves several short recursions at each step, and avoids the possibility of
breakdown.

Suppose d(]_)o, A) = N. Recall that a B-orthogonal basis could be computed
using a Gram-Schmidt process (2.8) which yields at step N the corresponding matrix

equation (2.9). The Hessenberg matrix Hy has entries given by:

<p’ATp>B . . .
hij=1q 1, ifj=i—1 - (4.27)
0, if j<i—1

Consider the upper triangular part of Hy. Substituting in the expression for AT}_)Z.

given in (4.24) yields,

(p;+ Qu(A)i m(A)py + pe(A)hi m(A)p, + ATr) (A)py) s

0;i =
" (p, p,) B

Since pg(A)z/;i,m(A)z_vo € sp{;_vo, Py e Bz’—mM}’ forj>i—m+¢,
p; —B Pe(A)hi_m(A)p,,
and,

(p; @(A)Vhi m(A)p, + Alrl)L (A)py) s
<Bi’ Bi>3 .

Ui:j =

Since ng)fl(A)I_)o € sp{;_oo, Py o ]_)mil}, we can write,

(4)

Irmfl(A)BO = (Bi)mfl Bm,1 +eF (BZ)O 1_707
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for some vector of coefficients,

p; = (p)os -+ (Ei)m—l]T ecm. (4.28)

Next, by denoting

ﬂj = [( Bj’ 7_7[]>B7 (Aﬂja ]_)1>B7 ) (Aﬂja Bm,1>B]T € Cma (429)

we obtain
p,, Al ((Aps = (Ap,, i) (A)py)s
= (éz')m*1<A7_’j’ £m71>B +oee Tt (Ei)U<ABj’ 7_)0>B
= (n;: £;)-

Let {QO, [ én—l} be a basis for the range of Qp(A). It follows that

Qu(A)Yi—m(A)p, = (Ti)o ¢y + -+ + (Ti)n—1 &,

for some vector

7, = [(2)o: -y (Ti)ea]” €C". (4.30)
Denote
Hj = [<Bj’ ?O>Ba <I_7j7 ?1>Ba Ty <]_7ja ?K,1>B]T €C". (431)
It follows that we can write

(b, Qu(A)di-m(A)py) = (. 7).

Therefore, the entries of Hy simplify as:

(e e . .
W j>max{i — 1,5 —m+ ¢}
(Ap;-p;)e . .
hij = §O0ar j=tdyeni—m+L (if £>m)
l!]

L j=i—-1

0 j<i—1
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Let
1

I8

1;

w; = , and v; = —— , (4.32)
K (s ) T;
be vectors of length m + &, and notice that
(n;, p;) + (1), )
— = (w, ;).

(p,» p.)B

Consider the following decomposition of the Hessenberg matrix Hy:
Hy =T+ U,

where,

<woa Qo) (qua QU)

U= , (4.33)

(wy_1, on_1)

and 7' is upper Hessenberg with entries,

(

0 j>max{i — 1,7 —m+ ¢}
<A£"Ei>B7<ﬂ"Bi>7<E-7Ii> . . . .
b e G =i mt L (if 2 m)
Z’J -
1 j=i—1
0 j<i—1

Notice that 7" has an upper bandwidth of max{0, £ — m + 1}, so that if m > ¢, T
has only a nonzero subdiagonal consisting of all ones. The matrix U can be further

decomposed as

U=U + Uy,
where,
<ﬂg’£0> L <EN71’£0> <E0’10> L <EN71’IO>
(py:py) B (P10, B (py Py B (Py:Py) B
Ul — . . E s U2 = .
My Py 1) By 1 In—1)
<£N71’BN71>B <£N—1’EN—1>B
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Analogous to the B-normal(¢, m) case, the matrices U; and Uz can be

factored as follows:

ET
T [T 0] [a
U, =
Py
Py 1Py 0B Im N1
- MED,
and
xi)
(py:P,)B Iy Iy Hy
Uy, =
N1
Py Py 0B I En_q
= MED.

The dimensions of the matrices in the factorizations are as follows:
M is N x (N xm), is N x (N X k),
E is (N xm)x (N xm), is (N X k) X (N X k),
D is (N xm)xN, is (N x k) x N.

o = <)

~

The matrices E (E), consist of the blocks I,,, (I,;), on and above the diagonal. Each
block I, (I,;) is and m x m (k X ) identity matrix. Notice that E and E are both
nonsingular. Except for the size, the structure of £~ and E*I, are the same as
that given for the B-normal(¢, m) case in (4.19). They both have 1’s on the main
diagonal, but E~! has —1’s on the m + 1’st superdiagonal, whereas E~' has —17s
on the k + 1’st superdiagonal.

Using the above factorizations for U; and Uy, we obtain the matrix equation:

APy = PyHy
= PyNT + PyU, + PyU,

— PyT+ PyMED + PyMED.
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Next, we define two matrices of auxiliary vectors:

Q = PyME, and

Q = PyME.

Making these substitutions into the above matrix equation, yields,
APy = PyT + QD + QD.

Notice that the dimensions of Q and Q are N x (N xm) and N x (N x k), respectively.

In particular, we will denote

| I | | |
Q — QUO e g[]m’l qlo [ glmi e q e q

| ] | | |
| ] | | |

g[]N71 210 e 21N71 e nglo e 2N71N71

Multiplying the matrix equations for () and @ through by E~! and E*I,

Q)
|
=)
o
o

respectively, we obtain

QE~' = PyM, and
QE-' = PyM.

It follows that the equations,

APy = PyT+ QD+ QD,
QE' = PyM, (4.34)
QEHI = PN]/\Z,

define the matrix form of a set of multiple recursions that can be used to construct
a B-orthogonal basis for ICN(]_)O,A). Equating the columns in the three matrix

equations yields the formulas for the recursions at each step of the iteration. These
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are given by:

J
P, = Ap, - i:ji%im) tig p, — |4, gjm,l] n, - [gjo ced ] om
(., )i
941, Wr,.0s Lin t4;, fori =0,....,m — 1,
(i = M D _I_qA fori =0 k1
=j+1; <£j+1721‘+1>3 Zit+1 SR s ey ,

where, N> Pjs My and 7, are specified in (4.28-4.31), and the t; ;s are the elements
of the Hessenberg matrix 7. As in the B-normal(4, m) case, these quantities stay
bounded, thus, the problem of breakdown in the corresponding single (s, ¢)-recursion
is avoided. More will be said about the actual computation of these quantities in
the next chapter.

At each step, m + s + 1 recursions are needed. The recursion for the
direction vector Pi involves one matrix vector multiplication with the previous
direction vector, and m + k terms involving auxiliary vectors from the previous step.
In addition, if £ > m, it requires £ + m + 1 previous direction vectors. The m + &
recursions for the auxiliary vectors each involve only two terms. The work involved
with this implementation is dependent on the degree of the polynomials py, and ¢,
as well as the rank of Qp(A).

This result is summarized in the following Theorem:

THEOREM 4.3 If there exists polynomials, py(\) and ¢, (), of degree

¢ and m respectively, such that
Qp(4) = Algm(4) —p(4), and Rank(Qp(4)) = s, (4.36)

then, for every r(, a B-orthogonal basis for Ky(ry, A) can be constructed using the

multiple recursions given in (4.35).
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Proof: See above discussion. O

Recall that if breakdown in the single (s, ¢)-recursion (4.10) occurs at step
j + 1, the matrix given in (4.26) is singular. Notice from (4.29) and (4.31) that this

matrix is equivalent to

(4.37)

What type of matrices satisfy (4.36)7 Suppose the matrix A has the form:

~

A=A+ 7,

where A is B-normal(¢, m) and Z, is a rank r matrix, that is, A is a rank r pertur-

bation of a B-normal (¢, m) matrix. It follows from Definition 4.1, that

At (A) — pe(A) = 0.
Notice that
gm(A) = gm(A+ Z,) = am(A+ Z,)™ + -+ a1(A + Z,) + aol.
By expanding each of these terms, we see that
dm(A) = g (A) + Zym,
where Z,,, is an accumulation of all terms involving Z,. It is easy to show that

m—1
Range(Z,,,) C U Z Range(A7 Z,).
j=0

Each of the terms involving Z, has rank at most r. Since there are m of these terms,

the rank of 7., < rm.
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Similarly,

pe(A) = po(A+ Z,) = po(A) + Zy,
where the rank of Z,, < rf. Using this information, we obtain

Qp(A) = Algy(A) —pu(A)
= (AT + Z])[am(A) + Zym] — [pe(A) + Zni]
= [Algum(A) — pe(A)] + A Zyy + Zgm(A) + Zom] — Zig
= A'Zym + ZHgm(A) + Zym) — Zoe,
which yields
Rank(Qp(A)) < (£+m+ ).

To summarize, if A is a rank r perturbation of a B-normal(¢, m) matrix,
there exists polynomials, py(\) and ¢, (A), of degree £ and m respectively, such that

ATqm(A) *pE(A) = QB(A)a and,

Rank(Qp(A4)) < (£L+m+ 1)r.

COROLLARY 4.4 If A = A+Z,, where A is B-normal(¢, m), and Z, has
rank 7, then a B-orthogonal basis can be constructed using the multiple recursions

given in (4.35), where K < (£ +m + 1)r.

Proof: The proof follows from Theorem 4.3 and the above discussion. O

The recursions given by (4.35) could be applied to any low rank perturba-

tion of a B-normal(¢, m) matrix. Since
Rank(Qp(A)) =k < (l+m + 1)r,
when r is large, k¥ can be large, and the number of recursions, and the number of

terms needed to compute the basis increases. This means the practical application
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of this form of recursion is limited to low rank perturbations of B-normal(¢, m)
matrices.

From the previous section, we know that only certain B-normal(¢, m) ma-
trices have more than a few distinct eigenvalues. Suppose A = A+ Zy, where Ais

B-normal(4, m) with d(A) = k, and Z, has low rank r. There exists a polynomial

pi of degree k, such that pk(ﬁ) = 0. Notice that
pe(A + Z;) = pp(A) + Zi,

where the rank(Zy,) < kr. It follows that there exists a polynomial gk, 1 of degree
at most (kr + 1), such that q(4,41)(Zk,) = 0. By combining this information, we

obtain

~

Akr+1)(PR(A+ Z;)) = 0,
which implies that d(A+Z,) < k%r+k. This means that any low rank perturbation of
a matrix with only a few distinct eigenvalues, still has only a few distinct eigenvalues.

Therefore, only a few cases will be of interest. These are the matrices of the form

~

A=A+ 7,

where A is either B-normal(1), B-unitary, or shifted B-unitary, and Z, has low rank.

4.5 Breakdown In The Single (s, t)-Recursion

The next example illustrates that breakdown can occur during the (s, t)-
iteration for B-normal(¢, m) matrices. Recall that breakdown occurs in the (s, t)-
recursion for some Py if the system (4.13) is inconsistent at some step in the iteration.

Consider the unitary matrix

d

I
o OO = O
S O O O
otk o o8k
- O O O O
otk o).



Since U is unitary with respect to the standard Euclidean inner product,

B =1, and we have
I po(U)
Ul=U*= == .
U q)

By Definition 4.1, U is I-normal(0, 1). In the absence of breakdown, Section 4.3
shows an I-orthogonal basis {Bj}?:o for Ks(p,, U) can be computed with the single

(0, 1)-recursion,
P = U]_)j + ﬁjflaﬂ'Uﬂjq — 0P, for j =0,...,3.
We set B_10=0. If 7 > 1, B;_; ; is chosen to satisfy

(Up,_1: p)Bi-15 = —(Up;, py),

and then o, ; is computed by:

o (Uﬂj + /ijl,jUf_jjfp Qj)
T ®, 1)) '
=38
Since an I-orthogonal basis is unique up to scale, the same basis can be obtained
using any other recursion that constructs an /-orthogonal basis. For example, the

full Gram-Schmidt process given by (2.8).

Let p, = [1, 0, 0, 0, 0]”. By computing {Qj}§:0 using (2.8), we obtain:

Pyr Py Py Py Py (4.38)
N
1 0 0 0 0
0 1 0 0 0
= of,]of,] 1], 0 : 0
0 0 0 1/v2 0
0 0 0 0 1/v/2
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The computation of p, 1is identical using the (0, 1)-recursion. To compute

p,, we must choose [y 1 to satisty

<U£07 B())/go,l = 7<UB17 £0>

Since (Up,, p,) = (Up,, p,) = 0, Bo,1 can be chosen arbitrarily. Any choice of £

will yield p, = [0,0,1,0,0]%. Similarly, to compute Py, We choose f3; 2 to satisfy

<U£17 B())/SI,Q = 7<UB27 B())?

Since (Up,, QO) = 0, and (Up,, ]_)0> = %, this is impossible, and breakdown occurs

at this step. Recall from Section 4.3, that the multiple recursion given in (4.21) will

also yield the basis vectors given by (4.38), without breakdown.

4.6 Concluding Remarks

This chapter considered general (s, ¢)-recursions of the form (4.10). In the
absence of a condition called breakdown, a B-orthogonal basis can be constructed
using this form of recursion when the matrix A is either B-normal(¢, m), or when
there exists polynomials p; and g, satisfying (4.36). Low rank perturbations of
B-normal(#4, m) matrices are an example of the latter case.

Since breakdown is possible using the single (s, t)-recursion in exact arith-
metic, and near breakdown can also pose numerical problems, a multiple recur-
sion was developed that avoids the problem of breakdown. Sufficient conditions
on the matrix A were given in Theorem 4.2 and Theorem 4.3 to guarantee that a
B-orthogonal basis can be constructed using a multiple recursion for every p,.

Breakdown corresponds to the inconsistency of the systems given in (4.13)
and (4.26). In Chapter 6, we will show that these systems can be singular either for
every p,, or only for a set of initial vectors p, of measure zero. If A is B-normal(4, m),

with £, m < 1, breakdown can be limited to a set of P, of measure zero. This will
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become important in establishing necessary conditions on the matrix A under which

a multiple recursion will yield a B-orthogonal basis for every Py
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5. Implementation And Numerical Results

5.1 Introduction

In Theorem 4.2 and Theorem 4.3, sufficient conditions on the matrix A
were given in order that a B-orthogonal basis can be constructed using the multiple
recursions given in (4.21) and (4.35), respectively. This chapter is concerned with the
implementation of the conjugate gradient method using the above multiple recur-
sions. Numerical examples are given that compare this implementation using short
multiple recurssions to that using a full conjugate gradient iteration, (Orthodir) (see

Table 2.1).

5.2 B-Normal(4, m) Matrices
We will first consider the construction of a B-orthogonal basis {]_)j };-l;(l) for

B-normal(¢, m) matrices using the multiple recursion given by:

J
Bj_l—l - AB] B i:jfz(%*m) tl’] B’L B QJO 2]1 o gjm—lj| ﬂ]’
(5.1)
_ ) + fori=0,....m—1
9501, = ®, P08 Pi1 Y =0,..,m )
Recall from Section 4.3, that for any k,
my, = (Apg: po)is (AP Py s (Apyop,, )8l €CT (52)
and,
P = [(Bk)o’ e (Ek)mfl]’r ec”, (53)
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(k)

is the vector of coefficients of the remainder term, r,,”,(A)p,, that results from

dividing, p, = z/)k(A)]_jo, by the polynomial
gm(A) = b, , A"+ - + b1 A+ byl. (5.4)

If m < £, the coefficients, ¢; ;, are given by

- <AB]" 7_)1')]3 - <ﬁj’ Bi>
7 (P p)B

, for i=j5—(—-m),...,J. (5.5)

In this section, we will specify how these quantities can be computed.

The Qk’s are obtained directly by computing the vector of inner products.
If £ > m, we must compute t; ;, for i = j — (£ —m), ..., j. This could be done directly
as specified by (5.5), but that would require storing p;: for i =j — ({—m),...,j, and

the computation of additional inner products. Instead, at each step, we compute

g]"‘l - AI—)] o [g]O ' gjm—l] ﬂ]’
J
Py = Y.y~ > tij P,
" R (5.6)
.. )i
_ —j+1 y — _
G, = Gs L Ty Pri=Oomo1

It is clear that the #; ;’s must enforce B-orthogonality Of£j+1 to sp{]_)ji(lim), ey ]_)j}.
This is accomplished more efficiently by computing,

(Y. .1 P;)B
di+1 £ . .
= TR o i (). (5.7)
P> P;1B

The p,’s, whose components (p, ); are used in the recursions for the auxiliary
vectors, g, . for i =0,...,m — 1, are computed recursively. We will assume that A is
B-normal(¢4, m), with m # 0, since if m = 0, there is no remainder resulting upon
division of p, = wk(A)]_)U by the constant polynomial go(A). The vectors p, =0, Vk,

and the multiple recursion simplifies to the single recursion,

(Ap;: p)B
(p,» .)B

il

J
Bj+1 = A]_)j — Z ti:fBi’ where tiyj =
i=j—t
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for B-normal(¢) matrices [5].
Given an initial vector Py recall that Py and each subsequent direction

vector, Pivr for  =0,1,..., can be written as

P = biv1(A)p,

for some polynomial ;1 of exact degree j + 1. Each auxiliary vector, being the
sum of the current direction vector and a previous auxiliary vector, can also be
expressed as a polynomial in A times p,- Given any vector z that can be written as,
z = ((A)p,, its remainder upon division by g, (A) is a polynomial in A, with degree
at most rn — 1, times p,, which means it can be expressed as a linear combination

of the Bj’s, for j =0,...,,m — 1. We will denote this as,

rem(z) = agp, + -+ Umo1p,

and the corresponding vector of coefficients as,

rz = [ag, a1, .., 1]t €C™.

If z is expressed as a sum of polynomials in A times p,.

z = C(A)QU = [51 CI(A) 0+ 0s CS(A)]QUa

for some polynomials (i, ...,(s, then the remainder could be obtained by dividing
the individual polynomials by ¢, (A) and then adding the corresponding remainder
terms. Notice that each of the recursions in (5.6) involves a sum of polynomials in
A times p,- This yields the following formulas for obtaining the remainder terms:

m

rem(gﬂ_l) = rem(AQj) — l;(ﬂ])l rem(gjiil),
rem(;_)jH) = rem(ng) - i:ji%im tij rem(p,),
(B, )i .
rem(gj+1i) = m rem(]_)jH) + rem(gji), fori=0,...m —1,
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and the recursions for the corresponding vectors of coefficients,

m
ry.,, = rAp, - El (n,)i ra;, s
J

L T R Pk (5.8)
T = M r + r fOI' ’L — 0 m — 1

_qj+1i <Bj+1’£j+1>B _pj+1 _qjia y ey T .

We note here that
P = TP VEk.

Some startup information is required to begin the recursive computation
for the p,’s- This information can be obtained by computing the first m+ 1 direction
vectors {QO, Py s ]_)m} using a full Gram-Schmidt process (2.8), or some modified

version of it. This yields the corresponding matrix equation,
APm - m+1Hm+1,m- (59)

The Hessenberg matrix Hy, 41y, is formed and stored for later use in the recursive
update of the p,’s. In addition to computing the direction vectors, the gki’s and the
remainder terms (5.8) will also need to be updated during these steps for later use
in the iteration.

No computation is necessary to obtain, Pys - First, Py = Lo =

CZm—1"

¥o(A)p,. Notice that the remainder of p, upon division by ¢, (A) is itself, rem(p ) =
1 p,, which yields,

Py =p, =[10 - 0" ec™.
The auxiliary vectors and the corresponding remainder terms are computed as:

(£y)i (£y)i

4, = p T4, = (

, 0" 5 fori=0,..,m— 1.
(py» Py)B 0 Py Py)B 0

Similarly, for j = 0,...,m — 2 rem(p.

—]+1) =P which yields,

Qﬂlzﬁﬂlz[o...o10...0]T€Cm’
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which is a vector of all zeros, except for a 1 in the j + 1’st position. The auxiliary
vectors and their corresponding remainder terms can be computed using (5.6) and
(5.8).

The computation of p,, is more complicated. To facilitate this, we write the

polynomial ¢,,(A) given in (5.4) as a linear combination of the vy’s, for k =0, ..., m,

Qm(A) = ’sz,bm(A) +- ot (A) + 70¢0(A)

= bpA™ + -+ byl

(5.10)

This requires that we accumulate the polynomials, g, ..., ¥, during the iteration,
where,

I—)j—l—l = ¢]+1(A)]_)0 = [aj+1Aj+1 + a]A] + -4+ alA + O[[]I]]_?U-
The coefficients of 1,1 (u) are stored in the vector of length m + 1,
@j—kl = [(}{U, 1y uey O[j, (}{j+1, 0, ceey O]T

Since

Apjr (A)py = [0 A2 + g AT 4+ g A + ao Al

the corresponding vector of coefficients is obtained by shifting the vector P to

the right one place, i.e.,
T
CApj+1 = [0, Qp, A1, ..., A5, Ay, 0, PN 0]m+1'
Starting with p, = ty(A)p, = 1p,, we obtain
T
ey =[10 -+ O%.

Using (2.8), we see that a recursion for the vector of coefficients for the polynomials,

iy, for 3 =0,...,m — 1, is given by,

J
P = _CApj - ggi,j p;-
1=
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The vectors, ¢p, ..., cp,_, are stored in the matrix K, which has the following form:

1 * ...*
I | ] 0 1
K=[% P, w,, | = 0 ;
I |
k
0 0 1J

where the x’s denote possible nonzero entries. Finally, the 4’s in (5.10) can be

obtained by solving the system,

Y0 by

Ym bm
using backsubstitution.
Using this form for g,,(A), it is easy to see that the remainder of p,, upon

division by ¢,,,(A) is given by,

Ym-1 N 7o

rem(]_)m) = — Y Bmfl [ ,),mz_)l _ ,y_mﬂ[]’
and thus,
PR BT N ) (5.11)
- 7m’ ’Ym’ ’ TYm

Once p,, is computed, q,, and rq, fori =0,...,m—1, can be computed according
to (5.6) and (5.8).

When 5 = m, we can begin the recursive update of TPy = using

Pi
(5.8). First, notice that
rem(A;_?j) = rem(Ay;(A)p,)

= rem (A [TZJj—m(A)qm(A)QO + TS’];)*l(A)]—)UD

= rem (A rem(p)).
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Since rem(pj) = (Ej)oy_)[] +- 4+ (Bj)mflz_)m—l’ the matrix equation in (5.9) can be

used to write,

Arem(p,) = A[]_)O, ""Qm—l] p; = []_)0 . 'Bm]HmH,m L,

= COBO +Cl£1 —+ ...Cm£m7

where,
c; = [co, €1, vy Cm]’ = Hpmyp1im P
Therefore,
rem(AQj) = rem(A rem(p))
= ¢ rem(p,) + ¢ rem(p,) + -+ + ¢y rem(p, )
= cp, +cp +-+em [_%Bmfl _..._7“7_:11_,0] ,

which yields

rApj =Copy T cip, T Femp, -

When j > m, we can compute Py and the auxiliary vectors using (5.6),
and the remainder terms can be updated recursively using (5.8).

This process describes the construction of a B-orthogonal basis for B-
normal(¢, m) matrices. To obtain a conjugate gradient algorithm for CG(B, A), at
each step, we compute the additional recursions:

(Bej,p.)

(Bp;.p;)’ (5.12)

Ljn = Zjtoyp, aj =
Liyr = 1j— ojdp,.
For clarity of the order of computations, we outline the algorithm below.
ALGORITHM 5.1 CG algorithm for B-normal(¢, m) matrices:

Imput: A, zy, ry =b— Az, coefficients of ¢,,(A) = B = [by,. o bol

1_70 =TIy,

%02[10“'0]3;“, poz[l[)...o]T

m?
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()i
o, = Bp,p,) Lo’

for j=0,....m—1
Tiy) = Z; +04j1_7j7
J
Pigr = AB]‘ - .;0 Tij Py

J
@,y = cAp, ~ 01y

ifj<m-—1
— T
£j+1 — [0...0 1 0...0]m7
ifj=m-—1
v =K\G, ,
— |20 _Im—-1
B:]«}»l - [ Ym T Ym ]m7
_ (B 4,)i +
2]4.1i <B£j+1’£j+1> £j+1 jSa
(2,

_ Piiq)i .
"1, = (Bp Pjt1 T

Pl L T

for j =m, ...

Tjy1 = Zj + 05,

m

o =Ap — )i q.
Yin P, i;(ﬂ])z 95,
J

Py =Y. — 2 tigp,
AR AL L
C; = Hm+1,m Bj’

A m
Wi = L2 — El(ﬂj)’ My

(P, )i

— —j+1

gj+1i <BE]-+1’B]-+1> 1_)]'4_1 +_ji7
r _ (B 41)i 4
M1 = WBp,, om0 Lin T 10

()i

rigqhn =10 — a]Aﬂju

Oij =
1=0,.
1=0,.

(BAp .p,)
(Bp,»p,)

Tjv1 =I5 — a’jABj’

J

tij =

n.=[

(By,,,:p,)

(Bp;;p;) ’

1=0,...m—1,
A= B
b2y
a; = 1
7 (Bpp)

rApj =cop, + -+ CmPy

Pj1
i=0,..

i=0,..
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Recall from Section 4.2 that if A is B-normal(¢, m), and either ¢ or m is
greater than 1, then A has a relatively small number (max{¢?, m?} + 1) of distinct
eigenvalues. For this reason, we are mainly interested in the cases when (¢, m) <
(1, 1). Although there are already economical conjugate gradient algorithms for

these cases, we will illustrate the algorithm with an example.

First, if A is I-normal(¢, m), A*A = AA*, and
A (A) = pe(A) = 0,

for some polynomials py and g, of degrees £ and m, respectively. Notice that if
B = A*A,

At = B7'4*B = A*,
and it follows that

Alq,(A) = pe(A) =0,

and A is B-normal(¢, m), with B = A*A.

Example 1: Consider the shifted unitary matrix given by,
A=10U+ (8+8i) I.

This matrix is I-normal(1, 1). From the above, A is also B-normal(1, 1), for B =
A*A. Thus, a minimal residual method, CG(A*A, A), can be implemented using
Algorithm 5.1. The eigenvalues of A are plotted in Figure 5.1. In Figure 5.2, we
compare the convergence measured in the relative residual norm of Algorithm 5.1
to that obtained by using a full conjugate gradient iteration, Orthodir, given in

Table 2.1. The curves lay exactly on top of each other, as our theory predicts.
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Figure 5.1: Spectrum of problem given in Example 1.
5.3 Generalizations Of B-Normal(/, m) Matrices

In Section 4.4 it was demonstrated that if polynomials, p; and ¢p,, of degrees

¢ and m respectively exist so that
Qp(A) = Algu(A) — pi(A),

and,
Rank(Qp(A)) = &,

then a B-orthogonal basis could be constructed using the multiple recursion:

J
By = A _z':jfz(%fmti’j B [gio Qjm,l] n; [gjo R
q = MP +q fori— 0. m—1 (5.13)
=j+1; <£j+1’£]‘+1>5 i+ 40 yaeny ,
q = Tk s fori— 0. 1
=j+1; <£j+1’£]‘+1>5 it SR yaeny i
For any k,
n, = [(Ap,, p.)Bs -y (AD,, D 7>B]T€Cm,
- N B (5.14)
Ek - [<Bk’ ?[])}?7 T <Bk’ ?K,1>B]T € CK,
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Figure 5.2. Convergence of Orthodir (solid line), Algorithm 5.1 (dashed line, plotted
on top of solid line), on Example 1.
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where the vectors {¢, ..., ¢_ |} form a basis for the range of Qp(A). If m </, the
coefficients ; ; are given by,

:u'ali>

(Af_)ju BZ>B - <ﬂj7 £z> - (_]

(p,: p.)B

tii= , fori=35—(—m),....j (5.15)

The vector

'Ok = [(Bk)()? ot (Bk)TTL*l]T € ij

(k)

leIdlng Bk by Qm(A)a and QB(A)?,;k,m(A)BO = (Ik)[]?o + -+ (Ik)liflfﬁilu for

some vector of coefficients,

is the vector of coefficients of the remainder term, r,,",(A)p,, that results from

T = [(Ik)()a EY) (Ik)ﬁfl]T e C"~.

In this section, we will be concerned with computing a basis for the range of Q5 (A),
as well as computing the #; ;’s, and the quantities: n,, p,, p,, and ;. The order
of the computations will become important as the information needed to compute
them may not be available until some later step in the iteration.

Recall that A" = B~'A*B, so that
Qp(4) = (B™'A"B) gm(A) — pe(A).

A basis for the range of Qg (A) could be obtained by first computing @ p(A), then,
since @Qp(A) is rank deficient, a basis for its range can be obtained using a QR
decomposition routine with column pivoting (see [9], pp. 233-236). The computation

of @p(A) and a basis for its range may be very simple in some cases. For example,

if

A=A+ 27,

where A is I-self-adjoint, and 7, is a rank r matrix that can be written as an outer
product,

Zr = WrVr*a
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for some N x r matrices V. and W, of rank r. Since A is I-self-adjoint,

-~

—~_ —

(A
This yields g, (A) = I, and py(A) = A. Let B = A*A. Notice that

AT = BTIAB = (A*A) AT A A = AT A" A,
and
Qasa(A) = Algn(A) —p(A) = AT - A
= ATA*A-A=A"1A" - A)A
= ATV, Wr - W, VA
Denote {0;} , as the linearly independent columns from the matrices V, and W,.

Now,
Range (Qa-a(4)) = sp{A™" 0,1y = sp{ey, . &, }- (5.16)

The algorithm will only require that we compute the vectors

T
Hk = |:<I_)k7 ?U>Ba ceey <I_)k’ ?571>B} , where

The quantities 5, and y, are computed as specified by (5.14). Analogous to

(5.17)

the B-normal(¢, m) case, the p,’s can be computed recursively after the information
needed to start the recursion is available.

At any step k + 1, the recursion for the direction vector in (5.13) involves
both sets of auxiliary vectors, gki’s and Qki’s. Before we can compute the Qki’s, we
must know the vector 7. The method we will describe for computing this vector is
not possible at step £ + 1, and will actually be done at a later step in the iteration.
This means that the multiple recursion (5.13) must be modified in a way that allows
the computation of the auxiliary vectors to be delayed. After describing how to
compute 7, we will show how this can be done. An outline of the algorithm will

then be given to clarify the order of the computations.
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Recall from the development in Section 4.4 that led to the multiple recur-

sions in (5.13), that the entries in the Hessenberg matrix Hy simplify yielding,
(Apj pdp (1 o) + () Tk)
(P py)B (P> Py)B

hi; = , if 5> max{k—1, k—m+¢}. (5.18)

Denote

1 iftm>/¢
9 =

m—4 iftm<Y¥

Notice that if 7 > & — 9, we can compute,

(s 7o) = (Aps ) B — (s py)-

All the entries to the right of column (k — 1) in the k’th row of Hpy involve the same
vector 7. By moving to the right s places, we can obtain x equations involving 7.
At step j+ 1=k — 9+ + 1, we obtain the system,

o K - (Aﬂj’ £k>B - <ﬂj7 £k>

T oHie T (Ap; 1 P8 = 15y)

for 7,,. For generalizations of B-normal(¢, m) matrices, theory guarantees that (5.18)
holds. Thus, if we have chosen {fo’ s an} properly, that is, if they form a basis
for the range of Qp(A), it follows that the above system is consistent.

From the above, we see that when j = x — ¢, we can compute 7 using

(5.19), and when j = Kk — 9 + 1, we can compute 7, and so forth. Denote
0=k—1,

and notice that whenever j > 6, 7, 4 is computable using (5.19). The auxiliary

vectors can then be computed as:

(P, _g)i o
gj*ﬂi - mgjfg—l_gjfgia fOrZ—O,...,m—l,
(5.20)
] S S +q fori =0,...5 —1
950, ~ <Bj79,gj79>3 Pi g4 g =0,..,K .
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However, at this step, the multiple recursion in (5.13) requires us to compute
J
i = A= DL e - [gjo h 'Qjmfl] 15— [Qjo Gy
i=j—(t—m)
Unless § = 0, 7, can’t be computed using (5.19). Substituting in the quantities,
()i

— —Jj ;) — _
4, = @205 ]_)j—i—gjili, fort =0,....,m —1, and

A — (fj)i + ~
G = Tpwgs BT 4y

for1 =0,....,6 — 1,

from the previous step yields,
J
P =Ap D tigpm0ip [leo”'gjlml} 0 {%’10 i
i=j—(t—m)

L,

k—1
for some constant §; which will be determined later. This process of substituting in

auxiliary vectors from previous steps can be repeated until we obtain:
J
P = Ap, - . tiip 0 Py = 7 0j-041 P g4y (5.21)
i=j—(£—m)

- {ﬂjeo'”ﬂjeml} 5~ [ﬂjeo"@jem} =k

where, 7, 4 can be computed using (5.19), and the, q4; s and .

?
6. g S can be

computed using (5.20). The ¢; ;’s are given by (5.15), and

Op = (Z %(T}-)i‘FZ%(Hﬂi), forn=75-0+1,...,7.

1=0 <Bn’ Bn>B - =0 <]_)n’ b,

At first glance, it looks like the information needed to compute the a;,’s and the

t;j’s is not available. Let

j—0+1 if m>"/¢
o= . (5.22)
min{j — (¢ —m), j—0+1} if m </
Instead of calculating the «,’s and t; ;’s as specified, we rewrite (5.21) as,
Y = Ap;— [QHO N 'ﬂjfemfj U [ijeo"'ﬂjfamfj Hj:
(5.23)
J .
Piyv = Yja— =, tij P,
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where the fm-’s must enforce B-orthogonality of P to sp{gp, o ]_)j}, which yields,

o Wopiln (5.24)
Y pp,)B

The computation of the p’s is the same as in the B-normal(¢, m) case when

j<m. Ilf m<j <8, the vector P, can be updated using,
J
Pi1 = @j - Zgiyj Py
i=0

where the quantity @j is computed the same as in the B-normal(¢, m) case. When
j > max{m, 6}, we can begin the recursive computation of all the remainder terms.
This process differs from that in the B-normal (¢, m) case in that additional recur-
sions are needed to compute the remainder terms associated with the ¢’s. These

recursions are given by:

m K

Wi = TAR = R mlirey 2 (k)ird

J .
Pipi = Y5~ E@ tij p;
(5.25)
(P, i
_ —j—0 P _
mjfai - <Ej—€’£j79>3 ijﬂ +mj*0*1i’ for ¢ 0,...,7’7’7, 1,
~ o (f]‘fa)i ~ s _
mjfai - <Ej—€’ Ej,f;)B ijﬂ + mj%*h’ for ¢ = 0, ey K 1.

An algorithm is given below to clarify the order of the computations.
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ALGORITHM 5.2 CG algorithm for generalizations of
B-normal(¢, m) matrices:

Input: A, zg, 19, B, {QO""’Qn—l}’ 0, o

BOZEOa
Py =[10 - 0py, py=[10- 0,

for y =0,...,0 — 1,

Zj+1:2j+04j1_?j7 Tjt1 = Lj — QAP aj = (Bp,.p,)’
j (BAp ,p) ‘
Pi1 = AB]- ZEO Tij By %6 = TBp.,p)
ifjg<m
J
P = AP, — EU Tij Py
ifj<m-—1
T
Pivt = [0---010---0]7,
ifj=m-—1
1=K\, .
_ | __ "o 7')’m—1
Bj+1_{ Ym 2 Ym }m’
if j >m
¢ = Hpy1m P rAp; = copy + A Cmp,,;
J
Pi1 =rAP; — l;} Tij Pys
After computing Py
Solve (5.19) for 7,
o (py)i .
goi - <E(()’Eo>3 Bga 7 0, , TN 17
h = To)i ) — —
goi - <EO’E0>B BU’ 1 = 07 -..,K/ 1,
for y=20,...
(Bej,p.)
Tjpy =2+ oyp;, iy =r; —ajAp, Y = (Bp,.p,)
ifjg<m

ap % oLty
L= — O;iD., Oji=
B]+1 B] b 2,] B]’ %,] <B£2,22> )

J
Pig = CApj - Z:U Ti,j CPjs
ifj<m-—1

- T
£j+1_[0.”0]‘0.”0]m’

78



ifj=m-—1

v = K\S, ,
— |_ 7o _ Ym-—1
£j+1_[ Ym T Tm }m’
if j >m

ng:Aij [q] 040, }” [71 oo Do, | P
[(Ap p0>Bv e (Ap p,._ 1>B]ma
[< ) ey <]_7ja QH,1>B]£7

_ Z t oo (BB
Pivi =Y 2, By tig = Bp.p)

¢ = Hy1m Pj> TAPJ- = Copy +--+ CmpP,,
m K
" = TAR = 2 )i rd; g = ()i,

2—1
Piv1 =540 — i;ﬂ bij oy
Solve (5.19) for 7, 4.,

P, i
Lio41 ~ m Pigi1t 4 g, =0m—1,
Qj*0+1i - W Qj,9+1 + q] 041, " 0,....6 — 1,
P, i )

"5 41, — m i gp1 TT e 1=0,m—1,

" g, = Ty Ts Lo YT gy 1= 0em = L

Suppose
A=A+ 7,

where A is I-normal(4, m), and Z, is a rank r matrix. It follows from Corollary 4.4

that there exists polynomials py and ¢, of degrees ¢ and m, respectively, such that

A%qn(A) —pe(A) = Qi(A), where,
Rank(Q;(4)) < (£+m+1)r

Let B = A*A, and notice that

At =B 'A*B = A"14%A,
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and
Qa-a(4) = Algu(A) — pi(A)
= AT [A*gu(A) —p(A)] A
= AT1Qi(A)A,
and thus

Rank(Qa-a(A)) = Rank(Q(A)) < (¢ +m + 1)r.

It follows from Theorem 4.3 that a minimal residual method, CG(A* A, A), can be
implemented using the Algorithm 5.2.

We note here, if A is I-self-adjoint, and B = A*A, then

Qa-a(A) = A'AT-AJA

which is A* A skew adjoint.

One useful application of Algorithm 5.2 is on matrices that result from a
discretization of a partial differential equation that is formally self-adjoint, where
nonstandard boundary conditions are applied to a portion of the boundary. The
next example is of this type.

Example 2: Suppose

~

A=A+ 27,

where A is the symmetric pentadiagonal matrix that results from discretizing Pois-

son’s equation on the unit square with homogeneous Dirchlet boundary conditions,

—Au = f7 on (071) X (07 1)7

u = Qa on 8Qa

using a 5-point difference scheme with a uniform mesh size, h, = h, = ﬁ The
matrix Z, is a nonsymmetric, rank 8 matrix that was chosen to correspond to per-

turbing the boundary conditions at a few points in the 4 corners of the domain €.
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Note that the matrix A is I-normal(l) (self-adjoint) plus rank 8. The spectrum
is plotted in Figure 5.3. Notice that the matrix is slightly indefinite, with a few

eigenvalues off the real line.

8

6l

-8 L L L L L L
-8 -6 -4 -2 0 2 4 6 8

Figure 5.3: Spectrum of matrix given in Example 2.

From Corollary 4.4, we know that there exists polynomials, p;(A) = A and

qo(A) = I, such that
A*qo(A) —p1(A) = A" —A=7—Z, = Qr(A), where Rank(Q;(A)) < 2r.

Algorithm 5.2 could be run on the problem using B = I, however, we note that this

would not yield a computable algorithm, since at each step we must compute,

<B§j7 £]>

(Bp;, p;)

o =

where ¢; denotes the error at step j (see Section 2.3). To obtain a computable

algorithm, let B = A*A. From the discussion before Example 2, it follows that

Qaa(A) = A'Qr(A)A, where
Rank(QA*A(A)) < 2r.
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Since A is I-self-adjoint, a basis for the range of Q4-4(A) could be obtained us-
ing (5.16). However, all that is necessary in the computations are the quanti-
ties, (]_)k, g.)B, which are computed using (5.17). A minimal residual method,
CG(A*A, A), is implemented using Algorithm 5.2. Figure 5.4 compares the con-
vergence measured in the relative residual norm using Algorithm 5.2 to that using
a full conjugate gradient iteration (Orthodir). As theory predicts, these two curves
are identical. In addition, we plot the convergence using the Odir algorithm given
in Table 2.3.

Recall that the Odir algorithm will yield the same iterates in exact arith-
metic as Orthodir, if the matrix A is B-normal(1). This would be the case if we did
not add the low rank matrix R,, and A = A.

We might consider how Algorithm 5.2 compares to other iterative methods
for nonsymmetric matrices. The quasi-minimal residual (QMR) method of Freud
and Nachtigal [7] is a method of this type. In contrast to the conjugate gradient
method, CG(B, A) with B = A*A, which minimizes the 2 norm of the residual,
QMR is based upon a quasi-minimization of the residual norm. QMR can be viewed
as a “variable metric” conjugate gradient method [2]. This is a conjugate gradient
method where the inner product matrix B is dependent upon the initial residual.
Regardless of how we view this method, for nonsymmetric matrices, QMR is not a
true minimal residual method. Thus, when convergence is measured in the residual
norm, QMR cannot do any better than CG(A*A, A).

Figure 5.5 compares the convergence of CG(A*A, A) implemented using
Algorithm 5.2 to the QMR method, on Example 2. For this problem, the number of
QMR iterations is comparable to the number of iterations used by Algorithm 5.2.

If we consider the main work involved in these two implementations, to

be the number of matrix vector multiplications, then Algorithm 5.2 produces quite
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Figure 5.4. Convergence of Orthodir (solid line), Algorithm 5.2 (dashed line, plotted
on top of solid line), and Odir (dashed-dotted line), on Example 2.
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a savings over the QMR iteration. QMR is implemented via the nonsymmetric
Lanczos method, often, using a “look-ahead” stategy [8]. This process generates two

sequences of vectors, {v;}Y; and {w;}Y,, such that

sp{vy, ..., un}t = Kn(v;, A), and

sp{lwy, -, wyt = Kn(wy, 4%).
This involves 2 matrix vector multiplications at each step. The computations in
Algorithm 5.2 can be arranged so that only 1 matrix vector multiplication is re-
quired at each step. In Figure 5.6, we compare the main work (measured in the
number of matrix vector multiplications) involved between the QMR iteration and

Algorithm 5.2, on Example 2.
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Figure 5.5. Convergence of Algorithm 5.2 (solid line), and QMR (dashed line), on
Example 2.
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Figure 5.6. Work in matrix vector multiplications for Algorithm 5.2 (solid line), and
QMR (dashed line), on Example 2.
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Example 3: The next example is the matrix

~

A=A+ 7,

where A is the shifted unitary matrix in Example 1, and Z, is a rank 2 matrix.

Figure 5.7 plots the eigenvalues of this matrix.

80

60

401

20+

oF

—20f

—40}F

—60}

-80 L L L L L L L
-80 -60 -40 -20 0 20 40 60 80

Figure 5.7: Spectrum of problem given in Example 3.

Again, we will take B = A*A, and run Algorithm 5.2. We compare the
convergence of Algorithm 5.2 to the Orthodir algorithm and the QMR iteration in
Figure 5.8. Note that the convergence curves of Orthodir and Algorithm 5.2 are plot-
ted on top of one another, as expected. In Figure 5.9, we compare the main work
(measured in the number of matrix vector multiplications) between Algorithm 5.2
and the QMR iteration, on the problem given in Example 3. Notice that the work
involved using the QMR iteration is more than double the amount used by Algo-

rithm 5.2.
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Figure 5.8. Convergence of Orthodir (solid line), Algorithm 5.2 (dashed line, plotted
on top of solid line), and QMR (dashed-dotted line), on Example 3.
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Figure 5.9. Work in matrix vector multiplications of Algorithm 5.2 (solid line), and
QMR (dashed line), on Example 3.
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5.4 Concluding Remarks

In this chapter, we presented general algorithms for implementing the con-
jugate gradient method using the multiple recursions given in (4.21) and (4.35). We
note here, that in certain special cases, these algorithms simplify. For example, if A
is self-adjoint plus low rank, the polynomial ¢, is a constant polynomial. Since no
remainder results upon division by a constant polynomial, the vector p,_is the zero
vector. The multiple recursion involves only one set of auxiliary vectors, the Qki’s.

Only small numerical examples have been run to validate the theory. No
attempt has been made to analyze the effect of numerical round off on the iteration.
It may be possible in some cases, for example, if A is self-adjoint plus low rank, to

extend the analysis done by Greenbaum ([12]).
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6. Necessary Conditions

6.1 Introduction

In this chapter, we will be concerned with determining necessary conditions
on the matrix A required for multiple recursions of the form introduced in Chapter 4,
to yield a B-orthogonal basis for K4(ry, A), for every ry. This is a difficult problem,
and we will confine our analysis to a few special cases of recursions of this form.

Sufficient conditions on the matrix A have already been established for
multiple recursions of the forms given in (4.21) and (4.35). These conditions are for
A to be either B-normal(4, m), or a generalization of a B-normal(¢, m) matrix (see
Section 4.4). We recall that for these matrices, in the absence of breakdown, a single
(s, t)-recursion could also be used to construct this basis.

Since the tools we will use in this analysis are based upon the single (s, t)-
recursion, we will begin the next section with some results pertaining to the likelihood
of a breakdown occuring at some step in the (s, t)-iteration.

Based upon the formulation of the multiple recursions in Chapter 4, for
B-normal(¢, m) and generalizations of B-normal(¢, m) matrices, we will define a
general form of multiple recursion. The relationship between breakdown in the
single (s, t)-recursion and the corresponding multiple recursion will be discussed.
In particular, it will be shown that for a restricted subset of multiple recursions of
this form, breakdown in the corresponding single (s, t)-recursion can be limited to a
set of initial vectors Py of measure zero in C"V. These are the multiple recursions that
will be analyzed in this chapter. After developing some tools to use in this analysis,

the remainder of the chapter will contain the main proof establishing necessary
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conditions.

6.2 Preliminaries

We begin with some preliminary material that will be used throughout this

chapter.

LEMMA 6.1 If p is a complex nonzero multivariate polynomial, then

p(x1,...,2x) # 0 for almost every z = [z1,...,zy]" € CV.
Proof: The proof can be found in [20]. O

In other words, this lemma says that if a polynomial is not the zero polynomial, then
the set of z € CV for which the polynomial can be zero, is a set of measure zero in
ch.

Consider the multivariate rational function

p(x1, ..., zN)
q(z1,...,xN)

flxy,..,zn) =
Notice that if f is finite anywhere, then ¢ cannot be the zero polynomial, and it
follows that f is finite almost everywhere. Further, if f is finite, it can either be zero
on a set of vectors z € CV of measure zero, or it can be identically zero.
Given an initial vector p, recall that an ascending B-orthogonal basis
{]_)j }?;é for ICd(BO, A) is unique up to scale. In some cases, this basis may be com-
puted with some form of a short recursion. The same basis can always be computed
using a full Gram-Schmidt process generalized to the B-inner product (2.8).

In [5], Faber and Manteuffel proved that for i < d(A), that p, is a continuous

function of Py and that

Il < 1Al lp; -

92



A similar line of proof can be used to show each component of p, is a bounded
rational function of the components of Py

LEMMA 6.2 Suppose p. is computed as in (2.8). Let Py = [21, ..., z2n] T,
where z; € C. Then for all i < d(A), each component, (p,); of p, is a bounded

rational function of (z1,...,zy).

Proof: Each component of Py being a linear function of it’s real and imaginary

parts, is rational. Next, consider the computation for Py

(Ap,, p,) B
p, = Ap, — == Dy-
(py: Py) B

Denoting the (j,%)’th element of the matrix A as (a + bi); 1, we see that the j'th

component of Ap, is given by

N

(Apy)j = > _(a+bi)jx 2.
k=1

This is a first degree polynomial in the components of p . It follows that the inner
products, (Ap,,p,) s and (p,,p,) B, are each the sum of terms involving the products
of two first degree polynomials, yielding second degree polynomials in (21, ..., zy). By
combining this information it follows that the j’th component of p, can be written

as, ‘
- m(])(zl,...,zN)
(121)]' ET) PN
g5’ (21, .y ZN)
() )

for some polynomials my’ and ¢y’ of degrees three and two, respectively. From the

proof in [5], we know that (p,); is finite.

Suppose that for i < d(A), and that, for £ < i, p, # 0 and

(4)
; m Zly ey ZN
pgj) _ (tf) ( PR ) < oo,
qs, (215 -y ZN)
for some polynomials mg ) and qg) of degrees t; and sy, respectively. Consider

7
Py =Ap,— D 0uip,
=0
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The j’th component of Ap_ is given by,

WE

k=1
N (k)
— Z(a—i_bz)]k mti (z17"'7ZN)-
(k)
k=1 Gs; (21, 2N)

Since this is a sum of bounded rational functions, it is also bounded and rational.
Notice that inner products of the form (Ap , p,)p and (p,, p,)s are bounded and

rational since they involve sums and products of bounded rational functions. The

(Ap;.p,) 5

berms Ots = T p, e
=L’ =t

for £ =0, ...,1, are quotients of rational functions, thus ratio-
nal. Since p, # 0, and B is Hermitian positive definite, <££’7_)£>B # 0, and it follows

that the terms o, ; are also bounded. Therefore, the j'th component of Py

(Bi+1)j = (ABZ')J' - Zal,i (ﬂg)jv
=0

involves sums and products of bounded rational functions, yielding a bounded ratio-
nal function. O

Suppose that A is B-normal(¢, m), or a generalization of a B-normal(¢, m)
matrix (see Sections 4.3 and 4.4). In Chapter 4, we saw that a single (s, t)-recursion
could be used to construct a B-orthogonal basis for ICy(ry, A), if the corresponding
systems given in (4.13) and (4.26) were consistent at each step. We note here, that

the elements of the system matrices in (4.13) and (4.26) are of the form,

(t1(py), t2(py)):

where ¢; and ¢ are bounded rational functions of Py Since these inner products
involve sums and products of bounded rational functions, they are bounded and
rational. The determinant of a matrix involves sums and products its elements.
Thus, the determinants of the matrices in (4.13) and (4.26) are bounded rational

functions of the components of p . From the discussion following Lemma 6.1 we see
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that these determinants can either be zero for every p,, or only for a set of p, of
measure zero. This means that, for B-normal(¢, m) matrices, and generalizations of
B-normal(¢, m) matrices, breakdown in the single (s, ¢)-recursion occurs either for
every p,, or only for a measure zero set of initial vectors p,- It would be desirable
to rule out the possibility of breakdown for every Py If this could be done, then we
could say the likelihood of a breakdown occuring at any step in the (s, ¢)-recursion
in exact arithmetic is rare.

Suppose d(ry, A) = N, and recall that for any matrix A, a B-orthogonal
basis for K4(rg, A) can be constructed using a full Gram-Schmidt process (2.8), which
yields the matrix equation

APy = PyHy.
If A is B-normal(¢, m), the Hessenberg matrix Hy can be decomposed as,
Hy=T+1U,

where T' is a banded upper Hessenberg matrix with 1’s on the subdiagonal, and an
upper bandwidth of max{0, £ —m + 1}, and U is an upper triangular, factorable

matrix, with components:

(n.,p.) .
(p_.fpf;B Jzi

UiJ = -t =t y
0 ] <1

where n; and p. have length m. From Section 4.3, notice that the elements of both
T and U are bounded rational functions of p,. This decomposition of Hy results in
a multiple recursion (4.21) that involves m auxiliary vectors at each step.

If A is a generalization of a B-normal(¢, m) matrix (see Section 4.4), the

Hessenberg matrix can be written as:

Hy

T+ U,

U

Uy + Uy,
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where T is banded upper Hessenberg, with 1’s on the subdiagonal, and an upper

bandwidth of max{0, £ —m + 1}. The elements of U; and Uy are given by:

205 . . —Jj
oo, I J =1
uz(',lj) — <Ei’ﬂi>B , “z('?j) — @i’gi)B ’
0 j<i 0 j<i

respectively. Again, the components of T', Uy, and Us are bounded rational functions

of p,. By denoting the combined vectors,

n, | p,
w; = =7 , and v; = -

L, (p;-p;)B 7;
of length m + k, where & is the rank of Q@ p5(A), the entries of the matrix U can then
be written as,

<Mj, v;) J >

Ui j =

0 g <i
This decomposition of Hy led to a multiple recursion (4.35) involving m+ k auxiliary
vectors at each step.

Based on these recursions for B-normal(¢, m) and generalizations of B-

normal (¢, m) matrices, we define a general form of recursion. Suppose A is such

that the elements of the Hessenberg matrix Hy, resulting from a full Gram-Schmidt

process, simplify above some upper bandwidth b:

(Ap_.p VB (Ap, _,.p,)m ]
g BBl ) e v
1 (Ap,.p,)5 (Ap, 25
Q1’Q1>B @1791)]5
(ﬂpr QN7b71>
Hy = (Apy Py 0B 6.1)
oy By n
1 I
L Py 1Py y)B

The matrix Hy can be written as:

HN:T+U,
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where the matrix 1" is a banded upper Hessenberg matrix, with upper bandwidth
of b, and a subdiagonal consisting of all 1’s. The matrix U is upper triangular and

factorable, with elements of the form,

(wj, v;) j>i
Ui,j = e ’ . (62)
0, g <1,
The vectors w; and v; have length ¢ and are each bounded rational functions of Py

The matrix U could be further decomposed as,
U=U+-+U,

where w; and v; could be written in terms of the combined vectors from the individual

matrices Uy,

w,; = : , and wv; = : . (6.3)

w,, Up,
Notice that the elements of T" and U are all bounded rational functions of Py Anal-
ogous to the recursions derived for the B-normal(¢, m) case, and the generalizations

of the B-normal(¢, m) case, this decomposition yields a set of multiple recursions

that involves t auxiliary vectors:

J
Py = Ap.+ > tigp, |44 | W,
Ak iy [_]0 _]H} g (6.4)
dipr, = (Qj+1)i1_?j+1+gji, fori=0,..,t—1.

We denote a multiple recursion of this form as M R(b, t), where b is the upper
bandwidth of the Hessenberg matrix 7', and ¢ denotes the length of the vectors w;
and v; given in (6.3).

This form of multiple recursion includes the recursions for both the B-

normal (¢, m) case, and the generalizations of the B-normal(¢, m) case. Notice that
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in both cases, b = max{0, £—m+1}. In the B-normal(¢, m) case, t = m, which is the
length of the vectors, n; (4.16), whereas, for the generalizations of B-normal(¢, m)

matrices, ¢ = m + x, which is the length of the combined vectors,

(0)

DEFINITION 6.1 A matrix A is in the class CGyr(b, t) if for every ry,

given in (4.29) and (4.31).

a B-orthogonal basis can be constructed using a multiple recursion of the form

MR(b, t) given in (6.4).

The sufficient conditions given in Chapter 4 can be restated in terms of this

definition. We state these in the following Theorem.

THEOREM 6.3 Sufficient Conditions for A € CG (b, t):
(1) If Ais B-normal(¢, m), then A € CG (b, t), where b = max{0, /—m+1}, and
t=m.

(2) If there exists polynomials p; and g, of degrees £ and m, respectively, satisfying
ATgn(A) —pi(A) = Qp(A), where
Rank(Qp(A)) = &,

then A € CGyr(b, t), with b = max{0, / —m + 1}, and t = m + k.
Proof: See Theorems 4.2 and 4.3 in Chapter 4. O

To determine if there are any other matrices in the class CG (b, t), we
must establish whether or not the sufficient conditions are also necessary. The proof
establishing necessary conditions for A € CGyr(b, t), will be based upon tools de-

veloped for analyzing a corresponding single (s, t)-recursion. If A € CGur(b, t),
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a B-orthogonal basis for K4(rg, A) can be constructed using a multiple recursion
MR(b, t). We will define a corresponding single (s, ¢)-recursion, and show what
conditions must be satisfied in order for this basis to be constructed using this (s, t)-
recursion.

Recall that in order for a single (s, t)-recursion ,

7j—1 J
Pjy = Ap; + > Bridp, — D 0isp, (6.5)
k=j—t 1=j—s

to yield a B-orthogonal basis for Ky(ry, A), for every 0 < j < d(QO,A) — 2, there

exists {ﬁk,j}i;;ft such that,

j—1
(Ap,+ > BrjAp,: p)s
T k=gt k=i
0ij = =0, for 1 =0,....,7 —s—1.
<Qiﬂﬂi>3

This condition can be rewritten as:

( (Ap._,:p))B (Ap._ P8 W (Ap B
(pyPy)B (P2, B (Py: Py B
: Bj—t.i
(Ap, .2, |)B (Ap, ., |)B . _ (Ap,,p, |)B (6.6)
(p,_,+p,_,)B (p,_,»p,_,)B (p,_,»p,_,)B
Bi-1.
(Agj—t’gj—s—lhg <Ag]. 1’21-7371)’3 (Ap 12j7571>B
Py o 1Py . 4)B Py o 1P 4)B (p; 1'Pi_. 1B

If A€ CGur(b, t), the matrix Hy simplifies as in (6.1). So when j > i+ b,

<A£].,Ei>B

the elements of Hy, ool

(wj, v;), where the vectors w;, and v; are of length

t. Recall the matrix equation after constructing P using (2.8),
APji1 = PjioHjia 1

When j = b+ t, the upper right 1 x (¢ + 1) corner of Hj;s ;41 can be written as:

(Ap, ;> py)s (Ap, 1, py)s (Ap,, py)s
(> 2y (g o) (Pyr Py)B

99



= [(ﬂj—ta vg) -+ (w1, o) {wy, QO” :

At each additional step, another row in the upper right corner of H; s ;1 simplifies.

When j = 2t 4+ b — 1, the upper right ¢ x (¢ + 1) corner of Hj, ;1 is given by:

(Ap,_ppole AR oRy)B {Ap; o) B
Py py)B (py:py)B (pypy)B
<ABj—t’£t—1>B <Agj—1’£t—1>B <A£j’£t71>3
,_»p, )8 2, 1)B p,_op, )
[ <wj7t7 vg) - <wj717 Yg) (wja Vo) -I
<ﬂj7tv Ve1) o <Qj717 V1) (wja V1)

In general, if j > b+ ¢, we have,

(pypy) 5 (pypy) 5 (py:py) 5
Ap, pp_pe BB B (Ap;p,_,)B (6.7)
P, p, )8 P, P, )8 (P, 1P, B
| Meonde o Une e s e |
<Ej—s—1’£j—s—1>B <Bj—571’£j—s—1>B <£j7571’ﬂj7571>3
s o () (o)
- (W gy v 1) o (Wi, vyq) (wj, vy_y) :
L<wj7tu ijsfl> <wj7172j7571> (wjagjfsfﬂ_

where,

s=b+t—1.

Notice that if
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| |
e wjfl

is nonsingular, then there always exists {3y ; }?c;;—t such that

et (6.8)

| | Bt |
Wy ¢ -0 Wi : = | wy
| | Bi 1 |
By multiplying both sides on the left by
- 5, -
o Qtfl - )
L = s ]
and using (6.7), we obtain,
( (T . L) YL (Ap;-2o)8
(Py:py)B (Py:py)B (Py:py)B
Bt
<Agj—t’£t—1>B <A£7‘—1’£t—1>3 : <A£7"2171>B
p, b, B p, b, )8 (P, 10, B
Bi-1i
L ) T L S L (Ap;op; )8
(R PN B s B, 1) R N

This is the condition that must be satisfied in order that an (s, ¢)-recursion will yield
a B-orthogonal basis. Notice from (6.5), that until j = b+ ¢ = s + 1, breakdown is
not possible in the (s, t)-recursion. Therefore, it follows that if A € CG (b, t), and
if (6.8) is nonsingular for every j > b+, then an (s, t)-recursion, with s = b+1¢ — 1,

can also be used to construct a B-orthogonal basis.

LEMMA 6.4 Suppose A € CGyr(b, t). The Hessenberg matrix Hy that
results after N steps of a full Gram-Schmidt process can be written as in (6.1). Hy
can be decomposed as

HN:T+U,
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where T is upper Hessenberg with upper bandwidth b, and U is upper triangular

with elements given by (6.2). If

w, , | €c™ (6.9)

is nonsigular for every j > b+t, then a single (s, t)-recursion (6.5), with s = b+t —1,

can also be used to construct a B-orthogonal basis for IC4(r,, A).

Proof: See above discussion. O

Since w;_4(p,), -y wj_1(p,), are each bounded rational functions of p,
it follows that the determinant of the matrix in (6.9) is also a bounded rational
function of p . Recall that this can either be zero for every p,, or for a set of p, of
measure zero. This means that if A € CGyr(b, t), breakdown in the corresponding
single (s, t)-recursion, with s = b+t — 1, either happens for every Py, or only for at
most a set of p of measure zero. We will show that if A € CGur(b, t), with ¢ <1,
breakdown can be limited to a set of initial vectors p, of measure zero.

Consider the class CGyg (b, t), with t < 1. If £ = 0, the multiple recursion

MR(b, t) given in (6.4) becomes a single recursion. If b =0, M R(0, 0) is given by,
P = ARy
Notice that in order for this recursion to yield a B-orthogonal basis,

<A£0’ QO)B =0, for every p,.

By choosing p, to be any eigenvector of A, it follows that the only way this condition

can be met, is if all the eigenvalues of A are zero. This is impossible for nonsingular
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A. Ifb >0, MR(b, 0) is given by,

J
Py = Aﬂj + Z tij P;-
i=j—(b-1)

Notice that this is an (s, t)-recursion with s = b — 1 and ¢t = 0. Breakdown is not
possible here, in fact, this recursion is the same as the (s 4+ 2)-term recursion (2.11)
with s = b — 1, studied by Faber and Manteuffel in [5]. They showed that the only
matrices for which an orthogonal basis could be constructed with this recursion are
B-normal(b — 1) matrices, or matrices with d(A) < b+ 1 (see Theorem 2.1).

The next theorem shows that if A € CGyr (b, t), with ¢ = 1, then breakdown
in the corresponding single (s, t)-recursion, with ¢ = 1 and s = b, is only possible
for at most a set of p, of measure zero. In this case, if breakdown occurs for some j,

w;_1(p,) = 0. We show that it is not possible for w; _,(p ) = 0 for every p,.

THEOREM 6.5 Suppose A € CGygr(b, 1). The Hessenberg matrix Hy,
with entries, {hiyj}?fj;lo, that results after NV steps of a full Gram-Schmidt process,

can be written as in (6.1). Hy can be decomposed as
Hy =T+ U,

where T is upper Hessenberg with upper bandwidth b, and U is upper triangular
with elements given by (6.2). The vectors, w;(p ) and v;(p,), are of length 1, thus,
are just complex scalars.

If there exists j > b+ 1 where breakdown occurs in the single (b, 1)-recursion for

every p,, that is, w;_,(p,) = 0 for every p , then A is B-normal(b— 1) or d(A) < j.

Proof: First, suppose b = 0 and that for some j, ho; 1 = (w;_1, vy) =0,
for every p . Since this must hold for every p,, it must hold for every p, such that

d(p,; A) = j. This means {p,, ---, Bj—l} span an invariant subspace of A, and

APj = PjHj,
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where,

1 <w1, Ql)

1 <Mj

(wg, vo) (wy, o) - <Mj71a20>

—1s ijl) ]

Since w;_1(p,) = 0, it follows that the entire j'th column of H; is zero. Let ¢; =

[0 --- 01]F €l 1t follows that

Since the j’th column of P; is Py

AB]-, =0,

where, P # 0. This implies A is singular, which is a contradiction.

Suppose b > 0, and for some j, hg ;-1 = (w;_;, v;) = 0, for every p . From

the main theorem in [5], if ho;—1 = 0, Vp,, then A is B-normal(j — 2), or d(4) < j.

Ifd(A) <j, p; = 0. Breakdown is not a problem because the iteration has

already converged. If j = b+ 1, A is B-normal(b— 1).

Suppose that j > b+ 1 and consider the matrix H,, ; that results after

computing P, using (2.8):

Hj,j =
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A ,
" <A20120)B ( £571 £0>B (wb v )
—br =i
(Py:Py)B (Py>Py)B 0
1 (Ap ,p )B (Ap,.p )B
P P)B (p,sp)B

(w;_1, o)
<Mj—1’ yj—b71>
(Ap, .p, )B

p, -2, ,)B

1 (Ap; 0By 48

(p; ,»p; |)B

1

(6.10)



Since w; ;1 (p,) = 0, it follows that h; ;1 = (w; 1, v;) =0, fori =0,...,j —

b — 1. Notice that for 7 > b+ 1, this implies that both

pu— T pu—
(Ap; s py)s = (p;_ys ATpy)p =0, and (6.11)
<ABj*17 I_)1>B = <Z—?j*17 ATI_71> = 0
This must hold for every p, such that d(]_)o, A) =j. Let
_ Jj—1 —
V= Sp{]_?o, A]_)U, vy A ]_)0} = sp{]_jo, Py o I_inl}.
Since A is B-normal(j — 2), we know that
Al = p;_5(A),
for some polynomial p;_», and thus,
AT;QU € sp{p,, Apys -+ Aj*QQO} = sp{py: s ij2}‘ (6.12)

Now, AT]_)l = AT(AQU — 00,0p,); and by using (6.11) we obtain,

<Bj—1’ AT&)B = <I_)j—1’ ATAQ[])B = <I_)j—1’ AATQ[])B = 0.

Notice that

AATQU =A (pj,g(A)]_)O) € sp{]_)o, AQU, e Aj’ly_)o} = sp{QO, Do e 7_)3‘71}‘

Since AAT;z_JU “BP; it follows that

T ) —2
AATp, € spip,, Apy, - AT py}

Using (6.12), we see that the only way this can hold is if

t -
Alp, € sp{;_oo, Apys sy Al ;_70}, Vp, such that d(]_)U,A) = 7.

From Lemma 2 in [5], it follows that Ay is B-normal(j — 3), where Ay, denotes the
restriction of A to V. Since this holds for every p, with d(QU, A) = j, it follows from

the main proof in [5], that A is B-normal(j — 3), which implies
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This means that breakdown must occur at the previous step, and wj72(£[]) =0, Vp,.
If j=b+2, Ais B-normal(h— 1), and we are done. If j > b+ 2, the argument can
be repeated showing that A is really B-normal(j —4). This process can be continued

until we obtain that A is B-normal(b — 1). O

From Theorem 6.5, we see that if A € CGyg(b, t), with £ = 1, then either
A is B-normal(b — 1) and a single (s, t)-recursion with (s, t) = (b — 1, 0) yields a
B-orthogonal basis, or a single (s, t)-recursion, with (s, t) = (b, 1), will yield this

basis for all except possibly a measure zero set of Py

DEFINITION 6.2 A € CGgg(s, t) if for almost every p, and every 0 <

J < d(p,, A) — 2, there exists coefficients {ﬁk,j}i;;et such that

7—1

k=j—t ] ,

0ij = =0, for 1 =0,....,7 —s—1.
(p;, p,)B

In other words, A € CGgr(s, t), if for almost every Py an (s, t)-recursion (6.5) can

be used to construct a B-orthogonal basis for K4(r, A).

COROLLARY 6.6 If A € CGug(b, t), with ¢t < 1, then either d(A) <

b+1, A€CGsk(s,t)with (s,t) = (b, 1), 0or A€ CGsr(s, t) with (s, ) = (b—1, 0).

Proof: If ¢t = 0, the discussion before Theorem 6.5 shows that d(A) < b+1,
or A is B-normal(b — 1). If A is B-normal(b — 1), then A € CGsx(b — 1, 0), or
d(A) <b+1.

If £ = 1, Therorem 6.5 says that if wjfl(z_)o) = 0, for every p , then d(A) <
b+1, or Ais B-normal(b— 1), which implies A € CGgg(s, t), with (s, t) = (b—1, 0).
Otherwise, w;_;(p,) = 0 on at most a set of p, of measure zero, thus, A € CGsg(s, ),

with (s, £) = (b, 1). O
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Next, we review some basic concepts from linear algebra. These concepts
will be used to develop a tool that will be used in the analysis of the class CGsg(s, t).
Given a set of s vectors of length N, {v;,v,,...,v,}, recall that the wedge

product ([21], pp. 553-560)
F(QlaﬂQa "'725) = NV A+ N,

(where A denotes the wedge product), is a multilinear function from CV** to c). F
maps the set of vectors {v;, ..., v,} written as the N x s matrix, Vy s = [v; vy --- v4],
onto a single vector v of length (]Z) Each component of v is the result of taking the
determinant of an s x s matrix formed by choosing s of the N rows of Vy . Since
there are (];[) possible ways of doing this, v has length (];[) If s=N, F(vy, ..., vg)

is just the determinant of the NV x N matrix V. Since

F(vy, oy v5) =0 <= {v;, vy, ..., vg} are linearly dependent,

the wedge product can be used to determine the linear independence (dependence)
of a set of vectors.

A list of properties of determinants that will be used throughout the main
proofs in this chapter is given in Appendix A. In the following discussion, we will
denote

|A|, as the determinant of the matrix A.

A less well known result is stated below.
Denote a; j(t) to be the entries of a p x p matrix A(t). Then, (0/0t)|A(t)] is the sum

of the p determinants,

ay1(t) ara(t) -+ a1p(t) ai(t) - arp-a(t)  ay,(t)

+-+ : : : . (6.13)

ap1(t) apa(t) -+ app(t) apa(t) o appa(t) ay,(t)
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In the following Lemma, a useful tool for analyzing the class CGgsgr(s, t) is

derived.

LEMMA 6.7 If A € CGsg(s, t), then for every p € C" such that d(p,) =
s+t + 2, the wedge product,
1) = A o ANA At At A N AT AL, =
F(py,A) =p, NApy A+ NA°p AN Alp  NATAp A NATAp =0, (6.14)
where A denotes the restriction of A to the subspace,
vs+t+2 = Sp{ﬂga Aﬂga Sx3) As+t+1}' (615)

Proof: Suppose A € CGsg(s, t). From Definition 6.2 it follows that for almost every
py» an (s, t)-recursion yields a B-orthogonal basis for K4(p,, A). Since almost every
vector in CV has degree d = d(A) (see [19], pp. 62), and d(A) > s+t + 2, it follows
that for almost every p, with d(p ) > s+t + 2, an (s, t)-recursion (6.5) yields a B-

orthogonal basis. For any p, that satisfies this condition, the (s, t)-recursion yields

Poirio # 0. By substituting j + 1 = s+t + 2 in (6.5) we obtain,
s+t s+t+1
Porrio= AP+ Z Bre,(s+1+1) APy, — Z O (s+t+1)D; (6.16)
k=s+1 1=t+1

There exists coefficients, {ﬁk75+t+1}z4:'ts+1, such that

t
<A1_75+t+1 + ZZ;H Pr(s1+1) APy 2)B

O (s+t+1) = <1_7i= Bi>B =0, fore <t+1.
Equivalently, we denote
s+t
Wip)) = (P + D BrgsrtanPys Alp)p =0, fori<t+1.  (6.17)
k=s+1

For i =0,....t, Wi(p,) can be written as the system of equations:

1
<Bs+t+1’ ATQ[])B <£s+1’ ATZ_)U>B
. . ﬁs+t,s—|—t+1
pu— Q'
Pypiirr ATp)s o (g0 Alp)s
/65+1,s+t+1
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Notice that this is a (£ + 1) x (f + 1) system, with a nontrivial nullspace.
Summarizing the above, we see that if A € CGgg(s, t), then for almost every
p, with d(;_?o) >s+t+2, Wi(]_)o) =0, for i = 0,...,¢. In [5] it was proven that for
every j, p; is a continuous function of Py Since the inner product is also continuous,
it follows that for i = 0,...,1, WZ-(]_)U) is a continuous function of p,- The set for
which d(p;) < s+t + 2 is closed and of smaller dimension than the set for which
d(p,) > s +t+2. Therefore, the set of p, such that d(p,) < s+1+ 2 is a set of
measure zero in CV. For i = 0, ..., t, we know that W, must be zero on all but a set
of initial vectors, Py of measure zero. Since W; is a continuous function of Py Wi

must be zero everywhere. Therefore, W;(p ) = 0, Vp, such that d(p ) < s+1+2.

Suppose d(;_?o) =s+1t+2, and let

_ 41 _
Vsrtr2 = sp{p,, Apys - A Pyt =spipys Py o D, Poips o ]_75+t+1}.
Vsit42 is an A invariant subspace of CV. Denote

V= Py Py 7 Peyyq |2

L L

as the matrix whose columns are the B-orthogonal basis vectors for V4,19, and let
U=V(V*BV) 'V*B,

be the B-orthogonal projector onto Vgi419 ([15], pp. 8-10). It follows that for every
vellV, Uve Vstt+2, and furthermore, if v € Vg4 449, then Uv = v.

Let A be the restriction of A to Vstt4+2. We can write,
A= AU.
Notice that

At =U'A", and U'=B'U*B=B'[V(V*BV) 'V*B]*B =1,
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so it follows that

AT =UAT.
Therefore, Vg1449 is an invariant subspace of both A and At. For every p, such that

d(p,) =s+t+2, and for i =0,...,¢,

s+t

Wi(z_)o) - <Aﬂs+t+1+ Z ﬁka(5+t+1)ABk’£i>B
k=s+1
s+t

= <A1_75+t+1+ Z Pr(s+1+1) APy P;)B
k=s+1
s+t

= <Qs+t+1 + Z Br,(s+141)Py AT&)B =0.
k=s+1

This means that sp{AT;_)O, AT]_)I, ey ATBt} is B-orthogonal to the vector,

s+t

By =Pyt Do Brtren®e € SR Py o By -
k=s+1

Furthermore, since Vs, is an invariant subspace of A,

Sp{f‘ﬁljoa ATBP - jﬂﬁt} C Vstito-

Notice that p is also B-orthogonal to sp{]_)U, Pps o ;_75}. Starting with p, take the
set, {p, Poirs o ]_)s+t+1}, of t + 2 vectors and use a Gram-Schmidt process to con-
struct a set of t+1 vectors that form a B-orthogonal basis for sp{]_ﬁo, Pyiqs o £s+t+1}'
Call this set

Vier = splpy. By - B, }-

Together, sp{]_jo, JL ]_)S} and sp{]_ﬁo, Py e ]_3t} form a B-orthogonal basis for

V5+t+2 = Sp{]_)[]u Bl’ ey ]_?571_307 ]_317 ey ét}

Since {AT]_)O, ;U]_)l, . fﬂ]_)t} are all B-orthogonal to p,, we must have both

{AT]_)O, AT]_)l, s AT]_)t} C sp{QO, Pys s Do Dy ooos ]_)t}

and

{pg: pys o} C o Sp{pys Py s Pys Bys s B Y-
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This means there are s+¢+2 vectors, all included in the span of an s+t¢+1 dimensional
subspace of Vgi,y9. Therefore, the vectors, {QO’ Py Py ;U]_)O, AT]_)l, ey fﬂ]_)t}

must be linearly dependent. Since

Sp{;_?o, Pys o Py ;ﬁ]_oo, A‘L;_ol, - flT]_)t}

S

= sp{p, ;1]_)0, ey ;15;20, AT]_)U, ATA]_)O, ey AT;lt]_)O},
it follows that for every p such that d(p ) = s+t + 2, the wedge product

‘7:(80’121) =D, /\Aﬂo ARRS /\ASQO /\ATQO /\ATAQO VAN /\;ﬂ;ltﬂg = 0.

Let 7 be a linear transformation from a ¢-dimensional vector space, X, to
a p-dimensional vector space, Y. Recall that once we choose ordered bases, {z;}7 ,
for X, and {gi}le for Y, that isomorphisms are induced from X to C%, and from Y
to CP, and a matrix representation of the linear transformation, 7, given by a p X ¢
matrix T. ([22], pp. 201, pp. 257-262).

In this setting, we can think of A as defining a linear transformation from
an (s+t+ 2)-dimensional subspace, Vs 449 of CN, to Vsitta. Since B is a Hermitian

positive definite matrix,

defines an inner product on Vgyy9. It follows from Schur’s theorem ([22], pp 326-
328), that there is an orthonormal basis for V19, with respect to (B-, -), for which
the matrix representation of A is an (s +%+2) x (s + ¢+ 2) upper triangular matrix,
R. This means there exists a bijective map Q from C*t**2 to V,, 1, and thus, Q ',
for which

A=QRQ™", and Q*BQ =1 ¢ clstt)x(stira), (6.18)
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Recall that AT = B~'A*B. From (6.18), we see that Q*B = Q~'. Using this

information upon substitution of A = QRQ ! into (6.14), we obtain
Fpys A) = py AQRQ 'py A+ AQR Q™ 'p  ANQR*Q 'py A--- ANQR*R'Q ™ 'p, = 0,

for every p, € CV such that d(p,, A) = s+t + 2. Since every w € C**"*? can be

written as,

w= Qilﬂoa
for some p,, we rewrite the above wedge product as,
F(py A) = Qi AQRi A+ NQR*'BAQR* B A -+ A QR* Rl = 0,

for every w € C*t**2. Since Q has linearly independent columns, it follows that

F(py A) = 0, for every p, € C" such that d(p,, A) = s+t + 2, if and only if,

F@,R) =W AROA---ANRGARGARROA---ANR*R

IS
=
IS

:Qu

for every @ € C*T*+2. This observation allows us to assume A is an (s 4%+ 2) x (s +

t 4+ 2) upper triangular matrix.

6.3 Proof Of Necessary Conditions

We are now ready to prove the main theoretical result regarding necessary
conditions for A € CGyg(b, t). This is a difficult problem, and in this chapter
the analysis will be limited to a subset of the class CGyur(b, t). In particular, we
will consider the class CGygr(b, t), with (b, ) < (1,1). We begin by proving a
result concerning the class CGgsr(s, t), with (s, ) < (1, 1). In Corollary 6.9, the

corresponding result for the class CG g (b, t), with (b, t) < (1, 1), is given.

THEOREM 6.8 A € CGsg(s, t), with (s, t) < (1, 1), if and only if

(1) d(A) <3, or
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(2) Ais B-normal(s, t), with (s, t) < (1, 1).

Proof: Sufficient conditions have been partially established in Chapter 4.
If d(A) < 3, d(p,,A) < 3 for every p,, and a single (1, 1)-recursion can always
be used to construct a B-orthogonal basis for K4(rg, A) = sp{p,, p,, p,}. From
Section 4.3, we know that if A is B-normal(s, t), a single (s, ¢)-recursion can be
used to construct a B-orthogonal basis if the system given in (4.13) is consistent at
each step. When (s, t) < (1, 1), it follows from the proof of Theorem 6.5 that the
matrix in (4.13) can only be singular for a set of p, of measure zero. Therefore, by
Definition 6.2, A € CGsg(s, t), with (s, ) < (1, 1).

Suppose A € CGsr(1, 1). Choose any p, € CcN with d(BO,A) = 4, and

denote A as the restriction of A to V4, where
Vi = sp{p,, Ap,; AQQU’ A3QU}'
From Lemma 6.7, it follows that for every p € CN, such that d(QO, A) =4,
F(py: A) = Py A ABU A ATQO A ATAQU = 0. (6.19)

The discussion following Lemma 6.7 shows the wedge product (6.19) holds if and

only if

F(@, R) =@ AR

AR A R*Rib = 0, (6.20)

=

for every w € C*, where R is the upper triangular, matrix representation of A that
results from applying Schur’s Theorem.
Notice that R is a 4 x 4 upper triangular matrix. Since R is a square matrix,

the wedge product reduces to a single determinant,
|, R, R*w, R*Rw| =0, Vi ecCh (6.21)

In order to obtain a more useful form for our analysis, we will perform a

series of operations on (6.21) using the properties of determinants listed in Appendix
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The determinant in (6.21) does not change if we add a multiple of one

column to another column. Let A; be an eigenvalue of R. Multiplying the third

column in (6.21) by (—A;) and adding it to the forth column yields,

W, R, R*w, R*(R—\Dw| =0, Vaecl

Similarly, multiplying the first column in the above determinant by (—\;) and adding

it to the second column, then multiplying the first column by (—);) and adding it
to the third column produces,

i, (R—X\;Dw, (R* —X\Dw, R*(R— NI =0, Vaec

Finally, multiplying the second column by (—};) and adding it to the forth column
yields,

@, (R~ NI, (R*— NI, (R* — MI)(R -~ M| =0,

v € C*.
To simplify the notation, we denote
Gj=(R—XNI), and G} = (R* - \I),
and rewrite the above determinant as,
1w, G, Giw, G;Gw| =0, vV € C*. (6.22)

Every w € C* can be written as @ = u + aw for some u, v € C* and for

some « € C. Denote

G(a) =u+av, Gj(u+av), Gj(u+ av), GjGj(u+ av)l, (6.23)

and note that G(a) = 0 for every u, v € C*, and every a € C. Since the determinant,

G(«), can be written as a polynomial in «, and this polynomial is zero everywhere, it

114



follows that all derivatives of G(a) must also be zero. Differentiating G with respect

to o and using (6.13) yields:

G'(c) = lu, Gjlu+tav), Gilu+tav), GiG;(ut on)
+ |u+oav, Gju, Gj(u+av), GiGj(u+ av)|
+ |u+oav, Gj(u+av), Gju, GiGj(u+ av)|
+ Ju+av, Gj(u+av), Gj(u+ av), G;Gjv| =0,
for every u, v € C*, and for every o € C. Differentiating again with respect to «,
and then setting a = 0, produces:
G"()a=0 = 2lv, Gjv, Giu, G;Gjul +2|v, Gju, Giv, G;Gju
+ 2y, Gju, Gju, G;Gju| +2|u, Gju, Gu, G;Gjul
+ 2lu, Gju, Giu, G;Gju| + 2|y, Gju, Gju, G;Gju| =0,
for every u, v € C*. For any u € C*, these twelve determinants must add up to zero
for every v € C*. Choose u = P where P, is an eigenvector of R with eigenvalue A,
that is,
]N%]_)j = >‘ij’ or Gj]_)j = 0.
By making this substitution for u into into the above, and deleting those determi-

nants that are zero, we obtain
4
2 |]_)j, G, G;Qj, G;Gju| =0, Yu € C".

Notice that we can switch the order of the second and third columns, and then divide

both sides by —2 to produce
;. Gip;, Gju, GiGjul =0, Vue ct. (6.24)

Next, by multiplying the first column by 5\]- and adding it to the second column,

then multiplying the third column by 5\]- and adding it to the forth column yields,

b, R*;_;j, (R—\Dw, R*(R—X\I)u|=0, VuecC" (6.25)
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The forms given in (6.24) and (6.25) will be useful in the analysis that follows.

For clarity of this presentation, we will divide the remainder of the proof
into 2 parts. In Part A, we assume that A is diagonalizable. Part B extends the
proof to include general matrices, by showing if A € CGsr(1, 1), and d(A) > 3, then
A cannot have any nonlinear elementary divisors.

Part A: Suppose that A is diagonalizable.

Since A is diagonalizable, it follows that all the eigenvalues of A and thus
of R are simple. Furthermore, since d(QO, A) =4, A has 4 distinct eigenvalues. We
begin by showing R is I-normal. To do this, we must show that each eigenvector
of R, which we denote as P, with eigenvalue A;, is also an eigenvector of R* with

eigenvalue j\j. Define 4y - 4, to be be the eigenvectors of R* such that

(g, p;) =0, ifi#j

Let p, be an eigenvector of R with eigenvalue A;. Recall that (6.25) must

hold for p; =Dy and A; = A, so that

p,s Rip,. (R~ XD, R*(R— MI)w| =0, Voech (6.26)
Denote
R(T) as the range of 7', and
N(T) as the nullspace of T

Since p, is a simple eigenvector, R(R—\ 1) is the orthogonal compliment of A (R*—
MI) = sp{q, }, and thus, R(R—\I) = sp{py, Py, P, }- Every w € C* can be written
as,

w=(R—MNIu+p,,

116



for some v € C* and some v € C. In (6.26), we add  times the first column to the

third column, and then add 7 times the second column to the forth column to obtain
12F R*z_?l, w, Rfw| =0, Yw € C*. (6.27)

Further, any w € C* can be written as w = y + az, for some y, z € C*, and some
a € C. Denote

G(a) = Ip,; R*]_)l, Y+ az, R*(g—kag)\,

and note that G(a) = 0, for every y, z € C*, and every a € C. Since G(a) can be
written as a polynomial in «, and this polynomial is zero everywhere, it follows that
G' () must also be zero. Taking the first derivative with respect to «, then setting

a =0, yields
G'(@)|a=0 = |]_)1, R*Ql, Y, R*g| + |]_)1, R*Ql, 2z, R*g| =0, Vy, z€ ct. (6.28)
Choosing y = q,,, where R*q, = S\QQQ, and substituting into (6.28) produces

2 R*]_)l, 4, R*z| + P, R*;t_al, z, dag,| =0, Vz e Ct.

The properties of determinants can be used to rearrange and combine this into
P R*]_)l, 9 (R* — XoI)z| = 0, Vz € CL. (6.29)

Since g, is a simple eigenvector of R* with eigenvalue Ao, R(R* — XoI) is the orthog-
onal compliment of N(R — \oI) = sp{p,}- Thus, R(R* — \oI) = sPd,> 430 4, }-
By multiplying the third column in (6.29) by -, and adding it to the forth column,
we obtain,

Py R*Ql’ 4,y w| =0, Vw € C".

Next, multiplying the first column by —A;, and adding it to the second column
results in,

|B1’ (R* - 5\11)1_717 an w‘ = 07 Vw S C4-
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If the vectors, p,, (R* — 5\1])1_)1, and g,, were linearly independent, we could always

choose w € C* so that
p. (R~ MI)p,. q,, w| #0.

Therefore, Py (R* — 5\1[);21, and g, must be linearly dependent. This implies that

(R* — 5\1])]_71 € Sp{]_?l, QQ}' (6.30)

Next, by choosing y = ¢, in (6.28), where R*gg = 5‘3237 and repeating the above
argument, we obtain

(R* — 5\1[)]_71 € Sp{]_?l, gg}. (6.31)

Since p, is orthogonal to both g, and 4y and g,, q, are linearly independent,

(R* — MI)p, € sp{p,, a,} Nspip,, a,} = sp{p, }-

Thus, (]?* — 5\1[);_71 = p,, for some , which implies p, is an eigenvector of R*. We
have established that p, is an eigenvector of both R and R*.

If we begin by choosing p; to be one of the other eigenvectors in (6.25), the
same argument can be repeated to show that the other eigenvectors, P, of R with
eigenvalue \;, are also eigenvectors of R* with eigenvalue 5\]-. Thus, R and R* have
the same complete set of eigenvectors, and R is normal on C*.

From (6.18), we see that if P, is an eigenvector of R and R*,
S s iAo
Rp, =Q "AQp; = A\jp,;
and thus
AQp,) = %(Qp,).

Therefore, Q;z_)j is an eigenvector of A. Using (6.18), we obtain

AlQp, = BHQ)'R'Q*B(Qp,) = QR*Q ' (Qp))

= @R Bj:Aj D;-
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It follows that Q;_)j is also an eigenvector of AT with eigenvalue j\j. Therefore, A and
At have the same complete set of eigenvectors. Finally, notice that if Q;_)j and Q;_ok

are any two eigenvectors of A and fﬂ,

(BQp,. Qp,) = (Q*BQp,, p,) = (p,. p,) =0,

which means A and A have the same complete set of B-orthogonal eigenvectors,
thus, A is B-normal of Vy.

Every eigenvector of A can be included in a 4-dimensional invariant sub-
space of A, upon which the restriction of A is B-normal. It follows that each eigenvec-
tor of A with )\;, is also an eigenvector of At with j\j. Furthermore, the eigenvectors
are B-orthonormal, thus, A is B-normal.

Since A is B-normal, it has a diagonal Schur form ([22], pp. 329), that is,
A=QRQ, Q*BQ =1¢ecV*N, (6.32)

where R is a diagonal matrix, whose entries are the eigenvalues of A, and (@ is
B-orthonormal.

Consider the wedge product,
F(w,R) =wA RwA R*wA R*Ruw,

where

A1

AN

and w is any vector in CV. Denote,

w= [7717 T2, - nN]Tu
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and let

moAm Mmoo AAim

M Aamz Aamz Asdai
A =[w, Rw, R*w, R*Rw| = . (6.33)

NN ANTIN ANTN  ANANTIN

Recall that F(w, R) is a mapping from

N
4

cevxa _y e(3),

F takes the matrix A, and maps it onto a vector f of length (]X) Each element of f
corresponds to choosing 4 of the N rows of A, and taking the determinant of it. If all
(]I) determinants are zero, then F(w, R) = 0. It follows from the previous steps, that
each element of f is equivalent to F(w, R), for some w € C*. From Lemma 6.7 and
the discussion following it, F(w, R) was shown to be zero for all @ € C*. Therefore,
F(w,R) = 0, for all w in CV. This means there exists constants, ag, @y, By, and

B1, not all zero, satisfying
apw + oy Rw + fyR*w + f1 R*Rw = 0. (6.34)

Equivalently, using (6.33), we obtain

mo Mmoo N M g

M Aema Aame Aodame o7
— 0. (6.35)

Bo

| IN - ANTIN ANTIN  ANANTN 1\ A
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Next, we show that these constants can be chosen independent of the vector

w. Notice that we can factor w out of (6.35), producing

( m ( 1 A A A o)
2 1 Xy 5\2 5\2)\2 oy
—0. (6.36)
Bo
L nN ] L 1 )\N j\N S\NAN | ﬁl
Since (6.36) must hold for every w, it must hold for
w= [nla n2; - 77N]T = [17 17 ) l]T'
This implies that ag, a1, By, and (B; can be chosen to satisfy
1 )\1 5\1 5\1)\1 (7))
1 )\2 5\2 5\2>\2 a1
= 0. (6.37)
Bo
1 Aw AN ANAN 1\ A

If ag, a1, By, and [, are chosen to satisfy (6.37), then they also satisfy (6.36),
for any vector w € CV. Thus, these constants can be chosen independent of w. It

follows from (6.34) that for every w,
R[Bi R+ Bollw = —[on R + aplw,

or equivalently,

R*qi(R)w = p1(R)w,

where pi(A\) and ¢1(\) each have degree at most 1, and can be chosen the same for

every w. This implies that

R'qi(R) = p1(R). (6.38)

It follows from Definition 4.1, that R is I-normal(¢, m), with (£, m) < (1, 1).
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We will now show that this implies that A is B-normal(¢, m) with (£, m) <
(1, 1). From (6.32) we obtain,
R = QA*(Q "), and Q*B=0Q .
Since AT = B~1A*B, we can write,
A* = BATB™".
Using this information to expand (6.38) yields,

Q' AT (A)Q = Q 'pi(4)Q,
and thus
Alq1(4) = pi(4),
for some polynomials, p; and ¢;, each of degree at most 1. It follows from Def-
inition 4.1, that A is B-normal(¢, m), with (¢, m) < (1, 1). The proof for the

diagonalizable case is complete.

Part B: Suppose that A is not diagonalizable.

We have separated this case from the main proof due to the fact that this
proof for ruling out nonlinear elementary divisors is a rather lengthy case argument.
It is included for completeness. We recommend that only the most ambitious readers
need proceed.

We will show that if A € CGgsr(1, 1), and d(A) > 3, then A cannot have
any nonlinear elementary divisors. This will complete the proof of the necessary
conditions.

Suppose A € CGsg(1, 1), and d(A) > 3. Choose p, such that d(p,, A) = 4,

and let A to be the restriction of A to Vs, where,

V4 :Sp{]_)[p A]—)[V AQI_)()? A3B0}
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Recall that the relationships given in (6.24) and (6.25) hold, where R denotes the
upper triangular, matrix representation that results from Schur’s Theorem, and G; =
(R — AjI). We begin by showing the R does not have any nonlinear elementary

divisors.

Case 1: Suppose the minimal polynomial of R is given by
paA) = (A =M%,

that is, R has a nonlinear elementary divisor of size 4. Let Py, (1_7127 2 ;_914)
be the eigenvector and generalized eigenvectors of R associated with eigenvalue ;.
Similarly, denote 9, (gh, 4, g14), as the eigenvector and generalized eigenvectors
of R* associated with eigenvalue A;. Recall that the eigenvectors and generalized

eigenvectors of R and R* can be chosen to satisfy the following relationships:

(R— )\11)]_,11 =0 (R* — 5‘1])211 =0

(fj - AlI)BlQ = Py (?* o i\ll)glz - 4 (6.39)
(‘R - AlI)Blg - ]—)12 (R* N AlI)g13 - gl?

(R~ MDp,, = py, (R — 5‘1])214 = 4y,

Notice that Py, is not in the range of G, and 4, is not in the range of G7. Recall

that the Jordan decomposition of R is given by

Y

. . Al
R=5J5", J= :
A1

| 2

where the columns of S are the eigenvectors and generalized eigenvectors of R. Since,

R* — (Sil)*J*S*,

123



it follows that the columns of (S~1)* (conjugates of the rows of S~!) are the eigen-
vectors and generalized eigenvectors of R*. Notice that the order of the columns of

(S~H)* is given by, (S~ !)* = [gw 9, 4, gh] , since (6.39) implies that

B
. 1 X\
R [214’ 9, 4, 211] = [214’ 4., 4, 211] _
1 X
L 1 A
Furthermore, we see that the following orthogonality relationships hold:
— 4, —
5 o
sig=| — I — =1 (6.40)
. by, Py, Py, Py, ’ ’
— 4, —
: I
L — 4 — ]

where, I is the 4 x 4 identity matrix. We see that Py, is orthogonal to 4,5 4, and

q, - In general, each eigenvector (generalized eigenvector), p, of R, given by the

1
j’th column of S, is orthogonal to all but the eigenvector (generalized eigenvector)

of R*, whose conjugate occupies the j’th row of S~!.

From (6.24), with P, =Dy and \; = Ay, it follows that
‘Qh’ G’{Qh, Giv, GiGyv| =0, Vo € C*. (6.41)

The range of G, is orthogonal to the nullspace of G5. Using (6.39), we see that G

has a one dimensional nullspace spanned by 4, - Choose v € C* such that

Giv =g, +74, (6.42)
where v is chosen such that Giv is orthogonal to 4, that is, v = —%. It
follows from (6.39) that, o

GiGv = q,- (6.43)
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We remark here, that (6.43) makes sense because 4, is in the range of G7G;. This
is justified by noting that G has a one dimensional nullspace spanned by Py, Since
the nullspace of G1 and G7G, are equivalent, the nullspace of G7G is spanned by
Py, Furthermore, the nullspace of G7G; is orthogonal to the range of (G7G1)*,
which equals the range of G7G1. Therefore, the range of G7G1 is the set of vectors
in C* that are orthogonal to sp{]_)h}. From the above orthogonality relationships,
4, — Py, and thus 4, is in the range of G7G;.

Substituting (6.42) and (6.43) into (6.41) yields,

P> Gipy,» 4y, +74,,5 4,/ =0

Next, by using the properties of determinants to expand and then delete terms with

dependent columns, we obtain,

‘Qha Giﬂha 2127 211‘ =0. (644)

Since p, is in the nullspace of Gy, it follows that (]_)II,GT]_)11> = (Gly_)h,]_)h) =0.
From (6.40), we see that Py, is also orthogonal to 4, and 4, In order to satisfy
(6.44), this means that the vectors, Qh—)h’ 4, and q,, must be linearly dependent,
or

aGip, +Bq, +7¢,, =0,

for some constants, o, 3, and <y, not all zero. If @ = 0, this would imply that q,,

and q,, were linearly dependent, which is a contradiction. Therefore,

GTI_)ll 6 SP{QII 3 212 }

If G’{;_)h = 0, then Py, would also be an eigenvector of R* with eigenvalue \;. This
leads to a contradiction since we have assumed that q,, is the only eigenvector of R*

with eigenvalue A1, and using (6.40), we see that Py, — 4, Suppose that G“{Qh #0,
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and notice from (6.40), that p,, 1s orthogonal to sp{gh, gb}. It follows that p,

must be orthogonal to G’l‘]_)h. This means,

0=AGip,»p),) =Py, Gip,) = (2),:2),)-

However, since the inner product is definite,

<I—)11’I—)11> =0 I—)ll =0

This is a contradiction to our assumption that 2 is an eigenvector of R. Therefore,

the minimal polynomial of R cannot be given by

pa(d) = (A — A%

Case 2: Suppose the minimal polynomial of R is given by
pa(A) = (A= AP (A — Xa).

Denote Py, (;212,]_)13) as the eigenvector and generalized eigenvectors of R associated
with eigenvalue A\;, and P, as the eigenvector of R with eigenvalue Xo. Similarly,
denote 4, (g12 , ng) as the eigenvector and generalized eigenvectors of R* associated
with eigenvalue A;, and 95, a8 the eigenvector of R* with eigenvalue \o. Recall the

following relationships between the eigenvectors and generalized eigenvectors of R

and R*:
(R—=XI)p, = 0 (R*=Ml)g, = 0
(R - )‘II)I_)13 = p12 (R* - AII)QH = q12
(R—=XI)p, = 0 (R =Xal)g, = 0

From the Jordan decompositions of R and R*,

R=2S8J5"", R* = (S YH*J*s™,
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the following orthogonality condition can be derived:

—1 _ 1 _
S8 = Py, Dy, Py, Py, =1 (6.46)

1

— 4,

Substituting P; = Py, and A\; = Ay into (6.24), shows that the following

condition must hold:
\321, G;;221, Gov, G5Gov| =0, Vo € C*. (6.47)

Since R(G32) is orthogonal to N (Gy)* = Sp{g21}, it follows from (6.46) that R(G3)
is spanned by {]_)11, Py, ;213}. Any vector w € C* can be written as Gov + VP, for
some v € C* and some v € C. By multiplying the first column in (6.47) by v and
adding it to the third column, then multiplying the second column by vy and adding

to the forth column produces
‘1_9217 G§£217 w, G;w‘; Vw S C4.

Next, we multiply the third column by (A — A1)/ and add it to the forth column
which yields

|]_)21, G;I—)Zl’ w, Giw| =0, Yw € C*. (6.48)
Let w = g, , then using (6.45) we obtain that Giw = q, - Substituting
these into the above results in
* J—
‘]_)217 G2£217 g127 gll‘ _0

Since the set {;_921, 4, gh} is linearly independent, in order for the above determi-
nant to be zero requires that G’Q‘I_JQI € sp{]_)21, 9, gh}. Furthermore, notice that

Py, — sp{G§Q21, 4, gh}, and it follows that

G’Q‘QQI € sp{g12, 211}' (6.49)
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Next, let w = ¢, , and use (6.45) to show that Giw = 4,,- Substituting

these expressions into (6.48) yields

‘8217 G;£211 g137 212‘ :0

Since the set {]_)21, 4, glz} is linearly independent, and Py, — sp{G%&l, 4, g12},
it follows that

Gopy, €5p{g,,0 4y, }- (6.50)

Together, (6.49) and (6.50) yield

TN S U AL S U,
spig,, b
thus,
G;&l =0q,,-

Suppose that G’Q‘;z_)21 =g, for some a # 0. Plugging this into (6.48) and

1

using the properties of determinants to simplify produces
4
a‘BQIa 212’ w, GTM‘ - 0, Vw S C .

Next, substituting w = 4,,+4, into the above, then using (6.45) and the properties

of determinants to expand and delete those terms with dependent columns yields

(J‘,|E21, g127 2131 gh‘ = 0

Since the vectors Py 4y,0 9y, and q,, are linearly independent, it follows that
a = (0, which means G’Q‘]_)Ql = 0.
If G’Q‘;_)Ql =0, Py, is an eigenvector of R* with eigenvalue Ay, which means

p,, € sp{ng}. From the orthogonality condition given in (6.46), we see that Py, —

sp{Qll, Py, &3}. Notice that this means the matrices R and G have the forms
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Atorig rig 0 Al—A2 T r,3 0

o )\1 7"2’3 0 o )\1 - )\2 7“2’3 0
k= A0 Ga = A =X 0
A9 0

Recall from (6.22) with A\; = Xy, that
1w, Go, G, G3Gyw| =0, va € C*.
Next, writing w = u + awv, for some u, v € C* and some « € C, the above becomes
lu + av, Go(u+ aw), Gi(u+ aw), G3G2(u+ av)| =0,

for every u, v € C* and every o € C. By differentiating once with respect to «, then
setting a = (), we obtain:
‘Qa GQﬂa G;ﬂu G§G2Q| + |ﬂ7 GQQa G;Q, G§G2Q|

‘Qu GQQa G;Qu G§G2Q| + |ﬂ7 GQQ; G;Q, G§G22| :07

for every u, v € C*. Since Py, is an eigenvector of both R and R*, by letting v = Py,

in the above, all the determinants vanish except for the first one, yielding
|B21’ G27_La G;ﬂa G§G27_L‘ = 07 vﬂ € C4-

Notice that Py, — sp{Gaou, Giu, G5Gou} which means the vectors Gou, Giu and

G5Gou must be linearly dependent, or equivalently,

Gou A Giu A GiGou =0,  YueCh (6.51)
Denote
X A=A T2 1,3 X AT T3
Gy = Al—Ay T3 R= Al T3
)\1 — )\2 )\1

Notice that if R has a nonlinear elementary divisor of size three associated with Ay,

so does R. Furthermore, it follows that G5 has a nonlinear elementary divisor of size
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three associated with A — Ay. Since the matrices G2 and G5 have all zeros in their

last row and column, (6.51) holds if and only if
Goz NGz NG5Gz = |Gaz, Gz, G2Gaz| =0,

for every z € C3. Notice that Gy is a nonsingular upper triangular matrix. The
above determinant is still zero with any change of basis. Let z = G;lw and then

multiply through on left by (@51)* to obtain
(Gy)w, Gy'w, w|=0,  VweC®
By denoting G = G; ! and rearranging, we obtain
w, Guw, G*w| =0, Yw e C*. (6.52)

Let

by, By,0 Py} and {4, 4y, 4y}

denote the eigenvectors and generalized eigenvectors of G and G* respectively. Next,

set
w=p +ap
where « is chosen so that
(w, p, ) =0
Since
(G'w, p,) = (w,Gp, )= (w, 0)=0, and
(Grw, p, ) = (w, Gp )= (w p )=0,

it follows that G*w = ﬁgh, for some (. Substituting this information into (6.52)
yields,

‘1‘_512 +0‘1‘_511’ 7_311’ ﬁgh‘ =p |7_312’ 1_511’ Q11| =0.
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Since ]_312, 1_511, and Qh are linearly independent, it follows that § = 0. This implies
]_312 + 041_511 is an eigenvector of B* that is orthogonal to Qh’ which is a contradiction.
It follows that R cannot have a nonlinear elementary divisor of size three,

thus, the minimal polynomial of R is not given by,

paA) = (A= X1)3(\ = \).

Case 3: Suppose the minimal polynomial of R is given by
pi(A) = (A = A1)2 (A — Xo)2.

Denote P, (]_)12), as the eigenvector (generalized eigenvector) of R associated with
eigenvalue Ay, and p, (;222), as the eigenvector (generalized eigenvector) of R with
eigenvalue Ag. Similarly, ¢, (glz), denotes the eigenvector (generalized eigenvector)
of R* with eigenvalue \;, and 4y, (g22), are the eigenvector and generalized eigen-
vector with eigenvalue \y. The following relationships hold between the eigenvectors

and generalized eigenvectors of R and R*:

(R—=NDp, = 0 (R*=MI)g, = 0
(?7)‘11)1_)12 = Py (]:2**’7\11)212 — 4 (6.53)
(R—XoD)p, = 0 (R* —XI)g, = 0
(R=XaDp, = p, (R* = Xol)g, 4y,

It follows from the Jordan decompositions of R, and R*, that

1o 1
S8 = P

% —l11

I_)lz 1_)21 1_922 — I (654)
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By Substituting p; =Dy and \; = Ay into (6.24), we see the following
must hold:

\1_911, GTI_?M, Giv, GiGv| =0, Vo € C*. (6.55)
There exists v € C* such that
G =g,, +7,
where + is chosen such that Gjv — sp{gh}. Using (6.53) we obtain that
GiGv = 4, -

Substituting these expresions for Giv and G}Gyv into (6.55) and simplifying yields

‘Bll’ Giﬂll’ g127 211‘ :0

This means that there exists constants oy, a9, ag, and a4, not all zero, such that
onp, + aQGf]_)h +o3q, +oug = 0. (6.56)

If ay = 0, then Py 4y, and q,, must be linearly dependent. In this case,
if aq is also zero, we would have a contradiction since this would imply that q,, and

q,, are dependent. So, we assume that a; # 0 and thus

a3 (%]

by, = _(a_lgh a_lgll)-

Notice that both a3 and a4 cannot be zero because this would mean that Py, = 0.

We will also assume that as # 0, since Py, — 4, Substituting this expresion for Py,

into (6.55) then using (6.53) and simplifying shows that
4, ¢,,» Giv, GiGi| =0,  Veech
Since q,, spans the nullspace of G, notice that any vector v € C* can be written as

w=Gw+q
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for some v € C*, and some v € C. Multiplying the second column in the above

determinant by v and adding it to the third column, then substituting
GiGiv = Gi(Giu+ g, )
into the above shows that for every w € C*,
9y, 4, w, Giw|=0.

Next, let w = 4, and notice that G’{g22 =q, + Ay — Xl)g%. Substitution into the

21

above and simplifying produces

|2121 gll’ 2221 221‘ = 0
However, this is impossible because these vectors are linearly independent. There-

fore, we will assume that as # 0 in (6.56), which means

Gip,, €splp, s 4, 4,,} (6.57)

If we begin by substituting p; =Py, and A; = Ay into (6.24), an analogous
argument shows

G§Q21 € sp{ng, 4y, g21}. (6.58)

Multiplying the third column in (6.55) by (A\; — A2)I and adding it to the

forth column produces
p,» Gip,» Giv, G3Gio| =0,  VueC'. (6.59)

Suppose that either:
(1) q,, and q,, are orthogonal to q,,0r

(2) 4, is not orthogonal to g, .
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Let

GIQ = 222 + ﬂng,
where [ is chosen so that Giv is orthogonal to q,,- Substituting this expression for
G1v into (6.59) and simplifying yields
* J—
‘1_)117 Glf_)h’ QQZ’ 221‘ =0.

Since Py~ sp{G“{Qh, 4y, 221}’ it follows that

Gip,, € 5p{dy,: ¢y, }-

Notice that Py, — sp{g%, g21} which implies that G’{;t_)h — Py, 0" equivalently,

0= (GT;I_%N B12> = <I—)11’ G1B12> = <I—)11’ 1_)11>'

This is a contradiction to our assumption that Py, is an eigenvector of R. Therefore,
it follows that q, must be orthogonal to 4 and 4y, is not orthogonal to q,- From
a symmetric argument, we can also conclude that 4, is orthogonal to 49, and 4,
is not orthogonal to 4, -

Suppose 4, is orthogonal to 4, but 4, is not orthogonal to 4, and 4y,

is not orthogonal to ¢, . From (6.24), with P; =Py, and A; = Ao, it follows that
I, Gop, s Gov, G5Gaw| =0,  Veelh.

Every v € C* can be written as v = w + az, for some w, z € C* and some o € C.

Using this expression for v, the above can be rewritten as
G(a) = Ip, , Gop, , Ga(w+ az), GyGa(w + az)| =0, (6.60)

for every w, z € C*, and for every o € C. Differentiating once with respect to «,

then setting @ = 0 produces

gl(a)‘a:[] = |]_)21a G;EQI’ GQ&, G;GQM‘ + ‘8217 G;£217G2M7 G;GQE‘ = 0’
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for every w, z € C*. Since 4, — 4, it follows that q,, is in the range of G'5. There
exists w € C* such that Gow = q, - Substituting this into the above yields
‘1_)217 G;f_)Qla GQ&; (5\1 - S\Q)Qh‘ + ‘1_7217 G;f_)Qla Qha G;G2§‘ = 07

for every z € C*. This can be rearranged and combined by using the properties of

determinants to give
4
\321, G§Q2l, 4, G1Gaz| =0, Vz e C.
Since 9, is not orthogonal to q,,: We know that there exists z € C* such that

Goz=q,, +74,
where v # 0, and is chosen so that Gaz — sp{g21}. Substituting this into the above
and simplifying yields
* J—
‘]_)217 G2£217 g117 QQI‘ - 0
Since Pys 4y, and q,, are linearly independent, in order for the above vectors to be

dependent requires that Gip, € sp{]_)Ql, 4, ng}. Together with (6.58) shows that

G;QQI € sp{q, }- (6.61)

A symmetric argument can be used to obtain G’{;t_)h € sp{;t_)h, 4, 921}'

Together with (6.57) yields
G’{Qh € sp{gh}. (6.62)
It either Gip, =0, or Gjp, =0, we obtain a contradiction to our assumption that

4, (ng) is the only eigenvector of R* with A; (X2). Therefore, we assume that

Gop,, =g, , and Gip, = fq, , (6.63)

for some nonzero constants, « and (. Notice from (6.54) that (]_)ll,G’Q‘BQI) =

(Qh,ag21) = 0. Since

0=(p, ,G3p, ) =(Gop, .p, ) = (M — X){p, ,p, ).
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and A1 # Ao, this implies that Py, Py

From (6.54), we see that p,, — 4,,- Thus, there exists v € C* such that
Giv=p, . (6.64)
Substituting (6.64) and (6.63) into (6.59), and simplifying yields

|B11ﬂ gll’ EQl’ 221‘ :0

This is impossible since the vectors {Qh’ 9,5 Py, ng} are an orthogonal set.

Therefore, in any case, the minimal polynomial of R cannot be given by

pa(A) = (A — A2\ — M)

Case 4: Suppose the minimal polynomial of R is given by
pa(N) = (A = M)’ (A = A2) (A — X3).

Denote p, (]_)12) as the eigenvector (generalized eigenvector) of R associated with
eigenvalue A, and Py and Py, O be the eigenvectors of R with eigenvalues Ao,
and A3, respectively. Similarly, denote 4, (gb) to be the eigenvector (generalized
eigenvector) of R* with eigenvalue A;, and 95, and qs, 38 eigenvectors of R* with
eigenvalues Ay, and A3, respectively.

Recall the following relationships between the eigenvectors and generalized

eigenvectors of R and R*:

(R—=XI)p, = 0 (R*=Ml)g, = 0
(-Fj - )\1[)]_712 = ]—)11 (?* — i\1I)Q12 = 211 (665)
(R— )\QI)]_)21 = 0 (R* — )\2[)g21 = 0
(R — )\31)]_)31 = 0 (R* — S\QI)Q31 0
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Again, the Jordan decompositions of R, and R*, show that the eigenvectors (gener-

alized eigenvectors) of R and R* satisfy the following orthogonality condition:

—1 _ 1 _
S8 = Py, Py, Dy Py =1 (6.66)

—11

L g31 —

Substituting P; =Py, and A; = A in (6.24) shows that the following must
hold:

‘Qh’ GTQM, Giv, GiGyv| =0, Vo € C*. (6.67)

Since the range of GGy is orthogonal to the nullspace of G}, which equals sp{gh}, it

follows that there exists v € C* such that
Giv=q, +74,;
where 7 is chosen so that Gyv is orthogonal to q,,- Using (6.65) we obtain
GTG&Q = 211'

Substituting these expressions for Giv and G;G1v into (6.67) and then using the

properties of determinants to simplify yields
Py Gipys 4y, 4,1 =0
This means that there exists constants aq, a9, ag, and a4, not all zero, such that
arp, +aGip, +asq +oug =0 (6.68)

If ag = 0, it would follow that Py 4y, and q, are dependent. In this case, if
a1 = 0, we would have a contradiction since this would imply that 4, and q,, are
dependent. Therefore, we assume that a; # 0, and

(71

—4q
(03] =1

P, )-

= 7(;1212 + )
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Notice that both a3 and a4 cannot be zero since this would mean Py, = 0. Also,
ag # 0, since Py, — 4, Substituting this expresion for Py, into (6.67), then using

(6.65) and simplifying produces
4, 4,,» Gio, GiGi| =0,  Veech

Since q,, spans the nullspace of G¥, every w € C* can be written as w = G1Q+7211’
for some v € C* and some v € C. Multiplying the second column in the above

determinant by v and adding it to the third column, then substituting
GG = Gi(Gio+ g, )
into the above shows that for every w € C*,
‘2127 Qha w, GTM| =0.

By multiplying the third column by —(Ay — A;)I and adding it to the forth column,
we obtain

4, 0, w Ghw| =0,  Vwec
Substitute w = 4y, + 43, into the above, and simplify to produce
|212’ 2117 221’ 231‘ = 0’

which is a contradiction since the vectors are linearly independent. Therefore, we

will assume that as # 0 in (6.68), which means

G@h € sp{gll, 4, gh}. (6.69)

Suppose that either q,, Or 4y is not orthogonal to 4, - Without loss of
generality, suppose 4, is not orthogonal to 49, Notice that this implies that 9, is

not in the range of (G;. There exists v € C* such that

Giv=q, +74,;

138



where v # 0, and is chosen so that Gv is orthogonal to 9, Since GTng = (5\2 _

)\I)QQI, it follows from (6.65) that
GTGly = (5\2 — 5\1)Q21.
Substitution of these expresions into (6.67) and simplifying produces

* j—
‘1_)117 Glf_)h’ Qll’ 221‘ =0.
Since {;_711, 4 921} is a linearly independent set, in order that the above determi-
nant be zero requires that
G’{]_)h € sp{;t_)h, 49, g21}. (6.70)
If g, is not orthogonal to g, , then both (6.69) and (6.70) must hold. Therefore, we

must have

Gip,, € spip, a4y, 4, }0splp 5 4, 4}

= Sp{j_)h7 gl }

1

Notice that if q,, 18 orthogonal to q,, but g5, is not orthogonal to 49, then
the above argument could be repeated using 43, instead of 4, - Thus, if either 4,

or g, is not orthogonal to g, > We can obtain

Gip, €spip, . q, }- (6.71)

Since p, — sp{G’l‘;t_)h, gh}, it follows that Gip, = ag, . If @ =0, p, is an
eigenvector of R* with A\; which is a contradiction. Therefore, we assume « # 0, and

substitute this expression for G“{Qh into (6.67) and then simplify to obtain
|£11a Qha GlQa GTGIQ| = 07 VQ € C4-
Since q,, spans the nullspace of G, it follows that any w € C* can be written as

w=Gw+q ,
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for some v € C* and y € C. Multiplying the second column in the above determinant

by v and adding it to the third column, then substituting
G1Giv = G (Grv + ’th)
into the above produces
s 4, w, Giw| =0,  Vweclh

Multiplying the third column in the above by (A — A3)I and adding it to the forth
column yields

|]_)11, 4, w, Gsw| =0, vw € C*. (6.72)

Let w =g¢q

9, t 45, in the above to produce

‘Bll’ 2111 g217 231| :0

However, this is impossible since {]_)11, 4y Gy, g31} are linearly independent. There-
fore, q,, must be orthogonal to sp{g21, 231}'
Suppose that both 9, and qs, are orthogonal to 9, Multiplying the third

column in (6.67) by (A — A2)I and adding it to the forth column produces
‘1—711’ GTI_?h, Giv, G5Giu| =0, Vo € Ct. (6.73)
Since 4, and q,, are both in the range of G, there exists v € C* such that
Giv = 4y, + 4, -
Next, using (6.65), we obtain that
GiGrv = (A3 — j\g)ggl.

Again, substituting these expresions for Giv and G5G;v into (6.73) and using the

properties of determinants yields

‘8117 GTQll’ g217 231‘ :0
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Since P 9o and qs, are linearly independent, this implies that

G@h € sp{gll, 4, g31}. (6.74)

Notice that (6.69) also holds. Therefore, we obtain

1wy, € seip s a4, 3 0splp s q, 5 gyt
= sp{p, 1,

which means that G’{]_?h =ap, . This is impossible for « # 0 since Py~ ’1‘1_711.
Therefore, @ = 0, and it follows that Py, is an eigenvector of R* with A;. We have
assumed that q,, is the only eigenvector of R* with \;. Since Py~ 4, this is a
contradiction.

In all cases, if R has a single nonlinear elementary divisor of size two, we
have obtained a contradiction. Therefore, the minimal polynomial of R is not given
by

Pa(A) = (A = X1)*(A = A2) (A = Ag).

The above arguments show that R cannot have any nonlinear elementary
divisors. Since R is the matrix representation of A, it follows that A cannot have
any nonlinear elementary divisors. Therefore, Ais diagonalizable.

Suppose A has a nonlinear elementary divisor. This means that there exists,

zj,, and z;,, and some A; for which

(A—)\jl)gjz =z, and

(A= AjD)z;, = 0.
The above argument showed that for every P, such that d(]_)o, A) = 4, the restriction

of A to

V4 :Sp{]_)[p A]—)[V AQI_)()? A3B0}7
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is diagonalizable. Denote {]_)1, Py Ps: ;24} as the eigenvectors that span V,. Let

Vi =sp{p,. Py 2jy: 2jy )

and let A be the restriction of A to ]}4. ])4 is a 4-dimensional invariant subspace of
both A and Af. The above argument can be used to show that A has no nonlinear
elementary divisors. This is a contradiction to the assumption that A has a nonlinear
elementary divisor. Therefore, A has a complete set of eigenvectors, thus, A is

diagonalizable. O

COROLLARY 6.9 A € CGyx(b, t), with (b, t) < (1, 1), if and only if
(1) d(A) <3, or

(2) A is either B-normal(0, 1) or B-normal(1, 1).

Proof: Sufficient conditions follow from Theorem 6.3. From the first statement in
Theorem 6.3, restricting (b, t) < (1, 1), we obtain B-normal(0,0), B-normal(0,1),
and B-normal(1, 1) matrices. Notice that if A is B-normal(0,0), equivalently, B-

normal(0), then A can be written as a constant polynomial. This implies that
A=qal, forsome«a€C,

and thus, A has only 1 distinct eigenvalue. A close look at the second statement
in Theorem 6.3 and Corollary 4.4, shows that rank 1 perturbations of B-normal(0)
matrices are also contained in the class CG g (b, t), with (b, t) = (1, 1). Since B-
normal(0) matrices have only one distinct eigenvalue, any rank 1 perturbation of a
B-normal(0) matrix, can have at most 2 distinct eigenvalues, thus, d(A) < 2.

Notice that if d(A) < 3, then for any p, d = d(p,, A) <3. This means

Ka(py: A) = sp{p,: Ap,, A’p,} =spipy: p,» P}

and the recursion M R(1, 1) will yield a B-orthogonal basis for any Py In 2 or less

steps.
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Suppose A € CGur(b, t), with (b, t) < (1, 1). Corollary 6.6 shows that
either d(A) < 3, or A € CGsg(s, t), with s = b and ¢ = 1. From Theorem 6.8, it

follows that d(A) < 3, or A is B-normal(b, 1). O

We note here that the classes CGyr (b, t) with (b, ) < (1, 1), and CGgsg(s, t)
with (s, ) < (1, 1), are not equivalent. B-normal(l) matrices are included in
CGsk(s, t) with (s, t) = (1, 0). However, from Corollary 6.9, it follows that B-
normal(1) matrices are not in CG (b, t) with (b, ) < (1, 1). From Theorem 6.3 we

see that these matrices are included in CGyg (2, 0).
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7. Conclusion

The conjugate gradient method is implemented via the construction of a
B-orthogonal basis for the underlying Krylov subspace. In this thesis, we have
considered when this construction can be accomplished using some form of a short
recurrence, yielding an economical conjugate gradient algorithm.

The theory from Faber and Manteuffel [5] applies to a special form of re-
cursion, called an (s + 2)-term recursion (2.11). This theory shows that a practical
implementation of a conjugate gradient method using a single (s 4 2)-term recursion,
is limited to a very small class of matrices, called B-normal(s) matrices [5]. The work
done by Gragg, Jagels and Reichel ([10], [16], [17]) on unitary and shifted unitary
matrices, demonstrated that the single (s4 2)-term recursion was not general enough
to include all possible forms of short recurrences. For these matrices, a short double
recursion can be used to construct an orthogonal basis, whereas, it is not possible to
do this with a short (s + 2)-term recursion. This work motivated the formulation in
this thesis of a special type of multiple recursion, M R(b, t) (6.4). Using this form,
we demonstrated that the class of matrices for which an efficient conjugate gradient
algorithm is known to exist, can be extended.

Sufficient conditions on the system matrix A were determined in order
that a short multiple recursion M R(b, t) will yield a B-orthogonal basis. These
conditions are for the matrix A to be either B-normal(¢, m), or a generalization of
a B-normal(¢, m) matrix (see Sections 4.3, and 4.4). This includes the B-normal(s)
matrices characterized in [5], as well as unitary and shifted unitary matrices studied

in ([10], [16], and [17]). In addition, this class includes low rank perturbations of
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B-normal(¢, m) matrices. An example of this type is a low rank perturbation of a
self-adjoint matrix.

To determine if there are any other matrices for which a B-orthogonal basis
can be constructed using a recursion of this type, we must determine if the sufficient
conditions are also necessary. This question was answered for only a restricted
subset of the multiple recursions M R(b, t), in particular, necessary conditions were
determined only for (b, t) < (1, 1). Further research is needed to complete the
analysis of necessary conditions when b, ¢ > 1.

This research opens the door to the possibility that short recurrences exist
for even a wider class of matrices. The multiple recursions M R(b, t) studied in
this thesis, involve one recursion for the direction vector P at each step, and ¢
recursions for auxiliary vectors, 9, i =0,...,t—1. The recursions for the auxiliary
vectors each have only two terms. We might consider recursions for the 4; +1i’s that
utilize more terms. An example of such a recursion is given in Chapter 2, (2.12).
The recursions M R(b, t), are actually a special case of this type. Future research on
alternate forms of short recursions might begin with the study of this more general

form of short multiple recursion.
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A. Properties Of Determinants

The following is a list of properties of determinants that will be used

throughout the main proofs in this chapter. These properties can be verified by

checking a basic linear algebra text (cf. [22], pp. 158-174).

Suppose A is a p X p matrix, and denote, |A| as the determinant of A.

(9)

If A has a row (column) of zeros, then |A| = 0.

If A has two identical rows (columns), then |A| = 0.

For any number 3, |SA| = GP|A|.

Al =|AT].

If D is obtained from A by interchanging two rows (columns) of A, then
Dl =(-1)/4l.

If D is obtained from A by replacing one row (column) of A by a number 3
times that row (column), then |D| = g|A].

If D is obtained from A by replacing one row (column) of A by that row
(column) plus some multiple of a different row (column), then |D| = |A|.

If A and D are equal except for possibly the entries in the j'th row (column),
and if C is defined as the matrix identical to A and D except that its j’th
row (column) is the sum of the j’th rows (columns) of A and D, then |C| =
Al + D],

[AD| = [A]|D].

146



(10) (0/0t) |A(t)| is the sum of the p determinants:

ay 1 (t) ara(t) -+ aip(t) aia(t) - arp-1(t)  aq,(f)

ap1(t) apa(t) -+ app(t) apa(t) o appa(t) ay,(t)
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